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A PROOFS OF MAIN THEOREMS

A.1 Proof of Theorem 1

We fix t = ¢(n,A) > 0 to a positive value depending on A and n that will be determined later. We define the
following events:

1. For i € [n], B; is the event that K\; is non-singular and
yiy<iK\_i1Z\iAzi > 1.
2. For i € [n], S; is the event that K\; is singular.

3. S is the event that K is singular.
4. B: =S U U?:l(Bl U SZ)
Additionally, we define the event &;(t), for every i € [n] and a given ¢ > 0, that K\; is non-singular and
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Note that if the event B does not occur, then ZAZ" is non-singular, each K \i is non-singular, and
yiy{iK\filZ\iAzi <1, foralli=1,...,n.

Hence, by Lemma 1, if B does not occur, then every training example is a support vector.

So, it suffices to upper-bound the probability of the event B. We bound Pr(B) as follows:
Pr(B) < Pr(S)+ Y _Pr(B;US)
i=1

= Pr(S) + En: (Pr((B: NS¢ N E()) U (Si N &)%) + Pr((B; US:) NE(t)))

i=1

< PI‘(S) + i (PI‘(Bl | Sf N 51(t)c) PI‘(SZC n El(t)c) + PI‘(Sl n Sl(t)c) + PI‘((BZ U Sl) n Sl(t)))

=1

<Pr(S) + Zn: (Pr(B; | 8§ N&;(t)°) 4+ Pr(S;) + Pr(&(t))) - (7)

Above, the first two inequalities follow from the union bound, and the rest uses the law of total probability.

We first upper bound the probability of the singularity events in the following lemma.

Lemma 2. We have

v

do  dso
max{Pr(S),Pr(S1),...,Pr(S,)} <2-9" -exp (—c - min {;, })
v
where ¢ > 0 is the universal constant in the statement of Lemma 8.

Proof. Tt suffices to bound Pr(S), since each K\; is a principal submatrix of K, and hence Apin(K\;) > Amin (K)
for all ¢ € [n]. Observe that

d
ZJXZT = Z )\j’l)j'l)}
j=1
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where v; is the 4 column of Z. Recall that the columns of Z are independent, and so these vectors satisfy the
conditions of Lemma 8. Moreover, since ZAZ" is positive semi-definite, its singularity would require

|ZAZ" — X[ I||, > [IA]]s-

The probability of this latter event can be bounded by Lemma 8 with 7 = ||Al|1, thereby giving the claimed
bound on Pr(S). This completes the proof of the lemma. O

The next lemma upper bounds the probability of the event B; conditioned on the non-singularity event S; and
the complement of the event &;(t).

Lemma 3. For anyt > 0,
t
PI‘(Bz ‘ S,LC ﬂ&(t)c) < 2€Xp <—2v) .

Proof. Let Bj be the event that K\; is non-singular and
‘y{iK\_ilZ\iAzi’ = max {—y{iK\_ilZ\iAzi, y{iK\_ilZ\iAzi} >1.
Since |y;| = 1, it follows that B; C B, so
Pr(B; | 8§ N&i(t)°) < Pr(B; | S n&i(t)°).

Conditional on the event S N &;(t)°, we have that K\; is non-singular and ||AZTiK\_i1y\iH§ < 1/t. Since z; is
independent of {(z;,y;) : j # i}, it follows that

y{iK\’ilZ\iAzi = (AZ{iK\’ily\i)Tzi

is (conditionally) sub-Gaussian with parameter at most v - ||AZTiK\7i1y\i||§ < v/t. Then, the standard sub-

Gaussian tail bound gives us

Pr(B; | S N&()°) < Pr(B; | SfN&(t)°) < 2exp (—;v) :

This completes the proof of the lemma. O

Finally, the following lemma upper bounds the probability of the event &;(t) for ¢ := d, /2n.

Lemma 4.

Pr(&(de/(2n))) <2-9" " -exp (—c - min {46122, d;°}>

where ¢ > 0 is the universal constant from Lemma 8.

Proof. Let E/(t) be the event that
Amin (K\;) < nf|A[[oct-
Under Sf, the matrix K\; is non-singular. We get

IAZT K 3 < IAY2)5, 1A 2 20 Ky l13
= Aoyl K ZGAZ K Yy
< | Ao sup uTK\_l.lu

u€eR™—1:||v]|2=1
[ Alloo
Amin (K\;)
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It follows that &;(t) C &/(t). Observe that for ¢ := ds/(2n), the event &/(t) is that where
1
Amin (K\;) < §H>\||1

Therefore (as in the proof of Lemma 2), Lemma 8 with 7 = ||A||;/2 implies that

Pr(El(dne/(20)) = Pr (a0 < 1AL )

<2.9"1.exp [ —c-min ﬁ,dﬁ )
4?2’ v

This completes the proof of the lemma. O

Plugging the probability bounds from Lemma 2, Lemma 3 and Lemma 4 (with ¢ = d/(2n)) into Eq. (7)
completes the proof of Theorem 1. O

A.2 Proof of Theorem 2

The proof follows a similar sequence of steps to that of Theorem 1 with slight differences in the events that we
condition on. We first observe that ﬁzi | (Z\i,y\;) is a uniformly random unit vector in Sa=1 restricted to the

subspace orthogonal to the row space of Z\;. That is, it has the same (conditional) distribution as B;u,, where:

1. B;isad X (n—d+ 1) matrix whose columns form an orthonormal basis for the orthogonal complement of
Z\;’s Tow space;

2. u,; is a uniformly random unit vector in S4".

As before, for every i € [n], we define the event B; that K\, is non-singular and
yz'y{iK\_iIZ\iAZz' > 1.

The Haar measure ensures that the matrices Z and Z\; always have full row rank. Therefore, because A = 0,
the matrices K and K\; are always non-singular. So we do not need to worry about singularity (c.f. the events
S and ;). We accordingly consider the event B := [J;_, B;. As before, we also define the event &;(t) for every
i € [n] and a given ¢t > 0, that

d—n+1 1

||BzTAZTiK\7i1y\z’H§ > ] ;-

By the union bound, we get
Pr(B) <> Pr(B))
i=1
<Y Pr(Bi | E(1)°) + Pr(&i(t)),
i=1

and so we need to upper bound the probabilities Pr(B; | &;(t)¢) and Pr(&;(t)) for every i € [n].
The following lemma upper bounds Pr(B; | £;(¢)¢), and is analogous to Lemma 3 in the proof of Theorem 1.

Lemma 5. For anyt > 0, we have

Pr(B;|€:(t)) < 2exp (—t).
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Proof. First, as discussed above, we have

\i \i

<Pr (\/g|(B{AZTiK\_ily\i)Tui| > 1) .

Pr (yiy{iK_lz\iAzi > 1) —Pr (\/& iy K Z\ ABu; > 1)

Moreover, u; is independent of Z\;, and as established in Lemma 9, the random vector u; is sub-Gaussian with

parameter at most O(1/(d —n + 1)). Therefore, v/d - (BZTAZTiK\_ily\i)Tui is conditionally sub-Gaussian with
d

parameter at most y—t— || B;AZ{,K \_l-ly\i 13 < 1. Here, the last inequality follows because we have conditioned

on &;(t)¢. Therefore, the standard sub-Gaussian tail bound gives us

Pr (B; | &(t)°) < 2exp (—t). O

The next lemma upper bounds Pr (&;(t)) for ¢ := =0+l . 4

%2, and is analogous to Lemma 4 in the proof of
Theorem 1.

Lemma 6. We have

— 1
Pr <€i (CZZ—F . C;m)) <exp(—c;-d)+2-9"-exp (—02 - min{ds, doo})
n

where ¢c; > 0 and co > 0 are universal constants.

Proof. We get
IBIAZ K yls < IBIIS - [AZLK w3
= ||AZ<1K\711'!J\ZH§
1Al
B /\min(K\i)7

where we used the fact that B; has orthonormal columns, and the last inequality follows by an identical argument
to the proof of Lemma 4. We will show in particular that

1
Pr (Amin(K\i) > 2||)\||1> >1—exp(—c1-d) —2-9""" - exp(—cy - min{dy, doo }). (8)

Given Eq. (8), we can complete the proof of Lemma 6. This is because we get

2n|AMls 20 d—n+1 1

‘|B;AZTiK7'1y\i|‘S <

\i Al de 4t
for
. d—n+1 dﬁ
o d 2n

We complete the proof by proving Eq. (8). Let 8 € R™*¢ be a random matrix with iid standard Gaussian
entries with m := n — 1, and let the singular value decomposition of § be § = VAsU" where V € R™*™ and
U € R*™ are orthonormal matrices. Then, it is well-known that v/d - U™ follows the same distribution as Z \i>

and hence Apin(K\;) has the same distribution as d - )\min(UTAU). Moreover,

d- Amin(U'AU) = Rm”in” (V' As WIVASU AUASVVAG Y
vER™,||v|2=
L . min UTSAST’U
~ [[As2, verm fvlla=1
d
= : )\min(SAST).

sz,
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By classical operator norm tail bounds on Gaussian random matrices (e.g., Vershynin, 2010, Corollary 5.35),
we note that |Ag||3 < 2d with probability at least 1 — exp(—ci - d). Now, we note that the matrix SAS" :=
Z;l=1 AjS; s} where the s;’s are iid standard Gaussian random vectors in R™. So, we directly substitute Lemma 8
with 7 := 1[|A[]1, and get Amin(SAS™) > 2| A|l; with probability at least 1 — 2 - 9™ - exp(—cz - min{dz, deo }).
Putting both of these inequalities together directly gives us Eq. (8) with the desired probability bound, and
completes the proof. O

Finally, putting the high probability statements of Lemma 5 and Lemma 6 together completes the proof of
Theorem 2.

A.3 Proof of Theorem 3

By Lemma 1, our task is equivalent to lower-bounding the probability that there exists ¢ € [n] such that
yly< ,(Z \iZ{i)_l Z\;z; > 1. This event is the union of n (possibly overlapping) events, and hence its probability
is at least the probability of one of the events, say, the first one:

Pr (Hi € [n] s.t. yiy{iK\_;Z\izi > 1) >Pr (yly{lK\_llZ\lzl > 1) .
Because z; is a standard Gaussian random vector independent of Z\;, the conditional distribution of

yly{1K<11Z\1z1 | Z\; is Gaussian with mean zero and variance o? := ||Z{1K\711y\1||§. Therefore, for any
t > 0, we have

Pr (yly{lK\—fz\lzl > 1) - [Pr (0g>1] 0)} (where g ~ N(0,1), g L o)
—E [0 (-1/0)]
>E[0(<1/0) | 0® 2 1/t] Pr (o > 1/t)
> &(—Vt) - Pr(&i(1)),

where @ is the standard Gaussian cumulative distribution function, and & (¢) is the event that

_ _ _ 1
o’ = y\1K\1lz\1Z{1K\1ly\1 = y\1K\11?J\1 > n

(as in the proofs of Theorem 1 and Theorem 2). We now lower-bound the probability of & (t). Observe that the
(n —1) x (n — 1) random matrix K\; = Z\;Z\, follows a Wishart distribution with identity scale matrix and

d degrees-of-freedom. Moreover, by the rotational symmetry of the standard Gaussian distribution, the random

variable y{lK\_lly\l has the same distribution as that of (v/n — 161)TK\_11(\/77, —le;) =(n— 1)e{K\_1lel. It is

known that 1/e] K \_1161 follows a x? distribution with d — (n — 2) degrees-of-freedom; we denote its cumulative
distribution function by Fy_, 2. Therefore,

Pr(61()) = Fa—nya(t(n — 1).

So, we have shown that

Pr (yly{lK\*fz\lzl > 1) > sggfb(—\/f) Fynaa(t(n —1)).
t>

For ¢ := % Vd—nt2 e obtain Fy_,42(t) > 1 —1/e by a standard x? tail bound (Laurent and Massart,

1
2000, Lemma 1). In this case, we obtain

d—n+4+2v/d—n-+2 < 1>

1- =
n—1

Pr (yly{lK\*fZ\lzl > 1) >0 \/ .

as claimed. O
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B ANISOTROPIC VERSION OF THEOREM 3

Below, we give a version of Theorem 3 that applies to certain anisotropic settings, depending on some conditions
on A.

Theorem 4. There are absolute constants ¢ > 0 and ¢’ > 0 such that the following hold. Let the training data
(T1,Y1)y- - (Tn,Yn) follow the model from Section 2.2, with z1,...,z, being iid standard Gaussian random
vectors in R, and y1, ..., yn € {£1} being arbitrary but fized (i.e., non-random) values. Assume d > n and that
there exists k € N and b > 1 such that k < (n —1)/c and

d
DY

D imkt1 A <b(n—1)

Akt

where A\ > Ao > -+ > A\g. Then the probability that at least one training example is not a support vector is at

least
/ _[2cb?(n—1) 10— (n=1)/c
¢ D < Ve (1 10e )

where @ is the standard Gaussian cumulative distribution function.

Note that the probability bound in Theorem 4 is at least a positive constant for sufficiently large n provided
that the (k,b) obtained as a function of A satisfy k + 1 > ¢”b?(n — 1) for some absolute constant ¢/ > 0.

Proof. The proof begins in the same way as in that of Theorem 3. Using the same arguments, we obtain the
following lower bound:

Pr (32' € [n] st gyl K 2 Az > 1) > Pr <y1y{1K\qlz\1Az1 > 1)
> ®(—Vt) - Pr(&i(t) (10)

where &1 (¢) is the event that

21
T -1
[aztxiival, 2 5
We next focus on lower-bounding the probability of &;(¢). (This part is more involved than in the proof of
Theorem 3.) Observe that the (rotationally invariant) distribution of Z\; is the same as that of QZ\;, where
Q is a uniformly random (n — 1) x (n — 1) orthogonal matrix independent of Z\;. Therefore, AZ{; K 71y\1 has
the same distribution as

AQZ\1)(QZ\\AZ,Q") 'y\y = AZ,Q"Q(Z\AZ,) "' Q Ty,

- \/ﬁAZ{l K\fllu
where u := QTy\l/\/m is a uniformly random unit vector, independent of Z\;. Letting M := AZ{lK\_ll,
we can thus lower-bound the probability of &£ (t) using
Pr(&(1) = Pr (Vi — IMul3 > 1/t)
> Pr (WmMqu > 1/t | tr (M™M) > 2/t) - Pr (tr (MTM) > 2/t). (11)

We lower-bound each of the probabilities on the right-hand side of Eq. (11).

We begin with the first probability in Eq. (11), which we handle for arbitrary ¢ > 0. By the Paley-Zygmund
inequality, we have

1 E Ilva=1 1Mu||§r
L OE[lva—IMul3]

1
pr (VA= TMul} >y [IVa— TMulg] | 22,) = (12)
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Since v/n — lu is isotropic, we have
E[|vn - 1Mul? | Z\l} = (n—1)tr (M"ME [uu"]) = tr (M"M).
Furthermore, by Lemma 9,
E ||Vn = 1Mul}| Z\] < Ctr (M M)
for some universal constant C' > 0. Therefore, plugging back into Eq. (12), we obtain

tr(M'M)° 1

1 1
Pr{|[vVn—1Mu|?>=tr(M"M)|Z\,|>> ———7 _ )
(v aul > S ran 2, ) = - SRR =

Thus we also have the following for arbitrary ¢ > 0:

Pr (Vi — IMull3 > 1/t | tr (MTM) > 2/t) > % (13)

We next consider the second probability in Eq. (11), namely Pr (tr (M "M) > 2/t). Recall that we assume there
exists k < (n —1)/c and b > 1 such that

d
L A
E:J)T::'lljgb(nl)' (14)
: L 2cb2(n—1)
We claim that for ¢ := —,
2
Pr (tr (M™M) > t) >1— 10e—(n=D/c (15)

Indeed, this claim follows from Lemma 16 of (Bartlett et al., 2020), where their matrix C is our matrix MM,
except our matrix is (n — 1) x (n — 1) instead of n X n, and their matrix X is our matrix A; see the definitions
in their Lemma 8. The universal constant ¢ > 0 in their lemma is the same as ours, and Eq. (14) is precisely
their condition r,(X) < b(n — 1) (with the same k and b). Therefore, the conclusion of their lemma implies, in
our notation, that with probability at least 1 — 10e~(»—1)/¢,

k+1 2

tr(M™M) > ———— = ~.
r )_cb2(n—1) t

This proves the claimed probability bound.

We conclude from Eq. (10), Eq. (11), Eq. (13), and Eq. (15), that the probability that at least one training
example is not a support vector is bounded below by

Cb2 n— 1 —(n— c
o _,/%Jrll) ~—-<1—10e( 1)/)
4C
as claimed. n

C TIGHTNESS OF ARGUMENT IN THEOREM 3

We show below that our bound on Pr (y; y, K \711 Z\,z1 > 1) from the proof of Theorem 3 is essentially tight. This
means that in order to improve our converse result, we cannot only improve our bound on the aforementioned
probability. It seems important to be able to handle simultaneously the conditions corresponding to multiple
training examples, which our present arguments do not do. In particular, resolving this gap would require
reasoning about whether the indicator random variables, that the conditions are violated, are highly correlated
or not. If they are, we should expect the phase transition to happen at d ~ n (as predicted by the converse); if
they are not, we should expect the phase transition to happen at d ~ nlogn (as predicted by the upper bound).
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Carrying over the notation from the proof above, we have the following upper-bound:

Pr (yly{1K\_11Z\1Z1 > 1) =E ((I) (—1/0))
<1i - .
_gﬂﬂ\@+H@@”
The last step follows by the law of total probability, and noting that ®(—z) is a decreasing function in x as well

as being bounded above by one. We will bound the second term for a suitable choice of ¢t. Recall that & (t) is
the event that

ol =y Ky >

Observe that o2 < #, where the (n — 1) x (n — 1) random matrix K\; = Z\;Z\, follows a Wishart

distribution with identity scale matrix and d degrees of freedom. Directly quoting (Vershynin, 2018, Theorem
5.32), we get

Pr (Amn(K\1) < (V= V= 6)) < e/

for any value of & such that 0 < 6 < v/d — \/n. Therefore,

n—1 2
Pro?> ———— | <Pr(Amn(K\) < (Vd—vn—0)?) <e®/2
Assuming d > 4n, we set § := /n and ¢ := %, and obtain

br (yly\TlK\_llz\lz1 2 1) < ®(—Vt) + Pr(&i(1))

\/&—2\/5 —n/2
g@(—ﬁ> +e /2,

which can be directly compared to Eq. (9).
D PROBABILISTIC INEQUALITIES

Lemma 7. Let M € R™*™ be a symmetric matriz, and let N be an e-net of S"~1 with respect to the Euclidean
metric for some € < 1/2, Then

1
[|M]|2 < T max |lu" Mu|.

Proof. See (Vershynin, 2010, Lemma 5.4). O
Lemma 8. There is a universal constant ¢ > 0 such that the following holds. Let A1,...,Aq > 0 be given. Let
v1,...,0q be independent random vectors taking values in R™ such that, for some v > 0,

E(v;) =0, E(v;v}) = I, E(exp(u'v;)) < exp(v|ul|3/2) for all u € R"

forallj=1,...,d. For any T > 0,

72 T
Pr Ajvjvs — | Aidn|| >7| <2-9"-exp | —c-min ,
Z 7 VAL vl Ao

2

d
where [|All1 = 325_1 Aj, IAl|3 = Z A2, and || A]|o = max;eiq) A;.

j=1""
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Proof. Let N be an (1/4)-net of S"~! with respect to the Euclidean metric. A standard volume argument of
Pisier (1999) allows a choice of A with |[A| < 9". By Lemma 7, we have for any ¢ > 0,

d
Pr ZM] —|ALL.|| >7| <Pr Z (u ;) = || A1 > 7/2
) j=1
Next, observe that for any u € S®~!, the random variables u™v1,...,u vy are independent random variables,

each with mean-zero, unit variance, and sub-Gaussian with parameter v. By the Hanson-Wright inequality
of Rudelson and Vershynin (2013) and a union bound, there exists a universal constant ¢ > 0 such that, for any
unit vector u € S~ ! and any 7 > 0,

d
Pr Lnea/\fx Z)\j(uT’Uj)Q — [ Allx

j=1

> 7/2 <29n'eX[) —C - 1min
& 2 5

The claim follows. O

2

Lemma 9. Let 0 be a uniformly random unit vector in S™ 1. For any unit vector u € S™ !, the random
variable u'0 is sub-Gaussian with parameter v = O(1/m). Moreover, for any matrizx M € R™*™  we have

C 2
4

E [||M0||2] <t (MTM)
where C > 0 is a universal constant.

Proof. Let L be a x random variable with m degrees-of-freedom, independent of 6, so the distribution of z := L@
is the standard Gaussian in R™. Let u := E[L] = E[L | 0] = \fr(gzg/lz))m = Q(y/m). By Jensen’s inequality,
for any t € R,

E [exp(tu’8)] = E | exp ;u> (]E[L|0]0)>

It follows that u"@ is sub-Gaussian with parameter v = 1/u? = O(1/m).

Similarly, again by Jensen’s inequality,
ut-E[|M6]3] = E[EL | 6] M6)3]

E
<E |1 M6
E

[IMz3] .
Furthermore, a direct computation shows that
E [|\Mz||§} = 2tr (M"M)?) + tr (M"M)?
<3tr(M™M)>.

The conclusion follows since p* = Q(m?). O



