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Supplementary Materials

A Q-sampling Algorithm

In this section, we provide the formal description for the algorithm EstQ in Algorithm 3, which returns an
unbiased estimation of the state-action value function (Q-value).

Algorithm 3 EstQ (Zhang et al., 2019)

1: Input: s,a,0. Initialize Q = 0,57 = s,a? = a

2: Draw T ~ Geom(1 — ~'/?)

3: for t=1,2,...,T—1do

4: Collect reward R(s?,a?) and update the Q-function Q <+ Q + 7'/2R(s?, af)
5. Sample s{, | ~ P(-|s{,af),af,; ~ ma(-[s{ )

6: end for

7: Collect reward R(s%,a%) and update the Q-function Q + Q +~T/2R(s, a%)
8: Output: Q”e — Q

B Proof of Proposition 1

In this section, we first provide two useful lemmas, which establish the smoothness property of the visitation
distribution and Q-function.

Lemma 1. ((Xu et al., 2020a, Lemma 3)) Consider the initial distribution £(-) and the transition kernel P(|s, a).
Let &(-) be ((-) or P(:|3,a) for any given § € S,a € A. Denote vy, ¢ as the state-action visitation distribution
of MDP with policy mg and the initialization distribution . Suppose Assumption 3 holds. Then we have, under
direct parameterization for any 61,602 € Oy,

Hyﬂeé - Vﬂ'ethTV <Gy |01 =025,

where C, = @ (1+ {logp C]\}l] +(1=p)).

Lemma 2. ((Xu et al., 2020a, Lemma 4)) Suppose Assumptions 3 and 4 hold. Let QT denote the Q-function of
policy m under the reward function r. For any state-action pair (s,a) € S X A, a € A and 61,6, € ©, (under
direct parameterization), we have

|Q261 (Saa) - 292 (s,a)| < LQ Hel - 92”27

2C.C,Cy

where Lo = 5=

and C,, is defined in Lemma 1.

Denote dr(s) = (1 — ) > poq V' P{s: = s|7} as the state visitation distribution induced by policy w. We next
prove Proposition 1 to characterize the Lipschitz constants Ly1, L12, Lo and Log, respectively.

Proof of Proposition 1. We consider the first inequality in Proposition 1:
HV@F(Gl, Oq) - VQF(HQ, a2)||2 = HVgF(eh al) - V@F(GQ, Oél) + V@F(ag,al) — VQF(QQ, a2)||2
< [VoF (01, 01) = VoF (02, 1)y + IVoF (02, a1) = Vo F (62, a2)[l, . (9)

T1 T2

Next, we upper-bound the terms T} and T» in eq. (9), respectively.
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Upper-bounding T}: For any given state-action pair (s,a) € S x A, we have

‘(VGF(alyal) = VoF(02,01)),,

@] 1 - .
9| (0T (50— i, ()QE (50)
1 Uy 1 s s
< () = (6 510) |+l (9(QE (5.0) — QE (5. )
(1) Rma:c LQ
& T N, (5) g (9] 4 1 (560 = Bl (10)
where (i) follows from the fact that %jl) = —%ﬁ’aal) = —ﬁdm(s) 7 (s,a), and (i) follows from

Lemma 2.

Then, we proceed as follows:

[VoF (61, a1) — VoF (02, a1)|,

\/Z‘ VoF(61,a1) = VoF(02,01)), ,

(Z) Rmax L 2
S $Z<(1_7)2 dﬂgl(s)* 7792 ’+ Q 71'92( )“0102”2)

2 2
2|A|$Z<(f‘m‘j;)2 dray(8) = e, 5] ) + 2A|Jz(fad%<s>||el—ezlz)

S

(Zi) Rmax L
< V214 (Z T [, (8) = o, (9) +Zﬁdﬁ@2<s>nol —02||2>

(zu) 214 !

2

where (i) follows from eq. (10), (iz) follows from the fact that |z||, < ||z],, and (4i¢) follows from Lemma 1 and
from the facts R,,q. < C,.C, and

|d7791 (S) B dﬂ'92 (S)‘ =2 Hdﬂ'el B 7r92 H <2 Hyﬂ'fh
> v

Vo, HTV '
seS

Upper-bounding T5: For any given state-action pair (s,a) € S x A, we have

1

(VoF (02, 1) = VoF (02, 2)), ,| = ’17 (dr, (5)Qar? (5,0) — dry, (5)Qar* (s, 0))

@ 1 1 . . N
= ﬁdmz (s) 1~ ; VﬂeQ,s,a(‘S’ a)(ra,(5,a) —ra,(8,0))
(21) 1

< dez ($)Cr llan — azlf;,

where in (i) we denote vy, s.4(3,a) as the visitation distribution of the Markov chain with initial distri-
bution P(:|sp = s,a0 a) and policy mg,, and (i7) follows from the fact that |r,,(8,a) — ra,(8,a)] =

[ (Varar(8,a), 00 —ag) | < [[Varar(5,a)||y |lar — azlly < Crllon — gy, for some o € [ai,ap). The inequal-
ity above implies that

2

Vo F (62, 01) — Vo F (63, )|, = \/Z‘VgFﬂg,al) VoF(03,a2)), .
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< X (gt 0 o a2||2)2

s,a

= m Hal - a2||2 Z (dﬂsz (S))2

o VIAIC,
)

(1=

where (i) follows from the fact that /" (dm,2 (s))2 < Hclm,2 H1 =1.

Therefore we obtain the upper bound of eq. (9) as follows:

2214/, Ca
(=7

which determines the constants Li; and Lqs.

lar — azlly,

_ _ AlC,
(14 [log, C5tT + (1= p)") 101 — bally + YA 10y — g,

[VoF (61,01) = Vol (b2, a0)l|y < (1—)2

We then proceed to prove the second inequality in Proposition 1.
[VaF (01,00) = Vo F (02, 2)[ly < [|[VaF(01,01) = Vo F (02, a1) + Vo F (02, 1) — Vo F (02, a2)
< [VaF(01,00) = Vo F(02,00) |5 + [[VaF (02, 00) = VaF (02, 2) . (11)

Ts Ty

Next, we upper-bound T3 and Ty in eq. (11), respectively.

Upper-bounding T5: For any given 1 < i < ¢, we have
|(VaF(01,01) — Vo F(02,a1))i
=[(VaV(TE:7a,) = VaV(mo,:7a,) = Vath(ar) — (VaV(7E,Ta,) — VaV(7o,,7a,) — Vatp(a1)))il
= |(VaV(70,5701) = Va V(70,5 7ay1) )il

Ora
6(11'
o0

[¥rsy = v |, |

L=~

1

= 775 |2 r0, (5:0) = vy, (5,0))(Vara, )i| <

s,a

@) 2. 61 = 0]l |
<

Org
Bai

)

L=n
where (i) follows from Lemma 1 and the fact that |[p — ¢||; = 2||p — ¢||;- The inequality above further implies
that

2 —_
IVaF(61,0) = VaF (0, a), < 2Ce 10 =02z

Upper-bounding T,: We provide a proof for the general parameterization of policy, which includes the direct
parameterization of policy as a special case and covers the last claim of Proposition 1. We proceed as follows:

IVoF(02,01) — VaF(92,042)||2
||VQV(7TE7TQ1) - vav(ﬂ'@zvrozl) - Vai/f(m) - (vav(ﬂ-EvrlIQ) - VQV(WQZ,"’OQ) - VQ¢(a2))||2

1
1—~ ( /(voﬂ"m — VaTa,)@Wny|| + H/(Vurm — VaTa,)dvr, ) +[[Vatp(ar) — vaw<02)H2
- 2
q

LIy ( / (Vara, (5,a) — Varay (s, a))id%y > ( / (Vara, (,a) - Varaz(s,a))iduﬂ%)Q

L—n = i=1

IN

IN

2
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+ Hvaw(al) - va¢(a2)‘|2
(i) (2/GL,
(38 1) o - el

where () follows from Assumption 1 and further because for any (s, a) and i, we have

[(Vara, (8,a) = Vara,(s,a))il < [[Vara, (s,a) = Vara, (37a>||2 < Ly |lon — 042”2'

Therefore, we obtain the following upper bound in eq. (11)

IVaF(01;01) = VaF (02, as)l,
Cry/JA 2,/GL;
< 1_|7|(1+f10gp6’ N+a- )—1)||91—92||2+<1‘/_§7 +Lw> llox — aally

which determines Ly; and Los.

C Proof of Proposition 2

We define 0, (a) := argmingeg F (0, ). If there exist multiple optimal points, then 6,,(a) can be any optimal

point.

We first provide a lemma, which characterizes the gradient dominance property for the function F(, ) with a

fixed reward parameter a.

Lemma 3. ((Agarwal et al., 2019, Lemma 4.1)) For any given o € A, F(0,«) defined in eq. (1) with direct

parameterization satisfies,

F(0,0) — F(0.,(a),a) < Cq max <9 — 0,V F (0, a)> ,
bco,

where Cd = m

We then provide the proof of Proposition 2.

Proof of Proposition 2. We proceed as follows:

9(0) = g(0%) = F(6, 0op(0)) — F(67, aiop(67))

= F(0,0p(0)) = F(Oop(ciop(0)), op(0)) + F(Oop(aop(d)), aop(t)) — F(07, aop(7))

(Q F(6, aop(G)) — F(gop(aop(g))» aop(g))
(i)

<c 0 —0,VeF (0,0
dgrelg)X< 0 F (0, cop(0)))

(@ = Cqmax (6 —6,Vg(0)),
9co,

where (i) follows from the fact that

F(bop(aop(0)), )

op(0)) = F (07, cop(67))
= F(Oop(op(0 )) Qo

) —
p(0)) = F(07, aop(0)) + F(07, aop(0)) — F(6", aop(07)) <0,

0 <0

(43) follows from Lemma 3, and (ii7) follows because Vg(0) = Vo F (0, @)|a=a.,, ()
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D Supporting Lemmas for GAIL Framework

In this section, we establish two supporting lemmas that are useful for the proof of our main theorems.

Lemma 4. Suppose Assumption 8 holds. Consider the gradient approrimation in the nested-loop GAIL frame-
work (Algorithm 1). For any k andt, 0 <k <K —1and 0 <t <T — 1, we have

E M%F(et,ag) —vaF(et,a@Hz] < 1667 (1+ Cu ) £y

1—7 1-p) B
Proof of Lemma 4. We denote dr(s) = (1 — 7)Y ;og7'P{s: = s} as the state visitation distribution of
the Markov chain with initial distribution ((-), transition kernel P(:|s,a) and policy m. Both trajectories
(s&,af,sF,af - [ sF aF) and (s§,af,s{,af,--- ,sF aF) are sampled under the transition kernel P(-|s,a) =

YP(-|s,a) + (1 — ¥)¢(+). Recall that it has been shown in Konda (2002) that the stationary distribution of the
Markov chain with transition kernel and policy 7 is d.

By definition, we have,
~ 2
E [HVQF(Gt,afc) = vaF(et,a;;)M

B 2
=E {Hm (Zi:ol VaiTat (51 ,afy—v alTal (517 a? ) — ﬁ (IE(S_VQ)NUWE [Va;rai"(s,a)] — IE(S_’,I)NUM" [Va}zcra; (s,a)])HQ

2
< (72B2 Z ( E af) E(SM)NVWE [VO‘ZTQZ (S,a)})
=0 2
T
B-1 2
+ (7232E z; ( atTal Z, 1) E(S a)NVﬂ'e [VQLTQ’Z(S,Q)}) (12)
¢ 2
T

We first provide an upper bound on the term 73 in eq. (12), and proceed as follows:

2
T = ZiB;Ol E Hvaﬁro‘i( f, a; ) E(S a)~Vn g {Vaferai (8, a)} H2
+3 i E <V%r% (sF,af) — K, )~y [Va;ﬂ“a; (s, a)} Vi Tat (sf, af) - E(s,a)~vny [VQZTQZ (s, a)}>

<4BC? + Zi;ﬁjE<vachoﬁc (SzEa a; 7) - E, a)~Vrp {vairai (S’G)} i Va tTat (53 ) 45 af) - E, a)~vnp [vairafc (37a)}>

(13)
Define the filtration F; = o(s¥,al',s¥ af,--- s aF). We continue to bound the second term in eq. (13) as
follows:
E [(Vagrag (52,08) = B ajmnn, |VapTap (5:0)| s Vagrar (57,05) = B aymn,, | VaiTay (5:0)])]
:E{E Kv Tt (5F,0F) = By aymnn, {V%r%(&a)y wiTat (7,07) — (g yen, {v (Tt (5,0 M H
- [<Vu2r% (s2,aF) ~ Es apnrs, {Vazraz(s,a)} E [v (ot (57, aF) ]-'1} — Eoajrn, { ot ot (5,0 m

<E |:Hva;'cra;'c( F7 a; ) E(s a)~Vnp [vazraz (S,Q)} H2 HE [vazraz (sf7af)

< 20| |[E[Vayray (57, aP)|F] = Euayora,, [VayTag (5:0)]| |

1 B, [Tarstol]

J’]

=2C,E Vit ot (8, a)dsda”

fSNP(SJG |‘Sz ,CLE) CLNT(E( |S) va}c'r(x}tﬁ (Sya/)dsda - J‘SNXGJ«NWE("S)

i

2
Oorg Org
B 20"E¢Z?=1 (Jettoys oy ammpi 3ol (s:0)dsda = o G oo (5. @)dsda)
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q 2
Orq
< 20 E Z (H a; dTV (Sj S “Si = SZ—E‘7CL7,‘ = af),)ﬁyﬁ;)) ) (14)
-1 %

where () follows from the fact that | [ fdp — [ fdv| < ||f]l., drv (@, v). We next derive a bound on the total
variation distance in the above equation as follows.

drv (]P’(sj €-a; €-ls; = szE,ai = af),xﬂEﬂ'E) =dpy (P(sj € |s; = szE,ai = af),xw)

=dpy </]P’(sj € -|sit1 = s)dP(s|s; = s a; = aF), Xw)

S

< /dTV (P(s; € [sit1 = 8), Xrp) AP (s]s; = s, a; = aF)
S
i)

< / Crrp? = dP(sls; = sF,a; = aP) = Cyp =Y, (15)

—~

where (7) follows from Assumption 3. Substituting eq. (15) into eq. (14) and then further into eq. (13) yields the
following upper-bound on T3

B-2 B-1
- Cs
2 2 j—i—1 2
Ty <4BC? +2 Z Z 200 C2p7 "1 <4BC?(1 + ﬂ)' (16)
=0 j=i+1
By following steps similar to those from egs. (13) to (16), we can show that
C
Ty, < 4BC?(1+ —L).
—p
Therefore, we have
- 2 16C? Cu \ 1
EHQFG,tfaFH,t < r_ (1 .
[Far@nat) - Varnab]}] < g (14124 5
O
Lemma 5. Suppose Assumptions 3 and 4 hold. Consider Algorithm 1 with c-update stepsize 5 = . For any
0<t<T -1, we have
LK 48C? Cu (1
B [ — (0[] < 02 ! |
||aK Qop (Ut H Cae 22 +M2(1_,y)2( +1—p)B

2 2 2
Let K > 85222 log QAC: and B > % (1 + f_”;) Ai, we have E [||atK — ozop(Ot)Hz] < A,. The expected total

computational complexity is given by
1 1
KB = —1 — .
© ((1 —7)?Aq o8 (Aa>>

Proof of Lemma 5. We proceed as follows:

(i) R 2
a1 = an(@)]f; < o + BV F (01,0} = @)

~ 2 ~
= [laf = aop (O[5 + 8 |[VaF (01 0f) | +28 (VaF (01, 0f),af = aoy(6) )
(44) N 2
< ok = aopO0); + 28 [VaF O af) [, +28° |VaF (0r,0f) = VaF(0:,a})||
+ 25 <vaF(0tv O‘Z)v allfc - aop(et)> + 25 <§QF(9t,OtZ) - VO&F(gtvo‘Z)a Oéjltc - aop(at)>

(#id)

~ 2
< (1= 28u+26°L3,) ok — aop(6) [, + 26 [ VaF (61, 0f) = VaF(01,0})|
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+28 <$QF(9t, al) — VoF (6, al), ol — aop(ot)>

(iv) ~ 2
< (1+28°L3 — uB) o} - aop<et>||§ + (267 + B/n) |VaF (00, a}) = VaF (0, a})||

(v) /’62 2
< (1_ )Hak op(8:)|2 + 8L2 Hv F(6y,al) -V, F(Gt,ak)’ (17)

8L3,

where (¢) follows from the non-expansive property of the projection operator, (i¢) follows because ||A + BH; <
2| Al +2||B||3, (iii) follows from Proposition 1 and the fact (Vo F(0;, al), ol — aop(6:)) < —pu ek — aop(ﬁt)H;,
(iv) follows because

<§(¥F(0t’a§c) - VaF(Qt,aZ)va}l — aop(th)) < % HO‘Z op(0r) H2 M||§aF(9taa;q) - VaF(Gt,OzZ)H%,

and (v) follows by letting 8 = ;#5- and because j1 < Las.
22

xT

Applying eq. (17) recursively and using the fact 1 —z < e™*, we obtain

Ly 5 K-l 2 K—1-k = t f
o = ap@]3 < ¢ 5 [lat — aop@; + sor O (1— S ) |VaF(0r,01) = VaF(61,0})
22 1 22

2
‘2'

Then, taking expectation on both sides of above inequality and applying Lemma 4 yield

_ et g g3 Kl w2 K==k 602 Cu 1
IE{ K — 0op(0 2}<c2 i o 1= SIS B
ok — aop(B)]],| < Cae **% +8L§2 ]CE:;J 8L3, (1—7)2( " )B

I—p
y —K 48C? Cu
S Cae sLZ, 4 r 1+ —,
u2(1—v)2( 1—p)B
which completes the proof. O

E Proof of Theorems 1 and 2: Global Convergence of PPG-GAIL and
FWPG-GAIL

In this section, we provide the proof of Theorems 1 and 2. We first provide three supporting lemmas. Specifically,
Lemmas 6 and 7 establish the smoothness condition of the global optimal a,,(6) and the gradient Vg(#). Similar
property has also been established in Nouiehed et al. (2019); Lin et al. (2020). Lemma 8 provides the upper
bound on the bias and variance errors introduced by the stochastic gradient estimator of Vo F (6, cvy).

E.1 Supporting Lemmas

Lemma 6. Suppose Assumptions 1 to 4 holds and the policy takes the direct parameterization specified in
Section 2.2. We have ||y (01) — aop(62)]l, < % |61 — O2]|5, where aop(8) is the unique global optimal that
satisfies cop(6) = argmax,c, F'(0, a).

Proof of Lemma 6. Since F (01, ) is strongly concave on «, the following two inequalities hold for all o € A,

F(01,005(601)) — F(61,0) > g o — aop(61)]]3, (18)
IVoF (01,05
2u '

In egs. (18) and (19), letting oo = op(f2) and using the gradient Lipschitz condition established in Proposition 1,
we have

F(elaaozv(al)) —F(b,0) < (19)

[VaF (61, 00p(82)) 15 _ L3y 1162 — O3
2/ - 24 ’

Iy < £ 116 — Ol 0

I
9 Haw(e?) - O‘Op(‘gl)Hg <

which implies ||cop(61) — qop(62)
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Lemma 7. Suppose Assumptions 1 to 4 hold and the policy takes the direct parameterization specified in Sec-
tion 2.2. Then we have

Vog(0) = VoI (0, a)|a=a., ),
and for any 61,602 € ©,,

Vog(61) — Vog(02)lly < (L1 + (LizLa21)/p) |61 — 02,

where L1y, L1 and Loy are defined in Proposition 1.

Proof of Lemma 7. Taking the directional derivative of g(6) with respect to the direction ¢, we have

09(0) _ . 90+e) = g(0) . F(0+ el any(0+ ) = F(8,a0(0))
o e—0 € e—0 €
iy FOF €y (0 + b)) = F(9+ €l, oy (8)) + F(0 + €, oy (6)) — F (8, 0y (9))
o e—0 €
) lim TV F (0, 0%) + £7 Vo F (0, a0p(6))
€e—
WD TV F (0, a0y (6)), (20)

where o in (i) is a point between a,p(6 + €/) and ap(6), and (ii) follows from Lemma 6 and hence we
) =

have lim. o Vo F(0,al) = Vo F(0, app(9) 0. Since eq. (20) holds for all directions ¢, we have Vyg() =
VoF (0, cop(8)).

We then proceed to prove the gradient Lipschitz condition of g(;). For any given 6;,62 € ©,, we have
IVog(61) — Vog(02)ll, = Vo F (01, op(61)) — Vo F (02, aop(62)) |l
= [[VoF (61, aop(61)) — Vo F (01, crop(02)) + Vo F (61, aop(62)) — Vo F (02, crop(62)) |,

< VoF (01, aop(01)) = VoF (01, aop(02))[l, + Vo F (01, op(02)) — Vol (02, cp(02))l,
< Lag [laop(6h) — cop(02), + L1 |01 — 02,

Liokary g gy,

—~
=

7

< (L1 +

where (i) follows from Lemma 6. O

Lemma 8. Suppose Assumption 3 holds. For the policy gradient estimation specified in eq. (3), in each iteration

t,0<t<T—1, we have
2 4 2 1
< |‘A‘Rmaz 14+ CMp -
o) S =R e U T, ) b
4| A|R?

~ 2
Let the sample trajectory size b > 5177 Tziwv)z (1 + 2CMp) AL, we have F. {Hvep(ghat) — VoF (0, ) J <
Ag

E |iH§9F(9t,OZt) - ng(&t, Oét)

1-p

Proof of Lemma 8. We define the vector g; € RISIAl with each entry given by (g;)sa = Q(S a)ﬂ {si = s}.
Then, we proceed as follows:

[ZE llgi — VoI (01, ) ||2 + ZE = VoF (0, 01),9; — VoF (b, at)>:|

i#J

@) AR, g b=2 b1
va—¢ur—v+w E [{g: ~ VoF(6,1),9 ~ VoF (B 0))], (21)
v i=1 j=i+1

b

Z — VF(0;, )

E |:H$0F(9t, O[t) - VgF(@t,at
=0

2

T
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A Rmax A R?na;.
vl and Vo F (6, )|, < YARne

where (i) follows from the facts that ||g;||, = ’ . IAQ S”al) S G Vi Yy Tz =

VA Ronas
T 72—

Define the filtration F; = o (sg, $1, -+ , $;). For the term T} in eq. (21) with ¢ < j, we have

E[{gi = VoF (01, ),9; — VoF(0,04))] = E[E [(g; — VoF (01, ), 9; — VoF (0, )| Fi]]

= EK VQF(Gt,Oét),E[gj —VQF(at,OZt)|.FZ]>]
<E[llgi — VoF (01, )5 |E [g; — VoF (01, o) | Fi] ]

2Rmam V |-A|
Saopa—a I 19;1Fi] = VoI (6, ar)l,

2Rmaz /] Al _ @fs,) Q)
T (1-y01 —71/2)EHJ§ (P{Sj = slsid - ™t (9) 1—vy )
2
2R? Al
= T)M(rl\/i/z Z (P{s; = slsi} = dry, (5))°
i 2R72na:r A
0 A, = )~
(®) _4Cw Ry, |A i (22)

T (=ypa—att

where (i) follows because xr,, = dnr,,, and (ii) follows from Assumption 3 and because dr, = Xy, and
[P {s; = Isi} — dry, ||, < [[P{s; = Isi} — dmy, ||, = 2drv (P{s; = [si}, dus,) -

Substituting eq. (22) into eq. (21), we obtain

< 2 4|A|Rmam 2 g 4CM|A|Rmax j—1
E [HWF(m,at) — VoF(6;, ) 2] < Tt Z:: ; Ty
4|A|Rmm 1 2Cup\ 1
< + -
b(1 —~1/2)2(1 — )2 1—p /)b
The second claim can be easily checked. O
E.2 Proof of Theorem 1
Based on the projection property, we have
<9t Ve F (8, ) — Oy, 6 — 0t+1> <0, Veo. (23)

Next we use eq. (23) to upper bound on E [||0t+1 — 0t||§} Letting 6 = 0, and rearranging eq. (23) yield
<§9F(9t;at)a9t+1 - 9t> < = |01 — 0:]]3. (24)

According to the gradient Lipschitz condition established in Lemma 7, we have

Ly LigLyy

9(001) < 9060 + (Vog(00). 0 — 0+ (23 + K220 ) o, — 03

=g(0:) + <§9F(0t, ), 01 — 9t> —(VoF(0;, 1) — Vgg(0:),0i11 — 04)
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(Vo (Br o) — VoF (br.00).Brer — ) + <L2“ + Ll;/fﬂ) (AT
%) 9(0;) — (L211 + Ll;?) 1001 = 0ull3 — (Vo F(0r, ) — Vog(8:), b1 — br)
— (VoF (81, 00) = VoF(81, 1), 6011 61 )
where (i) follows from eq. (24) and the fact that n = (Lll + L12ML21)71.

Rearranging the above inequality, we obtain

e 00 = (0 12E) 09 g0
B (LZH + Ll;izl ) h (VoF (0, ) — Vog(0t),0:41 — 04)
_ (L2“ + Ll;iﬂ) -1 <§9F(9t, ) — VoF (0, 00), 0041 — 9t>
%) (LQM + Ll;izl)_l (9(01) — g(01+1))
+ <L211 " Ll;,le ) -2 Vo F (0, ) — Vog(0:)|13 + %Hatﬂ — 6,1
(5t G0 Bran) - VoF Gl + 160 - 013

where (i) follows from Young’s inequality.

Taking expectation on both sides of the above inequality yields

@ du 82 L3 2
_ 2] £ _ 22 —
E (1001 = 0] < - Blo(00) — 9(60ea)] + T 2 [l = cop ()]
8/12 E |:H§9F(9t Oét) - V@F(at O(t)H2:| (25)
(uLay + LiaLoy)? ’ ’ 2|’
where (i) follows from the gradient Lipschitz condition established in Proposition 1
Next, rearranging eq. (23), we obtain
<9t — 041,60 — 9t+1> <n <§6F(9t; Oét), 0 — 9t+1>
=1 <§9F(9t, o) = VoF(0i,c4),0 — 9t+1> + 0 (Vo F (0, ) — Vog(0:),0 — O111)
+1(Vog(0r, ), 0 — 0:) + 1 (Vog(0r, ), 0 — Or1) -
-1
Letting n = (L11 + %) and rearranging the above inequality yield
LiaLo
(ag01).0 00> (Lua + Z2E20) 0, = 010.0 — Buaa) = (T F Br ) = Vog(6).6 — 1)
- <§9F(9t704t) — VoF(0,a1),0 — 9t+1> - <V09(9t), 0 — 9t+1>
> - (Lu + =22 21) 10 — Or 1|2 - 2R — 7”'2”@“ — Ol
I (1—=7)
(26)

— 2R(| Vo F (0, ae) = VoF (8, a1)l|2 + Vo F (61, a1) — Vog(6s)]|2),

where (i) follows from the Cauchy-Schwartz inequality and the boundness properties of ©,, (R := maxgce, {/|0||5})

vV ‘AlRmaw

and because [|Vog(0;)[ly = Vo F (0r, cop(0r)) |5 < =
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Applying the gradient dominance property of () established in Proposition 2, we obtain
9(6:) = 9(67) < Camax(Vog(6:), 0; — 0)

(0 Liy + LiaLoy)R Finae
<Cd< (#L11 + LiaLor) \/‘7 >||9t Or1ll2

I (1—9)?
+ 2RCy||VoF (8, ) — Vo F (0s, )2 + 2RCa|| Vo F (61, ) — Vog(8y)]|2,

where () follows by multiplying —1 on both sides of eq. (26) and taking the maximum over all § € ©,.

Taking expectation on both sides of above inequality and telescoping, we have

1 T—1
7 2 Elg(6)] — 9(67)
t=0
2 ulL LioL .A max —
< o (2L + LuaLa)R +W Z [116: — 041 1l2)
[ (1 =0
T—1 =

1 = 1
+2RCuz: 3B (|90 (0,00) - vert,at)nQ] +2RCaz: > E[IVoF (8:,01) = Vag(6.)2

=0
%)Cd 2(ppL11 + L12Lor)R Y |A|Rm2a;v E
I (1-7)

Nl =

T—1
> 110 = Ousa
t=0

;

1

T-1
1 ~
+ QRCdT E E |:||ng(015, at) — VgF(ot,Oét)||2:| + QRCd E [”V@F(Hh at) — V@g(gt)HQ]
t=0

el

t

(? (2(HL11 + LiaLo1)R n \/7|Rmaw> Cd\/ ap E[g(6o) — g(67)]

I
o

e (1—7)? puL11 + LiaLoy T
(uL11 + Li2Lo1)R \/ |A|R o 8N2L32 2
+ C E |||a — cop (O
< I (1—7)? N (uLiy + Li2Lo1 )? {” ' 7l t)M
(uL11 + LiaLo1)R Y |A|Rpa 8u? { }
+ C VoF (0:, VoF (0;,
< H (1—7)? ¢ (nL1y 4 LiaLoy)? H oF (01, 00) = VoF(0r, e H
T—1 T—1
+2RCd— S E[IVoF (01, 00) = VoF (61, 1)o] 2ROy~ ZE (V6 F (61, 0) — Vog(6y)]|2]
t=0 =

(z%z) 2(,“/-[111 + L12L21)R V |A|Rmax 4/14 Rma:c
< + i Ca

p 7)? pliy 4 LigLay (1 —)T

/ u? 2
( Fmaz 2p + 5R> 2L220d\/02 C8L3, K + 487 (1+ Cu )i

(1=7)? pLi+ LizLo p?(1— )2 1-p'B

(8 ) e )

(1—=7)* pLin+ LioLa y1/2)2 (1 —7)? 1—p

o) o) o (i rs) o )

where (4) follows because E [X] < 1/E [X?] holds for any random variable X, (i¢) follows by telescoping eq. (25)
and further because v/a +b < /a + /b holds, for all a,b > 0, (i) follows from Lemmas 5 and 8 and because
E[X] < /E[X?] holds for any random variable X, and (iv) follows because L, = O (ﬁ) Lin=0 (ﬁ)

L =0(15), L2 = 0 (), Ca= 0 (1) and 0 (=4 ) <0 (45).
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E.3 Proof of Theorem 2

By the gradient Lipschitz condition (established in Lemma 7) of g(6), we have

L LioL
9(Or11) < g(0:) + (Vog(0:), 011 — 0) + ( 211 + 1;M21> 16:21 — 6413

) L Lol )
= 4000+ (V900,500 + (531 + B2 ) 2 o, — 0

< g(@t) +n <§9F(9t>at); Uy — 9t> +n <V09(9t) - §9F(9t7at)7ﬁt - 9t>
2015L
+ (2L11 + 1; 21) n*R?

(i) ~
< g(0:) +n <V9F(9t,04t) Vg — 9t> +n <V99(9t) — VoF (0s, ), 0y — 9t>

204121
+ (2L11+ 1; 21>772R2

= 9(62) + 1 (Vog(01). vi — ) + 1 (Vag(6) = VoF (b1, ), b1 — vi)

2L1oL
+ (2L11 + 71; 21) ?72R2,

(27)
where (i) follows because [0y — 6|, < 2R, and (i) follows by definition of o, in eq. (5) (0 :=
argmaxycg (0, —VoF (0, a¢))), and further we define v; := argmaxycg (¢, —Vog(6:))

as follows:

. We continue the proof
max (Vog(0,). 0 = 0) < (Vog(01), 0, — ve)
(44)
<

2L15L
N (9(00) — 9(0es1)) + <2L11 + 1; 21) nR?

+ <V9g(9t) — VQF(Gt,O(t),lA]t - ’Ut> + <VQF(9t, Oét) - §9F(9t, at),ﬁt - ’Ut>

2L1oL
<0~ (g(0r) — 9(0r11)) + <2L11 + 1;21> nR>

+ 2R |Vag(6:) = VoF (6r,00) |, + 2R | VoF (6, 00) = VoF (61, 1)

, 28
2 (28)
where (¢) follows by definition v, := argmaxycg (0, —Vog(6:)), and (i7) follows by rearranging eq. (27)
Finally, we complete the proof as follows:

1T

7 2 Elg(6)] —g(67)

TzllE [ x (Vog(6:),6; — 9)]

1

w
I/\Q I
o

1

'ﬂ

(i) C4E [g(6y) — g(6 2L15L 2RCy
< g f])T 9(0r)] +C4 (2L11+ IZ 21>7]RZ+ Td > E(Veg(0:) = VoF (0, ),
t=0
2RCy —
+

SE HVgF(Gt, ar) = VoF (01, a0) |
t=0

i) Rupaz +2(1 —7)® (Liy + LizLoip~ ') R? 4| A|R2 ( QCMp) 1
< Cy- +2RC maz 1+ =
- (L= VT a2 =) b
—%K 48C2 CM

2 8L35, T 1 _
+2RCdL22\/Ca€ + (1 *’Y)%LLQ( 1 *p)B
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0((rr) ol )0 b))

where (7) follows from Propomtlon 2, (i7) follows from telescoping eq. (28), (4i7) follows from Lemmas 5 and 8
and because n = % and E [X] < /E[X?] holds for any random variable X, and (iv) follows because L1 =

O(ﬁ),m:O(ﬁ),Lm=O(ﬁ),LQ2=0(ﬁ),Cdzo(ﬁ) and O (=4 ) <0 ().

F Proof of Theorems 3 and 4: Global Convergence of TRPO-GAIL

In this section, we add the subscript A to the notations of the Q-function Q7 (s, a), the value function V(7,r,),
the objective function F'(0, «) and g(6) in order to emphasize that these functions are derived under A-regularized
MDP.

F.1 Supporting Lemmas

In this subsection, we introduce several useful lemmas.

Lemma 9. ((Beck, 2017, Lemma 9.1)) Consider a proper closed convex function w: E — (—o00,00]. Let dom(dw)
denote the subset of E where w is differentiable and dom(w) denote the subset of E where the value of w is finite.
Assume a,b € dom(0w) and ¢ € dom(w). Then the following inequality holds:

(Vw(b) - Vw(a), c— a> = Bw(C, a) + Bw(av b) - Bw(C, b)a

where B, (+,-) denotes the Bregman distance associated with w(-).

Lemma 10. ((Shani et al., 2020, Lemma 25)) Consider the Q-function estimation in Algorithm 3. For any
te{0,1,---, T — 1}, we have

|-Q, (5,) + AVe(ma, (1s))]| < Culti ),
(oo}
where Q:e‘ is the Q-function estimated under the reward function r,, and policy my,, and C,(t;\) <

o (c Co (1+1{1#£0} log t) )

1— 71/2

Lemma 11. For any policy m,7" € A4 and o € A, the following equality holds,
(Va(m,7a) = Va(m' 1)) (1 =7) = Y dur(5) ((=Q3 a5, ) + AVw(r(-|s)), 7' (-|s) = 7(-|s)) + ABu(w'([s), 7(5))) ,
sES

where Vy(m,14) is the average value function under A-regularized MDP with the reward function v and d is
the state visitation distribution of m'.

Proof of Lemma 11. Following from (Shani et al., 2020, Lemma 24), for any s € S, we have
(=Q%.a(s,) + AVW(n(-]5)), 7' (-]s) = (-|s)) = —(TX Via(s) = Via(s)) = ABu(n'(-]s), 7(-]s)), ~ (29)
where T/{r is the Bellman operator under A-regularized MDP, i.e.,

TY V)\a( —Z( "(als)raa(s,a +Z §'ls, @)V (5"))-

acA s'eS

Furthermore, we have

Va(m',ra) = VAT, 7a) Zc (ViTa(s) = Via(s)

Zd s)(Tx V)\a( ) — V,\Tta(s))
SGS
) 1
i drr(5) ((~Q% (8, ) + AVw(m(-[5)), 7' (-[s) = 7(-]s)) + ABu(7'(]s), 7("]s))) ,
seES
where (i) follows from (Shani et al., 2020, Lemma 29) and (i) follows by multiplying eq. (29) by d,/(s) and take
the summation over S. 0
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F.2 Proof of Theorems 3 and 4

Since the unregularized MDP can be viewed as a special case of the regularized MDP, i.e., A = 0, in this
subsection, we first develop our proof for the general regularized MDP up to a certain step, and then specialize
to the case with A = 0 for proving Theorem 3 and continue to keep A\ general for proving Theorem 4.

To we start the proof, recall that the update of 6, specified in eq. (7) satisfies,

To,,. (1) € argmin(( ~ Q5% (s,7) + AVe(mg, (15), 7 = 70, (13)) + 1 * B, 70, (15))

TEA A

= fo(m)

Following from the first-order optimality condition, we have

vﬂ'fO(TmtJrl (|S))T(7T I (|S)) > 0,Vr € Ay,
which together with the fact

Ve fo(m) = =Q3%, (s,) + AVe(mo, (15)) + n (Veo(m) = Veo(mo, (5)),

implies that
(=Q%, (5:) + AVe(mo, (1)) + 17 (Vw(ma,., (1)) = Veo(a, (1)) 7 = Mo, (s)) 20 (30)
holds for any 7.
Taking 7 = mg-(+|s) in eq. (30), we obtain
0 < m (~Q3%, (5,7) + AVa(ma, (1)), 7o+ (-15) = ma, (1))
e (—Q3, (5.2) + AVe(ma, (15)), 7, (15) = 70, (19))
+ (Ve(ma,.. (15)) = Veo(a, (15)), mo- (15) = 7o, (15))

Uﬁ) Nt <7Qj\r?3t(5, )+ AVw(me, (+]s)), mo= (+]s) — 7T‘gt('|s)>

K QI@;,(M+2Aw<wet<-|s>>Hio 1) - .09
b Bt 1870 C11) Bl (19,70 (15)) Bt (19, 70,15
& (=05 (5 + AT, (1)), 7 (15) = g, (s) ) + PECLEAT
+ By(mg- (15),m0,(15))  Bulmo- (13 >7m1<-|s>>, (31)

where (i) follows from Holder’s inequality and Lemma 9, and (i¢) follows from the Lemma 10 and Pinsker’s
inequality given by

(|7, (-]5) 2776't+1 )[ly < KL (ma,,, ()||70, (15)) = Bu(mo,, (-]5), 70, (-]5)),

where KL (+]|-) denotes the KL-divergence.

Taking expectation conditioned on F; = (0,01, -+ ,0;) over eq. (31), we have

2 . 2
0 < {~Q%, (5.) + V(g (). 7+ (15) - m(-\s>> 4 Bl

+ Bu(mo-(]5), 7o, (:|8)) — E [Bu(mo- (-]5), 70,.., (1)) | Fe] - (32)

Since eq. (32) holds for any state, we multiply it by dr,.(s) for each state s and take the summation over S.
Then we rearrange the resulting bound and obtain

t>\
A N iy (8)Bu(mo- (+15), 70, (415)) = > dy (8)E [Bu(o+ (-]5), 7o, (-|5)) | 2]

sES sES
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> =0 Y d (5) (= Q305, (5 7) + AV (o, ([3)), mo- (1) = ma, (1))
sES
2 (1= ) (Va0 o) = Va(mo, 7)) 1A Y daye (5) B (- (1), o, (-15)), (33)
seS

where (i) follows from applying Lemma 11 with © = my, and 7’ = my-. Rearranging eq. (33), we obtain

< Zdws* (1= Ane)E [Bu (7o~ (-|s), 70, (-[5))]

Va(mo+,7a,) — Va(mmo,,7a,) <

SGS
2
T 2t O (B (19 ()] + e D
Furthermore, we proceed the proof as follows:
E [gx(0)] — g2(0") = E [gx(0) — Fx(0r, 0u)] + E[Fx(6, ¢) — gx(67)]

CE(g2(6) — Fr(6u,00)] + E [F2 (01, 00) — (6", o)
D B [g3(0,) - Fr(6y,00)] + E [wm ar) — Va(o,, )]
< e [nat - aopwt)nz] T =) 2 e () = A B (1), (1)

s S (8 (Bl (1) o )]+ T A (35)

SES

where (i) follows because gx(0*) > Fx(0*, aop(6:)), (i) follows from the definition of F) (0, ), and (4i7) follows
from the gradient Lipschitz condition of « in Proposition 1 and eq. (34).

Next, to prove Theorem 3, we let A = 0 and recall 5, = % Telescoping eq. (35), we obtain

T—1
7 S BI500] ~9(07) < s S e (9B B 18) 70, (19) = Bulr (19,7 (19)

(1_ ) seS
2. =1 2
222 [lea = cop@)] + 5=
s K 48C2I3, Cu .1 (1—7)%C?% +2log|A]

< L2 2 _8[‘72 T 1 _
< InCoe ™2 +M2(1—7)2( T et 2(1—7)2VT

2olam) 1o 0 (atm)

where (i) follows from Lemma 5 and because 0 < B, (m1,m) < log|A| for any 61,6, and (ii) follows because

Los =0 (f) and C, = O ( ) <O ( ) This completes the proof of Theorem 3.

To prove the Theorem 4, let n; = Then, telescoping eq. (35) and applying Lemma 5, we obtain

)\(t+2) :

T-1 2
1 — K 48C2L2 Cyv 1 C2(T,\) log(T +1)
75 : _ *) < 2 2 81’%2 rH22 M w i

+ Ay oy () E[Bu(mo- (-|5), 76, (+|5)) — (T + 1) By, (mo+ (-] 5), mo,. (-] 5))]
(1 -7

o) ol o )

where (7) follows because 0 < By, (7, m2) < log(|.A|) for any 71,7, Log = O (ﬁ) and C,(T,\) = O (1 71/2) <

@) (1 7) This completes the proof of Theorem 4.
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G Proof of Theorem 5: Global Convergence of NPG-GAIL

To prove the theorem, we first define some notations. Let Ap := mingeg {Amin(F(0) + A1)},
Wit = (F(0) + A1) "' E(s 0y, [A5° (5,a) Vo log mo(al )]

and
WG*,oz = F(G)TE(SM)NVWG [Age (Sa a)vﬁ’ IOg 779(0"3)] :

For brevity, we denote W** = Wé’);*at and Wy =Wg .

G.1 Supporting Lemmas

In this subsection, we give several useful lemmas.

Lemma 12. ((Agarwal et al., 2019, Lemma 8.2)) For any policy m and ' and reward function r,, we have

1 /
— 4 e — u
V(?T,’I“a) V(ﬂ- 7roc) 1— ,yEs,a~u.,r(s,a) |:Aa (S,a):| .

Lemma 13. ((Xu et al., 2020a, Lemma 6)) For any 0 and o, we have HWOAZ - Wy,
oo is a constant only depending on the policy class.

Lemma 14. Suppose Assumptions 3 and 5 hold. Consider the policy update of NPG-GAIL (Algorithm 2) with
Bw = 4(0(%‘%)2. Then, for allt =0,1,--- ;T — 1, we have

) < O\, where 0 < C), <

2 R2 (2
sl < o {5 e |

C16(C2+ M2 [ AB(1—7)?
I R 98R2,,,C2[(C2 + A)? + AN}][1 + (Car — 1)p)]
Ap o 2(CZ+))? (1=p)(L =7)2AM

Proof of Lemma 14. At iteration ¢, Wy, Wy,--- , Wy, follows the linear SA iteration rule defined in (Xu et al.,
2020a, eq. (3)) with a = Bw, A= —(F(0;) + AI), b = E(s a)ms,, [Aar’ (s,a)Vp, logmp, (als)] and 6% = —A~b =

W with ||Wt>\* ||2 < Ry = %. It is easy to check that the Assumption 3 in Xu et al. (2020a) holds. Namely,
2

(@), [|Allp < C; + A and ||b]|, < QR;"fzcd); (ii), for any w € R, <w — WM, Alw — Wt)‘*)> < =X Hw — W 2
(7i1), The ergodicity of MDP is assumed here. Thus, applying (Xu et al., 2020a, Theorem 4) completes the
proof. O

G.2 Proof of Theorem 5

Define D(0) = Es~a,,. [KL (mo+(-[s)||mo(-[s))]. Then we have

D(0:) = D(0141) = Ky, [log(mo, , (*]s)) —log(me, (‘]s))]
(0 . 2 ,
2 By, [Volog(me, (als))] " (r+1 —0t) — -~ [10er1 = Oll5,
where (7) follows from the gradient Lipschitz condition on log(mg(-|s)) in Assumption 5.

Recall that the update rule in NPG-GAIL (Algorithm 2) is given by 6;11 = 0 — nw;. Then we have

T Lin? 2
D(6;) — D(br41) > 1y, [Volog(mp, (als)] " we — =5 [l
=1, . [Ad) (s,a)] +nE., . [Volog(mo, (als)) "Wy — ALY (s, a)]
+ 1By, [Volog(m, (als)] " (W) = W) +nE,, . [Volog(m,(als))] " (w, — W)
Lin2

2
— =20 3
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D (1 ) (V(moe 70,) = Vo, 7a,)) + NEy.,. [Volog(ms, (als))" Wy — AGT (s,)]
+ 1By, [Volog(me, (als))] (W* = W) +nE,. . [Volog(me,(als)] " (w — W7¥)

1;2 772 )
= =5 el

(i) L2n?

> (L= (V (7o 7a,) = V(mo 7)) = =5~
+ 1By, [Volog(me,(als))] (WP = Wy) + 1y, [Volog(ms, (als)]" (we — W)
—n\/E,.,. [(Volog(ma,(als) "Wy — Am'(s.a))?

(441) L2 77
> (L= (V(mo,ra,) = V(mo, 7a,)) = 5 Jwell3

s, (Volos(mo, (als))] T (WP — W) 4 1B, (Vo log(ng, (a]s))] (w; — W)
— OB, [(Volog(m, (als))TW; — Az (s,a)7]. (36)

where (2) follows from Lemma 12, (i) follows from the concavity of f(z) = v/« and Jensen’s inequality, and (i)

follows from the fact that (Vg log(mg, (als))T W — Aatt (s,a))? > 0 and HZ:Z Cy.

2
[[well3

1 I
S T mmeE =

o0

Continuing to bound eq. (36), we have

@ 127
D(0:) — D(0y11) = (1 — )0 (V (79~ 70,) — V(o 7a,)) — —2 |lwells — 1/ Cal’
+nEy,,. [Volog(mo, (als))] " (W™ — W) + NEy. . [Volog(m, (als))]" (we — W)
(41)
> (L=y)n(V(me=,7a,) — V(?Tetarat — 1/ Ca¢" —nCyCrA

—nCy ||we — WM

= 2
(#42)

> (L= (V(me-,ra,) = V{7, 7a,)) = 1V/Cal" = nCCrA

—0Cy [|we = W ||, — L3? lwe — W[5 — L2 W75

> (1=7)n(V(mpe,7a,) = V(To,,7a,)) — 1V Cal’ — nCyCAA
2,2

— Gl |[wr = WP ||, — L3 [Juw — W5

(0,70, (37)

where (i) follows from the definition of ¢’ in the statement of Theorem 5, (ii) follows from the upper bound on
[Voma(als)|, in Assumption 5, Lemma 13 and Cauchy-Schwartz inequality, (4i¢) follows from the fact [|A + B ||3 <
2 HAH% +2 ||BH§7 and (iv) follows from the definition of W* and because ApI < F(0;) + 1.

Rearranging eq. (37), we obtain

D(et) (9t+1) V OdC CquA/\ C¢
+ +
n(l—7) 1- -y 1-7n
Lin 2 L277
el A _ el
+ 1—~ ||wt Wt ||2 )\2( )

‘/(7T9* 77th) - ‘/(7701’7“at) f;

e =W,
VoV (6,70l (38)

Finally, we complete the proof as follows:

T—
TZ; o)
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(i) 1R 1=
ST E [g(6:) *F(9t,at)]+f (F (0, c0) — F(0", )
t=0 t=0
= =
= 7 Y E[g(0) = FOr00)] + 7 > (V(m,70,) = V(o 7a,)
t=0 t=0
@) 1 =2 D(6) — D(6r)  VCal'  CuO\
< = Elg(0;) — F(0
=T ] [g( t) ( t,O[t)] + (1 . ’Y)TIT 1— v 1— y
T-—1 2 T-—1
C¢ Ak L¢n A% 2 mazc¢'
S 2 Il = 2 e (Epy
(ii) — 48C? L3 1 E[D(6) — D(6 CaC' CyCrA
S L%QCZG 8L%2K+ 2807" 222 (1+ PCM)i + [ ( 0) ( T)] \/74- + [oXED
pA(1=7) 1—pB (1- )2\7 L=y 1-7v
T-1 2 2 P2 2
Cy A A LR a2 Cy
+ wy — Wi wy — Wi * —_—
(1=NT = e ZH o ( —Y)2ALVT
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where (i) follows because g(6*) = F(0%, aop(0*)) = F(6*,4) and (ii) follows from eq. (38) and because
VoV (60, )], < RpeCe

T, (#i7) follows from Proposition 1 and Lemma 5, and the fact n = \F’
from Lemma 14, and (v) follows because Loy = O (ﬁ) and Cq =0 (ﬁ)

(v)
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(1v) follows



