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Abstract

We propose a novel estimator of the mutual
information between two ordinal vectors x
and y. Our approach is inductive (as opposed
to deductive) in that it depends on the data
generating distribution solely through some
nonparametric properties revealing associa-
tions in the data, and does not require hav-
ing enough data to fully characterize the true
joint distributions Px,y . Specifically, our ap-
proach consists of (i) noting that I (y;x) =
I (uy;ux) where uy and ux are the copula-
uniform dual representations of y and x (i.e.
their images under the probability integral
transform), and (ii) estimating the copula
entropies h (uy), h (ux) and h (uy,ux) by
solving a maximum-entropy problem over the
space of copula densities under a constraint
of the type ↵m = E [�m(uy,ux)]. We prove
that, so long as the constraint is feasible, this
problem admits a unique solution, it is in the
exponential family, and it can be learned by
solving a convex optimization problem. The
resulting estimator, which we denote MIND,
is marginal-invariant, always non-negative,
unbounded for any sample size n, consistent,
has MSE rate O(1/n), and is more data-
e�cient than competing approaches.

1 Introduction

Mutual information plays a key role in statistical learn-
ing. It is directly related to the highest R2, the
highest true log-likelihood per observation, the lowest
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root mean square error and the highest classification
accuracy that can be achieved by using explanatory
variables x to predict categorical or continuous out-
put(s) y. It also plays an important role in representa-
tion learning (Brown et al. (1992); Bell and Sejnowski
(1995); Tishby et al. (2000); Tishby and Zaslavsky
(2015); Chen et al. (2016); Higgins et al. (2018)) and
reinforcement learning (Pathak et al. (2017); Oord
et al. (2018)).

Virtually every mutual information estimator in the
litterature implicitly assumes that we have a num-
ber n of i.i.d. samples (x1,y1) , . . . , (xn,yn) that is
large enough to characterize the underlying distribu-
tion Px,y . We will refer to this scenario as the deduc-
tive approach. Examples include quantizing (Panin-
ski (2003)) or hashing (Noshad et al. (2019)) x and y
and computing the mutual information between the re-
sulting discrete distributions using sample frequencies.
Other approaches approximate the pdfs using kernel
density estimators (Moon et al. (1995); Kwak and Choi
(2002)), using local geometric properties based on k
nearest neighbors (Kraskov et al. (2004); Gao et al.
(2015)) and using Edgeworth approximation (Hulle
(2005)). Another perspective has been to learn lower
bounds based on variational characterizations of the
mutual information (Nguyen et al. (2010); Belghazi
et al. (2018)) using M-estimators.

The deductive approach is fraught with limitations.
When relying on discrete approximations, the mutual
information can never be greater than the mutual in-
formation between fully dependent uniform distribu-
tions, namely log n in the case of quantization (Panin-
ski (2003)) and logF in the case of hashing (Noshad
et al. (2019)), where F < n is the number of distinct
hashes and n the sample size. McAllester and Stratos
(2020) extended this result empirically to various con-
tinuous mutual information estimators relying on the
deductive approach, including variational estimators
(Nguyen et al. (2010); Belghazi et al. (2018)). Their
work touches on the core issue: if we require properly
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characterizing the joint pdf nonparametrically from n
i.i.d. samples in order to estimate a mutual informa-
tion, then n ought to be large, otherwise we will not
see enough tail events, and we will fail to account for
tail dependency. Unfortunately, the alternative pro-
posed by McAllester and Stratos (2020), namely ap-
proximating the density p (x) and p (x|y) parametri-
cally using deep neural networks is data ine�cient and
tends to overshoot on small sample sizes. Along the
same line, Song and Ermon (2020) and Poole et al.
(2019) reported that the variance of variational estima-
tors MINE (Belghazi et al. (2018)) and NWJ (Nguyen
et al. (2010)) could be very large, and even grow expo-
nentially with the true mutual information (Song and
Ermon (2020)), due to the need for a large number
n of samples to accurately estimate an expectation of
the form E

⇥
eT (x,y)

⇤
under Px ⌦ Py .

Another major limitation of the deductive approach
is the unnecessary need to accurately model the
marginals of Px,y , directly or implicitly, as a pre-
requisite for estimating the mutual information, which
could be data and compute intensive, even though the
mutual information does not depend on marginal dis-
tributions.

The inductive approach we introduce in this paper is
structured in two stages. First, we measure a few non-
parametric properties of the data generating distribu-
tion that serve as marginal-invariant proxies revealing
associations between coordinates of x and/or y. Then
we estimate the mutual information in the spirit of
the maximum-entropy principle (Jaynes (1957a;b)), by
being consistent with all observed properties, while re-
maining as uninformative as possible about any prop-
erty we haven’t observed. Intuitively, we would expect
that the more expressive the properties we measure
get, the closer we should get to the true mutual infor-
mation. Indeed, we propose a family of nonparametric
properties that give rise to a consistent estimator of the
true mutual information.

The rest of the paper is structured as follows. In Sec-
tion 2 we recall some results relating copulas and mu-
tual information. In Section 3 we further motivate
our inductive approach and we present core theoret-
ical results pertaining to maximum-entropy inference
of copulas. Our theoretical contribution builds on the
study of the I-divergence geometry of probability dis-
tributions developed by Csiszár (1975), which general-
izes the minimum discrimination information theorem
of Kullback et al. (1966). In Section 4 we propose a
convex pro gram for solving maximum-entropy cop-
ula problems under linear constraints, and we discuss
practical considerations. Finally, in Section 5 we illus-
trate that our estimator outperforms the state of the
art on large and small mutual information problems on

synthetic data, we illustrate that our work can be used
to mitigate mode collapse in GANs, and we apply our
approach to the estimation of the highest performance
achievable in a Kaggle competition.

2 Background

We begin by recalling that the mutual information be-
tween two random vectors x and y is defined as

I(y;x) : =

Z

X⇥Y
log

dPx,y
dPx ⌦ Py

dPx,y

where Px,y (resp. Px, Py) is the (joint) probabil-

ity measure of (x,y) (resp. x, y), and
dPx,y

dPx⌦Py
is

the Radon-Nikodym derivative of the joint probability
measure with respect to the product measure of Px
and Py . Friendlier expressions depending on whether
the random vectors have continuous and/or categorical
coordinates are provided in Table 2 in the appendix.

While the mutual information is the canonical ap-
proach for quantifying associations betweeen random
variables, copulas are the canonical tool for model-
ing associations between random variables. We recall
some basic definitions and properties, and link the two
notions.

Definition 2.1. A copula distribution is any
probability distribution supported on [0, 1]d whose
marginals are uniform. A copula (resp. copula den-

sity) is any function that is the cdf (resp. pdf) of a
copula distribution.

The following theorem shows that every distribution
with pdf is uniquely associated to a copula density that
fully captures its dependence structure, independently
from marginals.

Theorem 2.1. (Sklar’s Theorem) Any pdf f : Z ⇢

Rd
! R+ whose marginal pdfs are f1(z1), . . . , fd(zd)

with associated cdfs F1(z1), . . . , Fd(zd) can be uniquely
decomposed as

f (z1, . . . , zd) = c (F1 (z1) , . . . , Fd (zd))
dY

i=1

fi (zi) ,

where c : [0, 1]d ! R+ is a copula density. We refer
to uz := (F1(z1), . . . , Fd(zd)) as the copula-uniform
dual representation of z := (z1, . . . , zd), and to z
as a primal representation of uz.

Interestingly, the entropy of a copula-uniform dual rep-
resentation is invariant by continuous 1-to-1 primal
feature transformations.
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Proposition 2.1. If uz is the copula-uniform dual
representation of z := (z1, . . . , zd) and ug(z) is
the copula-uniform dual representation of g(z) :=
(g1(z1), . . . , gd(zd)) where the functions g1, . . . , gd are
continuous 1-to-1 functions, then

h (uz) = h
�
ug(z)

�
.

See Appendix B.1 for the proof.

The following entropy decomposition is a direct con-
sequence of Sklar’s theorem.

Proposition 2.2. If uz is the copula-uniform dual
representation of z := (z1, . . . , zd) 2 Z ⇢ Rd and z
admits a pdf, then the di↵erential entropy of z can be
decomposed as

h (z) = h (uz) +
dX

i=1

h (zi) , (1)

so long as all marginal entropies exist. h (uz) is the
entropy of the associated copula distribution, and we
refer to it as the copula entropy of z.

This entropy decomposition implies that the mutual
information between two continuous random vectors
is the same as that of their copula-uniform dual rep-
resentations:

I (y;x) = h (y) + h (x)� h (y,x)

= h (uy) + h (ux)� h (uy,ux)

= I (uy;ux) .

The identity I (y;x) = I (uy;ux) extends to all or-
dinal random vectors by noting that copula-uniform
dual representations are well defined for ordinal ran-
dom vectors, are in a 1-to-1 relationship with their
primal representations, and that the mutual informa-
tion is invariant by 1-to-1 maps. In general, we may
use Table 2 to conclude that estimating any mutual in-
formation boils down to estimating copula entropies,
and possibly one-dimensional primal entropies (when
the problem involves categorical and non-ordinal coor-
dinates that we choose not to ordinally encode).

Another important property of the mutual informa-
tion we will rely on is that it is stable by addition of
redundant information.

Proposition 2.3. Let y 2 Y and x 2 X be two ran-
dom vectors, and f a function defined on X . Then we
have:

I (y;x, f (x)) = I (y;x) + I (y; f (x) |x)| {z }
=0

= I (y;x) .

Going forward, and without loss of generality, we
will focus on the estimation of the copula entropy of

a continuous random vector h (uz), with the under-
standing that the mutual information is recovered as
I (y;x) = h (uy) + h (ux)� h (uy,ux).

3 Inductive Mutual Information
Estimation

We consider estimating the copula entropy h (uz) of a
continuous random vector z 2 Z ⇢ Rd, where uz is
the copula-uniform dual representation of z, which we
assume admits a pdf.

3.1 Motivation and Roadmap

The deductive approach to learning the copula en-
tropy h (uz) requires assuming that we have gathered
enough samples to fully characterize the pdf p(uz), es-
timating the pdf, and then estimating the copula en-
tropy as the entropy of the estimated pdf. This is both
data and compute ine�cient. If we partition [0, 1]d

into small hypercubes of side length �, then we need
to observe at least one sample per hypercube for a
small enough � to properly characterize the pdf non-
parametrically. This requires n / ��d samples. How
small � needs to be depends on how quickly the true
pdf varies on [0, 1]d. Regardless, n would grow expo-
nentially with the input dimension, and so would the
associated compute requirement.

This ine�ciency can be alleviated by assuming that
the pdf belongs to a specific parametric family, at
the expense of model mispecification. If the paramet-
ric family has su�cient statistics T (u1, . . . ,un) for
n i.i.d. observations, then pdfs in the family should
be maximum-entropy among all pdfs with the same
statistics. If this is not the case, then the parametric
family would be violating Occam’s razor as the learned
pdf would be encoding more structure than evidenced
by the data, and the estimated entropy would over-
shoot. We also note that the pdf p(uz) should have
uniform marginals, which makes finding an appropri-
ate parametric family even more di�cult.

In the absence of any empirical evidence, Occam’s ra-
zor suggests that the most appropriate distribution for
uz is the uniform distribution on [0, 1]d as it is the least
informative (or maximum-entropy) of all distributions
supported on [0, 1]d. Instead of choosing a rigid para-
metric family and inheriting its su�cient statistics, we
could construct more expressive copula densities by
first choosing how to reveal departure from the stan-
dard uniform distribution from the data, and then
finding the least informative copula density among all
copula densities satisfying the observed constraints.

The inductive approach we propose consists of reveal-
ing the dependence structure in uz by estimating an
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expectation of the form ↵m = EPuz
[�m (uz)], for a

vector-valued statistics function �m : [0, 1]d ! Rq,
and estimating h(uz) as the highest copula entropy
among all copulas satisfying the constraint ↵m =
EP [�m (uz)]. When �m is given and EPuz

[�m (uz)]
is all the data scientist can reliably observe about the
structure of the data (e.g. we are only given pairwise
Spearman rank correlations), our estimator is the only
estimator consistent with Occam’s razor. Crucially, if
we may choose �m, then we may approximate the cop-
ula entropy with arbitrary precision. Specifically, we
show that, so long as (�m)m are universal approxi-
mators of continuous functions on [0, 1]d, the solution
to this maximum-entropy problem is a consistent esti-
mator of the true copula entropy h (uz) (see Theorem
4.1). Equally important is Corollary 3.1 that states
that we may perfectly recover the true mutual infor-
mation using a finite dimensional statistics function
that is not expressive enough to fully characterize the
true copula distribution Pux,y .

We note that ↵m can be e�ciently estimated from n
i.i.d. primal samples z1, . . . , zn as

↵̂m,n =
1

n

nX

i=1

�m

✓
rg (zi)

n+ 1

◆
, (2)

where rg (zi) is the vector of coordinatewise ranks
of zi among z1, . . . , zn. It follows from the weak
convergence of the empirical copula process to the
true copula that ↵̂m,n is a consistent and asymptot-
ically normal estimator of ↵m (Ruschendorf (1976)).
Thus, our inductive approach to mutual information
estimation truly does not require learning marginal
distributions. We show that, so long as the con-
straint EP [�m (uz)] = ↵̂m,n is feasible, the associated
maximum-entropy problem admits a unique solution,
and it is a consistent estimator1 of h (uz) when (�m)m
are universal approximators of continuous functions
on [0, 1]d. Finally, we introduce a convex optimiza-
tion problem whose minimizer is the maximizer of our
maximum-entropy problem.

3.2 Maximum-Entropy Copulas

Let Cd be the space of all d-dimensional copula distri-
butions with pdf, h (P ) the di↵erential entropy of the
probability distribution P , and �m,d : [0, 1]d ! Rq(d) a
vector-valued function whose coordinate functions are
not linearly dependent.

We define the following properties of �m,d: (P1) the
first coordinate of �m,d is the constant 1, (P2) each
coordinate of EP [�m,d (u)] captures a way in which P
departs from the uniform distribution, (P3) the fam-

1Consistency here is jointly in n and m.

ily (�m,d)m is a universal approximator of continu-
ous functions defined on [0, 1]d for any d, and (P4)
q(l) + q(k)  q(l + k) for every l, k > 0 and all coor-
dinates of �m,l and �m,k are also included in �m,l+k.
Going forward, we will use �m and q in-lieu-of �m,d

and q(d) for ease of notation when the input dimen-
sion is unambiguous.

We consider the following optimization problem:

(
max
P2Cd

h (P )

s.t. EP [�m (u)] = ↵m

. (MIND)

The theorem below, which we prove in Appendix B.2,
states that the solution of (MIND) is an exponen-
tial family distribution with su�cient statistics �m,
and with base measure the product of d measures on
[0, 1] that are absolutely continuous with respect to
the standard uniform on [0, 1].

Theorem 3.1. Let �m satisfy (P1). If there is any
copula distribution P with finite di↵erential entropy
and satisfying EP [�m (u)] = ↵m, then the maximum-
entropy problem (MIND) admits a unique solution,
and the maximizer PM is the only copula distribution
whose density takes the form

pM (u;�m,↵m) = e✓
T�m(u)

dY

i=1

fi (ui) , (3)

and that satisfies the constraint EPM [�m (u)] = ↵m

for some constant ✓, and d non-negative univariate
functions fi, log fi 2 L1 ([0, 1]). Moreover, for any
copula distribution P 2 Cd satisfying EP [�m (u)] =
↵m,

h (PM)� h(P ) = KL (P ||PM) . (4)

The practical challenge with applying Theorem 3.1
is the need to learn the free functions f1, . . . , fd.
These functions ensure that the maximizer is a cop-
ula distribution—i.e. has uniform marginals. We
now consider relaxing this requirement and solving the
maximum-entropy problem over the space Dd � Cd of
all continuous probability distributions supported on
[0, 1]d:

(
max
P2Dd

h (P )

s.t. EP [�m (u)] = ↵m

. (A-MIND)

As we later show in Theorem 4.1, (P3) guarantees that,
despite this relaxation, the solution to (A-MIND) con-
verges to the true copula entropy as m goes to infinity.
For a givenm, to control how close to uniform the max-
imizer’s marginals are, we use the moment characteri-
zation of the standard uniform 8j, E(uj) = 1/(1+ j),
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and we match the first k moments of marginals of can-
didate distributions to those of the standard uniform.
To do so, we introduce the property (P5): �m has the
form

�km(u) =
�
1, u1, . . . , u

k
1 , . . . , ud, . . . , u

k
d, m (u)

�
,

with associated

↵k
m = (1, 1/2, . . . , 1/(1 + k), . . . , 1/2, . . . , 1/(1 + k),�m) .

The solution of (A-MIND) is provided by the following
theorem, which we prove in Appendix B.3.

Theorem 3.2. Let �km satisfy (P5). If there is any
distribution P supported on [0, 1]d, with finite di↵er-
ential entropy and satisfying EP

⇥
�km (u)

⇤
= ↵k

m, then
the maximum-entropy problem (A-MIND) admits a
unique solution of the form

hAM

�
u;�km,�m

�
= �✓T↵k

m, (5)

and the maximizer PAM is the only distribution sup-
ported on [0, 1]d, whose pdf takes the form

pAM

�
u;�km,�m

�
= e✓

T�k
m(u) (6)

for some constant ✓, and that satisfies the constraint
EPAM

⇥
�km (u)

⇤
= ↵k

m. Moreover, for any distribution
P 2 Dd satisfying EP

⇥
�km (u)

⇤
= ↵k

m,

h (PAM)� h(P ) = KL (P ||PAM) . (7)

Corollary 3.1. Let x 2 X and y 2 Y be two
continuous random variables with mutual information
I (y;x) and true individual and joint copula distribu-
tions Pux , Puy ,and Pux,y . If PAM (ux), PAM (uy)
and PAM (ux,uy) are the solutions to three (A-MIND)
problems whose constraints are satisfied by the true
copula distributions, and

IAM (y;x) : = h (PAM (ux)) + h (PAM (uy))

� h (PAM (ux,uy))

is the associated mutual information estimator, then

IAM (y;x)� I (y;x) = KL [Pux ||PAM (ux)] (8)

+KL
h
Puy ||PAM (uy)

i
�KL

h
Pux,y ||PAM (ux,y)

i
.

Equation (8) in Corollary 3.1 lays out the theoretical
ground for favoring our inductive approach over the
traditional deductive approach. Indeed, it shows that
it is not necessary to accurately learn the true data
generating distributions Px, Py , and Px,y or their
copulas in order to accurately learn the mutual in-
formation I (y;x). The error made by (A-MIND) in
estimating the joint copula entropy h (uy,ux) can o↵-
set the errors made estimating the individual copula
entropies h (uy) and h (ux), so that we may perfectly
estimate the mutual information with a finite dimen-
sional statistics function �m, without accurately learn-
ing the copula distributions.

3.3 Iterative MIND

When either (MIND) or (A-MIND) are sparse in the
sense that each coordinate of �km is a function of some
but not all coordinates of u, they can be broken down
into smaller, cheaper, more robust and cacheable prob-
lems.

Theorem 3.3. Let us assume that  m (u) takes the
form  m (u) = (⌘1 (w,v1) , . . . , ⌘q (w,vq)) where w is
a coordinate of u and the vectors v1, . . . ,vq are made
of coordinates of u but share no common coordinate
and do not include w. If the constraint EP [ m (u)] =
�m := (�1, . . . ,�q) is feasible, then we have

pM
�
u;�km,↵k

m

�
=

qY

i=1

pM (w,vi; ⌘i,�i) , (9)

hM

�
u;�km,↵k

m

�
=

qX

i=1

hM (w,vi; ⌘i,�i) . (10)

The proof is provided in Appendix B.4. Theorem 3.3
is useful in single-output problems when blocks of ex-
planatory variables are known or assumed to be inde-
pendent conditional on the output.

More generally, when each coordinate of �km depends
on some but not all coordinates of u, the problem (A-
MIND) can be broken down into smaller problems that
can be solved iteratively.

Theorem 3.4. Let u = (v1, . . . ,vq) and let
us assume that  m (u) takes the form  m (u) =
(⌘1 (v1) , . . . , ⌘q (vq) , � (u)) where all ⌘i and � sat-
isfy (P1). If the constraint EP [ m (u)] = �m :=�
�1, . . . ,�q, �̄

�
is feasible, then the maximizer of (A-

MIND) has density of the form

pAM

�
u;�km,�m

�
= e✓

T�k
m(u)

qY

i=1

pAM (vi; ⌘i,�i) (11)

where ✓ is the only constant such that
EPAM

⇥
�km (u)

⇤
= ↵k

m.

Moreover, the solution reads

hAM

�
u;�km,�m

�
= �✓T↵k

m +
qX

i=1

hAM (vi; ⌘i,�i)

�

qX

i=1

KL
⇥
pAM

�
vi;�

k
m,�m

�
||pAM (vi; ⌘i,�i)

⇤
,

where pAM

�
vi;�

k
m,�m

�
is the marginal of the

maximizer of the full (A-MIND) problem and
pAM (vi; ⌘i,�i) the maximizer of the (A-MIND) prob-
lem pertaining to vi. Furthermore,

�✓T↵k
m 

qX

i=1

KL
⇥
pAM

�
vi;�

k
m,�m

�
||pAM (vi; ⌘i,�i)

⇤
,
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and the equality holds if and only if ✓ = 0, condition
satisfied if 8u, � (u) = 1.

The proof is provided in Appendix B.5. Essentially,
to solve a full (A-MIND) problem, we may partition u
into q blocks, solve the q (A-MIND) problems in paral-
lel using within-block constraints, determine whetherQq

i=1 pAM (vi; ⌘i,�i) satisfies the between-blocks con-
straints to an acceptable tolerance, and if not solve
the full (A-MIND) problem using the parameters ofQq

i=1 pAM (vi; ⌘i,�i) as initial parameters.

4 Estimation

We now turn to estimating the parameters of the so-
lutions of the problems (A-MIND) and (MIND). With
�km satisfying (P5), let us consider the problem:

min
✓

� ✓T↵k
m +

Z

[0,1]d
e✓

T�k
m(u)du. (CVX-MIND)

4.1 Convex Estimation

Lemma 4.1. The optimization problem (CVX-
MIND) is strictly convex.

Lemma 4.2. The minimizer of problem (CVX-
MIND) is the maximizer of problem (A-MIND).

Theorem 4.1. Let �km satisfy (P3) and (P5). If �̂m,n

is a consistent estimator of �m := EPuz
[ m (u)], then

for every m > 0

hAM

⇣
u;�km, �̂m,n

⌘
�!

k,n!1
hM (u; m,�m) , (A)

and for every k > 0

hAM

⇣
u;�km, �̂m,n

⌘
�!

m,n!1
h (uz) . (B)

See Appendix B.6 for the proof of Lemma 4.1, Ap-
pendix B.7 for the proof of Lemma 4.2, and Appendix
B.8 for the proof of Theorem 4.1.

4.2 Choice of k and  m

It follows from Theorem 4.1 that k controls how close
to uniform marginals of pAM are, while m controls
how close hAM (uz) is to h (uz). When the object of
study is to learn the copula itself not just its entropy,
k should be as large as necessary. Note however that
the maximum-entropy problem (A-MIND) inherently
favors distributions that are as close to uniform as al-
lowed by empirical evidence, so that a large k might
not be needed in practice.

An example family ( m)m that satisfies (P3) are poly-
nomials of degree m, thanks to the Stone-Weierstrass

theorem (Rudin (1973)). With this choice of  m, our
approach can be regarded as a maximum-entropy Tay-
lor expansion of the true log copula density log p (uz).
Recalling that ⇢ij = 12E [uiuj ] � 3 is the population
version of the Spearman rank correlation between as-
sociated primal variables (Nelsen (2007)), it follows
that with m as small as 2, we can capture all smooth
1-to-1 associations2 between any two coordinates of z.

Monomials with degree m > 2 grow combinatorially
in number, but do not provide as much insights per
term as  2. Thus, before considering higher degree
polynomials, we suggest leveraging Proposition 2.3 in
combination with  2 to incorporate specific types of
smooth but non-1-to-1 associations. For instance, us-
ing fµ(x) := |x � µ|, where the absolute value is co-
ordinatewise, and solving the problem (MIND) with
m = 2 to estimate I (y;x) through I (y;x, fµ(x)),
allows us to reveal any possible associations of the
type ‘a coordinate of y tend(s) to be monotonically
related to the departure of coordinates of x from some
baseline values’, as well as all smooth 1-to-1 associa-
tions between coordinates of x and y. Good exam-
ples for µ are the sample median or mean of x. To
capture departures from a standard range of values
rather than a single one, fµ can be passed through an
✏-insensitive loss function. When output yj is a quasi-
periodic function of xi (e.g. xi is time and output yj is
seasonal), f⇡(xi) = xi�bxi/⇡ic⇡i allows us to capture
seasonality-adjusted e↵ects.

4.3 Handling Categorical Data

Categorical and non-ordinal variables should be ordi-
narily encoded as customary, and ordinal data should
be treated as continuous variables. The only practical
requirements for the validity of this approach are i)
to use a ranking function that assigns di↵erent ranks
to all inputs including ties (e.g. scipy’s ‘rankdata’
function with method ‘ordinal’), and ii) to avoid en-
coding methods that may result in linearly dependent
coordinates (e.g. one-hot-encoding on a binary non-
ordinal categorical variable). When a suitable ranking
function is not available a small random jitter may be
added to ordinal variables to remove ties.

This approach is mathematically valid thanks to the
quantization characterization of the mutual informa-
tion (Cover (1999), Definition 8.54). See Appendix
A.2 for more details.

2A continuous function of one variable is 1-to-1 if and
only if it is either decreasing or increasing, both of which
are captured by Spearman’s rank correlation.
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4.4 Properties

We summarize some key properties of our mutual in-
formation estimator IAM.

Non-negativity: IAM, is always non-negative thanks
to requirement (P4) and Theorem 3.4.

Unboundedness for every n: Because IAM only de-
pends on estimated expected statistics, not i.i.d. sam-
ples themselves, and because said estimated expected
statistics may take extreme values for any n, IAM can-
not be upper-bounded by a function of n.

Marginal-Invariance: Our entire approach does not
depend on marginal distributions. Additionally, our
copula entropy estimator is invariant by any increas-
ing univariate feature transformation (it depends on
the data solely through ranks), and any smooth 1-to-1
univariate feature transformation for k large enough
enough (Proposition 2.1 and Theorem 4.1-A).

Low Variance: Our approach depends on the data
generating distribution solely through the expected
statistics constraints, which are estimated using Equa-
tion (2) with O(1/n) MSE rate (Ruschendorf (1976)).
By the delta method, both the associated natural pa-
rameters ✓ and the corresponding copula entropies
�✓T ↵̂m,n, and therefore IAM, have MSE rate O(1/n).

Consistency: The fact that IAM is a consistent esti-
mator of the true mutual information is a direct conse-
quence of the consistency of the rank estimator Equa-
tion (2) and of the individual copula entropy estima-
tors as a result (see Theorem 4.1-B).

Low Complexity: With our choice of �m, pre-
optimization complexity is dominated by the compu-
tation of ranks, which scales in O(dn log n), while op-
timization can scale in O(d2) using gradient descent,
where d is the number of inputs and output(s). Calcu-
lating the integral over [0, 1]d is only required while
solving (CVX-MIND) to compute the gradient and
possibly the Hessian; it is not needed to calculate
the optimal entropy itself. Thus, a crude approxima-
tion using naive Monte Carlo at every learning step
is good enough; the resulting algorithm, which can be
regarded as mini-batch stochastic gradient descent on
a convex objective (Bottou (2010)), will converge to
the right solution even for large d.

5 Applications

We begin by applying our approach to clarifying a
common misconception.

5.1 The Multivariate Gaussian is Highly

Structured

The use of multivariate Gaussian variables is often
justified by the fact that they are maximum-entropy
(or the least informative of all distributions supported
on Rd) under Pearson correlation constraints. Such
a choice is equivalent to assuming that marginals are
Gaussian and the copula is the Gaussian copula. It
might surprise the reader to know that the Gaussian
copula is in fact highly structured/informative. For

Figure 1: Two bivariate pdfs with standard normal
marginals, and the same Spearman rank correlation
�0.7. The copula is Gaussian on the right, and
maximum-entropy under the Spearman rank correla-
tion constraint on the left.

instance, it can be seen in Figure 1 that the Gaussian
copula posits that tails are much more tightly coupled
than the corresponding3 maximum-entropy copula.

Additionally, as illustrated in Figure 4 in the Ap-
pendix, the bivariate Gaussian pdf is on average about
10% o↵, and up to 50% o↵ from the pdf with the
same marginals and copula the least informative cop-
ula with the same Spearman correlation.4 When ap-
plying the maximum-entropy principle in the primal
space, constraints should always be broken down into
constraints that solely apply to the copula and con-
straints that solely apply to marginals (if any). If this
is not done, marginal entropies will tend to dominate
the copula entropy in the entropy decomposition of
Proposition 2.2, and the copula will tend to be low
entropy. When constraints are so separable, Equation
(1) allows us to break down the optimization problem
into two, one maximum-entropy problem about the

3With the same Spearman correlation structure.
4The Spearman rank correlation ⇢s of a bivariate Gaus-

sian with Pearson correlation ⇢ reads ⇢s = 6
⇡ arcsin

�
⇢
2

�

(Kruskal (1958)).
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copula, which our approach allows solving, and one
about marginals. This is not possible using covariance
matrices as maximum-entropy constraints given that
Pearson’s correlation is not a functional of the copula:
it does depend on marginals. As expected, marginal
entropies in this case do dominate the copula entropy
in the maximum-entropy problem, which explains why
univariate Gaussians are indeed high entropy but the
Gaussian copula is low entropy/highly structured.

Figure 2: Estimation of the mutual information be-
tween two 128-dimensional vectors x = (x1, . . . , xd)
and y = (y1, . . . , yd) from a draw of 1000 i.i.d. sam-
ples. (xi, yi) are i.i.d. Gaussians with mean zero, unit
marginal variance, and correlation ⇢. For models using
deep neural networks, we run the experiment 10 times
and report for each batch number the estimate that is
the closest to the ground truth. The ground truth is
the black solid line labeled I (x;y).

5.2 MIND is Far More Data-E�cient Than

Competing Approaches

Next, we illustrate that our approach is far more data-
e�cient than all alternatives, in both low and high
mutual information settings.

We repeat the experiment of McAllester and Stratos
(2020), and estimate the mutual information between
two d-dimensional vectors x = (x1, . . . , xd) and y =
(y1, . . . , yd), where (xi, yi) are i.i.d. Gaussians with
mean zero, unit marginal variance, and correlation ⇢.
The true mutual information in this case is I(y;x) =
�

d
2 log

�
1� ⇢2

�
. We reuse the exact same settings as

McAllester and Stratos (2020), except for one simple
change. Rather than drawing a fresh mini-batch from
the true data generating distribution, which is equiv-
alent to using 384000 i.i.d. samples in total, we gen-
erate 1000 i.i.d. samples used by all experiments and
from which mini-batches are sampled. We run the ex-
periment in a high (⇢ = 0.5) and a low (⇢ = 0.01)
mutual information setting. We use the code provided

I(y;x) MIND DoE MINE NWJ KSG
18.41 18.36 53.88 6.92 7.22 2.98
0.01 0.08 37.49 5.83 1.67 2.89

Table 1: Estimates of the mutual information between
two 128-dimensional vectors from 1000 i.i.d. samples
in low and high mutual information settings using var-
ious models. The ground truth is the column I(y;x)
and the closest model to it is in bold.

by the authors of McAllester and Stratos (2020) at
https://github.com/karlstratos/doe for all mod-
els but KSG (Kraskov et al. (2004)) and MIND. For
MIND, we use second order polynomials as �m. As it
can be seen in Figure 2 and in Table 1, MIND is the
only model able to come anywhere close to the ground
truth in high or low mutual information settings. DoE
models clearly overshoot in both settings. If we re-
fer to Figure 2 of McAllester and Stratos (2020), we
may conclude that DoE models need about 2000⇥128
i.i.d. samples to converge to the ground truth in this
experiment, which is 256 times more than what MIND
requires. Variational models in the primal space over-
shoot in low mutual information settings and seem to
be upper-bounded by O(log n) in high mutual infor-
mation settings. As for the nonparametric KSG esti-
mator, it struggles with large input dimensions.

5.3 Copula Entropy Regularized Generative

Adversarial Networks (CER-GANs)

Finally, we illustrate that our approach may be used
to prevent mode collapse in GANs.

We recall that GANs (Goodfellow et al. (2014)) are
very e↵ective generative models made of two modules:
a generator whose state is represented by a function
G : Z ⇢ Rq

! X , and a discriminator whose state
is represented by a function D : X ! [0, 1]. The aim
is to learn a function G that maps a simple noise or
code distribution Pz supported on Z to a true data
generating distribution of interest Px supported on X ,
so that we may draw samples from the true distribu-
tion Px (e.g. realistic images) simply as G(z) with
z ⇠ Pz. To do so, a GAN alternates between two
steps. The first step consists of learning a discrimi-
nating function D that, as the predictive probability
of a binary classifier, is e↵ective at telling draws from
the true distribution Px apart from draws of the form
G(z) (i.e. that are fake). This is done by maximizing
the likelihood-like objective

LD := EPx [logD (x)] + EPz [log (1�D (G(z)))]

over functionsD induced by a deep neural network, for
a given G. The second step consists of updating the
state G of the generator so as to trick the discriminator

https://github.com/karlstratos/doe
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Figure 3: Illustration of GANs trained on the 25 Gaussians dataset (left) without regularization (middle), and
with copula entropy regularization (right). Both models use the same discriminator and generator architectures
and were stopped after 500 epochs.

into thinking that fake samples are real. This is done
by minimizing the objective

LG := EPz [log (1�D (G(z)))]

over functions G induced by another deep neural net-
work. When Px is multi-modal, as is often the case
in real-life applications, if the generator becomes good
at sampling from a mode of Px, then it will keep gen-
erating samples near the same mode, as no term in
the objectives LD and LG incentivizes the generator
to keep exploring beyond a mode. This pathology of
GANs is known as mode collapse (Che et al. (2016)).
Belghazi et al. (2018) identified as possible solution
regularizing LG with the entropy of G(z) so as to fos-
ter exploration, but the authors considered this so-
lution intractable. Instead they followed Chen et al.
(2016) and focused on cases where, in addition to z,
the generator uses meta-data c that implicitly identify
modes of the true distribution Px (e.g. the digit in
the case of MNIST). The authors realized that a low
mutual information I (G(z, c); c) between fake sam-
ples and the associated codes reveals mode collapse,
and consequently proposed regularizing LG with the
negative of the foregoing mutual information term:

L̃G = LG � �I (G(z, c); c) , � > 0.

We propose an alternative that does not rely on meta-
data.

It follows from Sklar’s theorem (Theorem 2.1) that to
prevent the generator from collapsing to a mode, it
su�ces to prevent the copula of G(z) from collapsing
to a mode, which can be done by regularizing the gen-
erator’s loss function with the entropy of the copula of
G(z):

L̄G = LG � �h
�
uG(z)

�
, � > 0.

Using the problem (CVX-MIND), we may write the
regularized batch training step of the generator as

min
G

1

b

bX

i=1

log [1�D (G(zi))] + �
h
✓T� (ûi)� e✓

T�(ui)
i

where � > 0, � is the constraint function, ui ⇠

U
�
[0, 1]d

�
are standard uniforms, and ûi =

rg(G(zi))
b+1 ,

the rank being understood as within-batch. The gen-
erator step is now followed by the batch copula step

min
✓

1

b

bX

i=1

�✓T� (ûi) + e✓
T�(ui).

We call this model Copula Entropy Regularized GANs
(CER-GANs). Figure 3 illustrates the e�cacy of CER-
GANs on the 25-Gaussians dataset ( Belghazi et al.
(2018)).

6 Conclusion

We propose a novel approach for solving maximum-
entropy copula problems under flexible linear con-
straints as a convex optimization problem, and we ap-
ply our finding to estimating the mutual information
between two random vectors. Our approach is induc-
tive in that it relies on the data generating distribution
solely through some association-revealing nonparamet-
ric properties; it does not assume we have enough data
to fully characterize the underlying true joint distri-
bution. This allows the resulting estimator, which we
denote MIND, to be considerably more data e�cient
than all competing models. We show that MIND can
accurately estimate the mutual information even when
the sample size n is not large enough to fully charac-
terize the true data generating distribution. For large
n settings, we show that MIND is a consistent estima-
tor of the true mutual information and has MSE rate
O(1/n). Beyond mutual information estimation, we
show that mode collapse in GANs can be mitigated
by adding a regularizing term that maximizes the cop-
ula entropy of the generator using MIND.

An implementation of MIND can be accessed from the
Python package ‘kxy’ available from Pypi (by running
‘pip install kxy’) or GitHub (https://github.com/
kxytechnologies/kxy-python).

https://github.com/kxytechnologies/kxy-python
https://github.com/kxytechnologies/kxy-python
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