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A Q-sampling Algorithm

In this section, we provide the formal description for the algorithm EstQ in Algorithm 3, which returns an
unbiased estimation of the state-action value function (Q-value).

Algorithm 3 EstQ (Zhang et al., 2019)

1: Input: s, a, θ. Initialize Q̂ = 0, sq1 = s, aq1 = a
2: Draw T ∼ Geom(1− γ1/2)
3: for t = 1, 2, . . . , T − 1 do
4: Collect reward R(sqt , a

q
t ) and update the Q-function Q̂← Q̂+ γt/2R(sqt , a

q
t )

5: Sample sqt+1 ∼ P(·|sqt , a
q
t ), a

q
t+1 ∼ πθ(·|s

q
t+1)

6: end for
7: Collect reward R(sqT , a

q
T ) and update the Q-function Q̂← Q̂+ γT/2R(sqT , a

q
T )

8: Output: Q̂πθ ← Q̂

B Proof of Proposition 1

In this section, we first provide two useful lemmas, which establish the smoothness property of the visitation
distribution and Q-function.

Lemma 1. ((Xu et al., 2020a, Lemma 3)) Consider the initial distribution ξ(·) and the transition kernel P(·|s, a).
Let ξ(·) be ζ(·) or P(·|ŝ, â) for any given ŝ ∈ S, â ∈ A. Denote νπθ,ξ as the state-action visitation distribution
of MDP with policy πθ and the initialization distribution ξ. Suppose Assumption 3 holds. Then we have, under
direct parameterization for any θ1, θ2 ∈ Θp,∥∥νπθ,ξ − νπθ′ ,ξ∥∥TV ≤ Cν ‖θ1 − θ2‖2 ,

where Cν =

√
|A|
2

(
1 +

⌈
logρ C

−1
M

⌉
+ (1− ρ)−1

)
.

Lemma 2. ((Xu et al., 2020a, Lemma 4)) Suppose Assumptions 3 and 4 hold. Let Qπα denote the Q-function of
policy π under the reward function rα. For any state-action pair (s, a) ∈ S × A, α ∈ Λ and θ1, θ2 ∈ Θp (under
direct parameterization), we have

|Qπθ1α (s, a)−Qπθ2α (s, a)| ≤ LQ ‖θ1 − θ2‖2 ,

where LQ = 2CrCαCν
1−γ and Cν is defined in Lemma 1.

Denote dπ(s) = (1 − γ)
∑∞
t=0 γ

tP {st = s|π} as the state visitation distribution induced by policy π. We next
prove Proposition 1 to characterize the Lipschitz constants L11, L12, L21 and L22, respectively.

Proof of Proposition 1. We consider the first inequality in Proposition 1:

‖∇θF (θ1, α1)−∇θF (θ2, α2)‖2 = ‖∇θF (θ1, α1)−∇θF (θ2, α1) +∇θF (θ2, α1)−∇θF (θ2, α2)‖2
≤ ‖∇θF (θ1, α1)−∇θF (θ2, α1)‖2︸ ︷︷ ︸

T1

+ ‖∇θF (θ2, α1)−∇θF (θ2, α2)‖2︸ ︷︷ ︸
T2

. (9)

Next, we upper-bound the terms T1 and T2 in eq. (9), respectively.
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Upper-bounding T1: For any given state-action pair (s, a) ∈ S ×A, we have∣∣∣(∇θF (θ1, α1)−∇θF (θ2, α1))s,a

∣∣∣
(i)
=

∣∣∣∣ 1

1− γ
(
dπθ1 (s)Q

πθ1
α1 (s, a)− dπθ2 (s)Q

πθ2
α1 (s, a)

)∣∣∣∣
≤
∣∣∣∣ 1

1− γ
(
(dπθ1 (s)− dπθ2 (s))Q

πθ1
α1 (s, a)

)∣∣∣∣+

∣∣∣∣ 1

1− γ
(
dπθ2 (s)(Q

πθ1
α1 (s, a)−Qπθ2α1 (s, a))

)∣∣∣∣
(ii)

≤ Rmax
(1− γ)2

|dπθ1 (s)− dπθ2 (s)|+ LQ
1− γ

dπθ2 (s) ‖θ1 − θ2‖2 , (10)

where (i) follows from the fact that ∂F (θ,α1)
∂θs,a

= −∂V (πθ,α1)
∂θs,a

= − 1
1−γ dπθ (s)Q

πθ
α1

(s, a), and (ii) follows from

Lemma 2.

Then, we proceed as follows:

‖∇θF (θ1, α1)−∇θF (θ2, α1)‖2

=

√∑
s,a

∣∣∣(∇θF (θ1, α1)−∇θF (θ2, α1))s,a

∣∣∣2
(i)

≤

√√√√∑
s,a

(
Rmax

(1− γ)2

∣∣dπθ1 (s)− dπθ2 (s)
∣∣+

LQ
1− γ

dπθ2 (s) ‖θ1 − θ2‖2

)2

≤
√

2|A|

√√√√∑
s

(
Rmax

(1− γ)2

∣∣dπθ1 (s)− dπθ2 (s)
∣∣)2

+
√

2|A|

√√√√∑
s

(
LQ

1− γ
dπθ2 (s) ‖θ1 − θ2‖2

)2

(ii)

≤
√

2|A|

(∑
s

Rmax
(1− γ)2

∣∣dπθ1 (s)− dπθ2 (s)
∣∣+
∑
s

LQ
1− γ

dπθ2 (s) ‖θ1 − θ2‖2

)
(iii)

≤ 2
√

2|A|CrCα
(1− γ)2

(
1 +

⌈
logρ C

−1
M

⌉
+ (1− ρ)−1

)
‖θ1 − θ2‖2 ,

where (i) follows from eq. (10), (ii) follows from the fact that ‖x‖2 ≤ ‖x‖1, and (iii) follows from Lemma 1 and
from the facts Rmax ≤ CrCα and∑

s∈S

∣∣dπθ1 (s)− dπθ2 (s)
∣∣ = 2

∥∥dπθ1 − dπθ2∥∥TV ≤ 2
∥∥νπθ1 − νπθ2∥∥TV .

Upper-bounding T2: For any given state-action pair (s, a) ∈ S ×A, we have∣∣∣(∇θF (θ2, α1)−∇θF (θ2, α2))s,a

∣∣∣ =

∣∣∣∣ 1

1− γ
(
dπθ2 (s)Q

πθ2
α1 (s, a)− dπθ2 (s)Q

πθ2
α2 (s, a)

)∣∣∣∣
(i)
=

1

1− γ
dπθ2 (s)

∣∣∣∣∣∣ 1

1− γ
∑
ŝ,â

νπθ2 ,s,a(ŝ, â)(rα1(ŝ, â)− rα2(ŝ, â))

∣∣∣∣∣∣
(ii)

≤ 1

(1− γ)2
dπθ2 (s)Cr ‖α1 − α2‖2 ,

where in (i) we denote νπθ2 ,s,a(ŝ, â) as the visitation distribution of the Markov chain with initial distri-
bution P(·|s0 = s, a0 = a) and policy πθ2 , and (ii) follows from the fact that |rα1

(ŝ, â) − rα2
(ŝ, â)| =

| 〈∇αrα′(ŝ, â), α1 − α2〉 | ≤ ‖∇αrα′(ŝ, â)‖2 ‖α1 − α2‖2 ≤ Cr ‖α1 − α2‖2, for some α′ ∈ [α1, α2]. The inequal-
ity above implies that

‖∇θF (θ2, α1)−∇θF (θ2, α2)‖2 =

√∑
s,a

∣∣∣(∇θF (θ2, α1)−∇θF (θ2, α2))s,a

∣∣∣2
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≤

√√√√∑
s,a

(
1

(1− γ)2
dπθ2 (s)Cr ‖α1 − α2‖2

)2

=

√
|A|Cr

(1− γ)2
‖α1 − α2‖2

√∑
s

(
dπθ2 (s)

)2
(i)

≤
√
|A|Cr

(1− γ)2
‖α1 − α2‖2 ,

where (i) follows from the fact that
√∑

s

(
dπθ2 (s)

)2 ≤ ∥∥dπθ2∥∥1
= 1.

Therefore we obtain the upper bound of eq. (9) as follows:

‖∇θF (θ1, α1)−∇θF (θ2, α2)‖2 ≤
2
√

2|A|CrCα
(1− γ)2

(
1 +

⌈
logρ C

−1
M

⌉
+ (1− ρ)−1

)
‖θ1 − θ2‖2 +

√
|A|Cr

(1− γ)2
‖α1 − α2‖2 ,

which determines the constants L11 and L12.

We then proceed to prove the second inequality in Proposition 1.

‖∇αF (θ1, α1)−∇αF (θ2, α2)‖2 ≤ ‖∇αF (θ1, α1)−∇αF (θ2, α1) +∇αF (θ2, α1)−∇αF (θ2, α2)‖2
≤ ‖∇αF (θ1, α1)−∇αF (θ2, α1)‖2︸ ︷︷ ︸

T3

+ ‖∇αF (θ2, α1)−∇αF (θ2, α2)‖2︸ ︷︷ ︸
T4

. (11)

Next, we upper-bound T3 and T4 in eq. (11), respectively.

Upper-bounding T3: For any given 1 ≤ i ≤ q, we have

|(∇αF (θ1, α1)−∇αF (θ2, α1))i|
= |(∇αV (πE , rα1

)−∇αV (πθ1 , rα1
)−∇αψ(α1)− (∇αV (πE , rα1

)−∇αV (πθ2 , rα1
)−∇αψ(α1)))i|

= |(∇αV (πθ2 , rα1
)−∇αV (πθ1 , rα1

))i|

=
1

1− γ

∣∣∣∣∣∑
s,a

(νπθ1 (s, a)− νπθ2 (s, a))(∇αrα1
)i

∣∣∣∣∣ ≤
∥∥νπθ1 − νπθ2∥∥1

∥∥∥∂rα∂αi

∥∥∥
∞

1− γ

(i)

≤
2Cν ‖θ1 − θ2‖2

∥∥∥∂rα∂αi

∥∥∥
∞

1− γ
,

where (i) follows from Lemma 1 and the fact that ‖p− q‖1 = 2 ‖p− q‖TV . The inequality above further implies
that

‖∇αF (θ1, α)−∇αF (θ2, α)‖2 ≤
2Cν ‖θ1 − θ2‖2

1− γ

√√√√ q∑
i=1

∥∥∥∥∂rα∂αi

∥∥∥∥2

∞

≤
Cr
√
|A|

1− γ
(
1 +

⌈
logρ C

−1
M

⌉
+ (1− ρ)−1

)
‖θ1 − θ2‖2 .

Upper-bounding T4: We provide a proof for the general parameterization of policy, which includes the direct
parameterization of policy as a special case and covers the last claim of Proposition 1. We proceed as follows:

‖∇αF (θ2, α1)−∇αF (θ2, α2)‖2
≤ ‖∇αV (πE , rα1)−∇αV (πθ2 , rα1)−∇αψ(α1)− (∇αV (πE , rα2)−∇αV (πθ2 , rα2)−∇αψ(α2))‖2

≤ 1

1− γ

(∥∥∥∥∫ (∇αrα1
−∇αrα2

)dνπE

∥∥∥∥
2

+

∥∥∥∥∫ (∇αrα1
−∇αrα2

)dνπθ

∥∥∥∥
2

)
+ ‖∇αψ(α1)−∇αψ(α2)‖2

=
1

1− γ

√√√√ q∑
i=1

(∫
(∇αrα1

(s, a)−∇αrα2
(s, a))idνπE

)2

+

√√√√ q∑
i=1

(∫
(∇αrα1

(s, a)−∇αrα2
(s, a))idνπθ2

)2

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+ ‖∇αψ(α1)−∇αψ(α2)‖2
(i)

≤
(

2
√
qLr

1− γ
+ Lψ

)
‖α1 − α2‖2 ,

where (i) follows from Assumption 1 and further because for any (s, a) and i, we have

|(∇αrα1
(s, a)−∇αrα2

(s, a))i| ≤ ‖∇αrα1
(s, a)−∇αrα2

(s, a)‖2 ≤ Lr ‖α1 − α2‖2 .

Therefore, we obtain the following upper bound in eq. (11)

‖∇αF (θ1, α1)−∇αF (θ2, α2)‖2

≤
Cr
√
|A|

1− γ
(
1 +

⌈
logρ C

−1
M

⌉
+ (1− ρ)−1

)
‖θ1 − θ2‖2 +

(
2
√
qLr

1− γ
+ Lψ

)
‖α1 − α2‖2 ,

which determines L21 and L22.

C Proof of Proposition 2

We define θop(α) := argminθ∈Θp F (θ, α). If there exist multiple optimal points, then θop(α) can be any optimal
point.

We first provide a lemma, which characterizes the gradient dominance property for the function F (θ, α) with a
fixed reward parameter α.

Lemma 3. ((Agarwal et al., 2019, Lemma 4.1)) For any given α ∈ Λ, F (θ, α) defined in eq. (1) with direct
parameterization satisfies,

F (θ, α)− F (θop(α), α) ≤ Cd max
θ̃∈Θp

〈
θ − θ̃,∇θF (θ, α)

〉
,

where Cd = 1
(1−γ) mins{ζ(s)} .

We then provide the proof of Proposition 2.

Proof of Proposition 2. We proceed as follows:

g(θ)− g(θ∗) = F (θ, αop(θ))− F (θ∗, αop(θ
∗))

= F (θ, αop(θ))− F (θop(αop(θ)), αop(θ)) + F (θop(αop(θ)), αop(θ))− F (θ∗, αop(θ
∗))

(i)

≤ F (θ, αop(θ))− F (θop(αop(θ)), αop(θ))

(ii)

≤ Cd max
θ̄∈Θp

〈
θ − θ̄,∇θF (θ, αop(θ))

〉
(iii)
= Cd max

θ̄∈Θp

〈
θ − θ̄,∇g(θ)

〉
,

where (i) follows from the fact that

F (θop(αop(θ)), αop(θ))− F (θ∗, αop(θ
∗))

= F (θop(αop(θ)), αop(θ))− F (θ∗, αop(θ))︸ ︷︷ ︸
≤0

+F (θ∗, αop(θ))− F (θ∗, αop(θ
∗))︸ ︷︷ ︸

≤0

≤ 0,

(ii) follows from Lemma 3, and (iii) follows because ∇g(θ) = ∇θF (θ, α)|α=αop(θ).



When Will Generative Adversarial Imitation Learning Algorithms Attain Global Convergence

D Supporting Lemmas for GAIL Framework

In this section, we establish two supporting lemmas that are useful for the proof of our main theorems.

Lemma 4. Suppose Assumption 3 holds. Consider the gradient approximation in the nested-loop GAIL frame-
work (Algorithm 1). For any k and t, 0 ≤ k ≤ K − 1 and 0 ≤ t ≤ T − 1, we have

E
[∥∥∥∇̂αF (θt, α

t
k)−∇αF (θt, α

t
k)
∥∥∥2

2

]
≤ 16C2

r

1− γ

(
1 +

CM
1− ρ

)
1

B
.

Proof of Lemma 4. We denote dπ(s) := (1 − γ)
∑∞
t=0 γ

tP {st = s} as the state visitation distribution of
the Markov chain with initial distribution ζ(·), transition kernel P(·|s, a) and policy π. Both trajectories
(sE0 , a

E
0 , s

E
1 , a

E
1 , · · · , sEi , aEi ) and (sθ0, a

θ
0, s

θ
1, a

θ
1, · · · , sEi , aEi ) are sampled under the transition kernel P̃(·|s, a) =

γP(·|s, a) + (1 − γ)ζ(·). Recall that it has been shown in Konda (2002) that the stationary distribution of the
Markov chain with transition kernel and policy π is dπ.

By definition, we have,

E
[∥∥∥∇̂αF (θt, α

t
k)−∇αF (θt, α

t
k)
∥∥∥2

2

]
= E

[∥∥∥ 1
(1−γ)B

(∑B−1
i=0 ∇αtkrαtk(sEi , a

E
i )−∇αtkrαtk(sθi , a

θ
i )
)
− 1

1−γ

(
E(s,a)∼νπE

[
∇αtkrαtk(s, a)

]
− E(s,a)∼νπθt

[
∇αtkrαtk(s, a)

])∥∥∥2

2

]

≤ 2

(1− γ)2B2
E

∥∥∥∥∥
B−1∑
i=0

(
∇αtkrαtk(sEi , a

E
i )− E(s,a)∼νπE

[
∇αtkrαtk(s, a)

])∥∥∥∥∥
2

2


︸ ︷︷ ︸

T1

+
2

(1− γ)2B2
E

∥∥∥∥∥
B−1∑
i=0

(
∇αtkrαtk(sθi , a

θ
i )− E(s,a)∼νπθt

[
∇αtkrαtk(s, a)

])∥∥∥∥∥
2

2


︸ ︷︷ ︸

T2

. (12)

We first provide an upper bound on the term T1 in eq. (12), and proceed as follows:

T1 =
∑B−1
i=0 E

∥∥∥∇αtkrαtk(sEi , a
E
i )− E(s,a)∼νπE

[
∇αtkrαtk(s, a)

]∥∥∥2

2

+
∑
i 6=j E

〈
∇αtkrαtk(sEi , a

E
i )− E(s,a)∼νπE

[
∇αtkrαtk(s, a)

]
,∇αtkrαtk(sEj , a

E
j )− E(s,a)∼νπE

[
∇αtkrαtk(s, a)

]〉
≤ 4BC2

r +
∑
i 6=j E

〈
∇αtkrαtk(sEi , a

E
i )− E(s,a)∼νπE

[
∇αtkrαtk(s, a)

]
,∇αtkrαtk(sEj , a

E
j )− E(s,a)∼νπE

[
∇αtkrαtk(s, a)

]〉
(13)

Define the filtration Fi = σ(sE0 , a
E
0 , s

E
1 , a

E
1 , · · · , sEi , aEi ). We continue to bound the second term in eq. (13) as

follows:

E
[〈
∇αtkrαtk(sEi , a

E
i )− E(s,a)∼νπE

[
∇αtkrαtk(s, a)

]
,∇αtkrαtk(sEj , a

E
j )− E(s,a)∼νπE

[
∇αtkrαtk(s, a)

]〉]
= E

[
E
[〈
∇αtkrαtk(sEi , a

E
i )− E(s,a)∼νπE

[
∇αtkrαtk(s, a)

]
,∇αtkrαtk(sEj , a

E
j )− E(s,a)∼νπE

[
∇αtkrαtk(s, a)

]〉∣∣∣Fi]]
= E

[〈
∇αtkrαtk(sEi , a

E
i )− E(s,a)∼νπE

[
∇αtkrαtk(s, a)

]
,E
[
∇αtkrαtk(sEj , a

E
j )
∣∣∣Fi]− E(s,a)∼νπE

[
∇αtkrαtk(s, a)

]〉]
≤ E

[∥∥∥∇αtkrαtk(sEi , a
E
i )− E(s,a)∼νπE

[
∇αtkrαtk(s, a)

]∥∥∥
2

∥∥∥E [∇αtkrαtk(sEj , a
E
j )
∣∣∣Fi]− E(s,a)∼νπE

[
∇αtkrαtk(s, a)

]∥∥∥
2

]
≤ 2CrE

[∥∥∥E [∇αtkrαtk(sEj , a
E
j )
∣∣∣Fi]− E(s,a)∼νπE

[
∇αtkrαtk(s, a)

]∥∥∥
2

]
= 2CrE

∥∥∥∫s∼P(sj∈·|sEi ,aEi ),a∼πE(·|s)∇αtkrαtk(s, a)dsda−
∫
s∼χθ,a∼πE(·|s)∇αtkrαtk(s, a)dsda

∥∥∥
2

= 2CrE
√∑q

l=1

(∫
s∼P(sj∈·|sEi ,aEi ),a∼πE(·|s)

∂rα
∂αl
|α=αtk

(s, a)dsda−
∫
s∼χθ,a∼πE(·|s)

∂rα
∂αl
|α=αtk

(s, a)dsda
)2
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(i)

≤ 2CrE

√√√√ q∑
l=1

(∥∥∥∥∂rα∂αi

∥∥∥∥
∞

dTV
(
P(sj ∈ ·|si = sEi , ai = aEi ), χπEπE

))2

, (14)

where (i) follows from the fact that |
∫
fdµ −

∫
fdν| ≤ ‖f‖∞ dTV (µ, ν). We next derive a bound on the total

variation distance in the above equation as follows.

dTV
(
P(sj ∈ ·, aj ∈ ·|si = sEi , ai = aEi ), χπEπE

)
= dTV

(
P(sj ∈ ·|si = sEi , ai = aEi ), χπE

)
= dTV

(∫
s

P(sj ∈ ·|si+1 = s)dP̃(s|si = sEi , ai = aEi ), χπE

)
≤
∫
s

dTV (P(sj ∈ ·|si+1 = s), χπE ) dP̃(s|si = sEi , ai = aEi )

(i)

≤
∫
s

CMρ
j−i−1dP̃(s|si = sEi , ai = aEi ) = CMρ

j−i−1, (15)

where (i) follows from Assumption 3. Substituting eq. (15) into eq. (14) and then further into eq. (13) yields the
following upper-bound on T1

T1 ≤ 4BC2
r + 2

B−2∑
i=0

B−1∑
j=i+1

2CMC
2
rρ
j−i−1 ≤ 4BC2

r (1 +
CM

1− ρ
). (16)

By following steps similar to those from eqs. (13) to (16), we can show that

T2 ≤ 4BC2
r (1 +

CM
1− ρ

).

Therefore, we have

E
[∥∥∥∇̂αF (θt, α

t
k)−∇αF (θt, α

t
k)
∥∥∥2

2

]
≤ 16C2

r

(1− γ)2

(
1 +

CM
1− ρ

)
1

B
.

Lemma 5. Suppose Assumptions 3 and 4 hold. Consider Algorithm 1 with α-update stepsize β = µ
4L2

22
. For any

0 ≤ t ≤ T − 1, we have

E
[∥∥αtK − αop(θt)∥∥2

2

]
≤ C2

αe
− µ2

8L2
22
K

+
48C2

r

µ2(1− γ)2
(1 +

CM
1− ρ

)
1

B
.

Let K ≥ 8L2
22

µ2 log
2C2

α

∆α
and B ≥ 96C2

r

µ2(1−γ)2

(
1 + CM

1−ρ

)
1

∆α
, we have E

[
‖αtK − αop(θt)‖

2

2

]
≤ ∆α. The expected total

computational complexity is given by

KB = O
(

1

(1− γ)2∆α
log

(
1

∆α

))
.

Proof of Lemma 5. We proceed as follows:

∥∥αtk+1 − αop(θt)
∥∥2

2

(i)

≤
∥∥∥αtk + β∇̂αF (θt, α

t
k)− αop(θt)

∥∥∥2

2

=
∥∥αtk − αop(θt)∥∥2

2
+ β2

∥∥∥∇̂αF (θt, α
t
k)
∥∥∥2

2
+ 2β

〈
∇̂αF (θt, α

t
k), αtk − αop(θt)

〉
(ii)

≤
∥∥αtk − αop(θt)∥∥2

2
+ 2β2

∥∥∇αF (θt, α
t
k)
∥∥2

2
+ 2β2

∥∥∥∇̂αF (θt, α
t
k)−∇αF (θt, α

t
k)
∥∥∥2

2

+ 2β
〈
∇αF (θt, α

t
k), αtk − αop(θt)

〉
+ 2β

〈
∇̂αF (θt, α

t
k)−∇αF (θt, α

t
k), αtk − αop(θt)

〉
(iii)

≤ (1− 2βµ+ 2β2L2
22)
∥∥αtk − αop(θt)∥∥2

2
+ 2β2

∥∥∥∇̂αF (θt, α
t
k)−∇αF (θt, α

t
k)
∥∥∥2

2
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+ 2β
〈
∇̂αF (θt, α

t
k)−∇αF (θt, α

t
k), αtk − αop(θt)

〉
(iv)

≤ (1 + 2β2L2
22 − µβ)

∥∥αtk − αop(θt)∥∥2

2
+ (2β2 + β/µ)

∥∥∥∇̂αF (θt, α
t
k)−∇αF (θt, α

t
k)
∥∥∥2

2

(v)

≤
(

1− µ2

8L2
22

)∥∥αtk − αop(θt)∥∥2

2
+

3

8L2
22

∥∥∥∇̂αF (θt, α
t
k)−∇αF (θt, α

t
k)
∥∥∥2

2
, (17)

where (i) follows from the non-expansive property of the projection operator, (ii) follows because ‖A+B‖22 ≤
2 ‖A‖22 +2 ‖B‖22, (iii) follows from Proposition 1 and the fact 〈∇αF (θt, α

t
k), αtk − αop(θt)〉 ≤ −µ ‖αtk − αop(θt)‖

2

2,
(iv) follows because

〈∇̂αF (θt, α
t
k)−∇αF (θt, α

t
k), αtk − αop(θt)〉 ≤

µ

2

∥∥αtk − αop(θt)∥∥2

2
+

1

2µ
‖∇̂αF (θt, α

t
k)−∇αF (θt, α

t
k)‖22,

and (v) follows by letting β = µ
4L2

22
and because µ ≤ L22.

Applying eq. (17) recursively and using the fact 1− x ≤ e−x, we obtain

∥∥αtK − αop(θt)∥∥2

2
≤ e
− µ2

8L2
22
K ∥∥αt0 − αop(θt)∥∥2

2
+

3

8L2
22

K−1∑
k=0

(
1− µ2

8L2
22

)K−1−k ∥∥∥∇̂αF (θt, α
t
k)−∇αF (θt, α

t
k)
∥∥∥2

2
.

Then, taking expectation on both sides of above inequality and applying Lemma 4 yield

E
[∥∥αtK − αop(θt)∥∥2

2

]
≤ C2

αe
− µ2

8L2
22
K

+
3

8L2
22

K−1∑
k=0

(
1− µ2

8L2
22

)K−1−k
16C2

r

(1− γ)2
(1 +

CM
1− ρ

)
1

B

≤ C2
αe
− µ2

8L2
22
K

+
48C2

r

µ2(1− γ)2
(1 +

CM
1− ρ

)
1

B
,

which completes the proof.

E Proof of Theorems 1 and 2: Global Convergence of PPG-GAIL and
FWPG-GAIL

In this section, we provide the proof of Theorems 1 and 2. We first provide three supporting lemmas. Specifically,
Lemmas 6 and 7 establish the smoothness condition of the global optimal αop(θ) and the gradient ∇g(θ). Similar
property has also been established in Nouiehed et al. (2019); Lin et al. (2020). Lemma 8 provides the upper
bound on the bias and variance errors introduced by the stochastic gradient estimator of ∇θF (θt, αt).

E.1 Supporting Lemmas

Lemma 6. Suppose Assumptions 1 to 4 holds and the policy takes the direct parameterization specified in
Section 2.2. We have ‖αop(θ1)− αop(θ2)‖2 ≤

L21

µ ‖θ1 − θ2‖2, where αop(θ) is the unique global optimal that

satisfies αop(θ) = argmaxα∈Λ F (θ, α).

Proof of Lemma 6. Since F (θ1, α) is strongly concave on α, the following two inequalities hold for all α ∈ Λ,

F (θ1, αop(θ1))− F (θ1, α) ≥ µ

2
‖α− αop(θ1)‖22 , (18)

F (θ1, αop(θ1))− F (θ1, α) ≤
‖∇αF (θ1, α)‖22

2µ
. (19)

In eqs. (18) and (19), letting α = αop(θ2) and using the gradient Lipschitz condition established in Proposition 1,
we have

µ

2
‖αop(θ2)− αop(θ1)‖22 ≤

‖∇αF (θ1, αop(θ2))‖22
2µ

≤
L2

21 ‖θ2 − θ2‖22
2µ

,

which implies ‖αop(θ1)− αop(θ2)‖2 ≤
L21

µ ‖θ1 − θ2‖2.
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Lemma 7. Suppose Assumptions 1 to 4 hold and the policy takes the direct parameterization specified in Sec-
tion 2.2. Then we have

∇θg(θ) = ∇θF (θ, α)|α=αop(θ),

and for any θ1, θ2 ∈ Θp,

‖∇θg(θ1)−∇θg(θ2)‖2 ≤ (L11 + (L12L21)/µ) ‖θ1 − θ2‖2 ,

where L11, L12 and L21 are defined in Proposition 1.

Proof of Lemma 7. Taking the directional derivative of g(θ) with respect to the direction `, we have

∂g(θ)

∂`
= lim
ε→0

g(θ + ε`)− g(θ)

ε
= lim
ε→0

F (θ + ε`, αop(θ + ε`))− F (θ, αop(θ))

ε

= lim
ε→0

F (θ + ε`, αop(θ + ε`))− F (θ + ε`, αop(θ)) + F (θ + ε`, αop(θ))− F (θ, αop(θ))

ε
(i)
= lim

ε→0
`>∇αF (θ, α′ε) + `>∇θF (θ, αop(θ))

(ii)
= `>∇θF (θ, αop(θ)), (20)

where α′ε in (i) is a point between αop(θ + ε`) and αop(θ), and (ii) follows from Lemma 6 and hence we
have limε→0∇αF (θ, α′ε) = ∇αF (θ, αop(θ)) = 0. Since eq. (20) holds for all directions `, we have ∇θg(θ) =
∇θF (θ, αop(θ)).

We then proceed to prove the gradient Lipschitz condition of g(θt). For any given θ1, θ2 ∈ Θp, we have

‖∇θg(θ1)−∇θg(θ2)‖2 = ‖∇θF (θ1, αop(θ1))−∇θF (θ2, αop(θ2))‖2
= ‖∇θF (θ1, αop(θ1))−∇θF (θ1, αop(θ2)) +∇θF (θ1, αop(θ2))−∇θF (θ2, αop(θ2))‖2
≤ ‖∇θF (θ1, αop(θ1))−∇θF (θ1, αop(θ2))‖2 + ‖∇θF (θ1, αop(θ2))−∇θF (θ2, αop(θ2))‖2
≤ L12 ‖αop(θ1)− αop(θ2)‖2 + L11 ‖θ1 − θ2‖2
(i)

≤ (L11 +
L12L21

µ
) ‖θ1 − θ2‖2 ,

where (i) follows from Lemma 6.

Lemma 8. Suppose Assumption 3 holds. For the policy gradient estimation specified in eq. (3), in each iteration
t, 0 ≤ t ≤ T − 1, we have

E
[∥∥∥∇̂θF (θt, αt)−∇θF (θt, αt)

∥∥∥2

2

]
≤ 4|A|R2

max

(1− γ1/2)2(1− γ)2

(
1 +

2CMρ

1− ρ

)
1

b
.

Let the sample trajectory size b ≥ 4|A|R2
max

(1−γ1/2)2(1−γ)2

(
1 + 2CMρ

1−ρ

)
1

∆θ
, we have E

[∥∥∥∇̂θF (θt, αt)−∇θF (θt, αt)
∥∥∥2

2

]
≤

∆θ.

Proof of Lemma 8. We define the vector gi ∈ R|S|·|A| with each entry given by (gi)s,a = − Q̂(s,a)
1−γ 1 {si = s}.

Then, we proceed as follows:

E
[∥∥∥∇̂θF (θt, αt)−∇θF (θt, αt)

∥∥∥2

2

]
= E

∥∥∥∥∥1

b

b−1∑
i=0

(gi −∇θF (θt, αt))

∥∥∥∥∥
2

2


=

1

b2
E

b−1∑
i=0

E ‖gi −∇θF (θt, αt)‖22 +
∑
i 6=j

E 〈gi −∇θF (θt, αt), gj −∇θF (θt, αt)〉


(i)

≤ 4|A|R2
max

b(1− γ1/2)2(1− γ)2
+

2

b2

b−2∑
i=1

b−1∑
j=i+1

E [〈gi −∇θF (θt, αt), gj −∇θF (θt, αt)〉]︸ ︷︷ ︸
T1

, (21)
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where (i) follows from the facts that ‖gi‖2 =

∣∣∣∣√|A|Q̂(si,ai)

1−γ

∣∣∣∣ ≤ √
|A|Rmax

(1−γ1/2)(1−γ)
and ‖∇θF (θt, αt)‖2 ≤

√
|A|Rmax
(1−γ)2 ≤

√
|A|Rmax

(1−γ1/2)(1−γ)
.

Define the filtration Fi = σ (s0, s1, · · · , si). For the term T1 in eq. (21) with i < j, we have

E [〈gi −∇θF (θt, αt), gj −∇θF (θt, αt)〉] = E [E [〈gi −∇θF (θt, αt), gj −∇θF (θt, αt)〉|Fi]]
= E [〈gi −∇θF (θt, αt),E [gj −∇θF (θt, αt)|Fi]〉]
≤ E

[
‖gi −∇θF (θt, αt)‖2 ‖E [gj −∇θF (θt, αt)|Fi]‖2

]
≤

2Rmax
√
|A|

(1− γ)(1− γ1/2)
E ‖E [gj |Fi]−∇θF (θt, αt)‖2

≤
2Rmax

√
|A|

(1− γ)(1− γ1/2)
E

∥∥∥∥∥∥
√√√√∑

s,a

(
P {sj = s|si}

Q(s, a)

1− γ
− dπθt (s)

Q(s, a)

1− γ

)2
∥∥∥∥∥∥

2

≤
2R2

max

√
|A|

(1− γ)3(1− γ1/2)

√∑
s,a

(
P {sj = s|si} − dπθt (s)

)2
(i)
=

2R2
max|A|

(1− γ)3(1− γ1/2)

∥∥P {sj = ·|si} − χπθt
∥∥

2

(ii)

≤ 4CMR
2
max|A|

(1− γ)3(1− γ1/2)
ρj−i, (22)

where (i) follows because χπθt = dπθt , and (ii) follows from Assumption 3 and because dπθt = χθt and∥∥P {sj = ·|si} − dπθt
∥∥

2
≤
∥∥P {sj = ·|si} − dπθt

∥∥
1

= 2dTV
(
P {sj = ·|si} , dπθt

)
.

Substituting eq. (22) into eq. (21), we obtain

E
[∥∥∥∇̂θF (θt, αt)−∇θF (θt, αt)

∥∥∥2

2

]
≤ 4|A|R2

max

b(1− γ1/2)2(1− γ)2
+

2

b2

b−2∑
i=1

b−1∑
j=i+1

4CM |A|R2
max

(1− γ1/2)2(1− γ)2
ρj−i

≤ 4|A|R2
max

b(1− γ1/2)2(1− γ)2

(
1 +

2CMρ

1− ρ

)
1

b
.

The second claim can be easily checked.

E.2 Proof of Theorem 1

Based on the projection property, we have〈
θt − η∇̂θF (θt, αt)− θt+1, θ − θt+1

〉
≤ 0, ∀θ ∈ Θ. (23)

Next we use eq. (23) to upper bound on E
[
‖θt+1 − θt‖22

]
. Letting θ = θt and rearranging eq. (23) yield〈

∇̂θF (θt, αt), θt+1 − θt
〉
≤ −η−1‖θt+1 − θt‖22. (24)

According to the gradient Lipschitz condition established in Lemma 7, we have

g(θt+1) ≤ g(θt) + 〈∇θg(θt), θt+1 − θt〉+

(
L11

2
+
L12L21

2µ

)
‖θt+1 − θt‖22

= g(θt) +
〈
∇̂θF (θt, αt), θt+1 − θt

〉
− 〈∇θF (θt, αt)−∇θg(θt), θt+1 − θt〉
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−
〈
∇̂θF (θt, αt)−∇θF (θt, αt), θt+1 − θt

〉
+

(
L11

2
+
L12L21

2µ

)
‖θt+1 − θt‖22

(i)

≤ g(θt)−
(
L11

2
+
L12L21

2µ

)
‖θt+1 − θt‖22 − 〈∇θF (θt, αt)−∇θg(θt), θt+1 − θt〉

−
〈
∇̂θF (θt, αt)−∇θF (θt, αt), θt+1 − θt

〉
,

where (i) follows from eq. (24) and the fact that η =
(
L11 + L12L21

µ

)−1

.

Rearranging the above inequality, we obtain

‖θt+1 − θt‖22 ≤
(
L11

2
+
L12L21

2µ

)−1

(g(θt)− g(θt+1))

−
(
L11

2
+
L12L21

2µ

)−1

〈∇θF (θt, αt)−∇θg(θt), θt+1 − θt〉

−
(
L11

2
+
L12L21

2µ

)−1 〈
∇̂θF (θt, αt)−∇θF (θt, αt), θt+1 − θt

〉
(i)

≤
(
L11

2
+
L12L21

2µ

)−1

(g(θt)− g(θt+1))

+

(
L11

2
+
L12L21

2µ

)−2

‖∇θF (θt, αt)−∇θg(θt)‖22 +
1

4
‖θt+1 − θt‖22

+

(
L11

2
+
L12L21

2µ

)−2

‖∇̂θF (θt, αt)−∇θF (θt, αt)‖22 +
1

4
‖θt+1 − θt‖22,

where (i) follows from Young’s inequality.

Taking expectation on both sides of the above inequality yields

E
[
‖θt+1 − θt‖22

] (i)

≤ 4µ

µL11 + L12L21
E [g(θt)− g(θt+1)] +

8µ2L2
22

(µL11 + L12L21)2
E
[
‖αt − αop(θt)‖22

]
+

8µ2

(µL11 + L12L21)2
E
[∥∥∥∇̂θF (θt, αt)−∇θF (θt, αt)

∥∥∥2

2

]
, (25)

where (i) follows from the gradient Lipschitz condition established in Proposition 1

Next, rearranging eq. (23), we obtain

〈θt − θt+1, θ − θt+1〉 ≤ η
〈
∇̂θF (θt, αt), θ − θt+1

〉
= η

〈
∇̂θF (θt, αt)−∇θF (θt, αt), θ − θt+1

〉
+ η 〈∇θF (θt, αt)−∇θg(θt), θ − θt+1〉

+ η 〈∇θg(θt, αt), θ − θt〉+ η 〈∇θg(θt, αt), θt − θt+1〉 .

Letting η =
(
L11 + L12L21

µ

)−1

and rearranging the above inequality yield

〈∇θg(θt), θ − θt〉 ≥
(
L11 +

L12L21

µ

)
〈θt − θt+1, θ − θt+1〉 − 〈∇θF (θt, αt)−∇θg(θt), θ − θt+1〉

−
〈
∇̂θF (θt, αt)−∇θF (θt, αt), θ − θt+1

〉
− 〈∇θg(θt), θt − θt+1〉

(i)

≥ −
(
L11 +

L12L21

µ

)
‖θt − θt+1‖2 · 2R−

√
|A|Rmax

(1− γ)2
‖θt+1 − θt‖2

− 2R(‖∇̂θF (θt, αt)−∇θF (θt, αt)‖2 + ‖∇θF (θt, αt)−∇θg(θt)‖2), (26)

where (i) follows from the Cauchy-Schwartz inequality and the boundness properties of Θp (R := maxθ∈Θp{‖θ‖2})

and because ‖∇θg(θt)‖2 = ‖∇θF (θt, αop(θt))‖2 ≤
√
|A|Rmax
(1−γ)2 .
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Applying the gradient dominance property of g(θ) established in Proposition 2, we obtain

g(θt)− g(θ∗) ≤ Cd max
θ∈Θ
〈∇θg(θt), θt − θ〉

(i)

≤ Cd

(
2(µL11 + L12L21)R

µ
+

√
|A|Rmax

(1− γ)2

)
‖θt − θt+1‖2

+ 2RCd‖∇̂θF (θt, αt)−∇θF (θt, αt)‖2 + 2RCd‖∇θF (θt, αt)−∇θg(θt)‖2,

where (i) follows by multiplying −1 on both sides of eq. (26) and taking the maximum over all θ ∈ Θp.

Taking expectation on both sides of above inequality and telescoping, we have

1

T

T−1∑
t=0

E [g(θt)]− g(θ∗)

≤ Cd

(
2(µL11 + L12L21)R

µ
+

√
|A|Rmax

(1− γ)2

)
1

T

T−1∑
t=0

E [‖θt − θt+1‖2]

+ 2RCd
1

T

T−1∑
t=0

E
[
‖∇̂θF (θt, αt)−∇θF (θt, αt)‖2

]
+ 2RCd

1

T

T−1∑
t=0

E [‖∇θF (θt, αt)−∇θg(θt)‖2]

(i)

≤ Cd

(
2(µL11 + L12L21)R

µ
+

√
|A|Rmax

(1− γ)2

)√√√√E

[
1

T

T−1∑
t=0

‖θt − θt+1‖22

]

+ 2RCd
1

T

T−1∑
t=0

E
[
‖∇̂θF (θt, αt)−∇θF (θt, αt)‖2

]
+ 2RCd

1

T

T−1∑
t=0

E [‖∇θF (θt, αt)−∇θg(θt)‖2]

(ii)

≤

(
2(µL11 + L12L21)R

µ
+

√
|A|Rmax

(1− γ)2

)
Cd

√
4µ

µL11 + L12L21

E [g(θ0)− g(θT )]

T

+

(
2(µL11 + L12L21)R

µ
+

√
|A|Rmax

(1− γ)2

)
Cd

√
8µ2L2

22

(µL11 + L12L21)2
E
[
‖αt − αop(θt)‖22

]
+

(
2(µL11 + L12L21)R

µ
+

√
|A|Rmax

(1− γ)2

)
Cd

√
8µ2

(µL11 + L12L21)2
E
[∥∥∥∇̂θF (θt, αt)−∇θF (θt, αt)

∥∥∥2

2

]

+ 2RCd
1

T

T−1∑
t=0

E
[
‖∇̂θF (θt, αt)−∇θF (θt, αt)‖2

]
+ 2RCd

1

T

T−1∑
t=0

E [‖∇θF (θt, αt)−∇θg(θt)‖2]

(iii)

≤

(
2(µL11 + L12L21)R

µ
+

√
|A|Rmax

(1− γ)2

)
Cd

√
4µ

µL11 + L12L21

Rmax
(1− γ)T

+

(√
|A|Rmax

(1− γ)2

2µ

µL11 + L12L21
+ 5R

)
2L22Cd

√
C2
αe
− µ2

8L2
22
K

+
48C2

r

µ2(1− γ)2
(1 +

CM
1− ρ

)
1

B

+

(√
|A|Rmax

(1− γ)2

2µ

µL11 + L12L21
+ 5R

)
2Cd

√
4|A|R2

max

b(1− γ1/2)2(1− γ)2

(
1 +

2CMρ

1− ρ

)
1

b

(iv)

≤ O
(

1

(1− γ)3
√
T

)
+O

(
e−(1−γ)2K

)
+O

(
1

(1− γ)3
√
B

)
+O

(
1

(1− γ)3
√
b

)
,

where (i) follows because E [X] ≤
√
E [X2] holds for any random variable X, (ii) follows by telescoping eq. (25)

and further because
√
a+ b ≤

√
a +
√
b holds, for all a, b > 0, (iii) follows from Lemmas 5 and 8 and because

E [X] ≤
√

E [X2] holds for any random variableX, and (iv) follows because L11 = O
(

1
(1−γ)2

)
, L12 = O

(
1

(1−γ)2

)
,

L21 = O
(

1
1−γ

)
, L22 = O

(
1

1−γ

)
, Cd = O

(
1

1−γ

)
and O

(
1

1−γ1/2

)
≤ O

(
1

1−γ

)
.
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E.3 Proof of Theorem 2

By the gradient Lipschitz condition (established in Lemma 7) of g(θ), we have

g(θt+1) ≤ g(θt) + 〈∇θg(θt), θt+1 − θt〉+

(
L11

2
+
L12L21

2µ

)
‖θt+1 − θt‖22

= g(θt) + η 〈∇θg(θt), v̂t − θt〉+

(
L11

2
+
L12L21

2µ

)
η2 ‖v̂t − θt‖22

(i)

≤ g(θt) + η
〈
∇̂θF (θt, αt), v̂t − θt

〉
+ η

〈
∇θg(θt)− ∇̂θF (θt, αt), v̂t − θt

〉
+

(
2L11 +

2L12L21

µ

)
η2R2

(ii)

≤ g(θt) + η
〈
∇̂θF (θt, αt), vt − θt

〉
+ η

〈
∇θg(θt)− ∇̂θF (θt, αt), v̂t − θt

〉
+

(
2L11 +

2L12L21

µ

)
η2R2

= g(θt) + η 〈∇θg(θt), vt − θt〉+ η
〈
∇θg(θt)− ∇̂θF (θt, αt), v̂t − vt

〉
+

(
2L11 +

2L12L21

µ

)
η2R2, (27)

where (i) follows because ‖v̂t − θt‖2 ≤ 2R, and (ii) follows by definition of v̂t in eq. (5) (v̂t :=

argmaxθ∈Θp〈θ,−∇̂θF (θt, αt)〉), and further we define vt := argmaxθ∈Θ 〈θ,−∇θg(θt)〉. We continue the proof
as follows:

max
θ∈Θ
〈∇θg(θt), θt − θ〉

(i)
= 〈∇θg(θt), θt − vt〉

(ii)

≤ η−1 (g(θt)− g(θt+1)) +

(
2L11 +

2L12L21

µ

)
ηR2

+ 〈∇θg(θt)−∇θF (θt, αt), v̂t − vt〉+
〈
∇θF (θt, αt)− ∇̂θF (θt, αt), v̂t − vt

〉
≤ η−1 (g(θt)− g(θt+1)) +

(
2L11 +

2L12L21

µ

)
ηR2

+ 2R ‖∇θg(θt)−∇θF (θt, αt)‖2 + 2R
∥∥∥∇θF (θt, αt)− ∇̂θF (θt, αt)

∥∥∥
2
, (28)

where (i) follows by definition vt := argmaxθ∈Θ 〈θ,−∇θg(θt)〉, and (ii) follows by rearranging eq. (27).

Finally, we complete the proof as follows:

1

T

T−1∑
t=0

E [g(θt)]− g(θ∗)

(i)

≤ Cd ·
1

T

T−1∑
t=0

E
[
max
θ∈Θ
〈∇θg(θt), θt − θ〉

]
(ii)

≤ CdE [g(θ0)− g(θT )]

ηT
+ Cd

(
2L11 +

2L12L21

µ

)
ηR2 +

2RCd
T

T−1∑
t=0

E ‖∇θg(θt)−∇θF (θt, αt)‖2

+
2RCd
T

T−1∑
t=0

E
∥∥∥∇θF (θt, αt)− ∇̂θF (θt, αt)

∥∥∥
2

(iii)

≤ Cd ·
Rmax + 2(1− γ)3

(
L11 + L12L21µ

−1
)
R2

(1− γ)2
√
T

+ 2RCd

√
4|A|R2

max

b(1− γ1/2)2(1− γ)2

(
1 +

2CMρ

1− ρ

)
1

b

+ 2RCdL22

√
C2
αe
− µ2

8L2
22
K

+
48C2

r

(1− γ)2µ2
(1 +

CM
1− ρ

)
1

B
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(iv)

≤ O
(

1

(1− γ)3
√
T

)
+O

(
e−(1−γ)2K

)
+O

(
1

(1− γ)3
√
B

)
+O

(
1

(1− γ)3
√
b

)
,

where (i) follows from Proposition 2, (ii) follows from telescoping eq. (28), (iii) follows from Lemmas 5 and 8
and because η = 1−γ√

T
and E [X] ≤

√
E [X2] holds for any random variable X, and (iv) follows because L11 =

O
(

1
(1−γ)2

)
, L12 = O

(
1

(1−γ)2

)
, L21 = O

(
1

1−γ

)
, L22 = O

(
1

1−γ

)
, Cd = O

(
1

1−γ

)
and O

(
1

1−γ1/2

)
≤ O

(
1

1−γ

)
.

F Proof of Theorems 3 and 4: Global Convergence of TRPO-GAIL

In this section, we add the subscript λ to the notations of the Q-function Qπα(s, a), the value function V (π, rα),
the objective function F (θ, α) and g(θ) in order to emphasize that these functions are derived under λ-regularized
MDP.

F.1 Supporting Lemmas

In this subsection, we introduce several useful lemmas.

Lemma 9. ((Beck, 2017, Lemma 9.1)) Consider a proper closed convex function ω: E → (−∞,∞]. Let dom(∂ω)
denote the subset of E where ω is differentiable and dom(ω) denote the subset of E where the value of ω is finite.
Assume a, b ∈ dom(∂ω) and c ∈ dom(ω). Then the following inequality holds:

〈∇ω(b)−∇ω(a), c− a〉 = Bω(c, a) +Bω(a, b)−Bω(c, b),

where Bω(·, ·) denotes the Bregman distance associated with ω(·).
Lemma 10. ((Shani et al., 2020, Lemma 25)) Consider the Q-function estimation in Algorithm 3. For any
t ∈ {0, 1, · · · , T − 1}, we have ∥∥∥−Q̂πθtλ,αt

(s, ·) + λ∇ω(πθt(·|s))
∥∥∥
∞
≤ Cω(t;λ),

where Q̂
πθt
λ,αt

is the Q-function estimated under the reward function rαt and policy πθt , and Cω(t;λ) ≤
O
(
CrCα(1+1{λ6=0} log t)

1−γ1/2

)
.

Lemma 11. For any policy π, π′ ∈ ∆A and α ∈ Λ, the following equality holds,

(Vλ(π, rα)− Vλ(π′, rα))(1− γ) =
∑
s∈S

dπ′(s)
(〈
−Qπλ,α(s, ·) + λ∇ω(π(·|s)), π′(·|s)− π(·|s)

〉
+ λBω(π′(·|s), π(·|s))

)
,

where Vλ(π, rα) is the average value function under λ-regularized MDP with the reward function rα and dπ′ is
the state visitation distribution of π′.

Proof of Lemma 11. Following from (Shani et al., 2020, Lemma 24), for any s ∈ S, we have〈
−Qπλ,α(s, ·) + λ∇ω(π(·|s)), π′(·|s)− π(·|s)

〉
= −(Tπ

′

λ V πλ,α(s)− V πλ,α(s))− λBω(π′(·|s), π(·|s)), (29)

where Tπ
′

λ is the Bellman operator under λ-regularized MDP, i.e.,

Tπ
′

λ V πλ,α(s) =
∑
a∈A

(
π′(a|s)rα,λ(s, a) +

∑
s′∈S

P(s′|s, a)V πλ,α(s′)
)
.

Furthermore, we have

Vλ(π′, rα)− Vλ(π, rα) =
∑
s

ζ(s)(V π
′

λ,α(s)− V πλ,α(s))

(i)
=

1

(1− γ)

∑
s∈S

dπ′(s)(T
π′

λ V πλ,α(s)− V πλ,α(s))

(ii)
= − 1

1− γ
∑
s∈S

dπ′(s)
(〈
−Qπλ,α(s, ·) + λ∇ω(π(·|s)), π′(·|s)− π(·|s)

〉
+ λBω(π′(·|s), π(·|s))

)
,

where (i) follows from (Shani et al., 2020, Lemma 29) and (ii) follows by multiplying eq. (29) by dπ′(s) and take
the summation over S.
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F.2 Proof of Theorems 3 and 4

Since the unregularized MDP can be viewed as a special case of the regularized MDP, i.e., λ = 0, in this
subsection, we first develop our proof for the general regularized MDP up to a certain step, and then specialize
to the case with λ = 0 for proving Theorem 3 and continue to keep λ general for proving Theorem 4.

To we start the proof, recall that the update of θt specified in eq. (7) satisfies,

πθt+1(·|s) ∈ argmin
π∈∆A

(
〈
−Q̂πθtλ,αt

(s, ·) + λ∇ω(πθt(·|s)), π − πθt(·|s)
〉

+ η−1
t Bω(π, πθt(·|s))︸ ︷︷ ︸

:=f0(π)

).

Following from the first-order optimality condition, we have

∇πf0(πθt+1(·|s))>(π − πθt+1(·|s)) ≥ 0,∀π ∈ ∆A,

which together with the fact

∇πf0(π) = −Q̂πθtλ,αt
(s, ·) + λ∇ω(πθt(·|s)) + η−1

t (∇ω(π)−∇ω(πθt(·|s))),

implies that〈
−Q̂πθtλ,αt

(s, ·) + λ∇ω(πθt(·|s)) + η−1
t (∇ω(πθt+1(·|s))−∇ω(πθt(·|s))), π − πθt+1(·|s)

〉
≥ 0 (30)

holds for any π.

Taking π = πθ∗(·|s) in eq. (30), we obtain

0 ≤ ηt
〈
−Q̂πθtλ,αt

(s, ·) + λ∇ω(πθt(·|s)), πθ∗(·|s)− πθt(·|s)
〉

+ ηt

〈
−Q̂πθtλ,αt

(s, ·) + λ∇ω(πθt(·|s)), πθt(·|s)− πθt+1
(·|s)

〉
+
〈
∇ω(πθt+1

(·|s))−∇ω(πθt(·|s)), πθ∗(·|s)− πθt+1
(·|s)

〉
(i)

≤ ηt

〈
−Q̂πθtλ,αt

(s, ·) + λ∇ω(πθt(·|s)), πθ∗(·|s)− πθt(·|s)
〉

+
η2
t

∥∥∥−Q̂πθtλ,αt
(s, ·) + λ∇ω(πθt(·|s))

∥∥∥2

∞
2

+

∥∥πθt(·|s)− πθt+1
(·|s)

∥∥2

1

2
+Bω(πθ∗(·|s), πθt(·|s))−Bω(πθ∗(·|s), πθt+1

(·|s))−Bω(πθt+1
(·|s), πθt(·|s))

(ii)

≤ ηt

〈
−Q̂πθtλ,αt

(s, ·) + λ∇ω(πθt(·|s)), πθ∗(·|s)− πθt(·|s)
〉

+
η2
tCω(t;λ)2

2
+Bω(πθ∗(·|s), πθt(·|s))−Bω(πθ∗(·|s), πθt+1

(·|s)), (31)

where (i) follows from Hölder’s inequality and Lemma 9, and (ii) follows from the Lemma 10 and Pinsker’s
inequality given by∥∥πθt(·|s)− πθt+1

(·|s)
∥∥2

1

2
≤ KL

(
πθt+1(·|s)

∥∥πθt(·|s)) = Bω(πθt+1(·|s), πθt(·|s)),

where KL (·‖·) denotes the KL-divergence.

Taking expectation conditioned on Ft = σ(θ0, θ1, · · · , θt) over eq. (31), we have

0 ≤ ηt
〈
−Qπθtλ,αt

(s, ·) + λ∇ω(πθt(·|s)), πθ∗(·|s)− πθt(·|s)
〉

+
η2
tCω(t;λ)2

2

+Bω(πθ∗(·|s), πθt(·|s))− E
[
Bω(πθ∗(·|s), πθt+1

(·|s))
∣∣Ft] . (32)

Since eq. (32) holds for any state, we multiply it by dπθ∗ (s) for each state s and take the summation over S.
Then we rearrange the resulting bound and obtain

η2
tCω(t;λ)2

2
+
∑
s∈S

dπθ∗ (s)Bω(πθ∗(·|s), πθt(·|s))−
∑
s∈S

dπθ∗ (s)E
[
Bω(πθ∗(·|s), πθt+1

(·|s))
∣∣Ft]
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≥ −ηt
∑
s∈S

dπθ∗ (s)
〈
−Qπθtλ,αt

(s, ·) + λ∇ω(πθt(·|s)), πθ∗(·|s)− πθt(·|s)
〉

(i)
= ηt(1− γ)(Vλ(πθ∗ , rαt)− Vλ(πθt , rαt)) + ηtλ

∑
s∈S

dπθ∗ (s)Bω(πθ∗(·|s), πθt(·|s)), (33)

where (i) follows from applying Lemma 11 with π = πθt and π′ = πθ∗ . Rearranging eq. (33), we obtain

Vλ(πθ∗ , rαt)− Vλ(πθt , rαt) ≤
1

ηt(1− γ)

∑
s∈S

dπθ∗ (s)(1− ληt)E [Bω(πθ∗(·|s), πθt(·|s))]

− 1

ηt(1− γ)

∑
s∈S

dπθ∗ (s)E
[
Bω(πθ∗(·|s), πθt+1

(·|s))
]

+
ηtCω(t, λ)2

2(1− γ)
. (34)

Furthermore, we proceed the proof as follows:

E [gλ(θt)]− gλ(θ∗) = E [gλ(θt)− Fλ(θt, αt)] + E [Fλ(θt, αt)− gλ(θ∗)]

(i)

≤ E [gλ(θt)− Fλ(θt, αt)] + E [Fλ(θt, αt)− Fλ(θ∗, αt)]

(ii)
= E [gλ(θt)− Fλ(θt, αt)] + E [Vλ(πθ∗ , αt)− Vλ(πθt , αt)]

(iii)

≤ L2
22E

[
‖αt − αop(θt)‖22

]
+

1

ηt(1− γ)

∑
s∈S

dπθ∗ (s)(1− ληt)E [Bω(πθ∗(·|s), πθt(·|s))]

− 1

ηt(1− γ)

∑
s∈S

dπθ∗ (s)E
[
Bω(πθ∗(·|s), πθt+1(·|s))

]
+
ηtCω(t, λ)2

2(1− γ)
, (35)

where (i) follows because gλ(θ∗) ≥ Fλ(θ∗, αop(θt)), (ii) follows from the definition of Fλ(θ, α), and (iii) follows
from the gradient Lipschitz condition of α in Proposition 1 and eq. (34).

Next, to prove Theorem 3, we let λ = 0 and recall ηt = 1−γ√
T

. Telescoping eq. (35), we obtain

1

T

T−1∑
t=0

E [g(θt)]− g(θ∗) ≤ 1

(1− γ)2
√
T

∑
s∈S

dπθ∗ (s)E [Bω(πθ∗(·|s), πθ0(·|s))−Bω(πθ∗(·|s), πθT (·|s))]

+
L2

22

T

T−1∑
t=0

E
[
‖αt − αop(θt)‖22

]
+

C2
ω

2
√
T

(i)

≤ L2
22C

2
αe
− µ2

8L2
22
K

+
48C2

rL
2
22

µ2(1− γ)2
(1 +

CM
1− ρ

)
1

B
+

(1− γ)2C2
ω + 2 log |A|

2(1− γ)2
√
T

(ii)

≤ O
(

1

(1− γ)2
√
T

)
+O

(
e−(1−γ)2K

)
+O

(
1

(1− γ)4B

)
,

where (i) follows from Lemma 5 and because 0 ≤ Bω(π1, π2) ≤ log |A| for any θ1, θ2 and (ii) follows because

L22 = O
(

1
1−γ

)
and Cω = O

(
1

1−γ1/2

)
≤ O

(
1

1−γ

)
. This completes the proof of Theorem 3.

To prove the Theorem 4, let ηt = 1
λ(t+2) . Then, telescoping eq. (35) and applying Lemma 5, we obtain

1

T

T−1∑
t=0

E [gλ(θt)]− gλ(θ∗) ≤ L2
22C

2
αe
− µ2

8L2
22
K

+
48C2

rL
2
22

µ2(1− γ)2
(1 +

CM
1− ρ

)
1

B
+

C2
ω(T, λ)

2(1− γ)λ

log(T + 1)

T

+
λ
∑
s dπθ∗ (s)E[Bω(πθ∗(·|s), πθ0(·|s))− (T + 1)Bω(πθ∗(·|s), πθT (·|s))]

(1− γ)T

(i)

≤ O
(

1

(1− γ)3T

)
+O

(
e−(1−γ)2K

)
+O

(
1

(1− γ)4B

)
,

where (i) follows because 0 ≤ Bω(π1, π2) ≤ log(|A|) for any π1, π2, L22 = O
(

1
1−γ

)
and Cω(T, λ) = Õ

(
1

1−γ1/2

)
≤

Õ
(

1
1−γ

)
. This completes the proof of Theorem 4.
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G Proof of Theorem 5: Global Convergence of NPG-GAIL

To prove the theorem, we first define some notations. Let λP := minθ∈Θ {λmin(F (θ) + λI)},

Wλ∗
θ,α := (F (θ) + λI)−1E(s,a)∼νπθ [Aπθα (s, a)∇θ log πθ(a|s)]

and
W ∗θ,α := F (θ)†E(s,a)∼νπθ [Aπθα (s, a)∇θ log πθ(a|s)] .

For brevity, we denote Wλ∗
t = Wλ∗

θt,αt
and W ∗t = W ∗θt,αt .

G.1 Supporting Lemmas

In this subsection, we give several useful lemmas.

Lemma 12. ((Agarwal et al., 2019, Lemma 3.2)) For any policy π and π′ and reward function rα, we have

V (π, rα)− V (π′, rα) =
1

1− γ
Es,a∼νπ(s,a)

[
Aπ
′

α (s, a)
]
.

Lemma 13. ((Xu et al., 2020a, Lemma 6)) For any θ and α, we have
∥∥∥Wλ∗

θ,α −W ∗θ,α
∥∥∥

2
≤ Cλλ, where 0 < Cλ <

∞ is a constant only depending on the policy class.

Lemma 14. Suppose Assumptions 3 and 5 hold. Consider the policy update of NPG-GAIL (Algorithm 2) with
βW = λP

4(C2
φ+λ)2

. Then, for all t = 0, 1, · · · , T − 1, we have

E[
∥∥wt −Wλ∗

t

∥∥2

2
] ≤ exp

{
− λ2

PTc
16(C2

φ + λ)2

}
R2
maxC

2
φ

λ2
P (1− γ)2

+

(
1

λP
+

λP
2(C2

φ + λ)2

)
98R2

maxC
2
φ[(C2

φ + λ)2 + 4λ2
P ][1 + (CM − 1)ρ]

(1− ρ)(1− γ)2λ3
PM

.

Proof of Lemma 14. At iteration t, W0,W1, · · · ,WTc follows the linear SA iteration rule defined in (Xu et al.,
2020a, eq. (3)) with α = βW , A = −(F (θt) + λI), b = E(s,a)∼νπθt

[
A
πθt
αt (s, a)∇θt log πθt(a|s)

]
and θ∗ = −A−1b =

Wλ∗
t with

∥∥Wλ∗
t

∥∥
2
≤ Rθ =

2CφRmax
λA(1−γ) . It is easy to check that the Assumption 3 in Xu et al. (2020a) holds. Namely,

(i), ‖A‖F ≤ C2
φ + λ and ‖b‖2 ≤

2RmaxCφ
1−γ ; (ii), for any w ∈ Rd,

〈
w −Wλ∗

t , A(w −Wλ∗
t )
〉
≤ −λp

∥∥w −Wλ∗
t

∥∥2

2
;

(iii), The ergodicity of MDP is assumed here. Thus, applying (Xu et al., 2020a, Theorem 4) completes the
proof.

G.2 Proof of Theorem 5

Define D(θ) = Es∼dπθ∗ [KL (πθ∗(·|s)‖πθ(·|s))]. Then we have

D(θt)−D(θt+1) = Eνπθ∗
[
log(πθt+1(·|s))− log(πθt(·|s))

]
(i)

≥ Eνπθ∗ [∇θ log(πθt(a|s))]
>

(θt+1 − θt)−
L2
φ

2
‖θt+1 − θt‖22 ,

where (i) follows from the gradient Lipschitz condition on log(πθ(·|s)) in Assumption 5.

Recall that the update rule in NPG-GAIL (Algorithm 2) is given by θt+1 = θt − ηwt. Then we have

D(θt)−D(θt+1) ≥ ηEνπθ∗ [∇θ log(πθt(a|s))]
>
wt −

L2
φη

2

2
‖wt‖22

= ηEνπθ∗
[
A
πθt
αt (s, a)

]
+ ηEνπθ∗

[
∇θ log(πθt(a|s))>W ∗t −A

πθt
αt (s, a)

]
+ ηEνπθ∗ [∇θ log(πθt(a|s))]

>
(Wλ∗

t −W ∗t ) + ηEνπθ∗ [∇θ log(πθt(a|s))]
>

(wt −Wλ∗
t )

−
L2
φη

2

2
‖wt‖22
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(i)
= (1− γ)η (V (πθ∗ , rαt)− V (πθt , rαt)) + ηEνπθ∗

[
∇θ log(πθt(a|s))>W ∗t −A

πθt
αt (s, a)

]
+ ηEνπθ∗ [∇θ log(πθt(a|s))]

>
(Wλ∗

t −W ∗t ) + ηEνπθ∗ [∇θ log(πθt(a|s))]
>

(wt −Wλ∗
t )

−
L2
φη

2

2
‖wt‖22

(ii)

≥ (1− γ)η (V (πθ∗ , rαt)− V (πθt , rαt))−
L2
φη

2

2
‖wt‖22

+ ηEνπθ∗ [∇θ log(πθt(a|s))]
>

(Wλ∗
t −W ∗t ) + ηEνπθ∗ [∇θ log(πθt(a|s))]

>
(wt −Wλ∗

t )

− η
√

Eνπθ∗
[
(∇θ log(πθt(a|s))>W ∗t −A

πθt
αt (s, a))2

]
(iii)

≥ (1− γ)η (V (πθ∗ , rαt)− V (πθt , rαt))−
L2
φη

2

2
‖wt‖22

+ ηEνπθ∗ [∇θ log(πθt(a|s))]
>

(Wλ∗
t −W ∗t ) + ηEνπθ∗ [∇θ log(πθt(a|s))]

>
(wt −Wλ∗

t )

− η
√
CdEνπθt

[
(∇θ log(πθt(a|s))>W ∗t −A

πθt
αt (s, a))2

]
, (36)

where (i) follows from Lemma 12, (ii) follows from the concavity of f(x) =
√
x and Jensen’s inequality, and (iii)

follows from the fact that (∇θ log(πθt(a|s))>W ∗t −A
πθt
αt (s, a))2 ≥ 0 and

∥∥∥∥νπθ∗νπθt

∥∥∥∥
∞
≤ 1

(1−γ) min{ζ(s)} := Cd.

Continuing to bound eq. (36), we have

D(θt)−D(θt+1)
(i)

≥ (1− γ)η (V (πθ∗ , rαt)− V (πθt , rαt))−
L2
φη

2

2
‖wt‖22 − η

√
Cdζ

′

+ ηEνπθ∗ [∇θ log(πθt(a|s))]
>

(Wλ∗
t −W ∗t ) + ηEνπE [∇θ log(πθt(a|s))]

>
(wt −Wλ∗

t )

(ii)

≥ (1− γ)η (V (πθ∗ , rαt)− V (πθt , rαt))− η
√
Cdζ

′ − ηCφCλλ

− ηCφ
∥∥wt −Wλ∗

t

∥∥
2
−
L2
φη

2

2
‖wt‖22

(iii)

≥ (1− γ)η (V (πθ∗ , rαt)− V (πθt , rαt))− η
√
Cdζ

′ − ηCφCλλ

− ηCφ
∥∥wt −Wλ∗

t

∥∥
2
− L2

φη
2
∥∥wt −Wλ∗

t

∥∥2

2
− L2

φη
2
∥∥Wλ∗

t

∥∥2

2

(iv)

≥ (1− γ)η (V (πθ∗ , rαt)− V (πθt , rαt))− η
√
Cdζ

′ − ηCφCλλ

− ηCφ
∥∥wt −Wλ∗

t

∥∥
2
− L2

φη
2
∥∥wt −Wλ∗

t

∥∥2

2
−
L2
φη

2

λ2
P

‖∇θV (θt, rαt)‖
2
2 , (37)

where (i) follows from the definition of ζ ′ in the statement of Theorem 5, (ii) follows from the upper bound on

‖∇θπθ(a|s)‖2 in Assumption 5, Lemma 13 and Cauchy-Schwartz inequality, (iii) follows from the fact ‖A+B‖22 ≤
2 ‖A‖22 + 2 ‖B‖22, and (iv) follows from the definition of Wλ∗

t and because λP I � F (θt) + λI.

Rearranging eq. (37), we obtain

V (πθ∗ , rαt)− V (πθt , rαt) ≤
D(θt)−D(θt+1)

η(1− γ)
+

√
Cdζ

′

1− γ
+
CφCλλ

1− γ
+

Cφ
1− γ

∥∥wt −Wλ∗
t

∥∥
2

+
L2
φη

1− γ
∥∥wt −Wλ∗

t

∥∥2

2
+

L2
φη

λ2
P (1− γ)

‖∇θV (θt, rαt)‖
2
2 . (38)

Finally, we complete the proof as follows:

1

T

T−1∑
t=0

E [g(θt)]− g(θ∗)

=
1

T

T−1∑
t=0

E [g(θt)− F (θt, αt)] +
1

T

T−1∑
t=0

E [F (θt, αt)− g(θ∗)]
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(i)

≤ 1

T

T−1∑
t=0

E [g(θt)− F (θt, αt)] +
1

T

T−1∑
t=0

(F (θt, αt)− F (θ∗, αt))

=
1

T

T−1∑
t=0

E [g(θt)− F (θt, αt)] +
1

T

T−1∑
t=0

(V (πθ∗ , rαt)− V (πθt , rαt))

(ii)

≤ 1

T

T−1∑
t=0

E [g(θt)− F (θt, αt)] +
D(θ0)−D(θT )

(1− γ)ηT
+

√
Cdζ

′

1− γ
+
CφCλλ

1− γ

+
Cφ

(1− γ)T

T−1∑
t=0

∥∥wt −Wλ∗
t

∥∥
2

+
L2
φη

(1− γ)T

T−1∑
t=0

∥∥wt −Wλ∗
t

∥∥2

2
+
L2
φηR

2
maxC

2
φ

(1− γ)3λ2
P

(iii)

≤ L2
22C

2
αe
− µ2

8L2
22
K

+
48C2

rL
2
22

µ2(1− γ)2
(1 +

ρCM
1− ρ

)
1

B
+

E [D(θ0)−D(θT )]

(1− γ)2
√
T

+

√
Cdζ

′

1− γ
+
CφCλλ

1− γ

+
Cφ

(1− γ)T

T−1∑
t=0

∥∥wt −Wλ∗
t

∥∥
2

+
L2
φ

T 3/2

T−1∑
t=0

∥∥wt −Wλ∗
t

∥∥2

2
+

L2
φR

2
maxC

2
φ

(1− γ)2λ2
P

√
T

(iv)

≤ L2
22C

2
αe
− µ2

8L2
22
K

+
48C2

rL
2
22

µ2(1− γ)2
(1 +

ρCM
1− ρ

)
1

B
+

E [D(θ0)−D(θT )]

(1− γ)2
√
T

+

√
Cdζ

′

1− γ
+
CφCλλ

1− γ

+
Cφ

(1− γ)

√
exp

{
− λ2

PTc
16(C2

φ+λ)2

}
R2
maxC

2
φ

λ2
P (1−γ)2

+
(

1
λP

+ λP
2(C2

φ+λ)2

)
98R2

maxC
2
φ[(C2

φ+λ)2+4λ2
P ][1+(CM−1)ρ]

(1−ρ)(1−γ)2λ3
PM

+
L2
φ√
T

(
exp

{
− λ2

PTc
16(C2

φ+λ)2

}
R2
maxC

2
φ

λ2
P (1−γ)2

+
(

1
λP

+ λP
2(C2

φ+λ)2

)
98R2

maxC
2
φ[(C2

φ+λ)2+4λ2
P ][1+(CM−1)ρ]

(1−ρ)(1−γ)2λ3
PM

)
+

L2
φR

2
maxC

2
φ

(1− γ)2λ2
P

√
T

(v)

≤ O
(

1

(1− γ)2
√
T

)
+O

(
e−(1−γ)2K

)
+O

(
1

(1− γ)4B

)
+O

(
ζ ′

(1− γ)3/2

)
+O

(
λ

1− γ

)
+O

(
e−Tc

)
+O

(
1

(1− γ)2
√
M

)
,

where (i) follows because g(θ∗) = F (θ∗, αop(θ
∗)) ≥ F (θ∗, αt) and (ii) follows from eq. (38) and because

‖∇θV (θt, αt)‖2 ≤
RmaxCφ

1−γ , (iii) follows from Proposition 1 and Lemma 5, and the fact η = 1−γ√
T

, (iv) follows

from Lemma 14, and (v) follows because L22 = O
(

1
1−γ

)
and Cd = O

(
1

1−γ

)
.


