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A  Proof of Lemma 2.2

Before giving the proof of Lemma 2.2, we recall the definition (if it exists) of the ¢-th cumulant function x,(g)

welg) (0 = 7 ) - T <Hg(x<“)>

mepart(£) TET €T

of a stochastic process g, where part(£) is the set of partitions of £ and |7| denotes the cardinality of 7. In particular,
the first two cumulant functions k1 resp. ko are equal to the mean resp. covariance function. Furthermore, g is
Gaussian iff all but the first two cumulant functions vanish.

The stochastic process B.g exists, as F is an R-module and the realizations of g are all contained in F. The
compatibility with expectations proves the following formula for the cumulant functions of x(B.g) of B.g, where
B® denotes the operation of B on functions with argument z(*) e R?:
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(as B commutes with expectation)

= > (A - BHE<H9( ))
mEpart(£) TET €T
(as 7 is a partition; B := [Leq,. g B)

BY (-1 ] - HE(HQ( ))

mEpart(£) TET €T

(as B is linear)
=B ke(g) (x(l), e ,x“))

As g is Gaussian, the higher (¢ > 3) cumulants (g) vanish, hence the higher (£ > 3) cumulants x¢(B.g) vanish,
which implies that B,g is Gaussian. The formulas for the mean function resp. covariance function follow from the
above computation for £ = 1 resp. ¢ = 2. O
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B Proof of Theorem 5.2

Before giving the proof of Theorem 5.2, we recall some definitions and facts from homological algebra and category
theory mLab authors| (2020)); Mac Lane| (1998]); Weibel (1994); |Cartan and Eilenberg (1999). A collection of two
morphisms with the same source Ay < B =25 A, is a span and a collection of two morphisms with the same
range Cy = D <2 Cy is a cospan. Given a cospan Cy - D <2 Cy, an object P together with two morphisms
01 : P — Ciand 63 : P — Cy is called a pullback, if 1 o §; = 72 0 §5 and for every P’ with two morphisms
01 : P' = Cy and 8} : P! — Cy such that v 0 8] = 72 0 8} there exists a unique morphism 7 : P’ — P such that
01 om = 8] and d9 o m = §5. Pullbacks are the generalization of intersections. Given a span A, <L B 2% Ay an
object P together with two morphisms 5 : A1 — P and (55 : Ay — P is called a pushout, if 81 o a1 = (2 0 ag
and for every P’ with two morphisms 1 : A1 — P’ and S5 : Ao — P’ such that 8] o a3 = 5} o ap there exists
a unique morphism 7 : P — P’ such that 81 om = ] and 83 o™ = S}. Pullbacks and Pushouts exist in the
category of finitely presented modules. Given an R-module M, an epimorphism M «— R™ is a free cover of M
and a monomorphism M < R™ is a free hull of M. Every finitely presented R-module has a free cover, but only
a free hull iff it corresponds to a controllable system. Given an R-module M, the contravariant hom-functor
homp(—, M) is the hom-set hompg(A, M) = {¢p : A — M | ¢y R-module homomorphism} when applied to an
R-module A and application to an R-module homomorphism ¢ : A — B gives hompg (¢, M) : homp(B, M) —
hompg(A, M) : B — foy. If Risa commutative, then homg(—, M) is a functor to the category of R-modules,
otherwise it is a functor to the category of Abelian groups.

By Corollary 3.7, the assumptions of Theorem 5.2 ensure that we have a parametrization C' of the system defined
by B. As C is the nullspace of B, we have B1C; = —Bs(Cs.

The parametrization of an intersection of parametrizations By F’ 4 NByFY is given by the image of the pullback P

of the cospan FU By pe B pey gy by (Eisenbud) 1995, 15.10.8.a). The approach of Theorem 5.2 computes
a subsetﬂ of this image via a free cover P «— F™ of this pullback P as image of B1C; = —Bs(5, as depicted in
the following commutative diagram:

Z”
B T ol

N
Ft P4—Fm

As in Theorem 3.6 and Corollary 3.7, the computation is done dually over the ring R. There, the cospan R4 S,

R (2 RIXE defines a free hull Q << RY*™ of the pushout Q of the span RV 2L Rixt B2y Rixty  They
applying the dualizing hom-functor hompg(—, F) transforms this to the function space F. O

Even though all operations in this proof are algorithmic (Barakat and Lange-Hegermann) 2011), Theorem 5.2
describes a computationally more efficient algorithm.

C Code

The following computation have been performed in Maple with the OreModules package (Chyzak et al., [2007).

Example C.1 (General Code for GP regression).

'To get the full image, we need F to be an injective module.
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> # code for GP regression

> GP:=proc(Kf,

>  points,yy,epsilon)

> local n,m,kf,K,sl,s2,alpha,KStar;
>  n:=nops(points);

> m:=RowDimension(Kf) ;

>  sl:=map(

> a->[x1=al1],y1=al2],z1=al3]],
> points);

> s2:=map(

> a->[x2=a[1],y2=a[2],z2=a[3]],
> points);

>  kf:=convert(Kf,listlist);

>  K:=convert(

> evalf (

> map (

> a->map(

> b->convert (

> subs (a,subs(b,kf)),
> Matrix),

> s2),

> s1)),

> Matrix) :

>  alpha:=yy.(K+epsilon~2)~(-1);
>  KStar:=map(

> a->subs(a,kf),

> s1):

>  KStar:=subs(

> [x2=x,y2=y,z2=2z] ,KStar) :

>  KStar:=convert(

> map (op,KStar) ,Matrix) :

>  return alpha.KStar;

>  end:

Example C.2 (Code for Example 3.9).

> restart;

> with(OreModules):

> with(LinearAlgebra):
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Alg:=DefineOreAlgebra(diff=[Dx,x],
diff=[Dy,y], diff=[Dz,z],
diff=[Dx1,x1], diff=[Dy1,y1],
diff=[Dz1,z1], diff=[Dx2,x2],
diff=[Dy2,y2], diff=[Dz2,z2],
polynom=[x,y,z,x1,x2,y1,y2,21,22]):

A:=¢x,Dx>|<y,Dy>|<z,Dz»;

A= ! Y :
Dz Dy Dz
# combine
B:=Involution(
SyzygyModule (
Involution(A,Alg),
Alg),
Alg);
zDy — Dzy
B:=| —Dzxz+ Dzx
Dzxy—Dyzx

# check parametrization
A1:=SyzygyModule (B,Alg) :
ReduceMatrix(A,Al1,Alg);
ReduceMatrix(A1,A,Alg);

# covariance for
# parametrizing function
SE:=exp(-1/2*%(x1-x2) "2
-1/2x(y1-y2)~2-1/2%(z1-22)"2):
Kg:=unapply(

DiagonalMatrix ([SE]),

(x1,y1,21,x2,y2,22)):
# prepare covariance

P2:=ApplyMatrix(B,
[xi(x,y,z)], Alg):
P2:=convert(P2,list):
11:=[x=x1,y=y1,z=2z1,

Dx=Dx1,Dy=Dy1,Dz=Dz1] :
12:=[x=x2,y=y2,2z=22,

Dx=Dx2,Dy=Dy2,Dz=Dz2] :
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> # construct covariance
> # apply from one side

> Kf:=convert(

> map(

> b->subs (

> [xi(x1,y1,z1)=b[1]],

> subs (11,P2)),

> convert (

> Kg(x1l,y1,z1,x2,y2,22),
> listlist)),

>  Matrix):
> # apply from other side
> Kf:=convert(

> expand(

> map (

> b->subs(

> [xi(x2,y2,22)=b[1]],
> subs(12,P2)),

> convert (

> Transpose (Kf),

> listlist))),

> Matrix) :

> gp:=unapply(
>  evalf(convert(

> GP (Kf,
> ({1,0,01,[-1,0,011,
> «0>[<0>|<1>]<0>|<0>|<1y,
> le-5),
> list)),
(x,y,2)):
gp(x,y,2):

> factor(simplify(%));

0.7015
_ 2_ 2 2 DS 2_ 2 2
[z (__er 0.527 0.5y 052> | (—w—052"~05y>~0.52 )

)

)

_ 2_ 2 2 _ _ 2_ 2 2
yz(em 0.52°~0.59° 052> | o~1.02-0.52~0.5y 052)

_ 2_ 2 2 _ 2_ 2 2
_yQGz 0.52°-0.5y“—-0.5z2 _|_xez 0.52°-0.5y“—0.52

2 2 2 2 2 2
o y267m70.5m —0.5y“—0.5z2 _xefzfo.f);v —0.5y“—0.52 ]

Example C.3 (Code for Example Code for Example 4.1).
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vV V. V V V

%

restart;with(LinearAlgebra):
k:=(x,y)->exp(-1/2*%(x-y)~2);

k:=(x,y) — e~ 1/2(@=v)?

K:=<
<k (0,0) ,subs(x=0,diff (k(x,0),x)),
k(1,0),subs(x=1,diff (k(x,0),x))>|
<subs (y=0,diff (k(0,y),y)),
subs ([x=0,y=0],diff (k(x,y),x,¥)),
subs (y=0,diff (k(1,y),y)),
subs ([x=1,y=0],diff (k(x,y),x,y))>|
<k(0,1),subs(x=0,diff (k(x,1),x)),
k(1,1),subs(x=1,diff (k(x,1),x))>|
<subs(y=1,diff(k(0,y),y)),
subs ([x=0,y=1],diff (k(x,y),x,y)),
subs (y=1,diff(k(1,y),y)),
subs ([x=1,y=1],diff (k(x,y) ,x,y))>
>:

K:=simplify(K) ;

1 0 e /2
0 1 el/?
K= ol/2 o2
—e 120 0
# posterior covariance
K_star:=unapply(
«k(x,0)>|
<subs (y=0,diff (k(x,y),y))>|
<k(x,1)>|
<subs (y=1,diff (k(x,y),y))»,x):
K_inv:=simplify(K~(-1)):
d:=denom(K_inv[1,1]):
K_inv_d:=simplify(d*K_inv):
1/d*simplify(
(«d*k(x,y)>»
-K_star(x) .K_inv_d.
Transpose (K_star(y))) [1,1]
)3
o—3@-y)? _ _© Ll

_e—1/2
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((my —z—y+2)e® TV 4 (zy 4+ 1)
+(2zy+a+y—1) (e 2 4+e)
+(zy —y+1)e! 2 + (zy —x + 1)e” 2
+@fzf%&”wwxfy7m&4)

Example C.4 (Code for Example 5.3).

>

>
>
>

\Y

\Y

restart;

with(OreModules) :

with(LinearAlgebra):

Alg:=DefineOreAlgebra(
diff=[Dx,x], diff=[Dy,y],
diff=[Dz,z], polynom=[x,y,z]):

Al:=«Dx>|<Dy>|<Dz>»;

Al :

[Dx Dy Dz]

Bl:=Involution(
SyzygyModule (
Involution(Al,Alg),
Alg),
Alg):
# reorder columns

B1:=B1.«0,0,-1>[<1,0,0>|<0,-1,0;

Dz Dy 0
Bl = 0 —Dz Dz

A2:=¢x>|<y>|<z>»;

B2:=Involution(
SyzygyModule (
Involution(A2,Alg),
Alg),
Alg):
# reorder columns

B2:=B2.«0,0,1>|<-1,0,0>|<0,1,0»;
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> MinimalParametrizations(<B1|B2>,Alg):
> C:=%4[2]:
> # Normalize Columns

> C:=C.DiagonalMatrix([-1,-1,1]);

Dr 0 =x
Dy 0 y

> #check, parametrization:
> BB:=SyzygyModule(C,Alg):
> ReduceMatrix(BB,<B1|B2>,Alg);
> ReduceMatrix(<B1|B2>,BB,Alg) ;

> # B1xC1
> BB1:=Mult(B1,C[1..3,1..3],Alg);

—zDy+Dzy 0 0
BBl := Drz—Dzx 0 0
—Dzxy+Dyx 0 O
> # -B2%C2
> BB2:=-Mult(B2,C[4..6,1..3],Alg);

—zDy+Dzy 0 0
BB2 = Dxz—Dzx 0 O
—Dzy+Dyx 0 O
> #For comparison:
> B_old:=«y*Dz-z*Dy,

> -x*Dz+z*Dx, -y*Dx+x*Dy>»;

—zDy+ Dzy
B old = Dxz—Dzx
—Dzxy+ Dyx
Example C.5 (Code for Example 5.4).

> restart;
> with(Janet):
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with(OreModules):
with(LinearAlgebra):
with(plots):
Alg:=DefineOreAlgebra(diff=[Dx,x],
diff=[Dy,y], diff=[Dz,z],
diff=[Dx1,x1], diff=[Dy1,y1],
diff=[Dz1,z1], diff=[Dx2,x2],
diff=[Dy2,y2], diff=[Dz2,z2],
polynom=[x,y,z,x1,x2,y1,y2,21,22]):
# div-free fields on S°2
Bl:=«y*Dz-z*Dy, -x*Dz+z*Dx, -y*Dx+x*Dy>»:
# parametrize equator=0

B2:=DiagonalMatrix([z$3]) ;

# combine
B:=<B1|B2>:
C:=Involution(
SyzygyModule (
Involution(B,Alg),
Alg),
Alg);

222

Dy z? — Dzyz — 2y

C:=
~Dr22+2Dzz+2x
Dz yz — Dyzz
# check parametrization
BB:=SyzygyModule(C,Alg) :
ReduceMatrix(B,BB,Alg);
[

ReduceMatrix(BB,B,Alg) ;
# new relation!

[ 0 =z y z]

# the new parametrization

P:=Mult(B1, [[C[1,1]]1],Alg);
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z (—Dyz2 + Dzyz—|—2y)
P := z(szQ—-xDzz——Qx)
(—=Dzy + Dy z) 2>

> # sanity check =P
> -Mult(B2,C[2..4,1..1],Alg);

z (—Dyz2 +Dzyz+2y)
Z(IIBZQ——xl)zz—-Qm)
(=Dzy+ Dyx) 2>

> # covariance for

> # parametrizing function

> SE:=exp(-1/2*(x1-x2)"2

> -1/2%(y1-y2)~2-1/2%(21-22)"2):

> Kg:=unapply(
>  DiagonalMatrix([SE]),
> (x1,y1,21,x2,y2,22)):

> # prepare covariance
> P2:=ApplyMatrix(P,
> [xi(x,y,2)], Alg):
> P2:=convert(P2,list):

> 11l:=[x=x1,y=yl,z=z1,
>  Dx=Dx1,Dy=Dy1,Dz=Dz1]:
> 12:=[x=x2,y=y2,z=22,
> Dx=Dx2,Dy=Dy2,Dz=Dz2] :
> # construct covariance

> # apply from one side

> Kf:=convert(

>  map(

> b->subs (

> [xi(x1,y1,z1)=b[1]],

> subs(11,P2)),

> convert (

> Kg(x1,y1,21,x2,y2,22),
> listlist)),

> Matrix) :
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# apply from other side
Kf :=convert (
expand (
map (
b->subs(
[xi(x2,y2,2z2)=b[1]],
subs (12,P2)),
convert(
Transpose (Kf) ,
listlist))),
Matrix) :
gp:=unapply(
piecewise(z<0, [0,0,0],
evalf (convert (
GP(Xf, [[0,0,1]1],<110]10>,1e-5),
list))),
(x,y,2)):
gp(x,y,z) assuming z>0:

factor (simplify (%)) ;

[—0.6065 2(—2% + 212 + 2y2) e 05 =" ~0-5y"+2-0527
06065xyz(24—2)e—05$2—05y2+z—&5za

2 Py 5
—0.6065 22027 —0.5y +z705Z]

Example C.6 (Code for Example 6.1).

>

>

restart;

with(OreModules):

with(LinearAlgebra):

Alg:=DefineOreAlgebra(diff=[Dx,x],
diff=[Dy,y], diff=[Dz,z],
diff=[Dx1,x1], diff=[Dy1,y1],
diff=[Dz1,z1], diff=[Dx2,x2],
diff=[Dy2,y2], diff=[Dz2,z2],
polynom=[x,y,z,x1,x2,y1,y2,21,22]):

B1l:=«y*Dz-z*Dy, -x*Dz+z*Dx, -y*Dx+x*Dy>;

—zDy+ Dzy
Bi = zDx — Dzx
—Dzy+ Dyx

mu:=<0,-z,y>;
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> #check:

> Al:=Matrix(1,3,[[Dx,Dy,Dz]]):
> A2:=Matrix(1,3,[[x,y,z]]1):

> ApplyMatrix(Al,mu,Alg);

> ApplyMatrix(A2,mu,Alg);

> # the new parametrization

> P:=Mult(B1,[[z~2]1]1,Alg);

z(—Dyz2+[hyz+2y)
P := z(llrzz——xllzz—-2x)
(-Dzy+ Dyx)2?

> # covariance for

> # parametrizing function

> SE:=exp(-1/2%(x1-x2)"2

> -1/2%(y1-y2)~2-1/2%(21-22)"2):

> Kg:=unapply(
> DiagonalMatrix([SE]),
> (x1,y1,21,x2,y2,22)):

> # prepare covariance
> P2:=ApplyMatrix(P,
> [xi(x,y,2)], Alg):
> P2:=convert(P2,list):

> 11l:=[x=x1,y=yl,z=z1,
>  Dx=Dx1,Dy=Dy1,Dz=Dz1]:

> 12:=[x=x2,y=y2,z=22,
>  Dx=Dx2,Dy=Dy2,Dz=Dz2] :
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> # construct covariance
> # apply from one side

> Kf:=convert(

> map(

> b->subs (

> [xi(x1,y1,z1)=b[1]],

> subs (11,P2)),

> convert (

> Kg(x1l,y1,z1,x2,y2,22),
> listlist)),

>  Matrix):
> # apply from other side

> Kf:=convert(

> expand(

> map (

> b->subs (

> [xi(x2,y2,2z2)=b[1]],
> subs (12,P2)),

> convert (

> Transpose (Kf),

> listlist))),

>  Matrix):

> p:=[0,0,1]:

> mu_p:=Transpose(

>  subs(

> [x=p[1],y=p[2],z=p[3]1],
> mu)) :

> gp:=unapply(

>  factor(simplify(

> convert (

> GP(Kf, [p] ,<110]0>-mu_p,1e-5),
> list)))

> +convert (mu,list),

> (x,y,2)):

> gp(x,y,2);

[~0.6065 2(—2% + zy? + 2y?) e 037 05y H2055%,
0.6065 xyz(z + 2) e 057 05y +2-052" _

706065 sz 670‘5 22-0.5 y2+z70.5 22 4 y]

Example C.7 (Code for Example 6.2).
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restart;

with(OreModules):

with(LinearAlgebra):

Alg:=DefineOreAlgebra (
diff=[Dx,x], diff=[Dy,y],
diff=[Dx1,x1], diff=[Dy1,y1],
diff=[Dx2,x2], diff=[Dy2,y2],
polynom=[x,y,x1,x2,y1,y2]):

A:=«Dx>|<Dy>;

[‘Dx l)y]

Bl:=Involution(
SyzygyModule (
Involution(A,Alg),
Alg),

Alg);

mu:=<1,0>;

B2:=«(x-1)*x,0>|<0, (y-1) *y>;

# combine
B:=<B1|B2>:
C:=Involution(
SyzygyModule (
Involution(B,Alg),
Alg),
Alg);
22y? — 2%y — ay® + 1y
—Dyy*+ Dyy —2y+1
Dra? —Drx+2x—1
# the new parametrization
P:=Mult(B1,C[1,1],Alg);
z(-14+Dyy*+ (-Dy+2)y) (z—1)
—(y—1)y(-14 Dz x?®+ (—Dz +2)z)
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# covariance for

# parametrizing function
SE:=exp(-1/2*(x1-x2) "2
-1/2%(y1-y2)~2):

Kg:=unapply(
DiagonalMatrix ([SE]),
(x1,y1,x2,y2)):

# prepare covariance
P2:=ApplyMatrix (P,
[xi(x,y)]1, Alg):
P2:=convert(P2,list):

11:=[x=x1,y=y1,
Dx=Dx1,Dy=Dy1]:

12:=[x=x2,y=y2,
Dx=Dx2,Dy=Dy2] :

# construct covariance
# apply from one side
Kf :=convert (
map (
b->subs (
[xi(x1,y1)=b[1]],
subs(11,P2)),
convert (
Kg(x1,y1,x2,y2),
listlist)),
Matrix):
# apply from other side
Kf :=convert (
expand (
map (
b->subs(
[xi(x2,y2)=b[1]],
subs (12,P2)),
convert (
Transpose (Kf),
listlist))),

Matrix) :
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# code for GP regression
GP:=proc (Kf,
points,yy,epsilon)
local n,m,kf,K,s1,s2,alpha,KStar;
n:=nops(points) ;
m:=RowDimension (Kf);
s1:=map(
a->[x1=a[1],y1=a[2]],
points);
s2:=map (
a->[x2=al1],y2=a[2]],
points);
kf:=convert (Kf,listlist);
K:=convert(
evalf (
map (
a->map(
b->convert (
subs(a,subs(b,kf)),
Matrix),
s2),
s1)),
Matrix) :

alpha:=yy. (K+epsilon~2)~(-1);

KStar:=map (
a->subs(a,kf),
s1):

KStar:=subs(
[x2=x,y2=y] ,KStar):
KStar:=convert (

map (op,KStar) ,Matrix) :
return alpha.KStar;

end:
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\Y

p:=[1/2,1/2]:

> mu_p:=Transpose(

>  subs(
>  [x=pl1],y=pl[2]],
> mu)) :

> gp:=unapply(
>  factor(simplify(

> convert (
> GP(Kf, [p],<0|1>-mu_p,le-5),
> list)))

> +convert (mu,list),

> (x,y));
(x y) He—o.25+o.5x—0.5x2+0.5y—0.5y2_
[1+162 (y*(z — 1) + y*(z — 2.5)(z — 1) + y*(0.52 + 1 — 1.52%) — y(z — 1)(z — 2.33) + (z — 1)?),
—16y (z*(y— 1)+ 2°(y — 2.5)(y — 1) + 2°(0.5y + 1 — 1.5y*) — a(y — 1)(y — 2.33) + (y — 1)*)]
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