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Abstract

In federated learning, communication cost is
often a critical bottleneck to scale up dis-
tributed optimization algorithms to collabora-
tively learn a model from millions of devices
with potentially unreliable or limited commu-
nication and heterogeneous data distributions.
Two notable trends to deal with the commu-
nication overhead of federated algorithms are
gradient compression and local computation
with periodic communication. Despite many
attempts, characterizing the relationship be-
tween these two approaches has proven elu-
sive. We address this by proposing a set of
algorithms with periodical compressed (quan-
tized or sparsified) communication and ana-
lyze their convergence properties in both ho-
mogeneous and heterogeneous local data dis-
tributions settings. For the homogeneous set-
ting, our analysis improves existing bounds by
providing tighter convergence rates for both
strongly convex and non-convex objective
functions. To mitigate data heterogeneity, we
introduce a local gradient tracking scheme and
obtain sharp convergence rates that match
the best-known communication complexities
without compression for convex, strongly con-
vex, and nonconvex settings. We comple-
ment our theoretical results by demonstrating
the effectiveness of our proposed methods on
real-world datasets. The code is available at
https://github.com/MLOPTPSU/FedTorch.
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1 Introduction

The primary obstacle towards scaling distributed op-
timization algorithms is the significant communica-
tion cost both in terms of the number of communi-
cation rounds and the amount of exchanged data per
round. To significantly reduce the number of com-
munication rounds, a practical solution is to trade-off
local computation for less communication via periodic
averaging [55, 69]. In particular, the local SGD algo-
rithm [55,60,67] alternates between a fixed number of
local updates and one step of synchronization which is
shown to enjoy the same convergence rate as its fully
synchronous counterpart, while significantly reducing
the number of communication rounds.

A fundamentally different solution to scale up dis-
tributed optimization algorithms is to reduce the size of
the communicated message per communication round.
This problem is especially exacerbated in edge com-
puting where the worker devices (e.g., smartphones or
IoT devices) are remotely connected, and communica-
tion bandwidth and power resources are limited. For
instance, ResNet [20] has more than 25 million parame-
ters, so the communication cost of sending local models
through a computer network could be prohibitive. The
current methodology towards reducing the size of mes-
sages is to communicate compressed local gradients
or models to the central server by utilizing a quanti-
zation operator [3, 6, 48, 58, 59, 63, 65], sparsification
schema [4,39,56,65], or composition of both [5].

Despite significant progress in improving both aspects
of communication efficiency [6, 26, 56, 57], there still
exists a huge gap in our understanding of these ap-
proaches in federated learning, in particular for the
cases that both compression and periodic averaging
techniques are applied simultaneously. In terms of re-
ducing communication rounds, a few recent attempts
were able to reduce the frequency of synchronizing lo-

https://github.com/MLOPTPSU/FedTorch
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Objective function

Reference Nonconvex PL/Strongly Convex General Convex

QSPARSE [5]
R=O

(
q+1
ε3/2

)
τ=O

(
1

m(q+1)
√
ε

) R = O
(
κ q+1√

ε

)
τ = O

(
1

m(q+1)
√
ε

) −

FedPAQ [48]
R = O

(
1
ε

)
τ = O

(
( qm )2+1

ε

) R = O
(
m+ q+1

mε

)
τ = O (1)

−

Theorem 5.1
R = O

(
1
ε

)
τ = O

(
q+1
mε

) R = O
(
κ
(
q
m

+ 1
)

log
(
1
ε

))
τ = O

(
(q+1)

m( q
m+1)ε

) R=O
(

1+ q
m

ε
log

(
1
ε

))
τ=O

(
(q+1)2

m( q
m+1)

2
ε2

)

Table 1: Comparison of results with compression and
periodic averaging in the homogeneous setting. Here,
m is the number of devices, q is compression distortion
constant, κ is condition number, ε is target accuracy,
R is the number of communication rounds, and τ is
the number of local updates. QSPARSE [5] has the as-
sumption of bounded gradient, while FedPAQ [48] and
our proposed algorithm do not have such assumption.

cally evolving models [14,27], which are not improvable
in general [70]. This necessitates that further improve-
ment in communication efficiency needs to be explored
by reducing the size of communicated messages. We
highlight that compressed communication is of further
importance to accelerate training non-convex objec-
tives as it requires significantly more communication
rounds to converge compared to distributed convex
optimization. Furthermore, most existing methods are
analyzed for homogeneous data and our understanding
of the efficiency of these methods in the heterogeneous
case is lacking.

In light of the above issues, the key contribution of
this paper is the introduction and analysis of simple
variants of local SGDwith compressed communication
without compromising the attainable guarantees. The
proposed algorithmic ideas accommodate both homo-
geneous and heterogeneous data distributions settings
with the obtained rates summarized in Table 1 and
Table 2, respectively. In the homogeneous case, with
a tight analysis of a simple quantized variant of local
SGD, we show that not only our proposed method im-
proves the complexity bounds for algorithms with com-
pression (Table 1), but also outperforms the complexity
bounds for non-compressed counterparts in terms of
the number of communication rounds (Table 3). In
the heterogeneous case, we argue that in the presence
of compression (quantization or sparsification), locally
updating models via local gradient information could
lead to a significant drift among local models, which
shed light on designing a quantized variant of local
SGD that tracks local gradient information at local
devices. We show that this simple gradient tracking
idea leads to a method that outperforms state-of-the-
art methods with compression for the heterogeneous
setting (Table 2) and it can even compensate for the
noise introduced by compression and lead to the best-
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Table 2: Comparison of results with compression and
periodic averaging in the heterogeneous setting. QS-
PARSE [5] has the assumption of bounded gradient,
while our proposed algorithm does not.

known convergence rates for convex and non-convex
settings under perfect communication, i.e., no compres-
sion (Table 4).

Contributions. We summarize the main contribu-
tions of this paper below:

• Homogeneous local distributions: To keep the analy-
sis simple yet insightful, we start with a quantized
variant of federated averaging algorithm and analyze
its convergence for non-convex, strongly convex and
general convex objectives. As demonstrated in Ta-
ble 1, the obtained rates is novel for convex objectives
to the best of our knowledge, and improves the best
known bounds in [48] and [5] for general non-convex
and strongly convex objectives, respectively.

• Heterogeneous local distributions: For the heteroge-
neous setting, we propose federated averaging with
compression and local gradient tracking, dubbed
as FedCOMGATE algorithm, and establish its conver-
gence rates for general non-convex, strongly convex
or PL, and convex objectives. The obtained rates
improve upon the results reported in [5] for general
non-convex and strongly-convex objectives. The ob-
tained rates for general convex functions are novel
to the best of our knowledge.

• We verify our theoretical results through various
extensive experiments on different real federated
datasets that demonstrate the practical efficacy of
our methods.

2 Problem Setup

In this paper we focus on a federated architecture,
where m users aim to learn a global model in a collab-
orative manner without exchanging their data points
with each other. Moreover, we assume that users (com-
puting units) can only exchange information via a cen-
tral unit (server) which is connected to all users. The
optimization problem that the users try to solve can
be written as

min
w∈Rd

f(w) ,
1

m

m∑
j=1

fj(w) (1)
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where fj : Rd → R is the loss function corresponding
to user j. We further assume that the local objective
function of each user j is the expected loss over the set
of data points of node j, i.e.,

fj(w) = Ez∼Pj [`j(w, z)], (2)

where z is a random variable with probability distribu-
tion Pj and the loss function `j measures how well the
model performs. Pj can be considered as the underly-
ing distribution of node j for generating data points,
and realizations of the random variable z are the data
points of node j. For instance, in a supervised learning
case each element sample point zi corresponds to a
pair of input (feature) vector xi and its label yi. In this
case, `j(w, zi) = `j(w, (xi, yi)) measures how well the
model w performs in predicting the label of xi which is
yi. Note that the probability distributions of users may
not be necessarily identical. In fact, through the paper,
we study two settings (i) homogeneous setting in which
all the probability distributions and loss functions are
identical, i.e., (P1 = . . .=Pm) and (`1 = . . .=`m); and
(ii) heterogeneous setting in which the users’ distribu-
tions and loss functions could be different.

3 Federated Averaging with
Compression1

In this section, we propose a generalized version of
the local stochastic gradient descent (SGD) method
for federated learning which uses compressed signals
to reduce the overall communication overhead of solv-
ing problem (1). The proposed federated averaging
with compression (FedCOM) is designed for homoge-
neous settings where the probability distributions and
loss functions of the users are identical. FedCOM differs
from standard local SGD methods [55, 60, 67] in two
major aspects. First, it uses compressed messages for
uplink communication. Second, at the central node,
the new global model is a convex combination of the
previous global model and the average of updated local
models of users. We show that FedCOM converges faster
than state-of-the-art methods in a homogeneous setting
by periodic averaging, local and global learning rates,
and compressed communications.

To formally present the steps of FedCOM, consider R
as the rounds of communication between server and
users, and τ as the number of local updates performed
between two consecutive communication rounds. Fur-
ther, define w(r) as the model at the master at the
r-th round of communication. At each round r, the
server sends the global model w(r) to the users (clients).
Then, each user j computes its local stochastic gradient
and updates the model by following the update of SGD

1Generalized Compressed Local SGD

Algorithm 1: FedCOM(R, τ, η, γ)
Inputs: Number of communication rounds R,
number of local updates τ , learning rates γ and η,
initial global model w(0)

for r = 0, . . . , R− 1 do
for each client j ∈ [m] do in parallel

Set w(0,r)
j = w(r)

for c = 0, . . . , τ − 1 do
Sample a minibatch Z(c,r)

j and compute
g̃
(c,r)
j , ∇fj(w(c,r)

j ;Z(c,r)
j )

w
(c+1,r)
j = w

(c,r)
j − η g̃

(c,r)
j

end
Device sends ∆

(r)
j,q = Q((w(r) −w(τ,r)

j )/η)
back to the server

end
Server computes ∆(r)

q = 1
m

∑m
j=1 ∆

(r)
j,q

Server computes w(r+1) = w(r) − ηγ∆(r)
q and

broadcasts to all devices
end

for τ iterations. Specifically, at communication round
r, user j follows the update

w
(c+1,r)
j = w

(c,r)
j − η g̃

(c,r)
j , for c = 0, . . . , τ − 1.

(3)
Here, w(c,r)

j is the model at node j and round r af-
ter c local updates, g̃

(c,r)
j := ∇fj(w(c,r)

j ;Z(c,r)
j ) :=

1
bj

∑
z∈Z(c,r)

j
∇`j(w(c,r)

j , z) is a stochastic gradient

of fj evaluated using the mini-batch Z(c,r)
j :=

{z(c,r)j,1 , . . . ,z
(c,r)
j,bj
} of size bj , and η is the learning

rate. The output of this τ recursive updates for node
j at round r is w(τ,r)

j . After computing the local
models, each user j sends a compressed version of
(w

(τ,r)
j − w(r)

j )/η to the central node by applying a
compression operator Q(·). Note that the compressed
signal ∆

(r)
j,q , Q((w

(τ,r)
j −w(r)

j )/η) indicates a normal-
ized version of the difference between the input and
output of the local SGD process at round r at node
j, which is equal to the aggregation of all local SGD
directions, i.e., (w

(τ,r)
j −w(r)

j )/η =
∑τ
c=0 g̃

(c,r)
j . Once,

the server receives the compressed signals {∆(r)
j,q}

j=m
j=1 ,

it computes the new global model according to

w(r+1) = w(r) − ηγ

m

m∑
j=1

∆
(r)
j,q , (4)

where γ is the global learning rate. The steps of the
FedCOM algorithm are summarized in Algorithm 1.
Remark 1. Note that by setting γ = 1 in (4), FedCOM
boils down to the FedPAQ algorithm proposed in [48],
and if we further remove the compression scheme then
we recover FedAvg [60]. Note that in both FedAvg and
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its vanilla quantized variant FedPAQ, the new global
model is the average of local models (if we ignore the
error of compression for FedPAQ), while in FedCOM
the new global model is a linear combination of the
previous global model and the average of updated lo-
cal models, due to the extra parameter γ. We show
that by adding this modification and properly choos-
ing γ, FedCOM improves the complexity bounds of Fed-
PAQ for both strongly convex and non-convex settings.
Note that the update in (4) can also be interpreted as
running a global SGD update on master’s model by
descending towards the average of aggregated local gra-
dient directions with stepsize ηγ. Specifically, if we
assume perfect communication (ignoring the quantiza-
tion) then we obtain that the new global model is given
by w(r+1) = w(r) − ηγ 1

m

∑m
j=1

∑τ
c=0 g̃

(c,r)
j .

4 Compressed Local SGD with Local
Gradient Tracking

In the previous section, we introduced a relatively sim-
ple algorithm called FedCOM for homogeneous settings,
where the probability distributions of the users are iden-
tical. Although FedCOM both theoretically (Section 5)
and numerically (Section 6) performs well for homo-
geneous settings, its performance is not satisfactory
in heterogeneous settings where the probability distri-
butions of users are different. This is due to the fact
that the updates of FedCOM heavily depend on the local
SGD directions. In a homogeneous setting, following
local gradient directions leads to a good global model
as all samples are drawn from the same distribution
and the local gradient direction is a good estimate of
the global function gradient. However, in a heteroge-
neous setting, updating local models only based on
local gradient information could lead to an arbitrary
poor performance as the local gradient directions could
be very different from the global gradient direction.

To address this issue, in this section we propose a novel
variant of federated averaging with compression and
local gradient tracking (FedCOMGATE) for heterogeneous
settings. The main difference between FedCOM and
FedCOMGATE is the idea of local gradient tracking that
ensures that each node uses an estimate of the global
gradient direction to locally update its model. To
estimate global gradient direction nodes also require
access to the average of local models which means
that in FedCOMGATE in addition to sending the global
updates master also needs to broadcast the average
of ∆

(r)
j,q , Q((w

(τ,r)
j − w(r)

j )/η), shown by ∆(r)
q =

1
m

∑m
j=1 ∆

(r)
j,q to devices.

To present FedCOMGATE, consider δj as a sequence at
node j that is designed to track the difference between

the local gradient direction and the global gradient
direction (the direction obtained by incorporating gra-
dient information of all users). At round r, each worker
j updates its local sequence δj based on the update

δ
(r+1)
j = δ

(r)
j +

1

τ

(
∆

(r)
j,q −∆(r)

q

)
, (5)

where ∆
(r)
j,q is the quantized version of the accumulation

of the gradients at node j from the previous round and
∆(r)
q is the average of ∆

(r)
j,q . Once the correction vector

δ
(r)
j is computed, each node j runs a corrected local
update for τ rounds based on the update

w
(c+1,r)
j = w

(c,r)
j − η d̃

(c,r)

j,q = w
(c,r)
j − η(g̃

(c,r)
j − δ(r)j ),

for c = 0, . . . , τ − 1, (6)

where g̃
(c,r)
j , ∇fj(w(c,r)

j Z(c,r)
j ) is the stochastic gra-

dient of node j at round r for the c-th local update. In
the above update the local descent direction d̃

(c,r)

j,q is
defined as the difference the local stochastic gradient
g̃
(c,r)
j and the correction vector δ(r)j which aims to track

the difference between local and global gradient direc-
tions. Note that for all τ local updates at round r, the
vector δ(r)j is fixed while the local stochastic gradient
g̃
(c,r)
j is computed via fresh samples for each local up-

date. Once the local modelsw(τ,r)
j are computed, nodes

send their quantized accumulation of gradients ∆
(r)
j,q

to the server. Then, the server uses this information
to compute the average update ∆(r)

q , 1
m

∑m
j=1 ∆

(r)
j,q

and broadcasts it to the devices. Moreover, the server
utilizes ∆(r)

q to compute the new global model w(r+1)

according to (4). The steps of FedCOMGATE are outlined
in Algorithm 2.

Comparison with SCAFFOLD [26] and VRL-
SGD in [36]. From an algorithmic standpoint, in
comparison to the SCAFFOLD method proposed in [26]
, in addition to the fact that we use compressed sig-
nals to further reduce the communication overhead, we
would like to highlight that our algorithm is much sim-
pler and does not require any extra control variable (see
Eq. (4) and Eq. (5) in [26] for more details). Also, since
we do not use an extra control variable, the extension
of our convergence analysis to the case where a subset
of devices participate at each communication round
is straightforward and for clarity, we do not include
analysis with device sampling. Yet, we shall study the
impact of device sampling empirically (see Figure 5
in Section 6 and Algorithm 4 in Appendix B.1). In
comparison to [36] which employs an explicit variance
reduction component, if we let Q(x) = x (case of no
quantization), our algorithm reduces to a generaliza-
tion of algorithm in [36] with distinct local and global
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Algorithm 2: FedCOMGATE(R, τ, η, γ)
Inputs: Number of communication rounds R,
number of local updates τ , learning rates γ and η,
initial global model w(0), initial gradient tracking
δ
(0)
j = 0, ∀j ∈ [m]

for r = 0, . . . , R− 1 do
for each client j ∈ [m] do in parallel

Set w(0,r)
j = w(r)

for c = 0, . . . , τ − 1 do
Set d̃

(c,r)

j,q = g̃
(c,r)
j − δ(r)j where

g̃
(c,r)
j , ∇fj(w(c,r)

j ;Z(c,r)
j )

w
(c+1,r)
j = w

(c,r)
j − η d̃

(c,r)

j,q

end
Device sends ∆

(r)
j,q = Q((w(r) −w(τ,r)

j )/η)
to the server
Device updates
δ
(r+1)
j = δ

(r)
j + 1

τ (∆
(r)
j,q −∆(r)

q )
end
Server computes ∆(r)

q = 1
m

∑m
j=1 ∆

(r)
j,q and

broadcasts back to all devices
Server computes w(r+1) = w(r) − ηγ∆(r)

q and
broadcasts to all devices

end

learning rates. We note that for the case of γ = 1
and Q(x) = x the FedCOMGATE(τ, η, γ = 1) reduces to
the federated algorithm proposed in [36] with minor
distinction that our algorithm’s output is the global
model at the server.

5 Convergence Analysis

Next, we present the convergence analysis of our pro-
posed methods. First, we state our assumptions.

Assumption 1 (Smoothness and Lower Bounded-
ness). The local objective function fj(·) of jth de-
vice is differentiable for j ∈ [m] and L-smooth, i.e.,
‖∇fj(u) − ∇fj(v)‖ ≤ L‖u − v‖, ∀ u,v ∈ Rd. More-
over, the optimal value of objective function f(·) is
bounded below by f∗ = minw f(w) > −∞.

Assumption 2. The output of the compression opera-
tor Q(x) is an unbisased estimator of its input x, and
and its variance grows with the squared of the squared
of `2-norm of its argument, i.e., E[Q(x)|x] = x and
E[‖Q(x)− x‖2|x] ≤ q ‖x‖2 .

Assumptions 1-2 are customary in the analysis of meth-
ods with compression, and they will all be assumed
in all of our results. We should also add that several
quantization approaches and sparsification techniques
satisfy the condition in Assumption 2. For examples of
such compression schemes we refer the reader to [5,21].
We report our results for three different class of loss

functions: (i) nonconvex (ii) convex (iii) non-convex
Polyak-Łojasiewicz (PL). Indeed, as any µ-strongly
convex is µ-PL [25], our results for the PL case auto-
matically hold for strongly convex functions.

5.1 Convergence of FedCOM in the
homogeneous data distribution setting

Now we focus on the homogeneous case in which the
stochastic local gradient of each worker is an unbiased
estimator of the global gradient.
Assumption 3 (Bounded Variance). For all j ∈ [m],
we can sample an independent mini-batch Zj of size
|Z(c,r)
j | = b and compute an unbiased stochastic gra-

dient g̃j = ∇fj(w;Zj),EZj [g̃j ] = ∇f(w) = g. More-
over, their variance is bounded above by a constant σ2,
i.e., EZj

[
‖g̃j − g‖2

]
≤ σ2.

In the following theorem, we state our main theoretical
results for FedCOM in the homogeneous setting.
Theorem 5.1. Consider FedCOM in Algorithm 1. Sup-
pose that the conditions in Assumptions 1-3 hold. If
the local data distributions of all users are identical
(homogeneous setting), then we have

• Nonconvex: By choosing stepsizes as η =
1
Lγ

√
m

Rτ(q+1) and γ ≥ m, the sequence of iter-

ates satisfies 1
R

∑R−1
r=0

∥∥∇f(w(r))
∥∥2
2
≤ ε if we set

R = O
(
1
ε

)
and τ = O

(
q+1
mε

)
.

• Strongly convex or PL: By choosing stepsizes
as η = 1

2L( qm+1)τγ
and γ ≥ m, we obtain the iter-

ates satisfy E
[
f(w(R))−f(w(∗))

]
≤ ε if we set R =

O
((

q
m + 1

)
κ log

(
1
ε

))
and τ = O

(
q+1

m( qm+1)ε

)
.

• Convex: By choosing stepsizes as η = 1

2L( qm+1)τγ
and γ ≥ m, we obtain that the iterates sat-
isfy E

[
f(w(R)) − f(w(∗))

]
≤ ε if we set R =

O

(
L(1+ q

m )
ε log

(
1
ε

))
and τ = O

(
(q+1)2

m( qm+1)
2
ε2

)
.

Theorem 5.1 characterizes the number of required local
updates τ and communication rounds R to achieve an
ε-first-order stationary point for the nonconvex setting
and an ε-suboptimal solution for convex and strongly
convex settings, when we are in a homogeneous case.
A few important observations follow. First, in all three
results the dependency of τ and R on the variance of
compression scheme q is scaled down by a factor of 1/m.
Hence, by cooperative learning the users are able to
lower the effect of the noise induced by the compression
scheme. Second, in all three cases, the number of local
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Objective function

Reference Nonconvex PL/Strongly Convex General Convex

Local-SGD [14] − R = O
((

1
ε

) 1
3

)
τ = O

(
1
mε

) −

Local-SGD [27] − R = O
(
mκ log

(
1
ε

))
τ = O

(
1
m2ε

) R = O
(
m
ε

)
τ = O

(
1
m2ε

)
Local-SGD [60]

R = O
(
m
ε

)
τ = O

(
1
m2ε

) − −

Theorem 5.1
R = O

(
1
ε

)
τ = O

(
1
mε

) R = O
(
κ log

(
1
ε

))
τ = O

(
1
mε

) R = O
(
1
ε

log
(
1
ε

))
τ = O

(
1
mε2

)

Table 3: Comparison of FedCOM with results that use
periodic averaging but do not utilize compression, i.e.,
q = 0, in the homogeneous setting.

updates τ required for achieving a specific accuracy is
proportional to 1/m. In the homogeneous setting, this
result is expected since we have m machines and the
number of samples used per local update is m times of
the case that only a single machine runs local SGD. As
a result, the overall number of required local updates
scales inversely by the number of machines m. Third,
in all three cases, the dependency of communication
rounds R on the required accuracy ε matches the num-
ber of required updates for solving that problem in
centralized deterministic settings. For instance, in a
centralized nonconvex setting, to achieve a point that
satisfies ‖∇f(w)‖2 ≤ ε we need O(1/ε) gradient up-
dates for deterministic case and O(1/ε2) SGD updates
for the stochastic case. It is interesting that running
τ = O(1/ε) local updates controls the noise of stochas-
tic gradients and the number of communication rounds
R = O(1/ε) stays same as the centralized deterministic
case. Similar observations hold for convex (upto a log
factor) and strongly convex cases.

Remark 2. While the bound obtained in Theorem 5.1
for general non-convex objectives indicates that achiev-
ing a convergence rate of ε requires R = O

(
q+1
ε

)
com-

munication rounds with τ = O
(

1
mε

)
local updates, in

Remark 7 in Appendix D, we show that the same rate
can be achieved with R = O

(
1
ε

)
and τ = O

(
q+1
mε

)
.

Hence, the noise of quantiziation can be compensated
with higher number of local steps τ .

Remark 3. The results for FedCOM improve the com-
plexity bounds for other federated leaning methods with
compression (in the homogeneous setting) that are pro-
posed in [48] and [5]. Check Table 1 for more details.

Remark 4. To show the tightness of our result for
FedCOM, we also compare its results with schemes with-
out compression, q = 0, developed for homogeneous
settings, shown in Table 3. As we observe, the number
of required communication rounds for FedCOM without
compression in convex, strongly convex, and nonconvex
settings are smaller than the best-known rates for each
setting by a factor of 1

m .

Figure 1: The error of quantization measured by As-
sumption 5 for FedCOMGATE with the MNIST dataset
applied to a MLP model. We quantized updates ∆js
from 32 bits floating-point to 8 bits integer.

5.2 Convergence of FedCOMGATE in the data
heterogeneous setting

Next, we report our results for FedCOMGATE in the het-
erogeneous setting. We consider a less strict assumption
compared to Assumption 3, that the stochastic gradi-
ent of each user is an unbiased estimator of its local
gradient with bounded variance.

Assumption 4 (Bounded Variance). For all j ∈ [m],
we can sample an independent mini-batch Zj of size
|Zj | = b and compute an unbiased stochastic gradient
g̃j = ∇fj(w;Zj),Eξ[g̃j ] = ∇fj(w) = gj. Moreover,
the variance of local stochastic gradients is bounded
above by a constant σ2, i.e., Eξ

[
‖g̃j − gj‖2

]
≤ σ2.

Assumption 5. The compression scheme Q for
the heterogeneous data distribution setting satis-
fies the following condition EQ[‖ 1

m

∑m
j=1Q(xj)‖2 −

‖Q( 1
m

∑m
j=1 xj)‖2] ≤ Gq.

The condition in Assumption 4 is not strict and only
ensures that the local stochastic gradients are unbiased
estimators of local gradients with bounded variance.
Regarding Assumption 5, for the case of no compression,
Q(x) = x, the compression error becomes naturally
Gq = 0. We highlight that this assumption is only
needed in the heterogeneous setting, and since both
of the terms in the argument of expectation depend
on the quantization, this assumption can be seen as a
weaker version of the gradient diversity assumptions
in the convergence analysis of heterogeneous settings.
To show how this assumption holds in practice, refer
to Figure 1 in Appendix B.2. we run an experiment
on the MNIST dataset using FedCOMGATE algorithm
with quantizing gradients from 32 bits floating-point
to 8 bits integer. In Figure 1 we plot changes in Gq
quantity through this experiment. It shows that Gq
is decreasing as we proceed with the training, simply
because the `2-norm of the updated vector is going
to zero. Note that the quantity of Gq could be even
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Objective function

Reference Nonconvex PL/Strongly Convex General Convex

SCAFFOLD [26]
R = O

(
1
ε

)
τ = O

(
1
mε

) R = O
(
κ log

(
1
ε

))
τ = O

(
1
mε

) R = O
(
1
ε

)
τ = O

(
1
mε

)
Local-SGD [27] − −

R = O
(

1
ε1.5

)
τ = O

(
1

mε0.5

)
VRL-SGD [36]

R = O
(
m
ε

)
τ = O

(
1
m2ε

) − −

Theorem 5.2
R = O

(
1
ε

)
τ = O

(
1
mε

) R = O
(
κ log

(
1
ε

))
τ = O

(
1
mε

) R = O
(
1
ε

log
(
1
ε

))
τ = O

(
1
mε2

)

Table 4: Comparison of FedCOMGATE with results that
use periodic averaging but do not utilize compression,
i.e., q = 0, in the heterogeneous setting. While SCAF-
FOLD [26] requires to communicate 2 vectors to the
server in the uplink, other algorithms only communi-
cate 1 vector.

negative as illustrated in Figure 1. For more details on
the experiment see Section 6.

Next, we present our main theoretical results for the
FedCOMGATE method in the heterogeneous setting.

Theorem 5.2. Consider FedCOMGATE in Algorithm 2.
If Assumptions 1, 2, 4 and 5 hold, then even for the
case the local data distribution of users are different
(heterogeneous setting) we have

• Non-convex: By choosing stepsizes as η =
1
Lγ

√
m

Rτ(q+1) and γ ≥ m, we obtain that the it-

erates satsify 1
R

∑R−1
r=0

∥∥∇f(w(r))
∥∥2
2
≤ ε if we set

R = O
(
q+1
ε

)
and τ = O

(
1
mε

)
.

• Strongly convex or PL: By choosing stepsizes
as η = 1

2L( qm+1)τγ
and γ ≥

√
mτ , we obtain that

the iterates satisfy E
[
f(w(R))−f(w(∗))

]
≤ ε if we

set R = O
(
(q + 1)κ log

(
1
ε

))
and τ = O

(
1
mε

)
.

• Convex: By choosing stepsizes as η = 1
2L(q+1)τγ

and γ ≥
√
mτ , we obtain that the iterates sat-

isfy E
[
f(w(R)) − f(w(∗))

]
≤ ε if we set R =

O
(
L(1+q)

ε log
(
1
ε

))
and τ = O

(
1
mε2

)
.

The implications of Theorem 5.2 are similar to the
ones for Theorem 5.1. Yet, unlike the homogeneous
setting, the compression variance q does not scale down
by a factor of 1/m. We emphasize that similar to the
homogeneous case, in all three cases, the dependency
of R on ε matches the number of required update for
solving the problem in centralized fashion.

Remark 5. To show the tightness of our result for
FedCOMGATE, we also compare its complexity bounds
with other schemes without compression, q = 0, for het-
erogeneous settings, summarized in Table 4. As it can

be observed in all settings, the bound for FedCOMGATE
without compression (FedGATE) matches the best-known
complexity bounds for these settings (upto a log factor).

Remark 6. We highlight that since we do not need to
communicate control variate in uplink, the communica-
tion cost of our algorithm is half of the corresponding
cost in SCAFFOLD. Yet, for downlink communica-
tion, similar to SCAFFOLD our communication cost
is doubled compared to FedAvg due to gradient tracking.
However, we emphasize that in general communication
cost of broadcasting a message is much cheaper than
uplink communication.

6 Experiments

In this section, we empirically validate the performance
of proposed algorithms. We compare our methods with
FedAvg [43], its quantized version, FedPAQ [48], and
SCAFFOLD [26] for heterogeneous federated learning.
In addition, we present a variant of our algorithm with-
out compression dubbed as FedGATE. The details of
FedGATE is described in Algorithm 3 in Appendix B.1.
Also, a variant of our algorithm with client sampling is
presented in Algorithm 4 in Appendix B.1. In addition
to what is presented here, in Appendix B.2, we explore
the effects of client sampling, local computation, quan-
tization and sparsification on the convergence of our
proposed algorithms.

Setup. We implement our algorithms on the
Distributed library of PyTorch [45], using Message
Passing Interface (MPI), in order to simulate the real-
world collaborative learning scenarios such as the one
in federated learning. We run the experiments on a
HPC cluster with 3 Intel Xeon E5-2695 CPUs, each
of which with 28 processes. For this experiment we use
four main datasets: MNIST [1], CIFAR10 [31], Fashion
MNIST [66] and EMNIST [9]. For each experiment, we
have 100 devices communicating with the server. Each
experiment runs for 100 rounds of communication be-
tween clients and the server, and we report the global
model loss on the training data averaged over all clients
and the test accuracy over the global model. For MNIST
and Fashion MNIST we use an MLP model with two
hidden layers, each with 200 neurons with ReLU activa-
tions. For the CIFAR10 dataset, we use the same MLP
model, each layer with 500 neurons. For the learning
rate, we use a decreasing scheme similar to what is
suggested in [7], where after each iteration the learn-
ing rate decreases 1%. Then, each experiment’s initial
learning rate is tuned to achieve the best performance.

Homogeneous data distribution. The FedCOM al-
gorithm is best suited for the homogeneous case, while
in the heterogeneous setting it suffers from a resid-
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(a) Homogeneous (b) Heterogeneous

Figure 2: Comparing Algorithm 1 and Algorithm 2 for homogeneous and
heterogeneous data distributions of the MNIST dataset. In heterogeneous
distribution, FedCOM suffers from a residual error.

Figure 3: Communication cost at
each round for the CIFAR10 dataset
with a 2-layer MLP.

ual error. That is why we use gradient tracking in
the FedCOMGATE algorithm. This error can be seen in
Figure 2 for MNIST data, where in Figure 2(a) data
is distributed homogeneously among devices, and in
Figure 2(b) each device has access to only 2 classes in
the dataset. The results indicate that we need gradient
tracking in FedCOMGATE to deal with heterogeneity.

Heterogeneous data distribution. To generate
heterogeneous data that resembles a real federated
learning setup, we will follow a similar approach as
in [43]. In this regard, we will distribute the data
among clients in a way that each client only has data
from two classes, which is highly heterogeneous. The
idea behind FedCOMGATE is similar to the one in SCAF-
FOLD, except in FedCOMGATE we only have one control
variable that gets updated using normal updates in
FedAvg. In contrast, SCAFFOLD has two control vari-
ables and requires to update the global model and
server control variable at each round. Hence, each
client in SCAFFOLD communicates at least twice the
size as FedCOMGATE with the server at each round, when
we do not use any compression. With compression, say
4× quantization, we can substantially reduce the com-
munication cost, say 8×, with respect to SCAFFOLD,
while preserving the same convergence rate. To com-
pare their communication cost, in Figure 3 we show the
size of variables each client in each algorithm commu-
nicates with the server (for the uplink only, since the
broadcasting or downlink time is negligible compared
to the gathering) for the CIFAR10 dataset with an MLP
model that has 2 hidden layers, each with 500 neurons.
For FedCOMGATE and FedPAQ we quantize the updates
from 32 bits floating-point to 8 bits integer.

To show the effect of this communication size on the
real-time convergence of each algorithm, we run each of
them on the MNIST and the CIFAR10 datasets with MLP
models as described before. The data is distributed
heterogeneously among clients, where each one has ac-
cess to only 2 classes. Figure 4(a) shows the global

model loss on training data on each communication
round. FedAvg and FedPAQ are very close to each
other on eacc, whereas FedCOMGATE, its normal version
without compression FedGATE, and SCAFFOLD are
performing similarly based on communication rounds.
Figure 4(b) shows this loss based on the average num-
ber of bits communicated between each client and the
server during the uplink. Also, Figure 4(c) shows the
test accuracy based on this number of communicated
bits. Both figures clearly demonstrate the effectiveness
of proposed algorithms. Especially, the FedCOMGATE al-
gorithm superbly outperforms other algorithms where
the model size is relatively large.

Client sampling In this section we assume that only
k ∈ (0, 1] portion of the users in the networks are active
and exchange information with the server at each round.
Indeed, a lower value of k implies that less nodes are
active at each round and therefore the communication
overhead is lower. However, it could possibly lead to
a slower convergence rate and extra communications
rounds to achieve a specific accuracy. We formally
study the effect of k on the convergence of FedCOMGATE
and its version without compression FedGATE and com-
pare their performance with other federated methods
with and without compression in Figure 5. As it can be
inferred, when we decrease the k or the participation
rate, generally, the performance of the model degrades
with the same number of communication rounds. How-
ever, the amount of degradation might vary among
different algorithms. As it is depicted in Figure 5, the
proposed FedCOMGATE algorithm and its unquantized
version, FedGATE, are quite robust against decreasing
the participation rate between clients with respect to
other algorithms such as SCAFFOLD and FedPAQ.

An important difference between algorithms proposed
in this work (such as FedCOMGATE) and SCAFFOLD is
in their performance when not all clients are active at
each round of communication. Since in SCAFFOLD
gradient tracking needs to be performed both locally
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(a) (b) (c)

Figure 4: Comparing FedCOMGATE and FedGATE with FedAvg [43], FedPAQ [48], and SCAFFOLD [26] on the
MNIST (first row) and the CIFAR10 (second row) datasets. Both FedCOMGATE and FedGATE outperform other
algorithms in terms of communication size between clients and the server and convergence rate.

(a) MNIST Dataset (b) CIFAR10 Dataset

Figure 5: Comparing the effect of sampling on different algorithms. We use two datasets: the MNIST and the
CIFAR10 datasets. We use an MLP with 2 layers, with 200 neurons per layer for the MNIST, and 500 neurons per
layer for the CIFAR10. FedGATE and FedCOMGATE seem to be more robust against client sampling.

and globally at each round of communication, its per-
formance could highly depend on the availability of
control variate in all devices. This can lead to poor
performance for SCAFFOLD when the rate of partic-
ipation of clients at each round is low (as illustrated
in Figure 5). This could be due to stale local control
variate and new global control variate that degrade
the performance of the algorithm. On the other hand,
in our proposed algorithms, the gradient tracking pa-
rameter is only performed locally, and hence, the drop
in the performance is much smaller than SCAFFOLD.
Therefore, we think this property makes the proposed
algorithms suitable for cross-device scenarios as well as
cross-silo ones, whereas SCAFFOLD is more suitable
for cross-silo scenarios, and not cross-device ones.

7 Conclusion

In this paper we introduced a set of algorithms for feder-
ated learning which lower the communication overhead
by periodic averaging and exchanging compressed sig-
nals. We considered two separate settings: (i) homoge-
neous setting in which all the probability distributions
and loss functions are identical; and (ii) heterogeneous
setting wherein the users’ distributions and loss func-
tions could be different. For both cases, we showed
that our proposed methods both theoretically and nu-
merically require less communication rounds between
server and users compared to state-of-the-art federated
algorithms that use compression.
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