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Mean-Variance Analysis in Bayesian Optimization under Uncertainty

A  Proofs

A.1 Proof of Lemma 3.1

Proof. Let us consider the following event in Lemma 2.1:
Ve e X, Yw e Q, Vi > 1, |f(z,w) — w1 (@,w)| < 8001 (z, w). (7)
Under the event , the following holds:

Ve e X, VtZl,/

[ (@ wp(w dw</fa: w)p )dw</gut(a:,w)p(w)dw.

This indicates Fi(x) € QgFl)(:c) for all x € X, t > 1 under the event .

Next, we show that Fy(x) € Q£F2) (x) holds for all € X, t > 1 under the event . Let us consider the quantity
f(@, w) — Ey[f(z,w)], which appears in the integrand of Vy,[f (@, w)]. Under the event (7)), the following holds:

Ve e X, YVt > 1, li(z,w) < f(z,w) — By [f(x, w)] < bz, w), (8)

where I (2, w) = Iy(2, w) — Eo [ (@, w)] and @ (2, w) = (@, w) — By [l (2, w)]. Regarding to the integrand of
Vau|f (2, w)], the following inequality holds for all & € X', ¢t > 1 when holds:

I (,w) < {f(,0) = Bulf (@, w)]}* < i (@, 0), (9)
where
0 if I (2, w) < 0 < @y(x, w),
min {l?(a:, w), 2 (x, w)} otherwise

l~,§SQ) (z,w) = {

) (o, w) — max { (2, w), 2, w) )

The inequality @ is derived from the fact that, for any a,b (a <),
a<zr<b=a<az’< b
where
. {0 ifa<0<b,
min{a?,b?} otherwise

b = max{a?, b*}.

Finally, from the monotonicity of square root and the definition of QiFZ)(x), Fy(x) € QEFZ)(a}) holds for all
x € X, t > 1 under the event . From Lemma 2.1 and the definition of f3;, the event . holds with probability

at least 1 — 0. Therefore, with probability at least 1 — 4, Fy(x) € QgFl)(w) and Fy(x) € Q(F2 (z) holds for any
rxe X, t>1. ||

A.2 Proof of Theorem 4.1
From the definition of 8; and Lemma 2.1, the following holds with probability at least 1 — §/3:
VeeX, VweQ, vt > 1, |f(z,w) — pu—1(z, w)| < B:/Zot,l(w,w). (10)

Moreover, we give the following lemma about the confidence bound Q,EG)(:ct):
Lemma A.1. Assume that (@) holds. Then, for any T > 1, it holds that

T
Z{ugc)(a}t) fl,EG)( }< 2a51/22/ o1 (¢, w)p(w)dw

t=1

+(1-a) 8TB61/QZ/@ 1 (g, w d'w+20T[3TZ/at (@, w)p(w)dw,

where B = max(w,w)e(XXQﬂf(:c,w) — Eu[f (2, w)]|.



Proof. From the definition of uﬁG) and l(G), we have

i{uﬁc”( ) — 119 (=, }—aZ{ ) () — 17V (g,) } 1—ai{ 1) (g )}. (11)

t=1

Similarly, from the definition of ug V) and l (F1) , we get the following inequality:

S (@)~ e Z / {ue(e, w) = (e, w)} plw)dw

t=1

< Q,BCIF/ZZ/QUt,l(:Bt,w)p(w)dw. (12)

Here, the last inequality is given by monotonicity of 5;. In addition, noting that the definition of uﬁFZ) and lt(FQ)
we obtain
ugFZ)(mt) - l,EFz)(:ct) = \// ﬂESQ)(mt,w)p(w)dw - \// ZgSQ) (x4, w)p(w)dw
Q Q

< \/ [ {8 @) =19 @) ), (13)

where the last inequality is obtained by using the fact that \/a — Vb < +a—b for any a > b > 0. Furthermore,
we have

ﬂESQ)(azt,w) — [,ESQ)(a:t,w) = max {l~ (xy, w), ﬂf(wt, w)} — min {E(azt,w)ﬂf(mt,w)} + STRg’t(wt, w), (14)

where STRq (@, w) = max {O,min (&t(a:t,w), —it(wt,w))}. Moreover, we define fi;—1(x,w) and ;1 (2, w)
as

fir—1(x, w) = pe—1 (2, w) = By [pre—1 (w, w)],
gi—1(x,w) = op—1(x,w) + By [or—1(x, w)].

Then, [;(x,w) and (2, w) can be expressed as follows:

l(z, w) = fig— (z, w) — ﬁt/25t 1z, w),

U (x, w) = fy—1(x, w) +61/20t 1(x, w).
Here, if [?(x;, w) < @2(x;, w), then we have i, (2, w) > 0 and
max{l?(wt,w),ﬂf(a:t,w)} — min {l?(a:t,w),ﬁf(wt,w)}
- 1/2 ~ 2 g 1/2 ~
= {Mt—1(ﬁct7’w) + B Ut—1($t,w)} - {Mt—1($€'t,’w) =By " o-1(xy, w)

= 4/32/2111&—1 (Cl?t, ’w)ét—1 (ﬁct; w)

2

— 48, i1 (1, ) |51 (1, ).

On the other hand, if I?(@;, w) > 42(x;, w), then we get fi;_ (@, w) < 0 and
max {l?(wt, w), 02 (xy, 'w)} — min {th(il,‘t, w), U2 (xy, w)}
2
= {ﬂt—1(ﬁct,w) - /3151/2515—1(%,10)} - {ﬂt—1($ﬂt,w) + /8151/2515—1(%:’10)}

= —4@51/2,&1:—1 (ﬂit, w)5t—1 (wu 'w)

2

— 48,2 i1 (1, w) |51 (1, ).
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Therefore, in all cases the following equality holds:
max { (@, w), @ (@, w) } = min {B(@y, w), @ (@0, w) } = 482 |1 (w10, 0) |50 1 (21, 0),
Next, since holds, we get f(x, w) — Eq[f(x;, w)] € [I;(x, w), @ (z,w)]. This implies that

(@, w) — Byl f (@, w)] — fiu—1 (2, w)| < 8,5 (2, w).

Hence, we have

f (@, w) — B[ f (2, w)] — fi—1(z,w)| < B °51_1(x, w)
= |fu—1(z,w)| < |f(2,w) — Eyf (@, w)]| + 8761 (2, w)
= |fu_i(z,w)| < B+ 8,751 (2, w).

Thus, the following inequality holds:
max {th(wt, w), 02 (xy, w)} — min {ZNtz(wt, w), 12 (xy, w)}
<4875, _1 (2, w) {B + 5,:1/2575—1(%7111)}
— 4BB %5, (@, w) + 45,57, (@, w). (15)
Moreover, STR¢ +(x¢, w) can be bounded as

Uy (e, w) — Uy (24, w)
2
= 52/26}71(1’15’“7)' (16)

STRo (s, w) <

Hence, from , and , we obtain
ul® q)(wt; ) — lﬁ“‘) (x4, w) < 4555;/25%1(%,10) + 581571 (@, w)
and

/Q{ (q)(wt, )—lgsq)(wt,w)}p(w)dw
<4B,81/2/

; i1 (@, w)p(w)dw + 55; / &f_l(a:t, w)p(w)dw.

Q

In addition, from the definition of &¢_1 (@, w), the following holds:

/&t,l(:ct,w)p(w)dw = Eyloi—1 (s, w)) —|—/ or—1 (¢, w)p(w)dw
Q

Q

= 2/90,5,1(:&, w)p(w)dw,
[ ot @ wpeide = [ o @ wplwie + 2Byl (@w)] [ o(@wp)de - o o)
Q Q

Q

= /9031(%»1U)p(w)dw4r3{/90t1(wt»w)p(W)dW}2
< 4[203_1(wt,w)p(w)dw.

Here, the last inequality is obtained by using Jensen’s inequality and convexity of g(z) = 2. Therefore, we have
[ @ w) - 159 @ 0) | plw)dw
Q

< 8B3Y? /Q o1 (4, w)p(w)dw + 208, /Q o2 (1, w)p(w)dw. (17)



Thus, by using and Schwartz’s inequality for , we get

{uf™ (@) — 1™ (@)}

B

~
Il

1

< STéﬂ;/QZ/ o1 (ze, w dw+2OTBTZ/ o2 | (zy, w)p(w)dw. (18)
Therefore, from , and , we have the desired inequality. |

Next, in order to evaluate ZtT:l Jo ot—1(x, w)dw and 23:1 Jooi_i(x¢, w)dw in the right hand side of the
inequality of Lemma we introduce the following lemma given by [Kirschner and Krause| (2018):

Lemma A.2. Let S; be any non-negative stochastic process adapted to a filtration {F;}, and define my = E[S} |
Fi—1]. Assume that Sy < K for K > 1. Then, for any T > 1, the following holds with probability at least 1 — §:

T T
6K
my < 2 Sy + 8K In —.

Furthermore, from the assumption about the kernel function, we get k((x:, w), (s, w)) < 1 and o—1 (s, w) <
k((x, w), (z¢,w)) < 1. Hence, from Lemma [A.2] with probability at least 1 — §/3, it holds that

18
E <2 E In —. 1
/O't 1 IEt, )d'w O¢—_1 zct,'wt) + 81n 5 ( 9)

t=1

Similarly, the following inequality holds with probability at least 1 — 6/3:

18
Z/Ut 1 (g, w )dw<220t 1 :ct,wt)+81n7. (20)

t=1

In addition, we introduce the following lemma given by [Srinivas et al.| (2010) about the maximum information
gain yr:
Lemma A.3. Fiz T > 1. Then, the following inequality holds:

2

o1 (xe, wi) < T (21)
tzl ST T = 01+ 02)

Moreover, from Schwarz’s inequality and Lemma we get the following inequality:

T
2T
Zat—l(whwt) < m’YT (22)

Thus, from , , and we obtain the following corollary:
Corollary A.1. Assume that (@, (@ and (@) hold. Then, for any T > 1, it holds that

XT:{ (D (2,) = 1D (z,) } < a@/g{ %2T017T+02}

t=1

+(1— a)\/2T3671/2 {\/8TC1’YT + 202} + 5T Br {Civyr + 2Cs},

where Cq = and Cy = 161n 16—8.

16
In(140-2)
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Proof. From Lemma and , it holds that

d a 18
Z{ (G) l(G)( )} < 4045;/2 {th_l(a:t,wt)Jrlllné}

t=1 t=1

T T
- 18 18
+(1—a) 16TB§71,/2{§:gt_l(a:t,'wt)+4ln6}+40T5T{§ af_l(mt,wt)+41n6}. (23)

t=1 t=1

Therefore, by combining , and , we get the desired inequality. |

Finally, we prove Theorem 4.1. Let T > 1, and define 7' = argmaxtzl,_“’Tlt(G)(a:t). Assume that holds.
Then, for any & € X, it holds that G(x) € [IEG)(a:), ugc)(az)]. Thus, for any t' = 1,...,T, we get

G(a") - Glér) < uf (@) — 117 (#1)

= u,E,G) (xp) — ,max l,gG) (@)

< ul () = 1$7 (@),
This implies that

T
Gla®) ~ Glér) < > {0 17 w0} (24

Here, note that with probability at least 1 — 4, , and hold. Therefore, by combining Corollary
the following holds with probability at least 1 — &:

G(z") — G(ir) < T~ BY> («/QTOWT n 02) (1- a)Tl\/ 2T BAL? <\/8TC’17T + 202) + 5T Br (Chyr + 2Cs).

Hence, if T satisfies Ry /T < €, with probability at least 1 — d, it holds that G(x*) — G(&r) < €. Therefore, &1
is the e-accurate solution.

A.3 Proof of Theorem 4.2

In this subsection, we prove Theorem 4.2. First, we show several lemmas.

Lemma A.4. For any t > 1, I, has at least one element (i.e., I, #0).

Proof. Let t > 1. We define &; and :cl as

&y = arg max lt(Fz)(m),
TeEX

x] = arg max lgFl) (x).

zex; 1) (2)=1"2) (&,)

Assume that Et“:f ) = (). Then, it holds that
V' e ) = B, pes) , FP) () £ FP(a)).

This implies that a:;r e 11,
On the other hand, if E(pef) # ), then the following holds for any =’ € E(pe:):
t,x, t,x,

1 (@) = 4™ @) = 11 (@),



Here, if 1" (x]) > 1™ ('), it holds that F** (zf) £ FP*)(z'). Similarly, if I{"™ (x]) = 1{"™ ('), it holds
that
Fy Fy
i (@]) > 11 (@),

Noting that Ft(pes) (z]) # Ft(pes)(a:’) and lgFZ)(acI) = lIEFZ’)(:c’), we have ZEFI)(:BI) > lgFl)(w’). Thus, we have
F*(x]) £ F**(z). Form the definition of TI,, we get x| € IT,. [ |

Lemma A.5. Let t > 1, and assume that M; # 0. Also let *V be an element of M;. Then, there exists an
element ' € 1I; such that
Ft(pes)(m(l)) < Ft(Pes)(ml).

Proof. Let t > 1, My # 0 and ") € M,. Assume that the following holds:
F!t(pcs)(m(l)) ﬁ E(PCS)(w/)7 v € ﬂt~ (25)

From the definition of M;, we have x(!) ¢ I1,. Here, since () ¢ fIt, there exists z(?) € Efl;e(sl)) such that

Ft(pes)(m(l)) < E(peS)(m@)).

Therefore, there exists 23 € E®) such that

t,x(2)
FOS) (22)) < F0) ()
Furthermore, by combining
Ft(pes) (zM) < Ft(pes) (), Ft(pes) () < Ft(pes) ()
we get FP(z(D) < B (£()). _Thus, from we obtain 2(® ¢ II,. By repeating the same argument, we
have () ... 2U*D where z(®) ¢ II,, k = 1,...,|X|. Next, we show that (9 # x() for any i and j with i # j.
In fact, if there exist i and j with i < j such that () = 20) we get Ft(pes)(m(i)) = Ft(pes) (x9)). Here, from
i < j — 1, noting that the definition of ¥ and U~1 we get
Ft(pes)(:t:(j)) _ Ft(peS)(w(z‘)) < Ft(PeS)(m(j—l))_
Similarly, from the definition of U~ and (/) we obtain

Ft(pes)(w(jfl)) < Ft(PeS)(w(j))'

Thus, we get Ft(pes)(:c(jfl)) = Ft(pes)(w(j)). However, it contradicts #() € E®*) Hence, it holds that

taeld—1)"
x® £ xU) for any i and j with i # j. Therefore, the set {1, ... z(¥D} is equal to X'. Recall that x®) ¢ 11,
for any k = 1,...,|X|. By combining this and {(), ..., £(¥D} = X, we have II, = (). However, it contradicts
Lemma Hence, the assumption is incorrect. |

Lemma A.6. Let x be an element of X, and let € = (e1,¢€3) be a positive vector. Assume that at least one of
the following inequalities holds for any ' € X':

Fl(w) +e > Fl(IB/), FQ({B) + €9 > Fg(w/).

Then, it holds that F(x) € Z..
Proof. In order to prove Lemma we consider the following two cases:

(1) For any =,z € II, F(x) = F(x’).

(2) There exist x,z’ € II such that F(x) # F(x').
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First, we consider (1). We define (") and 2(? as

& = arg max Fy (x), Y =  arg max Fy(x),
xeX z; By (2)=F1 (&)

zf = arg max Fy(x), ¥ = arg max Fi(x).
xeX z; Fo(z)=Fa(xT)

From the definition of ") and (), it holds that V), (2} € TI. Thus, from (1), we get F(x(V)) = F(z?).
Hence, the following holds for any @’ € X:

Fi(z') < Fy(zW), Fy(z') < Fy(2?) = Fy(xzW).

Therefore, we get F(z') < F(z). Note that F(z")) € Z. Here, let * € X. Then, from the lemma’s
assumption, at least one of the following inequalities holds:

Fi(z) + e > Fi(zW), Fay(x) + e > Fo(z®).

If Fi(z)+ e > Fi(2M), we set a = (Fy(z™W), Fy(x)) . Noting that Fy(z') < Fy(x®)) for any ' € X, we have
a =< F(x™). This implies that a € Z. Thus, the following holds:

a=(Fi(aV), K@) 2 (Fi(2)+a, @) +e) =F@) te

Furthermore, since F(z) < F(z") and F(x()) € Z, we obtain F(x) € Z.. Similarly, if Fy(x) 4+ €3 > Fy (),
we set b = (Fy(x), Fo(x™M))T. Also in this case, by using the same argument, we get b € Z and

b=<F(x)+e
By combining this and F(z) < F(z(") (and F(z™) € Z), we obtain F(x) € Z.
Next, we consider (2). From (2), there exist (1), ..., x® such that
F)={F(x) |z cll}={FxY)|i=1,...,1}, F@9)#FY),i+# ;.

Here, without loss of generality, we may assume the following:

FxW) < < Fz®), FW)>...> F®).
Let & be an element of X'. Assume that there exists j such that

Fi(z) + e > Fi(2D), Fy(x)+ e > Fy(xl™h),

Note that (Fy(z\)), Fo(xUTY)T € Z. In addition, there exists i € {1,...,1} such that F(z) < F(z®) € Z.
Therefore, F(x) € Z..

Similarly, assume that at least one of the following inequalities holds for any j:
Fi(z) + e < Fi (D), Fy(x)+ ey < Fy(xl*Y), (26)

Here, if Fi(x) +¢; < Fi(x(), from lemma’s assumption it holds that Fy(x) 4+ ex > Fy(x™)). Moreover, we
define ¢ = (Fi(x), Fo(x™V))T € Z. Then, the following holds:
F(x)+e=(Fi(x)+e, ) +e) = (Fi(x), RzM) =ce Z

Furthermore, from the definition of (1), it holds that Fy(x")) > Fy(x). Thus, noting that Fy (z)+e; < Fi (™M),
we get Fi(z) < Fi(™). By combining these, we have F(x) < F(x(!)) € Z. This implies that F(x) € Z.
On the other hand, if Fy(x) + ¢; > Fy(x™), from we get Fp(x) 4 €2 < Fa(x?). Therefore, from lemma’s
assumption, we obtain Fy(x) 4+ ¢; > Fy(z?). By using again, we have Fy(x) + ea < Fy(z(®). Hence, by
repeating these procedures, we get Fy(z) + ¢; > Fi (V) and Fo(x) + e2 < Fo(x(®). Finally, noting that
F(z) 2 (Fi(zV), Ba(@) + &) 2 (Fi(2"), BeY) = F) € 2,
F(x)+e> (Fi(zV), By(z)" € 7,

we get F(x) € Ze. |



By using these lemmas, we prove Theorem 4.2.

Proof. First, we prove that the algorithm terminates after at most ¢’ iterations where ¢’ is the positive integer
satisfying max, /o, Av () = MApv(xy) < min{ey, ez}, From the definition of ), noting that u( 1)( ) —

B () < @) and u™ (@) — 1) (@) < Mi(@), we have

max {ugl)(w) — lg,Fl)(ac)} <€
a:eMt/UHt/

and
max_ {ug,&)(w) — lt(FZ’)(:c)} < es.
xc M, UIL,,

Then, for any &’ € II,, it holds that
(Fl)( < l(Fl)( Nt e (27)

and
ul? (@) < 11 (@) + e (28)

Here, let « be an element of Il Then, from the definition of f[t, for any ' € f[t/, at least one of the following
inequalities holds:
l(Fl)( < l(Fl)( ), 1 ( < Fz)( ).

Thus, from and , for any @' € TI,/, it holds that F(pes)(m) +eA F(Opt)( ’). This implies that Uy = 0.
Similarly, if Mt/ # (Z), there exists € € My such that F(Opt)( ) Ze F, pCS)( ') for any @’ € TI;. On the other
hand, from Lemma there exists " € Il such that Ft(,pes)( ) = Ft(,pes)( ). Moreover, from and ,
' satisfies Ft(,om)(w) =<e Ft(,pes)(a:” ). However, it contradicts the definition of M;. Hence, we get M = .

Hereafter, we assume that (10]), and hold. From the definition of \;, we obtain

(@) < {ul™ (@)~ 1™ @)} + {uf™ @) - 1P (@)}

This implies that

T T T
Z)\t(mt) < Z {UEFl)(w (F1) } + Z { lin)(mt)} )
t=1

t=1 t=1

Therefore, from , 7 and , we get
T T 18
) <4 ot—1(xs, we) +4In —
> te <3 { Eoa(ang + a1 7

T T
. 18 18
+ | 16T BB} {§ op1 (@, wy) +4ln5} + 40T B {E o2 | (z¢,w;) +41n5}

t=1 t=1

Hence, from and , it holds that

) < T-1pM> {\/2T0m + 02} v T \/2TBﬁ;/2 {\/STC’WT + 202} 45T B {Ciap + 205} (29)

HMH

Here, let T' be a positive integer such that the right hand side in is less than or equal to min{ey, e5}. Then,
there exists a positive integer ¢’ such that ¢ < T and A\y(xy) < min{ey,ea}. Therefore, we have My = () and
Uy = (). This means that the algorithm terminates after at most ¢’ iterations.

Next, under we show that ﬁt is the e-accurate Pareto set when M; = 0 and U; = 0. First, we prove

F(II,) C Z.. Let = be an element of II,. For any «’ € II, \ {}, it holds that FP(z) + € £ F°PY (z)
because U; = 0. Furthermore, noting that M; = @, for any ' € X \ II;, there exists "/ € II; such that
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F\"Y(z') <. F**(2"). In addition, since & € II,, from the definition of II,, at least one of the following
inequalities holds:

@) < i (@), 5" ") < i) (@).
By combining this and F*"(z') <. F**(x"), we get F**) (z) + € £ F°® (/). Therefore, under at
least one of the following inequalities holds for any ' € X \ {x}:

Fl(.’l}) +e€ > Fl(ﬂl'/), FQ(:B) + e > F2($/).

Moreover, it is clear that Fy(x) 4 ¢; > Fy(x). Hence, from Lemmam we get F(II,) C Z.
Finally, we show that for any x’ € 11, there exists @ € Ht such that ' <. . When z’ € Ht, the existence of x

is obvious because ' <. ’. On the other hand, when o’ € X'\ Ht, since M; = () there exists © € Ht such that

Ft(om)( ) =<e Ft(pcs)( ). Thus, under , this implies that ' <. . Hence, for any o’ € II, there exists x € I,
such that =’ <. . From this and F(Ht) C Ze, we have that II; is the e-accurate Pareto set. Here, note that
, and hold with probability at least 1 — §. Therefore, we get the desired result. |

A.4 Proof of Theorem 4.3

Proof. Assume that , and hold. Then, by using the same argument as in the proof of Theorem 4.2,
we get

1

7 >\ (z) < T18Y> {\/2T017T + Cz} + Tl\/QTEm;/Q {\/8TC17T + 202} + 5TBr {Cryr + 2C5}. (30)

HMH

Here, from the definition of 7', the right-hand side of is less than or equal to min{e, e2}. Hence, there exists
a positive integer ¢ < T' such that maxgens, Av () = A\/(2y) < min{er, ez}, This implies that the algorithm
terminates after at most T iterations.

Next, we prove claim 2 of the theorem. Assume that x* exists. Here, we consider the two cases * € M,, (°P1) and

x* ¢ M™ . For case * € MY since (10) holds, the following inequality holds:

h—e <h<Fx*) < ug,Fz)(m*)

cons)

This means that «* € Mt(,
Ai(x) and uEFQ)(a:) - l,ng)(m) < M\¢(x), it holds that

. Therefore, we have * € M. Furthermore, noting that u(Fl)( ) — lgFl)(m) <

max {uE,FI)(w) — lilFl)(w)} < e, (31)
max {ug,&)(:c) - li,&)(w)} < €. (32)

Here, if lg,Fz)(:c*) < h — e, then from , we get ’LLE,FQ)(:Z:*) < h. Thus, from , we obtain Fh(x*) < h.
However, this contradicts the definition of «*, implying that Z(FQ)( *) > h— € and x* € Sy # (). Moreover,
from the following holds:

max {uff™ (@) - [ (@)} < e

xE M,
sui™ (@) — 17 (@) <@
:>u§,Fl)(ac*) — Inax ZE,FI)(:I:) <e
:>u§,Fl)(w*) - lE,Fl)(i )< €

(z

=>Z(F1)( ) ZuglFl)

) €1.
In addition, from the definition of S}/, we have

lt’ (Cﬁt/) Z h— €2.



On the other hand, if z* ¢ M(OIDJ , then ObJ £ X. Thus, from the definition of M ™, it holds that Sy # 0.
Therefore, we get

Ly () = max ly(x) > h —eo.

(obj)

Furthermore, since * ¢ M, it holds that

W (@) — e <ul (@) <1 (@) — e <1 (@),
Therefore, if * exists, then we have Sy # () and

157 (@) > ul (@%) — e, (33)
lt/ (C&t/) Z h — €9. (34)

Note that ( and (34) imply that @& is an e-accurate solution when ) holds. Finally, since ., and
. ) hold Wlth probablhty at least 1 — 0, we have Theorem 4.3.

B Details of Section 3.3

B.1 Noisy Input Setting

In this subsection, we consider the setting where the input  contains a noise £ € A. Let X C R be an input
space for optimization. In addition, assume that X is a finite set. Furthermore, let A C R? be a compact
and convex set, and let & be a random noise satisfying & € A. Moreover, let f be a black-box function on
D={x+€&|xecX ,£c A} andlet k: D x D — R be a positive-definite kernel with f € Hj, and || f||, < B.

For each step ¢, we select an observation point x; € X, and the observed value is obtained as y; = f (@ + &) +n;.
Here, 7; is the independent normal distribution 7; ~ A(0,02), and & is the observed value of &.

In this setting, the expected value and variance of f(x) with respect to £ are given by

Eelf(z +€)] = /A f(@ +€)p(e)de. (35)
Velf(e + &) = /A (f(@+ &) — Eelf(x + £)])2p(€)de, (36)

where p(€) is a known probability density function of &. Similarly as in (3), using (35 and we define the
optimization objective functions F; and Fy. In addition, let (), 0 (x) and Q;(x) = [l;(x), u(x)] denote the
posterior mean, posterior variance and confidence bound of f(x) at the step ¢, respectively.

Confidence Bound Confidence bounds of objective functions F; and F» defined by using (35 and . can
also be constructed by using the same procedure as in §3.2. First, assume that f(&) € Q:(& ) for any ¢ € D.
Then, the following holds for any « € A

[ ue+rep©e< [ fe+op©ae < [+ opeae
A A A
Therefore, the confidence bound QEFI)(:B) of Fi(x) can be constructed as QEFl)(w) = [IEFI)(:c), uEFl)(w)] using
(@) = [ e+ Op€)de @) = [ iz +ope)e
A A

Similarly, the confidence bound QgFg)(m) of Fy(x) can be expressed as QgFQ)(:c) = [lt(F2)(:c), u§F2)(:c)] using

e \// i (@ + Ep(€)de, 1) (@ \// I (@ + €)p(&)de,
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where Z§Sq)(a: + &) and ﬂgSQ)(a: + &) are given by

Li(x+ &) = li(x + &) — Bglus(z + &),

¢ (x+€) = min {l?(m + &), 13 (x + g)} otherwise ’

(@ + &) = max { (2 + &) i} (@ + £)}

Using QgFl) and QEFz) above, we can construct the proposed algorithm in the same procedure.

B.2 Simulator Based Experiment

In this subsection, we consider the setting that w; can be selected in the optimization phase at each step.
Furthermore, we show theoretical guarantees in this setting. Hereafter, we only discuss the multi-task scenario,
but the same argument can be made for multi-objective and constraint optimization scenarios by selecting w;
and &; in the same procedure.

In our proposed algorithm, (x;, w;) at the step ¢ is selected by
(G

Ty = arg maxu, )(a:),
reX
w; = arg max o1 (@, w).
weN
In this algorithm, the following theorem holds:

Theorem B.1. Let k be a positive-definite kernel, and let f € Hy, with ||f||n, < B. Also let 6 € (0,1), € > 0,
2
and define 5, = (\/2(%_1 +1n(1/9)) +B) . Moreover, for any t, define &, = argmaxmt,E{ml,_.’mt}lg,G)(mt/).

Then, when the proposed algorithm in the simulator based setting is performed, T is the e-accurate solution with
probability at least 1 — §, where T is the smallest positive integer satisfying

aT_lﬂ;ﬂ/Q TCiyr + (1 — a)T_l\/4TEﬁ;/2\/ TCiyr + 5T BrChryr <e.

Here, B and Cy are given by B = MaX (g, w)e(xxQ) 1./ (%, w) — Ey[f (2, w)]} and C1 = 1-&70—2)

Proof. Assume that holds. Then, from Lemma we have

T
Z{ugG)(:ct) flgG)( }< ZQBUQZ/ oi—1(x¢, w)p(w)dw

t=1

+(1—a) 8TBﬂ1/QZ/at (g, w)p(w dw+20TBTZ/at (@, w)p(w)dw.

In addition, from the definition of wy, it holds that

Z/Q‘Tt—l(wt’w)p(w)dw
T
Z/Qagfl(-’ﬁt,w)p(w)dw

B

Ot—1 (ffct, ’wt)7

t=1

oy (e, we).

M’ﬂ

t=1

Hence, we get

T

T T
Z{ (@) —l( )( }<2aﬂ Zat 1(ze, we)+(1—a) STBB;«/QZJFl(wt,wt)—I—QOTBTZUffl(:ct,wt).

t=1 t=1 t=1



Furthermore, from and 7 we obtain

T
S {u@ @) — 6 @0} < By Ve + (1 - aWATBBY?\/CiTr +5TBrCiyr.

t=1

Finally, by using the same argument as in the proof of Theorem 4.1, the following inequality holds:

G(z*) { (20) = 7 () } /.

HMH

Therefore, noting that the definition of 7', we get the desired result. |

Noisy Input Extension Here, we extend the setting defined in subsection 3.3.1to the simulator based setting.
Since there is the noise € € A instead of w, we consider the observation point x; at the step t as x; == &; + &,
where (&4, &;) is given by

Ty = arg maxugc) (x),
TeEX

& = arg maxo_1(&: + &).
gcA

Then, similar theorems as in Theorem hold. However, the practical performance of this algorithm is not
much different from that of Uncertainty Sampling, which was used as the base method in numerical experiments.
For this reason, in the simulator based noisy input setting, we propose a method for selecting (&;, &;) as follows:

&y = arg max uﬁc)(w),
rcX

& = arg max o1 (& + &)p(§).
[ISAN

In order to derive similar convergence results as in Theorem [B.I] we assume that the probability density function
p(§) of £ is a bounded function on A, i.e., supgep p(§) < o0.

2
Theorem B.2. Let § € (0,1), ¢ > 0, and set f; = (\/2(’yt_1+ln(1/5))+B) . For any t, define &; =

argmaxwt,e{mh“_,mt}lg,G) (x4/). Moreover, assume that supgcap(€) < R < co. Then, when the proposed algorithm
in the simulator based noisy input setting is performed, T is the e-accurate solution with probability at least
1 — 6, where T is the smallest positive integer satisfying

aT ' By R\/TCiyr + (1 — a)T’l\/ ATBRBY*\/TCiyr + 5T RBrCiyr < €.

Here, B and C; are given by B= max (g ¢)exxa) L (@ +§) — Ee[f(x+€)]} and C, = m

Proof. Similarly as in Lemma[A] with probability at least 1 — ¢, it holds that

T T
> {u@0 -~ e} < 2053 [ rrtar e

t=1

T
+(1—a) 8T351/2Z / ov1 (e + E)p(w)dé +20T6r Y /A o7 (w0 + €)p(€)dE.
t=1

Moreover, from the definition of &;, we have

T

T

Z/Ut 1@ +&)p SZ @+ €)p(&) <R oy (e + &),

=1 =1
T

Z/Ut (@ +&)p Z

T

W@+ &)p(&) <R o7y (m+ &),

t=1
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Thus, we get
T T 3 T T

3 { () — 119 (x )} < 208" R ois(@+&)+(1-a) | 8TBA’ RS ors(@ + &) + 20T6rR Y o2 (2 + &),
=1 t=1 t=1 =1
and .

3 {ug@(mt) - l,EG)(wt)} < aBY* RO Tyr + (1 — a)\/4TBRB;/ 2 /Ci Ty + 5TBrRCyyr.

t=1
By using the same argument as in the proof of 4.1, we obtain the following inequality:

G(x*) Z{ () — l( )(:ct)} /T.
t=1

Therefore, we get the desired result. |

C Extension to Continuous Set

In this section, we consider the setting where X is a continuous set. First, in MT-MVA-BO, x; =

argmax,, XuEG)(:c) can be calculated by using a continuous optimization solver. However, in MO-MVA-BO,

it is difficult to calculate the estimated Pareto set II; and set of latent optimal solutions M;. In this paper, based
on |Srinivas et al.[(2010) we extend the proposed algorithm by using a discretization set X of X.

Hereafter, let X = [0,1]%. Furthermore, assume that f is an L-Lipschitz continuous function, i.e., there exists
L > 0 such that

[f (@, w) — f(z', w)| < Lllx — 2’|,
for any @, x’ € X. Note that Lipschitz continuity holds if standard kernels are used (Sui et al, 2015| [2018)).

From Lipschitz continuity of f, the following lemmas about F; and F, hold:
Lemma C.1. Let f be an L-Lipschitz continuous function. Then, it holds that

|Fi(z) — Fi(2)] < L|lxz — 2'||;, Vo, 2’ € X,
where Fy is given by (3).

Proof. From the definition of F; and Lipschitz continuity of f, the following inequality holds:

IFdw)—FﬂwUI::/Q{f@zw)—fﬂ#AUHp@wdw

< L||x—'|:.
[ |
Lemma C.2. Let f be an L-Lipschitz continuous function, B = MaX (g w)e(xxQ) [ (X, w) — Ey[f(, w)]], and
define Fy as in (3). Then, the following inequality holds for any x,x’' € X:
|Fy(x) — Fy(z')] < \/4BL|z — x'|);.

Proof. From Lipschitz continuity of f, for any x, 2’ € X, w € §, it holds that
{f(@w) - Bulf(@,w)]}* - {/(@,w) - Eu[f(@, )]}

=[{f(z,w) = Eu[f(z, w)]} — {f(/, w) - Eu[f (@', w)]} x [{f(@,w) — Eu[f(z, w)]} + {f (@', w) — Bu[f (', w)]}|
< (If(@,w) - f(@', w)| + [Ew[f (2, w)] - Eulf (2, w)]]) x (|f (2, w) = Bw[f(z, w)]| + (&', w) - Euw[f(z', w)]|)
<2L||z — 2’|\ x 2B

=ABL||x — «'||;.



Here, if Fy(x) > Fy(x'), then

|Fa(x) — Fa(a')]
=F(x) — Fa(z')

=\/ {f(@,w) = Eu[f (2!, w)]}* plw)dw — \// {f(@,w) — Eu[f (2, w)]}” p(w)dw
Q Q

g\/ / {F (@, ) — Eu[f (@', )]} plw)duw — / {f(@, w) — Eu[f (@, w)])? p(w)dw

Q
<\/4BL|z — 2'|:.

On the other hand, if Fy(x) < Fy(x'), it holds that |Fy(z) — Fa(z')| < y/4BL||x — «'|;. Therefore, for any
x,x’ € X, the desired inequality holds. |

Moreover, the following lemma holds:

Lemma C.3. Let Z be the Pareto front for X, and let € = (e1,€2) " be a positive vector. Define

7t = |J (ool x(~oomel 27 ()= | (oo —e) x (~00,0 — e2),
(y1,92)€Z (y1,y2)€Z

Z*(e) ={(y1 — €, y2 —€5) | (y1,92) € Z, 0 <€) <€1,0 < € < ea}.

Then, it holds that
Zt=Z"(e)UZ*(e), Z (e)NZ*(e) = 0.

Proof. First, we show Z~(e) N Z*(e) = 0. Let y be an element of Z~(€). Then, there exists (y},y5) € Z such
that

Y1 <y — €1, Y2 < yp — €a.

Here, for any (yy,y5) € Z, y} satisfies y; < ¢} or y; > y{. If ¢} < ygf, from y1 <y} — €1 we get
yE{(yl —€lys —€) [0<ep e, 0< ) < ea).

On the other hand, if ¥} > v/, then y4 satisfies y5 < y5 because the inequality y5 > y4 implies that (y{,y5) €
(—00,y;) X (—o0,y4). However, it contradicts that (y{,y5) € Z. From y5 <y} and y2 < y} — €2, we have

yE{W —€lys —€) [0< e <e,0< €, < e}

Therefore, it holds that y ¢ Z*(e). This implies that Z~ () N Z*(e) = 0.

Next, we show Zt = Z7(€) U Z*(€). It is clear that Zt D Z~(€) U Z*(€). Thus, we only show that Z+ C
Z~(e)U Z*(e). Let y be an element of ZT. If y € Z~ (e), it holds that y € Z~ (e) U Z*(e). On the other hand,
if y ¢ Z(€), at least one of the following inequalities holds for any (yi,v5) € Z:

Y1 >y — e, Y2 > ys — €.

If there exists €] € [0,€1] such that (y1 + €},92) € Z, then y € Z*(e). Next, we consider the case that
(y1 + €1,y2) ¢ Z for any €| € [0,e1]. Let Z' = {a = (a1,a2) € Z | y1 < a1 < y + e1}. Here, assume that
y2 < ay — €3 for any a € Z’'. Then, from continuity of Z, there exists g = (41, 92) € Z such that y; < 1 — €
and ya < g2 — 2. However, it contradicts y ¢ Z~ (€). Hence, there exists an element a = (a1, a2) € Z’ such that
Y2 > as — €. Moreover, there exists b > y2 such that (y1,b) € Z. This implies that there exist é; and é such
that 0 < é; < €1, 0 <é& < ey and (y1 + €1,y2 + €2) € Z. Therefore, it holds that y € Z*(e). [ |
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Next, we explain the method of constructing X. Let X be a set of grid points when each dimension of X' = [0, 1]%
is divided into 7 evenly spaced segments. Also let [x] € X be a point closest to & € X with respect to the L1-
distance. Then, it holds that

d
le —[x]|1 < - Ve c X. (37)

In the proposed algorithm for the continuous set setting, Algorithm |1]is performed by using X instead of X.
Then, we define the estimated Pareto set II;, latent Pareto set M; and uncertain set U; in Algorithm |1| as

i ={ze®|va' e BN, F"(2) 4 FP @)}, B = {2’ € ¥| FP*(@) # F™ (@)},

t,x
Mt = {{E S /‘E‘ \ ﬂt | Vw/ S ﬂt, Ft(opt) (m) ﬁe/Q Ft(pcs) (m')} 5

U, = {a: e, |3’ € I, \ {z}, F**(2) + ¢/2 < F°P" (w/)} .

Note that €/2, not € is used to calculate M, and U,.
In the algorithm using X, the following theorem holds:
Theorem C.1. Let B = MaX (g, w)e(xxQ) [[(®, W) — Ey[f(z, w)]|, and let § € (0,1), € = (€1, €2) where e > 0

2 _
and €3 > 0. Define By = <\/2(’Yt—1 +1n(3/0)) + B) and T = max {%, %}. Then, the following (1) and
(2) hold with probability at least 1 — §:

(1) The algorithm terminates after at most T iterations, where T is the smallest positive integer satisfying

T-1pY2 (\/2TC’17T T 02) + Tl\/QTB’ﬁ;/2 (\/STC’WT + 202) 5T B (Cryr + 2C2) < min{ey, ea} /2.

Here, Cy and C2 are given by Cy = and Cy = 161n 178.

16
In(1+o0—2)

(2) When the algorithm is terminated, the estimated Pareto set IT is the e-accurate Pareto Set.

Proof. We omit the proof of (1) because its proof is the same as in the proof of Theorem 4.2. We only prove (2).
From and Lemma the following holds for any = € X

|F1 () — Fi([=])| < L]z — [=]]x

€
=5 (38)
|Fo(2) — Fo([a])| < \/4BL|z — [a]|
€
= 52 (39)
Assume that (10 holds. Let Z be a Pareto front for X. Then, for any y € Z, it holds that
ye |J (=009l x (—o0, 4], (40)

(y1,95)€Z

where Z is the Pareto front for X'. Similarly, let

Z7(e/2)= |J (—o0,41 —€1/2) x (—00,5 — 2/2).
(v wh)EZ

Then, for any y” € Z~ (€/2), there exists © € X such that
Yyl < Fi(z) —e1/2, vy < Fa(x) — €2/2.
Here, from and we have
Fi(z) < Fi([z]) + €1/2, Fa(z) < Fa([z]) + €2/2.



Algorithm 1 Multi-objective MVA-BO (MO-MVA-BO)
Input: GP prior GP(0, k), {B:}ien, Non-negative vector € = (e, €2).
t < 0.
repeat
Compute ﬁt, M.
Compute A¢(x) for any x € M; U 1L,.
Choose @; = argmax,cy, g, At(T)-
Sample w; ~ p(w).
Observe y; < f(xs, ws) + 1.
Update the GP by adding ((x¢, w:), yt)-
t<t+1.
Compute Uy.
until M; =0 and U, = 0
Output: 1L;.

Thus, it holds that y{ < Fi([x]) and y4 < F»([x]). This implies that
Z (e/2)c{yeR|3xc X, y=<F(zx)} = A

Here, since Z~(€/2) is the open set, noting that Z~(€/2) C A we get Z~(€/2) C int(A), where int(A) is the
interior of A. In addition, from the definition of the interior and boundary (frontier), we obtain int(A4) NdA = ().

Therefore, from dA = Z and Z~(e/2) C int(A), it holds that Z~(e/2) N Z = . Hence, for any y € Z,
y ¢ Z~(e/2). Thus, by using this and ([40)), from Lemma it holds that

Z C Z*(e/2).
Hence, for any y € Z, there exists a € Z such that
y1=a; —€,y2=as — €5, 0<€] <e1/2, 0< e, <er/2. (41)
Furthermore, from Theorem 4.2, for any x € ﬂt, there exists y' € Z such that
Y <Fi(@) +e1/2, y] < Fa(x) + €2/2.

By combining this and , we get

a =yl +e <F(x)+ea/2+6 <F(x)+e,

as = yb + ey < Fo(x) + €2/2 + €y < Fo(x) + 3.

Therefore, we have F(II;) C Z..

Furthermore, let @ € II. For [x] € X, since I, is the (€/2)-accurate Pareto set for X, there exists @’ € I1; such
that F'([z]) <2 F(z'). Moreover, form (38)) and , it holds that F(z) < F([x]) + €/2. This implies that
F(z) < F([z]) + €/2 < F(2') + €. Therefore, for any @ € II, there exits «’ € I, such that & <, . Thus, I, is
the e-accurate Pareto set for X'. |

D Algorithms and Computational Details

D.1 Pseudo-codes

We show the pseudo-codes of our proposed algorithms corresponding to multi-objective and constraint optimiza-
tion scenarios in Algorithm [T and [2] respectively.

D.2 Computation of ZEFI), u§F1>,z§F2> and ugFZ)

In the case that € is continuous set, lgFl), ugFl), l,gFQ) and ugFZ) depend on the integral of w. However, these
integrals cannot be computed analytically except for special cases (e.g., in the case that p(w) is Normal, and
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Algorithm 2 Constrained MVA-BO (Co-MVA-BO)
Input: GP prior GP(0, k), {B:}ien, Threshold h, Non-negative vector € = (€1, €2).
Mo+ X, Sy« 0,t+<0.
Compute Ag(x) for any = € M
while maxzen, M (z) £ min{ey, e2} do
Choose x; = argmax,¢ 7, A\¢(T).
Sample w; ~ p(w).
Observe y; < f(x¢, wt) + 0.
Update the GP by adding ((x¢, w:), yt)-
t+t+1.
Compute S;, M;.
Compute A¢(z) for any x € M,
end while
if St 7é @ then
Output ; = argmaxmestlgFl)(ac).
end if

k is Gaussian kernel). Thus, we suppose that the user approximate these integrals based on some numerical
integration scheme. The computational drawback of the numerical integration is its scalability to the dimension
of w. In |Girard (2004]), they computed these types of integrals via polynomial approximation of integrand

by Taylor expansion. Their method can be applied for liFl) and uEFl), but not for Z,EFZ) and ugFZ) due to the

(F2)
t

non-differentiable points of integrands. We leave the efficient computation of l,EFz) and u in the case of

high-dimensional w to future works.

D.3 Computational Complexity

Multi-task and Constraint Optimization Scenarios We consider the computational complexity of each
one loop of the proposed method in the multi-task and the constrained optimization scenarios. Hereafter,
we assume that all integrals of proposed algorithms are computed through the quadrature which leverages M
representative points. First, in order to compute lgFl)(a:), ugFl)(:c), lt(Fz)(m) and uEFz)(m) for all z € X, we need
to compute the confidence interval of f at M|X| representative points. The computation of the confidence bound
at one point needs O(#?), where t represents the current number of steps. (Note that ¢ also represents the number
of training samples of the GP.) Therefore, to compute confidence bounds of F; and Fy, O(|X|Mt?) computations
are required. Finally, we need to update the GP posterior at the end of the loop through O(#3) calculations thus
total cost of one loop becomes O(|X|Mt? + t3).

Multi-objective Optimization Scenario In the multi-objective scenario, to compute II;, we need to find
the pessimistic Pareto set which is based on F,(pes). Given the set of finite 2D vectors, an algorithm to identify
its Pareto set efficiently is proposed in [Kung et al.| (1975) and requires O(|X|log|X|) costs. Next, |IT,||X \ IT]|
comparisons are required to compute M; and U;. In worst case, this can be O(|X'|?) costs. However, in practice,
this becomes much smaller costs for most loops. Finally, considering the costs to compute confidence bound and
the GP posterior update, total cost of one loop becomes O(|X|? + |X|Mt? + t3).

In our multi-objective scenario, we can modify our MO-MVA-BO to the e-PAL style algorithm (Zuluaga et al.|

2016)), by considering the intersections of QgFl) and QEFQ) through every step. This modified version of algorithm
can reduce O(|X |2+ | X |Mt?+t3) to O(|X|log | X|+|X|Mt?+t3) costs. However, in practice, we found intersected
confidence bounds sometimes degenerate the algorithm performance especially when the kernel hyperparameters
are updated online. For example, we suppose that an erroneous hyperparameter is estimated in one step and a
narrower confidence bounds is constructed compared to that of true kernel. Then, the algorithm that takes the
intersection is affected by erroneously narrow confidence bound in all the subsequent steps.

Finally, MO-MVA-BO requires a large amount of cost when X" is huge. Especially in the case where x is high-
dimensional, the number of elements of X tends to swell in practice. As discussed in Section 5.5 in [Zuluaga
et al.|(2016), one way to overcome this issue is to consider the extension of the algorithm which is not rely on
the discretization of X, and we defer it to future works.
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Figure 1: Simple examples of HV and HV,. The red points in the left figure represent the values of Fy and Fj
at points in Pareto set II. Given a reference point (green star), hyper volume HV is computed as the area of
the region filled in light red. The blue points in the right figure represent the values of Fy and F, at points in
estimated Pareto set Ht, and estimated hyper volume HV, is computed as the area of the region filled in light
blue.

E Additional Experiments

In this section, we show the details of §5 and additional experimental results.

E.1 Implementation Details

Methods for Comparison In our experiments, we used following methods for comparison:

Random Sampling (RS) This method chooses the next point x; from X uniformly at random. In
the simulator-based setting, (x:, w;) is chosen from X x € uniformly at random.

Uncertainty Sampling (US) This method defines the next point x; as @ =
argmax,cy [o 0r—1(@, w)p(w)dw. In the simulator-based setting, (a¢,w;) is defined as
(zy,wy) = argmax(w’we(XXQ))Ut,l(:c,w).

BQOUCB This method defines next point x; as x; = argmax, XuEFl)(:B). In the simulator-based
setting, this method chooses w; as w; = argmax,,cqo:—1 (¢, w) after the selection of @;.

BO-VO This method defines next point @, as @, = argmax,c [, u; u! 2)(m,'w)p(w)dw. In simulator-
based experiments, w; is chosen in the same way of BQOUCB.

Hyper volume Computation Hyper volume HV is defined as the area between Pareto front and a pre-
specified reference point. At every step t, the estimated hyper volume HV, is computed by using estimated
Pareto set II; instead of Pareto set II. Figure [1f illustrates the example of HV and HVt. In our experiments, we
defined reference point as (mingey i (), minge x F»(2)) , and computed HV —HV, as the performance measure.

Constraint Optimization Experiments In constraint optimization experiments, we adopted RS, US, and
BQOUCB for comparison. We defined &; as #; = argmax,,. g, lgFl) (z) in RS and US, and &; = argmaxzexlim)(m) in
BQOUCB. Moreover, we adopted ADA-BQO-UCB which is the adaptive version of BQOUCB. ADA-BQO-UCB chooses next
point in the same way of BQOUCB, but its @, is defined as @; = argmax, g, lﬁFl)(w). To measure performances,
we used utility gap measure (Hernandez-Lobato et al. [2016), which is commonly used as a performance measure
in constraint Bayesian optimization problems. At every step t, we reported the following utility gap:

UtilityGap, = 4 11" = Fi(@0) if Fo(@) > h,
t Fi(x*) — mingex Fi(x) otherwise

as a performance measure.

Others To make initial points, we combined 2(d; + 1) randomly selected points from X with the same number
of sample w which is sampled from p(w). In simulator-based setting, we chose 2(d; + d2 + 1) initial points



Mean-Variance Analysis in Bayesian Optimization under Uncertainty

randomly from X x . To compute QgFl) and QgFZ’), we set Btl /2 — 9 in the multi-task and multi-objective
scenarios, and $/2 = 1 in the constraint optimization scenario because the theoretically recommended values
of B; are well-known to be overly conservative. In §E.2:3] we analyzed the effect of 3; selection experimentally.
Furthermore, to simplify experiments, we set € = (0,0) and € = 0 in multi-objective and constraint optimization
experiments respectively.

E.2 Artificial-data Experiments
E.2.1 GP Test Function

We experimented with test functions of GPs, which are defined by Gaussian kernel and 5/2-Matérn kernel
respectively. In 5/2-Matérn kernel experiments, we used k((x,w), (z/,w’)) = oZ,.(1 + V5r + 2r?) exp (—V/5r),

where 7 = \/||a:j —x[|2/1? + [lw; — wi[|?/1* with [ = 0.25 and oker = 1. In multi-task optimization scenario, we
varied « with {0.25,0.5,0.75}. In constraint optimization scenario, we set h = —1. Other settings are the same
as section 5.1. Figure and [4] show the experimental results of multi-task, multi-objective, and constraint
optimization scenario, respectively. We also conducted experiments in the simulator-based setting. Figure [5] [0]
and [7] show the experimental results of multi-task, multi-objective, and constraint optimization scenario in the
simulator-based setting, respectively.
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Figure 2: Average performances of multi-task optimization experiments with GP test functions. The top and
bottom figures show the results of experiments with Gaussian and 5/2-Matérn kernels, respectively. The left,
middle and right figures correspond to the results with o = 0.25,0.5 and 0.75, respectively.
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Figure 3: Average performances of multi-objective optimization experiments with GP test functions. The left,
and right figures correspond to the results with Gaussian and 5/2-Matérn kernels, respectively.
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Figure 5: Average performances of multi-task optimization experiments with GP test functions in the simulator-
based setting.

E.2.2 Benchmark Functions for Optimization

We conducted experiments with following benchmark functions; Mccormick (2D), Himmelblau (2D), Branin
(2D), Bird (2D), Rosenbrock (2D) and Rosenbrock (3D). In the multi-task scenario, we set a = 0.5 in all
benchmarks. In the multi-objective and constraint optimization scenario, we multiplied —1 to the function
values of benchmarks except for Bird as preprocessing. Furthermore, We defined h as the 75-th percentile of
F, values in each benchmark. Figure [§| shows the results with these functions. We also show results of the
simulator-based setting in Figure [0]

E.2.3 Sensitivity to the choice of 3;

In this subsection, we analyzed the effect of the choice 8;. We conducted experiments in the same settings as
section Figure [10] shows the results with various 5;. The result suggests that small 5; tends to be good
performance. In the multi-task and the multi-objective scenarios, the performance differences between these [3;
seem trivial, however, it is not in constraint scenario. In the constraint scenario, the choice of g; directly affects
the classification whether the solution is feasible or not. Large 3; makes this classification rule too conservative
and induces poor performance in the early stage of optimizations.
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Figure 6: Average performances of multi-objective optimization experiments with GP test functions in the
simulator-based setting.
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Figure 7: Average performances of constraint optimization experiments with GP test functions in the simulator-
based setting.

E.2.4 Noisy Input Setting

In this subsection, we conducted experiments with GP test functions with noisy-input setting described in section
3.2. First, we divided [—0.5, 0.5]? into 20 uniformly spaced grid points in each dimension and set these grid points
as X. Furthermore, we divided [—0.5,0.5]? into 10 uniformly spaced grid points and set these grid points as A.
We defined p(§) = ¢(&1)$(&2)/Z and Z = 3 ;A #(&1)$(&2), where ¢ is the density function of the standard
Normal distribution. To create test functions, we first divided [—1.0,1.0]? into 25 uniformly spaced grid points in
each dimension and generated the sample path from the GP prior. After that, we created the 50 test functions
in the same way of §5.1, and conducted 10 runs for each function and reported the average performance of a
total of 500 experiments. Other settings are same as Figure [11| shows the results of experiments in the
noisy-input setting.

E.3 Real-data Experiments
E.3.1 Newsvendor Problem under Dynamic Consumer Substitution

The goal of this problem is to find the optimal inventory level of products to maximize the profit, which is
computed by a stochastic simulation. Given the initial inventory levels of products which is noted as x, and the
purchasing behaver of customers which is noted as w, the simulator outputs the profit f(x,w) after I customers
visit. The details of the simulation process are in section 6.6 of [Toscano-Palmerin and Frazier| (2018)). In our
experiment, we considered the two products setting whose costs of products are ¢; = 4 and ¢y = 13, and the
prices are p; = 10 and ps = 23, respectively, and chose I = 50. Furthermore, we divided [0, I] x [0, I] into 50

uniformly spaced grids in each dimension, and set these grid points as X. We also divided [w5t, w$] x [ws, wsd)

into 10 uniformly spaced grids, where [wjt,wz?d] is the 99.9% confidence interval of w;, and set these grid

points as €. We used ARD 5/2-Matérn kernel k((z,w), (&', w')) = o2, (1 + Vbr + 3r?)exp (—V/5r), where
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Figure 8: Average performance in 50 simulations of experiments with benchmark functions. The left, middle
and right figures represent the multi-task, multi-objective and constraint optimization experiments, respectively.
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Regret

Figure 9: Average performance of experiments with benchmark functions in the simulator-based setting.
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Figure 10: Average performances of experiments with various B;. The left, middle and right figures represent
the multi-task (a = 0.5), multi-objective and constraint optimization experiments, respectively.

r = \/2?1:1(:1:]- - :1:;-)2/[;30)2 + Z?il(wj - 'w;-)Q/l;w)z, and tuned all hyperparameters by maximizing marginal

likelihood at every 10 steps. Furthermore, we set ae = 0.5 in the multi-task scenario.

E.3.2 Portfolio Optimization Problem

The goal of this problem is to find the optimal hyperparameters of the trading strategy to maximize the average
daily return over a period of four years, which is computed in the simulation with CVXPortfolio
. A control parameter & corresponds to three parameters; a risk and a trade aversion parameters, and a
holding cost multiplier, whose domains are defined as [0.1,1000], [5.5, 8] and [0.1,100], respectively. A environ-
mental parameter w corresponds to two parameters; a bid-ask spread and a borrow cost, which are assumed
as random variables whose densities are uniform over [1074,1072] and [10~*,1073], respectively. To simplify
experiments, we respectively divided the domains of control parameters into 10 uniformly spaced grid points and
set these grid points as X'. We also applied the same procedure to the domains of environmental parameters to
define Q. Furthermore, as in (Cakmak et al.| (2020)), to avoid prohibitive costs of the simulation in the experiment,
we defined the true oracle function as a surrogate function obtained as the posterior mean function of the GP,
whose training data are evaluations of the actual simulator across 1000 points of Sobol sampling design
. To define true oracle function, we used the ARD Gaussian kernel whose hyperparameters are tuned by
maximizing the marginal likelihood, and assume that it is known in all the algorithms. Furthermore, we set
a = 0.25 in the multi-task scenario.
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Figure 11: Average performance of noisy input experiments. The left, middle and right figures represent the
multi-task (o = 0.5), multi-objective and constraint optimization experiments, respectively. The top and bottom
figures show the results of Gaussian and 5/2-Matérn kernel, respectively.
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