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A Detailed setup

In Appendix B we will prove the claims in the body of the paper. This requires us to establish some additional
notation, which we do in Appendix A.1. Most of these symbols and definitions were used in the original
FALCON paper [Simchi-Levi and Xu, 2020]. The results in Appendix C use notation and definitions from
[Koltchinskii, 2011] and are stated within Appendix C. Appendix A.2 states the main assumption used in
Theorem 2, and Appendix A.3 describes the general version of Epsilon-FALCON.

A.1 Preliminaries

To start, let I'; denote the set of observed data points up to and including time ¢. That is
Ly = {(s, a5, 75(as)) Yoo (12)

Recalling the text, an “action selection kernel” p gives us the probability p(a|x) of selecting an arm a given
a context x, and a “policy” is a deterministic mapping from contexts to actions. Let U = A% denote the
universal policy space containing all possible policies. Following Lemma 3 in [Simchi-Levi and Xu, 2020],
given any action selection kernel p we can construct a unique product probability measure on ¥, given by:

Qp(m) = [] p(r(@)|x), (13)

zeX

and it satisfies the following property

plae) = ) Hr(x) = a}Qp(m). (14)

Tew

Property (14) establishes a duality between action selection kernels, which are used in practice in the algo-
rithm implementation, and the probability distribution (13), which is a theoretical object that can be used
to simplify the proofs below. For short-hand, we let @,, = @, denote the product probability measure on
¥ induced by the action selection kernel p,, defined in (6).

Now, for any action selection kernel p and any policy 7, we let V(p, w) denote the expected inverse probability.

One can interpret (15) as a measure of average divergence between p(-Jz) and w(z).
[Simchi-Levi and Xu, 2020] refer to this as the decisional divergence between the randomized policy
QQp and deterministic policy 7.

Given an outcome model f and policy w, we can define the expected instantaneous reward of the policy 7
with respect to the model f as

Ry(m)i= B [f(.n(a) (16)

x~D y

When there is no possibility of confusion, we will write R(r) to mean Rj-(m), the reward with respect to
the true model f*.. The policy 7y induced by the model f is defined by setting 7y(x) := arg max, f(z,a)
for every x. Note that this policy has the highest instantaneous reward with respect to the model f, that is
7y = argmax,cw Ry(m). We can also define the expected instantaneous regret with respect to the outcome
model f as

Reg(m):= E [f(z,7f(2)) = f(z,7(x))]. (17)

x~Dy
When there is no possibility of confusion, we will write Reg(m) to mean Regy. (), the regret with respect
to the true model f*.

Recall that we define f* as the best in-class approximation to the true outcome model when actions are
sampled uniformly at random. Also recall that we define b as the approximation error or mean squared
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difference between f * and f* when actions are sampled uniformly at random. We now define B to be the
largest mean squared difference between f* and f* under any action selection kernel. That is, *

Bi=max E E [(f(z,0) = f(x,0)))] = E [max(f*(z,a) - f*(z,a))’]. (18)

P x~Dx a~p(-|z) z~Dy @

A.2 Main assumption

Assumption 1. Suppose that our outcome model F satisfies the following property. There exists constants
C >0, pe (0,1, pf € [0,00) such that for any action selection kernel p, any convexr subset F' C F,
any natural number n, any ¢ € (0,1), and any n > Cln” (n)In(1/¢)comp(F)/n*, the following holds with
probability at least 1 — (:

F'(n,p) € F'(3n/2,5) and  F'(n,8) C F'(2n,p), (19)

where the n-minimal set is defined as

(fana) —ri(@)’) < mn E  E [<f<xi,ai>—n<ai>>2]+n},

F'(n,p) = {f €F )
(zi,ri)~D a;~p(-|x) FEF! (xi,ri)~D a;~p(-|x)
(20)

and the empirical n-minimal set is defined as

n

F(n,9) = {f € ]:’ %Z(f(%’»%) —7i(a;))? < min = Z(f(ﬂfi,ai) — ria;))® + 77} : (21)

f n
ferr i

and where the data S = (x4, ai,7i(a;)) are drawn independently and identically from x; ~ Dx, a;|z; ~
p(-|x;) and r; ~ Dy, |2i,a:» 0nd the expectations are taken with respect to these distributions.

A.3 Algorithm

The general version of our algorithm for general classes of outcome models F requires three modifications.
Note the constants C, p, and p’ mentioned below are rate terms from Assumption 1, C3 := 1/(4C5) (see
Lemma 8), and C5 := 2C x 4” x (2 +1n(12)) (see Lemma 7).

First, the epoch schedule needs to satisfy 79 = 0, 71 > 4 and for subsequent epochs we set 7,41 = 27,

Second, the parameter 7, is set to 73 =1 and

- \/ CsK (Ty—1 — Ton—2)P 22)

0" (Ty—1 — Tm—2) In((m — 1)/8)comp(F)
Third and finally, the constraint set F,, consists of the set of outcome models f € F such that

1
157l

N Cy In” (1S7,]) In(1/8")comp(F)

23

Fl =X feF ’ Z(fm+1(m,a) —r(a)? < amn,
S

where a, := Is—l,‘ minger Yo (9(z,a) —r(a))?, &' =6/(12m?), and Cy = 3C/2 (see Lemma 7).

"Lemma 1 bounds B with Kb.
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Algorithm 1 Epsilon-FALCON
input: epoch schedule 7 > 4, confidence parameter §, and forced exploration parameter e.

1: Set 70 =0, and Tp41 = 27, for all m > 1.
2: Let f1 =0.
3: for epoch m=1,2,... do

CaK(Tm—1—Tm—2)"

4: Let v, = Y — ey P (for epoch 1, v = 1).
5: for round t =71+ 1,..., 7 — [€(T, — Tm—1)] do
6: Observe context x;, let a; = arg max,c4 fm (2¢,a), and define:
1 A~
pt(a) = {K"l")’m(fm(xt7&t)_fm(~'ctva)), for au a # &
1—=2 04, P(d]T), for a = ay
7: Sample a; ~ p:(-) and observe r¢(az).
8: end for
9: for round t = 7,,, — [e(Ty, — T—-1)] + 1,..., 7, doO
10: Observe context x;, sample a; uniformly at random from .4, and observe r¢(a;).
11: end for
12: Let:

Sm = {(xt N (at))};rz;k(linlf'rmf )]

Sp = {(e, az, mi(ar)) :ETmf(E(Tmfrm_lﬂer
13: Compute fm+1 by solving

min Z (f(z,a) —r(a))?

f
fe (z,a,r(a))ESm (24)
st.  feF .
where F), is defined as in (23).
14: end for
B Proofs

The goal of this section is to present our proof of Theorem 2. Section B.1 gives a brief overview of the
argument. Section A.2 restates the main assumption. Sections B.2-B.8 prove auxiliary Lemmas, and finally
Section B.9 concludes with a proof of the theorem. A small, more technical, portion of the argument is
deferred to Section C.

B.1 Overview of the proof for Theorem 2

For convenience, here is an informal, abridged version of the argument used in the proofs. We hope the
reader will find it useful to navigate the results that follow.

e First of all, during the passive phase we always incur €1 regret. For the remainder, let’s consider the
regret incurred during periods occurring in the active phase of each epoch.

e The cumulative regret incurred across the active phases will be close to the sum of its conditional
expectations at each period,

Z (7" (x)) — re(ar) = Z E [re(m*(2)) — re(ae) Dmy-1]  whop.,

Tt,Tt,0t
t€Tactive t€ Tactive

so we only need to bound these conditional expectations.
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By Lemma 3, the conditional expectation of instantaneous regret at period ¢ in the active phase of epoch
m can be rewritten in terms of the probability measure @, over policies,

E [re(m™(z)) — re(ae) Ty 1] ZQm m)Regy- (7).

Tt,Tt,0t
TEW

By design, our method will produce a sequence of actions such that the estimated regret Reg P (m) is
small for the policies that receive high probability under @,, (see Lemma 4). In order to show that the
expected regret Reg . (m) is also small, we need to show that the two are “close”, at least for policies that
receive high probability under @,,.

Naturally the difference between expected and estimated regret depends on how closely the sequence
fm approximates f*. In Lemma 7, we characterize this approximation as a function of two objects:
the expected distance between fm and the best in-class approximation f *  and the distance between f *
and the true model f*. The former decreases at a rate characterized by 1/7,, due to properties of our
constrained regression problem. The latter is upper bounded by B. Therefore,

A - 1
E  E [(fmii(z,0) = f*(2,0)°] S -
z~Dx a~Unif(A) € Ym
. N 1
[(fmyr(z,a) = f (%a))z] SB+—.
x~Dx arpm(-|z) Ym

In Lemma 8, we extend these results to bound on the approximation error for any policy 7,

x~Dy Ym

B, Unes(ovn(a)) - (o @)] £ Vo >(f +f>

Lemmas 9 and 10 characterize the behavior of the object V(py,, 7). In Lemma 11 we use these results
to show that estimated and expected regret satisfy the following relation, which formalized the notion
of “closeness” between the two:

K KB
Reg.(m) SReg; (m)+ — +4/—=+V(pm,m)B
gg- () < Regy () o \/@ (P )

K |KB
Reg; (1) SR + — 44/ ==+ V/V(pm,7)B.
egj (m) < Reg(m) o T (Pm, )

Lemma 12 concludes that the average expected regret suffered during any point in the active phase is
bounded by

K [KB
JReg(n) S — + 4/ ——.
7%‘:? QTYL g ) 7m \/67

e In subsection B.9 we put all of these results together to prove Theorem 2.

B.2 Bounds on best predictor

In this subsection we provide basic bounds on terms involving the best predictor. We start by bounding
the empirical mean square error between the best predictor ( f*) and the true model (f*) under any action
selection kernel, see Lemma 1. We then use this to bound the regret of the policy induced by the best
predictor (wf*), see Lemma 2. Hence indicating that this policy is a reasonable policy to try to converge to.

Lemma 1 (Bounding B). For any action selection kernel p, we then have that:

E E [(f*(x,a)— f*(z,a))%] < B < Kb.

a~Dx arp(-|x)
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Proof. We get the first inequality from the definition of B:

E E [(f(x,0) = f(xa)<max E E [(f(z,a) = f*(z,0))’] = B.

z~Dx a~p(-|z) P’ xz~Dxy a~p’(-|z)

For any context = € X, note that:

ar~p’(-|x) - ac A
Now, taking expectations on both sides gives us the second inequality of Lemma 1:

B < Z wNI[% [(f*(xva) - f*(xaa))Q] = Kb.
ac€A X

O

Lemma 2 (Regret of the policy induced by the best predictor). We have the following bound on the regret
of s, :
f*

Reg(r;.) := R(ms-) — R(n.) < 2VB.

Proof. Note that, for any policy w, we have:

|Rp(m) = R(mP =] B [f*(x,x(@) - f@r@))’< E [(f @) - f(@r@))] <B.

x~Dy r~Dx

Where the last inequality follows from Lemma 1. Hence for any policy w, we have that:
R(mp.) > Ry (mp.) — VB > Ry (m) — VB > R(n) — 2VB.
In particular, this implies that Reg(m.) := R(mp+) — R(75.) < 2VB. O

B.3 Properties of the action selection kernel

In this subsection, we explore properties of the algorithm that directly follow from the definitions in Ap-
pendix A and from the form of the action kernel used in the active phase of Epsilon-FALCON. For this
reason, all the properties stated here hold true for the Falcon algorithm as well. Except for Lemma 5 and
the lower bound in Lemma 6, all Lemmas in this subsection have been proved for Falcon and can be found
in [Simchi-Levi and Xu, 2020]. We state and prove these Lemmas that we use for completeness and to
show that they hold for Epsilon-FALCONas well. We start with Lemma 3 which shows that the expected
instantanious regret is equal to the regret of the randomized policy Q..

Lemma 3 (Conditional expected reward). For any epoch m > 1 and time-step t > 1 in the active phase of
epoch m, we have:

E [re(m"(2)) — re(ar)|Te—1] Z Qum () Reg(m

Tt,Tt,0t
TeEW

Proof. Consider any epoch m > 1 and time-step ¢ > 1 in the active phase of epoch m, then from Equation (14)
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we have:

E [re(m"(x)) — 1¢(ae)[Te-1]

Tt,Tt,0t

= E [f* (@, 7)) = [*(z,a)]

z~Dx,a~pm (-|z)

S palala) (f (@, 7)) - f*(%a))]

zNDX acA
= B > Un(z) = a)Qu(m)(f* (xaﬂ*))—f*(%a))]
Y LaeAnew
=Y Qu® wEED (") - f*(m(a:m]
Tew x
= Qum(m)Reg(r
Tew
O
Lemma 4 states a key bound on the estimated regret of the randomized policy Q..
Lemma 4 (Action selection kernel has low estimated regret). For any epoch m > 1, we have:
K
Z Qum(m)Reg; (m) < P
Tew m
Proof. Note that:
> QuimRegs, (1) =3 Qu(r) E [fulw. 77 (@) = il 7(2))]
Tew Tev INDX
= E [Z Qi (fm 2,75, @) = flo,7(@) |
=& > = @)Qu(m)(fn(w 75, () = fn(2,0)) ]
TEx T aeA TrG\II
LN]:E:D [me (L|(E (fm ( )) fm(%a))}
X TacA
l fm L(I))ifm(‘rva)> ] <£
"ot | 25 K 4 (g, () — Fn)) |
O

Lemma 5 is a direct concequence of Jensen’s inequality and helps us in the derivation of Lemma 12, which
bounds the true regret of the randomized policy Q..

Lemma 5 (An implication of inherent duality between p,, and Q). For any epoch m > 1, we have:

Z Qu () V (Pm,T) < VK.

Tew
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Proof. Note that:

> QD (o, m) < ¢Z Qm(mV (pm, ) = \/Z Om(m) B [M}

TEW rew TEW e~Dx
_ N @ =a)] _ 5 ey Lr(z) = 0)Qu(r)
- \/zN]EDX [%Qm( ); pm(alz) } R\ LEZ;‘ pm(alz) }

alz
LB | en] VR
z~Dx aeApm(a|x)
Where the first inequality is an application of Jensen’s inequality, and the other equalities are straight
forward. O

For any policy 7, Lemma 6 provides key bounds on V' (p,,, 7). These bounds help us understand the average
divergence between the action distribution p,,(-|z) and action selected by the policy 7 (x).

Lemma 6 (Bounds on expected inverse probability). For all policies m € U and epochs m > 1, we have:

EDX [(fm(xvﬂfm (7)) — fm('ra 7"(%‘)))} SV(Pm,m) <K +9m z}%x [(fm(x’ﬂfm (z)) — fm(xaﬂ'(x)))}

~

’Y’H’ 3
x

Proof. Consider any policy m € ¥ and epoch m > 1. For any context € X’ and action a € A\ {7rf~m ()},
from our choice for p,,, we get:

1 A A
m =K+ 'Ym(fm(x’ﬂ-fm(x)) — [m(z,q)).
For the action a =7 (2), we have:
0= [ (B, () = )] € s = s — <K

a'#a K+vym (fm (m’ﬂ-fm (1))_fm (Iya/))
In particular, putting the above inequality together, we get:
oo | (75, @) = fn(2, (@) | € —— e < K 43| (f( 77, (@) = fnl, ()]
( fm ) P (7 () |2) ( fm )
The Lemma now follows by taking expectation over x ~ Dy. O

B.4 Constrained regression oracle guarantees

Lemma 7 (Guarantees on the constrained regression oracle). Suppose Assumption 1 holds and suppose
e < 0.5. Then there exists positive constants Cy and Cs such that with probability at least 1 — 0/2, the
following holds for all epoch m > 1:

. . o1 Caln” (7o — Ton—1) In(m/8) comp(F)
.rNEDX an~ U]Eif(./l)[(fWLJrl(:E7 a) a f (:E’ a)) ] = (G(Tm - Tm,—l))p .

E E  [(fmi1(z.a) — f*(z,0))?] < B+ Cs 10" (T, — Ton—1) In(m/5) comp( F)

z~Dx arpm (-|z) (T = Tm—1)f

Proof. Let F' denote the set of estimators in the constraint set at the end of epoch m. Let §' = §/(12m?).
Since f,+1 € F', we have:

S Geri@a)— (@) — a—min S (g(z,0) - r(a))?

|55l S| 9€7
(w,a,r(a)) €S (w,0,7(a)) €S

_ Ciln”(|S;,]) In(1/')comp(F)
B |S5al? '
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The above inequality bounds the empirical excess risk for me with respect to the empirical data S/, and the
set of estimators in F. Now note that S/, is generated by sampling actions uniformly at random, and note
that F is a convex set. Hence from Assumption 1, we get that for some universal constant L; = 2 max{C, C;}
8. with probability at least 1 — ¢, we have:

E E  ((fmii(z,a) =7(@)’] = E E - [(f*(2,a) = r(a))’]
(z,r)~D a~Unif(A) (z,r)~D a~Unif(A)
/ 2

< Li1n” (]5],]) In(1/6")comp(F) (25)

- |5l '

Since F is a convex class of functions, Lemma 5.1 in [Koltchinskii, 2011] gives us that:
E E [(fm+1(x7a) _f*(x7a))2}
z~Dx a~Unif(A)

(26)

<2 E E  [(fmi1(z,0) = r(a)® = (f*(x,a) = r(a))?].
(z,r)~D a~Unif(A)

Therefore, putting everything together (see eq. (25) and eq. (26)), with probability at least 1 — ¢’ we have:

[(frngr(z,0) — f*(x,0))?] < 2L, In” (|S,’n|)ln(1/5’)comp(]-').

E E
z~Dx a~Unif(A) |S7,1°

Hence the first inequality in Lemma 7 follows from noting that [S],| = [e(Tsn — Tm—1)], and choosing
Cy=2L:(2+1n(12)).

Note that F is convex, f* has no population excess risk with respect to the distribution generated from
picking actions uniformly at random among estimators in F, and note that S/, is generated by sampling
actions uniformly at random. Hence from Assumption 1, with probability at least 1 — ¢, we get that:

1 o I
57 2 F@o-r@f-rgomn 3 (g@a)-r@)
m (z,a,r(a))eS!, m (z,a,r(a))eS!,
_ (3¢/2)n”(S,,|) In(1/4')comp(F)
- |57l '

Therefore by choosing Cy > 3C/2, with probability at least 1 — §’, we get that f* € F'. Now recall that:
. 1 )
fm+1 € arg J{IGH}_HI 5] Z (f(z,a) —r(a))

[Soml (z,a,7(a))ESm

That is, fm+1 has no empirical excess risk with respect to the empirical data S/, among estimators in F’.
Also note that F’ is convex subset of F, and S, is generated by sampling actions according to the action
selection kernel p,,. Hence from Assumption 1, with probability at least 1 — ', we get that:

-~ . 27 . _ 2

<x,rI>E~Da~p§<‘|m>[(fm“(m’a) ()] }Elfn'(m,E~Da~piE;mz>[(f(x’a) )]
- 20 " (|S,,]) In(1/6")comp(F) 27)

- S l? '

Hence by taking union bound so that eq. (27) holds and f* € F', with probability at least 1 — 28", we have:
[(fmi1(2,0) = r(@)’] = E E [(f*(=,a) —r(a)?
(z,r)~D ar~pm(-|®) (z,7)~D a~pm(-|z)
< 2C In” (|, |) In(1/8")comp(F)
- |S7n|p '

8Where C is the constant from Assumption 1.
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Recall that B is the worst case excess risk for f* under any kernel. Therefore, with probability at least
1 —2¢’, we have:

E [(ferl(mva) _f*(mva))Q}

z~Dx ar~pm (-|x)

= E E [(fusi(w.a) = r(a)* = (f*(z,a) = r(a))’]

(z,r)~D arpm, (-|z)

< B E (P00 - @) - (@0 - (@) + 222 (Sn]) In(l/¢') comp(F)
(@) ~D arppm (-|z) | S

_ kB (P a))2]+201np’(|sm|)1n(1/5/)comp(f)
2~Dx ar~pm(-|x) ’ ’ | Sim ?
2C 10" (]S ) In(1/8")comp (F)
|SmlP '

< B+

For any epoch m > 1, note that 7,,, — 7,,—1 > 7 > 4. Therefore since € < 0.5, we get that:

|Sm| =Tm — Tm—1 — |—6(Tm - Tmflﬂ > ( — Tm— 1)

pM»—*

Hence the second inequality in Lemma 7 follows from choosing an appropriate value for C5 = 2C' x 4° x
(24 1n(12)). Taking union bound, we finally note that both inequalities in lemma 7 hold for all epochs with
probability at least:

1-—

5(7221/6) >1-4/2.

12m? —

O
Additional notation For compactness of notation, define the following event:
A . Oy n”’ — Tr—1) In(m/d)comp(F
Wi=lvm=1 & B ((fun(ea) - fea)? < ST = Tnoa)Inm/ojcomplF)
z~Dx a~Unif(A) (G(Tm - Tﬂ"L*l)) (28)

E E [(fm+1(x,a) — f(x, a)) |<B+ Cs lnp (Tm — Tm—1) In(m/é)comp(F) }’

@~Dx ampm (-|x) (Tm — Tm—1)

for two constants Cy and C5 that were defined in Lemma 7.

B.5 Bounding prediction error of implicit rewards
For any policy, Lemma 8 bounds the prediction error of implicit reward estimate of the policy at every epoch.
This Lemma and its proof are similar to Lemma 7 in [Simchi-Levi and Xu, 2020].

Lemma 8 (Accuracy of implicit policy estimate). Suppose C3 < 1/(4C5) and suppose the event W from
(28) holds. Then, for all policies © and epoch m > 1, we have:

\/* + \/ me \/>

R
Ry (M) = V(pm,m 2Vm+1
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Proof. For any policy m and epoch m > 1, note that:
IR}, (m) — R(m)P

<(_E_[[fnnilonto) - )]
2
- (uzD ) \/ P ((@)o) (Fea (o) - f*(xm(x)))2|>

1 ) 2]\’
<<z~]%x \/m(?r(x)lx) ampC1e) {fmﬂ(x’a) -/ md)} |>

=B, L%(W(SEW)] oD ampi(f2) [(fm“(x’a) - f*(x’w)z}

C’5ln”( — Ty 1)1n(1/6’)c0mp(}')).

(Tm Tm—l)p

<V (pm, ) (B +

The first inequality follows from Jensen’s inequality, the second inequality is straight forward, the third
inequality follows from Cauchy-Schwarz inequality, and the last inequality follows from assuming that W
from (28) holds. Now from the sub-additive property of square-root, we get:

|Rfm+1(7T)—R(7T)|< V (Dm, )(xﬁ_‘_\/Csln (T — Tm— 1)1n(m/5)comp(]—')>

(Tm Tm—1 )p

<AV (pm, ) VB + Y X Vipm, 7 \F

2Ym41
Where the last inequality follows from the choice of 7,11 and from assuming that C3 < 1/(4C5). O

B.6 Bounding decisional divergence

At any epoch m, Lemma 9 bounds the decisional divergence between the active policy at that epoch (Q.,)
and the policy induced by the best estimator (7). This implies that even as the active policy is less
explorative, @), is not very far from 7 = and hence eventually converges to it.

Lemma 9 (Action selection kernels are always close to target policy). Suppose the event W from (28) holds.
Then there exists a positive constant Cg such that, for any epoch m > 1, we have:

CeK

Ver

Proof. Since the action selection kernel p;(-|x) draws actions uniformly at random for all x € X, we have

that V(pl,wf*) = K. Hence, by choosing Cs > 1, we get that V(pl,wf*) < CgK/+\/e. Now consider any
epoch m > 2. Note that from the definition of s for any context x € X we get:

V(pmaﬂf*) S

(a7 (@) = max f*(w,a) > f* (2,7, (2)).

acA

Hence from the above inequality, for any context x € X we get:
fm(l',ﬂf"m(l‘)) - fm(x77rf* (2))
— (fm (@, (@) = o 7. (20)
Fr@,mp (@) = fn(z, 7 (2)))
f*(xaﬂ-f*(x)) fm x 7Tf* J}) ‘
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Now from Lemma 6, the above inequality, and Jensen’s inequality, we get:

K+ (Fon 75, (@) = fonl, 5. (2)) ]

<K+2 B [max|f*(@.a) = fu(e,a)]

V moy £ S
(p i ) xLEX

§K+2’ym\/ E [max
z~X LacA

f*(@,0) = ful@,0)]

<K +27m, |y E_ [(fm(z,a) _ f*(x,a))2:|.
acA

Now let Cs = 1 + 24/C3Cy. From the above inequality, we further get:

Vo) K+ 2 (3 B [(fule,0) = f+(@.0)7]

acA
< K 4ok C I0” (Typ—1 — Trm—2) In((m — 1)/8)comp(F)
=T (Tt — Tm—2))"
k4 or [ C3Cs _ GoK

Where the second inequality follows from the assumption that W holds. And the last inequality follows from
our choice of Cg. O

Lemma 10 shows that for any policy m and epoch m, if the decisional divergence between @,, and 7 was
large, then the decisional divergence between @), +1 and 7 must also be large. Hence the Lemma shows that
the active phase of Epsilon-FALCON stops exploring in a stable manner.

Lemma 10 (Do not pick up policies that you drop). Suppose the event W defined in (28) holds, and § < 0.5.
Then there exists a positive constant C7 such that, for all policies m and epochs m, we have:

C-K
V(pm, ) < = 4 V(ps1,7)-

T Ve

Proof. Consider any policy 7. Since the action selection kernel p;(-|z) draws actions uniformly at random

for all 2, we have that V(py,7) = K. Hence, by choosing C7 > 1, we get that V(py,,m) < c\‘;g + V(p2, 7).

Now consider any epoch m > 2. For any context x € X', we get:

frora(@ 5, (@)

fm—‘—l(xvﬂferl (x)) = znéﬁi fm+1(1'7 a) > {fm+1(x,7T(fE))-

From Lemma 6, the fact that v,,41 > ~vm, and the above inequality, we get:

V(pm:m) = K = V(pmi1,m)

S E [, @) = @ m@)) = tmn B Fua(e,my, @) = fr @m(@)]
< B ((Fulemy, @) = Frss @, @) + s @ 7(a) = ol (@) 9)
<o B ((Fulemy, @) = Frn (@, @) + Fus (@.71() = fule,w(@)]

<2 B [max|fuii(@,a) = fu(@0)l].

wNDX
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Also note that from Jensen’s inequality, we get:

E [ max|fnsi(2,0) = fu(e,0)

x~Dx
< LB [maxlfun@0) - fute.op]
< \/Z B [Unia(.) =~ fule. )]

)
- \/K INEDX o E {(fmﬂ(x,a) —fm(x,a))2] (30

Unif(.A)

~

< 2K B B [Unatee - S a2 4 (e )2

z~Dx a~TUnif(A)

<

\/4[(04 In” (Tyn — Tr—1) In(m/8)comp(F) -

(E(Tm—l - Tm—Q))p

The second last inequality follows from the identity that for any two real numbers u, v, (u+v)? < 2(u? +v?).
The last inequality follows from the assumption that W holds, the fact that m > m — 1, and the fact that
epoch lengths are non-decreasing (i.e. T, — Ti—1 > Tm—1 — Tm—1). Now, by combining Equation (29) and
Equation (30), we get:

KCyln®” (T — Ti—1)1 5 7
V(pm,m™) < V(pmtr,m) + K + 4'ym\/ 4 (T(E(T T_l i)Tn(_”:)/)p)comp( )

C3Cy W (T, — Tm—1)  In(m/d)
€ In” (Tim—-1— Tm—2) In((m —1)/0)

=V(pm1,m) + K + 4K\/

CrK

Where the last inequality follows from choosing C7 = 1 + 44/21+#'C3C4, and from the fact that for m > 2

and ¢ < 0.5 we have: % < 2, and liﬁ,p(iTm_jr—l)) < 11127(5%_;)2) <9r, O

<V(pmt1,m) +

B.7 Bounding prediction error of implicit regret
For any policy, Lemma 11 bounds the prediction error of implicit regret estimate of the policy at every
epoch. This Lemma and its proof are similar to Lemma 8 in [Simchi-Levi and Xu, 2020].

Lemma 11 (Bounds on implicit estimates of policy regret). Suppose the event W defined in (28) holds, and
0 < 0.5. Then there exists positive constants Cy, Cs, Cy such that, for all policies m and epochs m, we have:

CoK KB
Reg(m) < 2Reg; (m) + ’yo + Csy W + Co\/V (pm,m)B
m €
CoK KB
Reg; (m) < 2Reg(m) + 0~ 4 Csy/ N + Co\/V (pm,™)B
m €

Proof. We will prove this by induction. Let Cy be a positive constant such that Cy > 1 > /K. The base
case then follows from the fact that for all policies w, we have:

Reg(m) <1< CoK/m
Reg; (1) <1< CoK/m.



Sanath Kumar Krishnamurthy, Vitor Hadad, Susan Athey

For the inductive step, fix some m > 1. Assume for all policies 7, we have:

CoK /KB
R < 2Reg; —— + Co\/V(pm,m)B
eg(m) < 2Reg; () o e T (Pm,T)

CoK KB
Reg ; < 2R, + == 4 Cy\/V(pm,n)B 31
cay,, () < 2Rex(r) + = + o[ =+ Cov/Vpm,m) (31)

Note that:

Reg(r) - Regf G
= (R(’R’f ) 7Tfm+1 R; . (7‘())

(o
<(R( 7:.) — R(n ) (Rfmﬂ(wfmﬂ fm+1(7r)>+2\/§
(Ry,..(
) (

f7n+1

<(R(rs.) - R(m)) - fon (1)) +2VB
<|R(r;.) = R; (7} ( Nl +2VB.

R; s

fmt1 f
|+ [R(m) — Rf +1

Where the first inequality follows from Lemma 2, and the second inequality follows from the definition of
7r fng which gives us that R fm+1(7r f*) <R fm+1(7r fm+1)' Now, further simplifying the above inequality we
get:
Reg(r) — Reg;,__ ()
§|R(7rf*)—Rfm+1(7rf*)|+|R(7r) - R; (7r))|+2\/§

V(pms w5 )VB + 5 + SV o )VB + \/T\ﬁ o/B
Tmt1 Ym4+1 (32)
5K V(Pm,T5)  V(pm, ) ( )
= + + l + \/E Vv ms T fe —+ VvV s T +2
8’Ym+1 5’Ym+1 57m+1 \/Tf‘) m
St * s Co + 2 4 VBV (o) +2VE.
8Ym+1 9Ym+1 57m+1 ( 6 ) N (Pm1,7)

Where the second inequality follow from Lemma 8, the third inequality is an application of Cauchy-Schwarz
inequality, and the last inequality follows from Lemmas 9 and 10. Now note that:

V(pm,’l'r]a*) < K—l—vaengm(wf*)

my1 DYm+1
) K+, (2Reg(7rf*) + C:yomK + Cg,/% + Cy V(PmﬂTf”*)B>
- 5’7m+1
K(1+ C) 2Reg(7‘l’f*) Cs |[KB Cy \/7
— | — —_— my U s B
- + 5 + E \/;er 5 Vip 7rf)
K(1+C 4vB (Cs+Cy/Cs |KB
(1+Co) L VB LG8 +CovCs [KB (33)
5’Ym+1 o r

Where the first inequality follows from Lemma 6, the second inequality follows from Equation (31), and the
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last inequality follows from Lemmas 2 and 9. Similarly note that:

V(pm7 ﬂ-) < K + ’ymR}engL (7T)

5'7m+1 - 5'Ym+1
_ K (2Reg(m) + L + Cs\ [EE + Co/Vpm, 7)B)
- 5')/m+1
K(1+Cy) 2Reg(n) Cs [KB Oy
< B2+ 22V pm, 1) B
S TS 5 B\ Ve s Vpm, )
K(1+Cy) 2Reg(n) Cs+Cov/Tr [KB  Co
< A LB 4
Se ot - =t N (34)

Where the first inequality follows from Lemma 6, the second inequality follows from Equation (31), and
the last inequality follows from Lemma 10. Now from combining Equation (32), Equation (33), and Equa-
tion (34), we get:

5K 2K(1+C,)  2Reg(r) 14
Reg(r) — Reg; < 50
eg(m) egj ., (m) S + By + 5 + 5 VB

2C Co +5)(V/Cs + /T KB Co+5
n s+ (Cy +5)(vCs + 7) BE 9+ \/m
5 Ver 5

Which implies:

5

K(2Co+5.125) 14
: K(@2Co +5.125) 14

Reg(m) <
g( )_ 3’7m+1 3

Reg; . (m)+

L 20+ (G +5) (VG +VCr) [KB | Cotd o —p
3 Ver 3

Now choosing constants so that Cy > 5.125, Cy > 2.5, and Cg > (Cy+5)(/Cs++/C7). The above inequality
then gives us:

CoK |KB
Re <2Reg; + + Csy| —= + Co/V (pm+1,7)B. 35
g(m) < & finsa (7) Y1 8 Jer 9 (Pmt1,7) (35)

Hence from our induction hypothesis (Equation (31)), we get Equation (35), which provides the required
upper bound on Reg(w) in terms of Reg P (). To complete the inductive argument, we need to show the

corresponding upper bound on Reg]gm+1 (). Similar to Equation (32), we get:
Reg; . (m) — Reg()
:(Rfm+1 (ﬂ-fm+1) - Rfm+1 (ﬂ-)) - (R(ﬂ-f*) - R(ﬂ-))

<(Bj,., (7, )~ By, (1) = (R(rp, ) — R(m))

<IB(ms,..) = Bp, . (m7, )+ [R(m) — By (7))

< V(pmﬂr" )\/E‘f' i + V(pm7w)\/§+@
frn 2Ym+1 2Ym+1
+ mi1/ m) +vB< V(pm, 7 +\/V mm)
_87777/-"—1 57177,-‘,—1 5’ym+1 (p f7n+1) (p )

5K VPm:mi ) Vipm, C.BK
< + ) | Vo) |y JOBE B W ominns )+ vV ). (36)
\/67 fm,+1

B S’Ym-&-l 5’Ym+1 5'Ym+1
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Where the first inequality follows from the definition of 7+, the second inequality is straight forward, the
third inequality follows from Lemma 8, the forth inequality is an application of Cauchy-Schwarz inequality,
and the last inequality follows from Lemma 10. Similar to Equation (33), we get:

V(pm, anz+1) < K + ’YmReg.ﬂn (anb+1)

9Ym+1 - Ym+1
K+ m <2Reg(7r fon) T LE 4 o\ [EE 4 Co [V(pi, le)B)

IN

5'YWL+1

K(1+C0)+QReg ) 08 KB 09 %p
S,Yerl m» fm,+1

K(1+C,) 2Reg(m; ) Co+Co/C; |[KB Cy
E v AR L R

9Vm+1
K(l —|—3Co) 3Cs +Cy\/C7 |KB 309
57m+1 + 5 \/67 \/ p +1 f +1) ( )

Where the first inequality follows from Lemma 6, the second inequality follows from Equation (31), the forth
inequality follows from Lemma 10, and the last inequality follows from Equation (35). Also note that:

V(pm+1’ 7Tf'rn+l) =K+ rym+1Regfm+1 (ﬂ-ferl) =K. (38)

Combining Equation (34), Equation (36), Equation (37), and Equation (38), we get:

TR 5K 2K (1 + 2C 4Cs +24/C7(Cy+5) |KB

Regf (m) < cg(r) + + (1 +2Co) + = "(Co ) —

mr 5 8Ym+1 5Ym41 5 Ver
Cy+5 3Cy+5

95+ V(pm+1,™)B + 95+ VKB.

Now choosing constants so that Cy > 2, Cy > 2.5, and Cg > 21/C7(C9+5) + (3Cy+5). The above inequality
then gives us:

+

CoK KB
Reg ; m) <2Reg(m) + 4+ Csy| —= + Co/V (pma1,m)B. 39
87,.,, (m) <2Reg() — 8”\/67) oV V (pm1,7) (39)
This completes the inductive step. O

B.8 Bounding true regret

For any epoch m, Lemma 12 bounds regret of the randomized policy Q.

Lemma 12 (Action selection kernel has low true regret). Suppose the event W defined in (28) holds, and
0 <0.5. And let Cyg := Cg + Cg. Then for all epochs m, we have:

2+ CoK KB
ZQm S ( 70) + Cioy | —=.
e Ym Ver

Proof. Note that:

> Qu(m)Reg(r

Tew

CoK KB
< m(m) [ 2Reg; (1) + 2= + Csy/ == + Cor/V(pm,7)B
_gQW<%Mﬂqﬁ | 52+ CovTpmB

2K (oK KB 2+ CyK KB
< 2GR o BB L oyRE < LW ¢ [EB
Ym o Ym Ver Y Jer
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Where the first inequality follows from Lemma 11, and the second inequality follows from Lemmas 4 and
Lemma 5. O

B.9 Proof of Theorem 2

We can now bound the cumulative regret of Epsilon-FALCON. Fix some (possibly unknown) horizon T'. Let
Tactive C [T] be the set of time-steps that are in the active phase of some epoch. Similarly let Tpassive € [T

be the set of time-steps that are in the active phase of some epoch. Let m(¢) denote the epoch in which the
time-step ¢ occurs. For each round ¢ € {1,2,...,T}, define:

My = ry(n* () — re(ar) — Y Qe (m)Reg(r).

Tew

Recall that from Lemma 3, for all ¢t € Tactive We have:

E [ri(r*(z)) = re(a) Tem1] = Y Quue) () Reg(m).

T,Tt,0 TEV

Hence from Azuma’s inequality, with probability at least 1 — /2, we have:

S My < 2/2Tecurve | 108(2/5) < 2/2T 105 (2/5). (40)

t€Tactive

Hence when Equation (40) holds, we get:

T
Z (rt(ﬂ*(xt)) — Tf,(at))

t=1

= Y (n@E) —n)+ Y (nE @) - rila) (41)

t€Tpassive t€Tactive

paaswe| =+ Z Z Qm(t Reg ) 8T 1Og(2/5)

t€Tactive TEW

I A

Since in any epoch m > 1, there are at most 1+ €(7,,, — 7,,—1) passive time-steps. Therefore:
|7;assive| S er + m(T) S 1+ 10g2 (T) + el (42)

Further when W holds, from Lemma 12, we have:

> D Qo (m)Reg(r)

t€Tactive TEW

S T+ Z Z Qm(t Reg )

{tE€Tactive | t 2T1+1} TETY

T 43
KB, S 2+ Co)K (43)

<114 Coy| —=
\/67) t=114+1 Tm(t)

B (24 Cy)
<71+ Cio Z LRE2 LS (T — Tm—1)
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Since 11 > 4, Ty -1 < tforallt > 1, and 7, = 712m~ ! for all m > 1. We get that Tm(T)—1 < Ty Ty < 27,
and m — 1 <logy(T) for all m < m(T'). Therefore, we get:

m(T) (24 Co)K
T(Tm — Tm—1)
m=2 m
B m(T)<2 + o I0” (Ty—1 — Tm—2) In((m — 1)/5)comp(-7:)( _ ) (44)
- m=2 ’ CsK(Tm-1— Tm—?)p e
\/Klnp T) In(logy(T')/§)comp(F Z e

V Tm 1= Tm— 2

Since for all m > 1, 7,41 = 27,,, we have that:

m(T) o m(T)T _— m(T)  .r. dy
m— /2 m — Im— /2
S oty oty [T
Tm 1 Tm_ m=2 Tm—1 m=2 " Tm-1 Yy (45)
_ 2p/2 Tm(T) dy < 29/2 1 —p/2 < 2 Tlip/Q.
W WP T 1p2 N S 1-pp

Where the last inequality follows from the fact that 7,7y < 27. Hence when Equation (40) and W hold,
from Equation (41), Equation (42), Equation (43), Equation (44), and Equation (45), we get:

T

> () = refa))

< |7¥)asswe| + Z Z Qm(t) Reg ) 8T 10g(2/§)

tETactive TEW

< 1+4+1logy(T) + €T + /8T log(2/d) + 11 + Cho
\/ Uf

(2;-%0 - p\/KT2 plnp( )In(logy(T)/0)comp(F)

_0 ( (e +4f 5;;) T+ /K720 10?' (T) In(logy (T) /5)comp(f)> .

Note that from Lemma 7, we know that W holds with probability 1 —4§/2. Also from Azuma’s inequality, we
showed that Equation (40) holds with probability 1 — §/2. Hence from union bound, we get that the above
inequality holds with probability 1 — §. This concludes the proof of Equation (11).

C Learning rates

In this section, we restate results from [Koltchinskii, 2011] on bounds for excess risk in a form that is
convenient for us to use. We consider the standard machine learning setting. That is, we let (Z,Y) be a
random tuple in Z x [0, 1] with distribution P. Assume Z is observable and Y is to be predicted based on
an observation of Z. Let [ : R x R be the squared error loss, that is I(a,b) = (a — b)2. Given a function
g:Z =R, let (I-9)(z,y) :=1(y,9(z)) be interpreted as the loss suffered when g(z) is used to predict y. Let
G be a convex class of functions from Z to R. The problem of optimal prediction can be viewed as finding
a solution to the following risk minimization problem:
min P(L- g).

Where P(l- g) is a short hand for Ep[(l- g)(Z,Y)]. Let §* € G be a solution to the above risk minimization
problem. Let ¢*(z) := Ep[Y|Z = z]. Since the distribution P is unknown, the above risk minimization
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problem is replaced by the empirical risk minimization problem:

inP,(l-qg).
Ignelgn(g)

Where P, is an empirical distribution generated from n i.i.d. samples of (Z,Y) from the distribution P.
Here P, (I - g) is a short hand for Ep, [(I - ¢)(Z,Y)]. In general, we will use P(-) and P,(-) as a short hand
for Ep[-] and Ep,[] respectively. Now, let §, € G be a solution to the above empirical risk minimization
problem. Also let G! denote the loss class, that is G' := {l-g|ge€ g} Forany g e G, we define the excess

risk (£(1- g)) and the empirical excess risk (£(I - g)), given by:

E(l-g):=P(l-g)— min P(l-g") =Jg[(l~g)(Z7Y)] —minE[(l-¢')(Z,Y)],

l-g’eg! g'eg p
°(1-g) := Py(l-g) — min P,(l-¢")=E[( ¢)(Z,Y)] — mi 1-¢\Z,Y)].
E(l-g) (I-g) — min Po(l-g') = E[(I-9)(2,Y)] - min E[(- ¢')(Z,Y)]

For § € R, we define the d-minimal set (G'(6)) and the empirical é-minimal set (G'(8)), given by:
G'(9) := {h €g'|&h) < 5}, G'(9) := {h eg € < 5}.

We now define a version of local Rademacher averages (v¢,). We start by defining the Rademacher process
(Rn(+)). For any function h : Z — R, R, (h) is given by:

R, (h) := Zeih(Zi).

Where {Z;}_, are i.i.d. random samples from the marginal distribution of P on Z. And where {¢;}
are 1.i.d. Rademacher random variables (that is, €; takes the values +1 and —1 with probability 1/2 each)
independent of Z;. We also define a (pseudo)-metric (pp) on the set of functions that are square integrable
with respect to P, such that: pp(f,g) := /P((f — g)?). We now define the local Rademacher average (1,,)
as:

¥n(8) =16 B sup{|Ra(g —37)| | g € G, (9, 9") < 26}
Finally we define the b-transform and the f-transform. For any « : Ry — R, , define:

K’(0) := sup w0

5 K (€) == inf{d > 0 | K*(3) < €}.
0'>0

It is easy to see that f-transforms are decreasing functions, and we will use this property in the proof of
Lemma 13. For more details and properties of these transformations, see section A.3 in [Koltchinskii, 2011].
We now get to the main Lemma of this section (Lemma 13), which is implicitly evident from results in
[Koltchinskii, 2011]. Lemma 13 shows that, with high-probability, the §-minimal set (G'(5)) and the empirical

S-minimal set (G'(d)) approximate each other.

Lemma 13. Let G be a convex class of functions from Z to [0,1]. Suppose ¢ € (0,1/2). With probability at
least 1 — ¢, for all § > max{y} ({5), %11(2/()} we have:

G'(6) c G1(38/2), GL(6) C G'(26).

Proof. Lemma 13 is a corollary of a few Lemmas and inequalities in [Koltchinskii, 2011]. In the next few steps,
we will define a function U,, and bound Uf(1/2). Lemma 13 will follow from Lemma 4.2 in [Koltchinskii, 2011]
and the bounds on Uf(1/2). Let D(§) denote the pp-diameter of the §-minimal set (G'(5)). That is:

D@):= swp  pp(h ).
h,h'€G'(5)
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Also let ¢, be a measure of empirical approximation:

on(6) =E [ sup ‘(Pn — P)(h— 1)
h,h/€GL(5)

J

Let t,0 > 0, and ¢ > 1. We will fix the values of t,o and g later in the proof. Let §; := ¢~/ and ¢; :
for all j > 0. We will now define a function U, : (0,1] — R;. For all j > 0 and § € (J,41, d;], define:

Il
-
SYS¢

Un(0) = n(0)) + \/th(DQ(%‘) +2¢n(85)) + Qt—’

n

= 0u(8) + 2L 2026 + 20,06 + 12

2n o

The reader may have astutely noticed that functions like U,, appear as upper bounds in Talagrand type
concentration inequalities, in fact that is where this comes from. We now bound U?,(n) for all 5 > 0:

Un() < (g{(b (6~)+\/2;?(D2(6j)+2¢n(5j))+t‘sj}

7, 2n o

< g sup 5( ;) Supq{\/% D26(5-)+\/4t ¢n6(§-)}+2qt (46)
8;>n on on 0, on

< ¢y +qw Loy \/ﬁqﬁb

From Equation (46), we get a bound on Uf (¢) for all € > 0:

Uh(e) = inf{n > 0| Uy (n) < ¢}

< inf{n > 01 q¢’(n) +Q\/;Z(D2)b(77) +q\/jfl¢%(n) + % < e}

< inf{n >0 ¢0(n) + \/:Z(D%b(n) + j—i%(ﬁ) < ;<6 - 2;)}

gmax{mf{n>0|¢ (n) < 31 ( —Q(i,il)}’inf{”>0 ;Z(Dz)b(n)gi;qG_;‘il)} "
inf{n>0| —cbb( )< 31q( —2?;)}}

{6 o (2 (- o) ot (2 (- o))

To further bound U (-), we need to bound the terms in Equation (47). From page 78 in [Koltchinskii, 2011],
we get that the convexity of G implies a bound on D(-) which further gives us a bound on (D?)’(-):

D) < 4\/5\/5, for all 6 > 0.

D2(§
— (0% () = sup 20
8'>n

<32, foralln>0.
Hence we have:
(D*%(e) =0, for all € > 32 (48)

To upper-bound U¥(1/2), we now bound the (D?)!(-) term in Equation (47). To do this we choose o =
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4096tq* /n. Hence from the choice of o and from Equation (48), we get:

4096tq> tq? on (1/2)? on (1/2 t\?
> - — >32 = Z0(2 L) >3
7=y n(1/2)2 2t 1642 — 3¢ 6on) =

12t )\’
— D) (L) ) =0
(D7) < 2t \ 3¢ 6on
We now bound the ¢¥, (-) terms in Equation (47), in terms of 1% (-). Again from page 78 in [Koltchinskii, 2011],
we get that the convexity of G implies a bound on ¢, (-) which further gives us a bound on ¢f (-):

én(6) < () for all § > 0.

—> ¢ () < Yl (e) forall € > 0. (50)

To upper-bound U#(1/2), we now bound the ¢% (-) terms in Equation (47). From the choice of ¢ and from
Equation (50), we get:

o> At _ 2t V2ot Y2t J1)2
T on n(1/2) 12¢ — 6on 3¢ 6on — 4q (51)
12t 1/2 1/2
i #
= iy ) =) =4 ()
Again from the choice of ¢ and from Equation (50), we get:
2 2
32 ltg :>Jn(1/) 12 ﬂ_L 12
~n n(1/2) 4t 16¢%2 — 4q 3¢ 6Gon/) ~ 4q (52)
i /2t ? i 1/2 . (12
= ¢, — < ¢n, <Yn :
3¢ 6on 4q
Combining Equation (47), Equation (49), Equation (51), and Equation (52), we get:
UR(1/2) < of 1), (53)

Lemma 4.2 in [Koltchinskii, 2011] states that with probability at least 1 — Z(SP‘SQ et for all § > 6% we

have: G'(8) C G'(35/2) and G'(§) C G'(26). Where 6¢ is any number such that 62 > Uf(1/2). Hence from
Equation (53), we can choose:

o —max{z/;ji (81q) 4096tq2} > max{UF(1/2),0}.

n

Now by choosing ¢ = 2 and ¢ = In(2/(), using the fact that ¢ € (0,1/2), we get that ¢ > 1. Hence, we have
that:

O D D LT D S

0;>02 ;>0 6j>0 7>0
1 1 >
t —] ] tq <e—t e—twdx:
q—lzq Je +q—1
—t 1 Set<ety ot — q et =¢
qg—1t q—1 qg—1

That is, we have shown that with probability at least 1 — ¢, for all § > max {1} (1/8q),4096tq?/n}, we have:
GL(8) € G'(36/2) and G'(8) C G'(26). O
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Corollary 2 uses Lemma 13 and a bound on % (-) when G is a convex subset of a d-dimensional linear

space to show that for all § > Cdlnwifl/o, the d-minimal set (G'(9)) and the empirical §-minimal set (G'(8))
approximate each other with probability at least 1 — (.

Corollary 2. Let G be a convex class of functions from Z to [0,1], and a subset d dimensional linear space.
Suppose ¢ € (0,1/2). With probability at least 1 — ¢, for all § > %(1/0 we have:

G'(8) € G'(36/2), G'(8) C G(20).

Where C' > 0 is a positive constant.

Proof. Since G is a convex subset of a d dimensional linear space, we get from proposition 3.2 in
[Koltchinskii, 2011] that:

Pn(8) =16 E sup{|Rn(9 — 3*)| | 9 € G, pP(g9,") < 26}

< 16v2 \/>
: ¥n(d) _ 2d [2d
= T 1 — =1 —.
Ynl0) = sup =5 < sup 164/ 0% = 164/ 05

Uh(e) = inf{6 > 0] 9} (6) < e}
2

Se}

n

Which implies that:

Hence, we get that:

S

ginf{5>o|16

(%)

512d 512d
= inf {(5 > 0] <4 } =—.
6 ne
Therefore:
512d 131072d
?(1/16) < = :
¥n(1/16) < n(1/16)2 n
Hence Corollary 2 follows from Lemma 13 and the above inequality. O

Rates for general classes of functions Lemma 14 provides rates for ! for different classes of G. Hence
similar to Corollary 2, these bounds imply that for all § > O(1%(1/16)In(1/¢)), the s-minimal set (G'(5))
and the empirical d-minimal set (G'(6)) approximate each other with probability at least 1 — ¢. The results
stated in Lemma 14 are from [Koltchinskii, 2011] (pages 85 to 87), we state the same results without proof.

Lemma 14. Let G be a convex class of functions from Z to [0,1].

o Suppose G is VC-subgraph class of functions with VC-dimension V. Then for all € > 0, we have:

wi<><0(vlog(”;2)).

o Let N(G,Lo(P,),€) denote the number of Lo(P,) balls of radius € covering G. Suppose the empirical
entropy is bounded, that is for some p € (0,1) we have that: log(N(G, La(P,,),€)) < O(e72°). Then for
all € > 0, we have:

¥ () < O((ne?) ).

e Suppose G is a convexr hull of a VC-subgraph class of functions with VC-dimension V. Then for all

€ > 0, we have:
ﬁ N
<Ol |— .
0 =0( ()
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Proving Assumption 1 We now describe the general outline to prove Assumption 1 using the results in
this section for different convex classes F. Note that we need the conditions of Assumption 1 to hold for any
convex set F' C F, and any action selection kernel p. First let Z used in this section correspond to X x A,
and let distribution P correspond to the distribution described by z; ~ Dy, alx ~ p(a|r) and ry ~ Dyjy 0

induced by the action selection kernel p. Also note that the empirical distribution corresponding to S, in
fact corresponds to P, in this section. Hence from lemma 13, to show that the empirical and population
n-minimal sets approximate each other with high-probability (as is required in Assumption 1), it is sufficient
to bound %% (1/16) uniformly for all convex subsets /' C F and all distributions induced by action selection
kernels. Such bounds can be proven for many interesting convex classes of estimators because the bounds
on 1} are often distribution-free and we often have that comp(F’) < comp(F).

For example, say F is a convex subset of a d dimensional linear space, then any convex subset F' C F is
also a convex subset of a d dimensional linear space. Hence, corollary 2 can be used on F’ to show that
the empirical and population 7-minimal sets approximate each other (as is required in Assumption 1). Note
that this along with Theorem 2 gives us Theorem 1. Similarly, say F is a convex set with VC sub-graph
dimension V. Note that, for any convex set F' C F, we have that 7’ has a VC sub-graph dimension V.
Hence, we can then use Lemma 14 to bound ¥ (1/16) in a distribution free manner and then show that the
empirical and population n-minimal sets approximate each other (using Lemma 13). Note that this along
with Theorem 2 gives us Example 1 in Section 2. We can similarly that Examples 2 and 3 follow from
Theorem 2 and the results in this section.

D Solving the constrained regression problem

In this section, we show the constrained regression problem can be solved using a weighted regression oracle.
The purpose of this argument is to show that the constrained regression problem is computationally tractable
for many class of estimators. Suppose F is a convex set. Let S, S’ C X x A x [0, 1], often these sets represent
the data collected in the active and passive phases respectively. Consider the following optimization problem:

min S Z (f(z,a) —r(a))?
(x,a,r(a))€S (54)

1
s.t. 5 > (f@a)—r(@)? <a+ b
(z,a,r(a))es’

Where 8 > 0 is a fixed problem parameter, and « := ﬁ minger ¥, o ra)es (f(2,a) = r(a))?. From the
definition of a and 3, we have that there exists a g € F such that:

|Sll| Z (9(z,a) _r<a))2 <a+p. (55)
(z,a,r(a))€S’

That is there is a g € F such that the constraint in the optimization problem (54) is not tight. Hence strong
duality holds ?. Now consider the lagragian of the constrained regression problem:

LN = S @ —r@)P+ A e Y (@) -r@)?—a-8).
|S| (z,a,r(a))€S |S ‘ (z,a,r(a))es’

Note that probelem 54 can be re-written as, minscr maxy>o L(f,A). Since strong duality holds, this is
equivalent to solving the following dual optimization problem:

maxmin L(f, A) = maxg(}).

9See proposition 1.1.3 in [Bertsekas and Scientific, 2015].
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Where, g(A) := mingcr L(f, A). For any fixed A, note that evaluating g(\) is equivalent to solving a weighted
regression problem:

agminL(f N =agmin Y. (o) —r@P+ o Y () - (@)

/
g |S‘ (z,a,r(a))€S |S | (z,a,r(a))eSPass

Now, let \* be an optimal dual solution. Since the dual problem is a one-dimensional concave maximization
problem, we can use a bisection method to find the optimal dual solution. Hence one can solve the dual
optimization problem with O(log(\*)) calls to evaluate g(-), where each evaluation call corresponds to one
call to a weighted regression oracle. Suppose this procedure outputs A as the optimal dual solution. We then
output the estimator that solves:

.1 A
argmin — Y (f(z,0) = ()’ + 5 > (f@a)—r()’
rer S| |15'] pas
(z,a,r(a))€S (z,a,r(a))eSPass
Note that this estimator must be optimal for the primal problem '°. Since there are many algorithms
and heuristics to solve weighted regression problems, this argument shows that the constrained regression
problem is often computationally tractable.

Algorithm 2 Solving constrained regression

input: Given a threshold parameter x > 0 and a weighted regression oracle to evaluate g(-).
1: Set )\L = O, )\]M = 1, and )\R =2.

2: while g()\M) < g()\R) do

3: Set A\g < 2Agr and set Ay < 2Aj,.
4: end while

5: while [Agr — Ar| > k do

6: if g()\]\/[ + H) > g()\M) then
7: Set /\L — )\M

8: else

9: Set >\R — )\]u.

10: end if

11: Set )\M(—%(/\L—l-)\R).

12: end while

[y
w

: Return the output of the weighted regression oracle on the following problem:

min = Y <f<x,a>—r<a>>2+f;,”| S (fwa) - r(a)?.

fer |S|
(z,a,r(a))€S (z,a,r(a))€SPo5°

We note that in practice, rather than solving multiple weighted regression problems, one may prefer to directly
find a minimax solution to the lagrangian of the constrained regression problem (see [Jin et al., 2019]).

E Sensitivity of confidence intervals to realizability

In this section, we demonstrate that the confidence intervals used by LinUCB can be extremely sensitive
to the realizability assumption. We also point out analogous issues in LinTS and FALCON (with linear
estimates). We do this by constructing a family of contextual bandit problems where the approximation
error to the class of linear models can be arbitrarily small, but given data from the policy induced by the
best linear estimate (which also happens to be optimal), the confidence intervals used by LinUCB tightly
concentrate around bad estimators that induce high-regret policies.

0Here when we say optimal, we mean optimal up to the accuracy thresholds.
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Figure 5: This is a plot of the conditional expected reward (f*) and the best linear estimate f * when actions
are sampled uniformly at random. Note that the conditional expected reward for arm 2 is linear. The
problem is constructed so that the policy (7 f*) that is induced by the best linear estimates ( f ) samples arm
2 for all  such that f*(x,1) = 0.1, and samples arm 1 for all x such that f*(x,1) = 1. Note that this policy

is also optimal.

Consider a family of two armed contextual bandit problems that are parameterized by 6 € (0,0.05]. Let
X = (0,1) be the set of contexts, and let A = {1, 2} be the set of actions. At every time-step, the environment
draws a context according to the continuous uniform distribution on X. That is, Dy = Unif(X’). To estimate

the conditional expected reward (f*) and select a policy, we pick estimators from a convex class of functions
F, where:

F={f: X xA—=R| f(,1) and f(-,2) are linear}.

For § = 0.05, Figure 5 plots the conditional expected rewards (f*) and the best linear estimate f * € F when
actions are sampled uniformly at random. We will now specify these terms more generally, starting with the
conditional expected reward for arm 1, which is given by:

N 0.1, forallz <1-46
[z, 1) =
1, forallz>1-86.

The conditional expected reward for arm 2 is linear, and is given by f*(x,2) := 1+ mpx. Where my is such
that f*(x,1) and f*(x,2) meet at x = 1 — 6, which is ensured by defining:

frA-0,1)—1

e = 1-0

= f*(-,2). Further since my < 0, we get that f*(z,2) is decreasing
is increasing in z. Therefore, we get that 7 ;. is given by:
is i ing i Theref t that e 1s g b

Since f*(-,2) is linear, we get that f*(-,2)
in x. Similarly, one can show that f*(z,1

2, forall z <1—46
Wf* (.’)3) =

1, forallz >1—86.

It is interesting to note that m;, is optimal for this family of bandit problems, that is 77« =7 o Now let f
be the best predictor of arm rewards under the distribution induced by 7 = That is:

P . * 2

fe arg%lgwwl%x[(f(x,ﬂf*(x)) = (@, 7 (2)))7]-
Since f*(z,1) =1 for all > 1 — 6, we get that f(-,1) = 1. Also since f*(-,2) is linear and arm 2 is chosen
for all z < 1—0, we get that f(-,2) = f*(-,2). For a more visual understanding, see Figure 6 which plots f*
and f for 6 = 0.05.
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Figure 6: This is a plot of the conditional expected reward (f*) and the linear estimate (f) that is learnt
from data collected by 7 oo Note that m i is infact the same as the optimal policy ms«. Also note that the

policy 7 i that is induced by the estimate f samples arm 1 for all z. Hence, this policy has high regret.

Therefore m f(:v) =1 for all x, and hence incurs high regret:

Reg(m;) > ~(1—6)(1 —0.1) > 0.4275.

N | =

For this family of bandit problems, while the regret of 7 7 is at least 0.4275, the approximation error (b) can
be arbitrarily small. In particular, since f*(-,2) is linear, we get:

bominy B [(fed) - F@) <5 B (01 £ @) <

| D

Further note that for this family of problems, as sufficient data is collected from policy 7 fr (which is also

optimal), the confidence intervals used by LinUCB tightly concentrate around f .

Hence even under minor violations of realizability (the approximation error b of the best linear estimator
can be arbitrarily small), the confidence intervals that are used by LinUCB are invalid, in the sense that this
confidence interval tightly concentrates on a bad linear estimate ( f) that induces a policy (7 f) with high
regret (Reg(m) > 0.4275). Note that a similar argument can be used to argue that for this family of bandit
problems, given data from the optimal policy, the posterior of LinTS concentrates on the same bad linear
estimate. Similarly for this family of bandit problems, given data from the optimal policy, the empirical risk
minimizer would be the bad linear estimate f and the induced randomized policy constructed by FALCON
would converge to the high regret policy (7 ;) induced by this estimate. This example calls into question the
validity of any model update step in realizability-based approaches.
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