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Abstract

Deep reinforcement learning has achieved im-
pressive successes yet often requires a very
large amount of interaction data. This re-
sult is perhaps unsurprising, as using compli-
cated function approximation often requires
more data to fit, and early theoretical re-
sults on linear Markov decision processes pro-
vide regret bounds that scale with the dimen-
sion of the linear approximation. Ideally, we
would like to automatically identify the min-
imal dimension of the approximation that is
sufficient to encode an optimal policy. To-
wards this end, we consider the problem of
model selection in RL with function approx-
imation, given a set of candidate RL algo-
rithms with known regret guarantees. The
learner’s goal is to adapt to the complex-
ity of the optimal algorithm without know-
ing it a priori. We present a meta-algorithm
that successively rejects increasingly complex
models using a simple statistical test. Given
at least one candidate that satisfies realiz-
ability, we prove the meta-algorithm adapts
to the optimal complexity with regret that
is only marginally suboptimal in the num-
ber of episodes and number of candidate al-
gorithms. The dimension and horizon de-
pendencies remain optimal with respect to
the best candidate, and our meta-algorithmic
approach is flexible to incorporate multiple
candidate algorithms and models. Finally,
we show that the meta-algorithm automati-
cally admits significantly improved instance-
dependent regret bounds that depend on the
gaps between the maximal values attainable
by the candidates.
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1 INTRODUCTION

Deep reinforcement learning has achieved impressive
successes, yet often requires a very large amount of in-
teraction data. This result is perhaps unsurprising, as
more complicated function approximations often re-
quire more data to fit. Recent work on theoretical
reinforcement learning for some structured function
approximation settings has shown regret bounds that
scale with a parameter characterizing the complex-
ity of a particular function class. For example, for a
type of function approximation by a d-dimensional lin-
ear model in Markov decision processes (MDPs), prior
work has provided bounds that scale as O(d*/?) re-
gret (Jin et al., 2020b), which have been improved to
O(d) even given small inherent Bellman error (Zanette
et al., 2020). When the dynamics can be expressed
using a matrix, O(dg/ 2) regret bounds have also been
provided (Yang and Wang, 2020). The choice of di-
mension d is important: on one hand, if d is under-
specified, such regret bounds typically either fail to
hold or incur linear regret. On the other hand, if d
is over-specified, the above regret bounds are unnec-
essarily large. Thus, a natural goal is to use the most
compact representation suitable to encode the optimal
policy for a domain (which we denote as d.). This op-
timal representation is typically unknown a priori.

In this paper we frame this as a model selection ques-
tion among a set of algorithms with model classes, pa-
rameterized by dimensions {d > 1}, that are nested
in their regret bound guarantees. We assume that at
least one class can realize the true underlying domain.
We ask if is there an algorithm that can achieve regret
bounds that scale with the minimal realizable model
class, given by d.. Doing so seems subtle: provably ef-
ficient reinforcement learning algorithms typically rely
heavily on strategic exploration, and using the wrong
model class during learning may alias states, result-
ing in performance that appears strong under the cur-
rent (incorrect) model class but is actually subopti-
mal. Conversely, forced exploration under more com-
plex classes mitigates this problem, but could intro-
duce regret that scales with the more complex model
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class dependence, even when a simpler model suffices.

Most prior work on model selection for online deci-
sion making has focused on contextual bandit set-
tings. Here, minimax-optimal guarantees were re-
cently shown under eigenvalue assumptions on the fea-
tures by leveraging the special structure of the stochas-
tic linear contextual bandit setting (Chatterji et al.,
2020; Foster et al., 2019). These results also assume
the knowledge of a good exploration policy, but such
knowledge cannot be relied on in the reinforcement
learning setting, where some “high-reward” states may
only be observed under specific, initially unknown se-
quences of actions. Slightly weaker model selection
guarantees can also be obtained under far more general
assumptions by using a corralling framework that as-
sumes access to a set of base algorithms, and provides
a meta-algorithm that aims to realize the best regret
of the (unknown) best algorithm (Agarwal et al., 2017;
Arora et al., 2020; Pacchiano et al., 2020).

Our contributions We tackle the challenge of
model selection in RL under minimal assumptions.
Our main insight is to leverage the knowledge of ex-
pected regret that is achievable under a particular
model when it realizes the data. Thus, we propose
an algorithm in Section 4 that maintains a candi-
date set of model classes at every round, and statis-
tically tests whether each of them is well-specified, or
not, by comparing the observed returns under that
model class to the regret we should expect from a well-
specified model. Model classes detected as misspecified
at any round are permanently eliminated there-after in
a manner reminiscent of active-arm elimination in the
multi-armed bandit problem (Even-Dar et al., 2006);
this is a significant simplification over previous meta-
algorithms for model selection that were based on ad-
versarial bandit algorithms. Our choice of action at ev-
ery round carefully interleaves executing the candidate
model class of minimal complexity with executing al-
gorithms using higher-order models. This procedure is
shown to automatically satisfy the needed exploration-
exploitation trade-off for model selection. In Section 5,
we show the regret bounds exactly match the model
complexity of the unknown best model in d, (and the
finite episode length H in RL), and achieve a T2/3 rate
when the underlying algorithms have a 7/2 rate under
minimal assumptions about the underlying dynamics
process. This is similar to recent model selection al-
gorithms under general assumptions (Pacchiano et al.,
2020) which sacrifice either a tight dependence on T or
d.. We also demonstrate how our approach is compat-
ible with multiple recently introduced RL results, and
provide specific bounds for model selection in such set-
tings. In addition to our algorithm being simpler than
a recent model-selection approach (Pacchiano et al.,

2020), we provide new, significantly improved bounds
for instances in which there is a constant gap in perfor-
mance between model classes in Section 6. These guar-
antees are in part instance-dependent, as they scale in-
versely with this performance gap. From a practical
perspective, our wrapper algorithm can be used given
any input algorithms with regret guarantees that are
nested, which will allow it to directly inherit future
advances in provably eflicient reinforcement learning.
Finally, the computational complexity of our meta-
algorithm only adds an extra factor on the order of
the total number of model classes over and above the
computational complexity of a single base algorithm.

2 RELATED WORK

The problem of model selection in online decision-
making environments with limited-information feed-
back (which includes both bandits and reinforce-
ment learning), has been an active area of recent re-
search (Agarwal et al., 2017; Chatterji et al., 2020;
Foster et al., 2019; Pacchiano et al., 2020) and poses
challenges that are both statistical and algorithmic.

Nearly Optimal Online Model Selection The
best available guarantees for online model selection
have been obtained for the linear contextual bandits
setting (Abbasi-Yadkori et al., 2011; Chu et al., 2011).
Here, the best worst-case bound when the optimal
model class is given is of the form O(y/d.T), where
d, is the dimension of the minimal feature space that
realizes the data and T is the total number of rounds:
in model selection, several models with different d
are provided and the minimal d, is unknown. When
the contextual information is stochastic, Foster et al.
(2019) obtain model selection guarantees of the form

O(di/ 2/ 3) under an action-averaged eigenvalue con-
dition, and Chatterji et al. (2020) match the optimal
guarantee when choosing between multi-armed ban-
dits and contextual bandits under a stronger universal
eigenvalue condition that ensures that contexts cor-
responding to all arms are sufficiently diverse. The
results of Foster et al. (2019) leverage the fact that it
is possible to estimate the optimal value under the op-
timal model (what we will denote as V* in this paper)
at a faster rate of v/d/n as compared to finding the
optimal policy under the complex model (which has
estimation error rate d/n). Both critically leverage
both stochasticity of contextual information and lin-
earity of the model. These bandit approaches also rely
on a priori access to a policy that explores the envi-
ronment and allows for off-policy estimation. However,
reward-free exploration in RL (Jin et al., 2020a; Wang
et al., 2020; Zanette et al., 2020) can sometimes be as
or more complex than estimating the optimal policy.
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Though there has been some work on offline feature
selection and model selection for RL given a batch
of data (see e.g. Farahmand and Szepesvari (2011);
Hallak et al. (2013); Jiang et al. (2015); Parr et al.
(2008)), there has been very little work specifically on
online model selection in reinforcement learning. Prior
work provided PAC results for online feature selection
for factored tabular MDPs (Guo and Brunskill, 2018).
More recent work provides regret bounds (Abbasi-
Yadkori et al., 2020) and PAC bounds (Modi et al.,
2020) for model selection in online RL when the opti-
mal value V* is given: however, unlike in contextual
bandits (Foster et al., 2019; Kong et al., 2020), there
are no known algorithms for estimating V* faster than
identifying the optimal policy in RL settings.

Corralling Methods Other researchers have pro-
vided general-purpose meta-algorithms designed for
model selection for bandit settings that yield weaker,
but still non-trivial and interesting statistical guaran-
tees of the form O(RYTH) for arbitrary a > 1,3 < 1,
where R, depends generally on the complexity of the
best model class or algorithm and other problem pa-
rameters. The early corralling algorithms for stochas-
tic and adversarial bandits (Agarwal et al., 2017), have
recently been simplified and improved under a mild
stochastic assumption on the data (Pacchiano et al.,
2020), using a novel smoothing technique broadly ap-
plicable to base algorithms with a regret guarantee.
This stochastic corralling approach obtains model se-
lection rates with a = 2,8 =1/2 or a« = 1,5 = 2/3
under very general assumptions including the RL set-
ting; however, for technical reasons it still requires a
complex two step smoothing procedure to modify the
base algorithms to satisfy its regret guarantees. Our
approach recovers rates of the form a« = 1,8 = 2/3
(provided in Section 5) matching prior work without
sacrificing generality and with a significantly simpli-
fied and interpretable algorithm design. This simplic-
ity largely arises from using a stochastic master rather
than an adversarial master. As a consequence, our
same algorithm can be analyzed to provide new sig-
nificantly stronger model selection guarantees for in-
stances that have a constant gap in performance be-
tween model classes; these guarantees are provided in
Section 6. Moreover, side information or faster es-
timators of the optimal value V*, if available, can be
naturally incorporated into our design to provide near-
optimal rates; see Appendix D for precise statements
of these guarantees.

3 SETTING

We consider the setting of an episodic Markov decision
process (MDP) M = (S,U, H,r, P, p), where S and U

are state and action spaces, H € N is the length of an
episode, r = {rp(sn,un)} is the per-step reward func-
tion with 74(sp,up) € [0,1], P = {Pr(spht1|sh,un)}
is the transition dynamics, and p(s) is a fixed initial
state distribution. A policy maps times and states to
actions, 7 : [H] x § — U.

For a given h € [H] and s € S, the value function is
the expected cumulative reward following policy :

H

Vhﬂ(s) = EW Z rh/(sh/,uh/)|sh =S
h'=h

and similarly the action-value function is defined
as the expected return from first taking action w
and then following policy m: QF(s,u) = rp(s,u) +
Egp,(|s,u) Vi 1(8"). The optimal value function is
denoted V)*(s) = sup, V) (s). We write V™ :=
Esw,V"(s) and denote the optimal value under p as
V* =sup, V™. In this work we primarily evaluate the
quality of an algorithm A in an MDP M by its regret!
with respect to the (unknown) optimal policy value V*
over T' episodes:

T
Regret(A; M) = Z Ve —vre (1)
t=1

We are interested in settings where the size of the state
space S and/or action space U could be very large.
Hence, we focus on function approximation methods
for minimizing regret. A function approximation al-
gorithm takes as input a model class F to general-
ize across states and actions (Agarwal et al., 2019).
Several natural examples include value-based classes
where F : & x U — R is used to predict action-
value functions Q™ and model-based classes where
F:S8xUxXxS — Ris used to predict the transition
dynamics P and reward r. Concretely, linear MDPs
(Jin et al., 2020b; Yang and Wang, 2020) model the
transition dynamics as (¢(s,a), u(s")), where ¢ € R
and pp, is a d-dimensional vector of measures.

We let (A, F) denote the pair of algorithm .4 equipped
with model class F. Recent high probability regret
(upper) bounds in this setting are sublinear in T
and typically depend polynomially on dr, H, and
log(T/§), where dr is a measure of statistical com-
plexity of F and § € (0,1) is a failure probability. For
example, if F is finite, we often have dr = log |F]|
and if F is a class of linear functions of dimension
d, we have dr = d. However, provably sublinear re-
gret bounds in T are generally only known for algo-
rithms under problem-specific assumptions for F—for

'Note that regret is here defined with respect to the
optimal value. We will also consider algorithms satisfying
“best-in-class” regret guarantees in Section 6.
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example, there exists f* € F such that the function
approximation error is 0. If this condition holds, we
say that F realizes the MDP M. Conversely, if F
does not realize M, then it is misspecified. Since we
consider settings where F may or may not realize M
and realizability is almost universally assumed among
modern RL algorithms with function approximation,
we define a general notion of the regret of A using F
under realizability, following Pacchiano et al. (2020).

Definition 1. For an MDP M, let algorithm A be
equipped with a model class F. Let R be a known func-
tion that is poly(dz, H,log(T/)). The pair (A, F) is
said to be R-compatible if F realizes M and we have

Regret,(A; M) < R(dx, H,1og(T/5)) - V1.

for all t with probability at least 1 — . R is called a
nominal regret coefficient® for (A, F).

The rationale behind R-compatible algorithms is the
following. For any (A, F), we may have a regret co-
efficient R in mind (from a provable guarantee) that
holds if F realizes M. The regret R -/t reflects what
we hope to achieve if F does actually realize M, and
(A, F) is only defined to be compatible if this hap-
pens. We remark that realizability is not necessary for
a sublinear regret guarantee to hold, but most RL algo-
rithms using function approximation assume it holds,
o it is convenient to view both conditions together.

Note that Definition 1 requires that A be anytime,
meaning the bound holds at any arbitrary round in-
dex t € [T] even though only the maximal number of
rounds, 7', may be specified. For algorithms without
automatic anytime guarantees, this can be remedied
up to constant factors via the doubling trick (Cesa-
Bianchi and Lugosi, 2006). We will later give exam-
ples of how our model selection algorithm can be used
with some recent single task RL algorithms with for-
mal bounds in the function approximation setting.

Problem Statement Here, our goal in model se-
lection is to obtain a regret guarantee that adapts on-
the-fly to the model class of minimal complexity that
remains competitive with the optimal value. That is,
we wish to find the combination of algorithm A and
model class F, that is compatible in the sense of Defi-
nition 1, with the smallest possible leading coefficient
R(dg,-,-). We consider a setting where we are choos-
ing among a set of candidate algorithms A1, As, ... AL
with model classes {F;};c|r], known nominal regret co-
efficients {R;}icz), and complexities {d;};c[z) where
d; := dg, and F; is the model class of A;. Without

2It is not necessary that R depend only on these argu-
ments; but these arguments are typically of interest in RL
regret bounds.

loss of generality, we assume the algorithm-model class
pairs can be ordered by their regret such that we have

Ri(d;, H,log(T/0)) < Riy1(diy1, H,1og(T/5)) (2)

foralli € [L—1], T,H € N, and § € (0,1). For ex-
ample, if {A;} are all instances of the same algorithm
that use as input nested model classes {F;}, then (2)
is satisfied by ordering d; < ... < dr. This natu-
rally captures, among other cases, linear models with
nested features (Foster et al., 2019). We also assume?
that at least one algorithm is R;-compatible for its
respective regret coefficient R;. Define i, = min{i €
[L] : (A;, F;) is Ri;-compatible}.

We aim to design a meta-algorithm A that selects
among {A;}£ , without knowing i, a priori and, for
some « > 0 and § € [1/2,1), achieves a guarantee of

Regret,(A) = O (R, (d;,, H,log(T/3)) - L*T") .

4 MODEL SELECTION APPROACH

In this section, we present our model selection meta-
algorithm, Explore-Commit-Eliminate (ECE) and de-
tail the simple statistical test underlying our approach.

4.1 Algorithm

Our meta-algorithm for model selection is described
in Algorithm 1. At a high level, the algorithm pro-
ceeds in the following way. It takes as input the base
algorithms and model classes, their nominal regret co-
efficients, and their model complexities; mathemati-
cally, the input is given by {A;, Fi, Ri, di}ic(r). The
number of algorithms L, episodes T' € N and fail-
ure probability ¢’ € (0,1/e) are also specified. First,

we set § = The meta-algorithm tracks

I s T
a candidate algorithm index #;, corresponding to pair
(Aj;,, F3,) that is believed to be R;,-compatible at any
given time — as well as a set B; of indices of algo-
rithms with more complex models. At the start of
each episode, the meta-algorithm determines whether
to use the algorithm A;, or explore using a randomly
selected algorithm from the indices B, based on the
outcome of a Bernoulli variable U; with success prob-
ability 1/t® where x € (0,1/2]. This random variable
U, represents an indicator that model exploration will
occur. After executing the policy from the chosen algo-
rithm, the data is fed back to the algorithm to update,
and a test is run to determine whether the algorithm

3Note that for all other misspecified algorithms, their
nominal regret bounds will, in general, not hold. As regret
is being measured with respect to V*, it will include the
misspecification error terms.
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should reject A;,. The test checks the following con-
dition for each j € By:

gt(lh >>W(|T“| R’Ltadlt?(s)

where for all i < j € [L], t € [T], 7 is the set of times
when A; is chosen up to ¢, and G is a scaled estimate
of the excess gap between models ¢ and j, given by

Ge(i,j |T|th—29t/

t'eTJ teT
and W is defined as
W(t,R,d,8) := Cy - R(d, H,log(T/6)) - Vt
+ Cw - Hy/Lt'+* - log(1/9)
+ Cw - Hy/t -log(1/6)

for a sufficiently large constant Cyy > 0. The test
is only valid after a minimal burn-in period, ¢t >
Tmin(0) = Chin - L% logﬁ(l/é) for a sufficiently
large Cpin > 0, so this condition is also checked. If
these conditions are true for some j € B, meaning
that the test fails, then ECE rejects A;, and switches
to Aj;, 1. This process repeats until episode 7.

Note that although the algorithm uniformly explores
among the algorithms in By, it does not require any ex-
plicit uniform or directed exploration within episodes
that may be a tougher problem in RL settings than
regret-minimization—one can simply run the algo-
rithms as they were prescribed. In fact, we can
interpret our meta-algorithm as automatically lever-
aging the exploration already in-built in the regret-
minimizing base algorithms.

4.2 Statistical test on excess gap

The ability of ECE to judiciously accept or reject base
algorithms lies in the simple statistical test at the end
of each episode. The test can be viewed as a compari-
son between the scaled expected return obtained by a
“higher-order” algorithm, A;, corresponding to index
j € By during exploration rounds; and that of the ac-
tive candidate algorithm A;, during all rounds of its
usage. If we find that the return of A; is significantly
higher than that of A;,, it suggests that switching to
the more complex algorithm A; would yield signifi-
cantly higher return, despite the fact that A; has a
larger nominal regret bound and might have received
much less data than A;, (as it is also competing for
data with the other algorithms in B;). The require-
ment that ¢ > 7, (0) and our special choice of explo-
ration schedule ensures that the algorithms in B; will
have sufficient data to be useful in the test with high
probability, while still exploiting the candidate model
A;, whenever possible.

Algorithm 1 Explore-Commit-Eliminate (ECE)
1: Input: {A;, 3, Ry, di}ierr), L, T, 8, Tonin (*)
2;5em,zt<—1,ﬁ:@forauie[L],
By =[2,L].
0 w.op. 1-—

3 Uy =  for all t € [T].

1 wp &=

4: for t=1,...,T do
5: Setjz{it _ Ue=0

Jt ~ UIllf{Bt} Ut =1
6: T/ « T7 U{t} and T}F < T}* for all k # j.
Rollout policy 7 from A;
Observe z; = (S¢1,Ut1,---,
9t = D pe(m) Tth
9:  Update A; with ¢, 2, g¢
10:  if ¢ > Tin(6) and there exists j € By such that

gt(lta ) > W |TZt| thad’bt>6) then

Ut7H, St,H_A,_l) and

11: 1 — 4+ 1

12: Bt+1 <+~ B; \ {’Zt+1}

13: If %41 = L, break and run Ay to end of time
14: else

15: Bt+1 «— By

16:  end if

17: end for

While we want ECE to reject lower-order models when
they perform poorly, the test cannot be too sensitive.
Otherwise, it could reject the optimal i, and choose
some unnecessarily large j > 7., leading to highly sub-
optimal model complexity dependence in the regret
bound. Our statistical test is designed to avoid this
situation, as we prove in Section 5.

To give some additional intuition behind the test, it is
useful to view the expected returns lTJ ZseTj gs as a

noisy lower bound of the optlmal value V*; meanwhile
the expected returns of —— IT“I Zéef]—i* gs plus the regret

incurred, Regret(.A4;, ), should be an upper bound of the
optimal value V* up to some noise as well, if (A4;,, F;,)
is R;,-compatible. Thus, as long as these intervals in-
tersect, the test should succeed and i, continues to be
accepted. If the intervals separate, the current candi-
date is rejected. This intuition is reflected in the three
terms comprising the definition of W. The first is the
nominal regret one expects to see from A;, if it is com-
patible. The last two follow from concentration of the
averaging over returns of the algorithms.

5 MAIN RESULT

Our main result shows that the meta-algorithm au-
tomatically adapts to the regret of the optimal pair
(A;,,F;,) that is R; -compatible. One of the main



Online Model Selection for Reinforcement Learning

mechanisms behind this result is ensuring the validity
of the test. The following lemma shows that ECE will
never reject (A;,, F;,) with high probability.

Lemma 1. We have Gi(ix,j) < W(|T{*|, Ri., ds,, 6)
with probability at least 1 — ¢ for all j € [i.+1, L] and
t > Tmin(6'/10LT? log, T').

Thus, since the meta-algorithm steps through the
base-algorithms incrementally, Lemma 1 shows that
once it reaches (A;,,F;,), the first R; -compatible
pair, an algorithm with a more complex model class
will never be selected. Our main theorem combines
this result with the fact that, if the ECE has not re-
jected a misspecified algorithm (A;, F;) with j < i,
then the suboptimality of .A; must not be significant.
Theorem 1. Let the model exploration parameter
1/3. Then, the model selection algorithm ECE
satisfies the regret bound

kK =

%) (HLT2/3 + Ry (di, H,log(LT/8")) - iY/ 31;1/2:F2/3) .

with probability at least 1 — &', where O hides logs and
terms independent of T and R.

The regret bound of the meta-algorithm matches that
of the optimal algorithm in dependence on the com-
plexity of its model class d;, and horizon H, i.e., the
best dependence if the optimal algorithm were pro-
vided a priori. We do incur a worse dependence on
T, which is now T2/3, compared to the nominal vT'
rate, and a dependence of L'/2, the total number of
algorithms, and i,, the index of the optimal algorithm.
Note that this type of trade-off in the parameter op-
timality for model selection is typical in recent results
focused on contextual bandits, where methods making
less strong assumptions typically incur sub-optimality
in either the dependence on d;, or T. In particular,
Theorem 1 matches the rate of Exp3.P (Pacchiano
et al., 2020) and does so without non-trivially modify-
ing the base algorithms. In addition to the minimax
guarantee of Theorem 1, we show in Section 6 that
this can be improved to instance-dependent bounds,
in contrast to Exp3.P and Corral.

5.1 Proofs

All proofs of Theorem 1, when not provided here, are
available in Appendix A. Due to space limitations, in
this section, we prove Lemma 1 and provide a proof
sketch for Theorem 1 to illustrate the main idea behind
handling pairs (A;, F;) that are not R;-compatible.
In both cases, we require that three events hold and
will show that they do with high probability. Define
€; = g:— V™ and let 7; denote the first episode in which
Aj; is chosen as the candidate 7;. If A; is never chosen

then default to 7; = T'. Recall that § = W~

[ Alg. [ Env. | Regret

ModCB | CB | O (L2/3d1/ 2/ 3)

0SOM | CB 6( 1/2T1/2)

Corral | RL | O (L1/2R2 T1/2)

Exp3P | RL | O (L1/3R T2/3)
MM: O (L5/6Ri*T2/3)

Ours RL 15/272 12 2/3
ID: 0( R L RLTV? 4 LT )

Table 1: We compare the theoretical guarantees of our al-
gorithm to recent model selection work: ModCB (Foster
et al., 2019), OSOM (Chatterji et al., 2020), Corral (Agar-
wal et al., 2017; Pacchiano et al., 2020), and Exp3.P (Pac-
chiano et al., 2020). The first two apply to the contextual
bandit (CB) setting and leverage distribution assumptions
on the contexts to get nearly optimal regret. Corral and
Exp3.P apply generally, but are suboptimal and require
modifying the base algorithms in non-trivial ways. Our
rate matches that of Exp3.P in the minimax (MM) setting
without significant assumptions or modifications to the al-
gorithms. We also achieve an improved instance-dependent
(ID) rate when the gaps in performance between base al-
gorithms are constant with minimal gap Amin.

1. Event Fy: For all j € [L] and allt € [T such that
t > Trrlin(6)7 if ¢ < Tiy then — < ‘TZ| < 4t1 K.
If t > 7, then |T}| < t—7; +4t1 r

2. Event Ey: For all ¢t € [T,
Speq V2= VT < R (ds., H,log(T/6))y/ T

3. Event E5: For all j € [L] and all ¢t € [T],
| S yeq evl < Hy/J2[T|log(2/5)

The first event ensures that the exploration schedule
yields sufficient data to all the algorithms before they
are chosen. The second states that the nominal any-
time regret guarantee holds for (A;,,F;,). The third
handles concentration of the noisy returns that the
algorithm observes from deploying policies. The fol-
lowing lemma shows that all three events happen with
high probability.

Lemma 2. The event E = (\;cqy 05y Ei holds with
probability at least 1 — 10LT?*5log, T

Lemma 2 is proved in Appendix A.1. The proof for
the first event uses a Freedman inequality (details in
Appendix B) to bound the sizes of all sets given that
enough time has passed. The second event holds with
high probability under the assumption that (A;,, F;,)
is R;,-compatible. The third event can be shown to
hold with high probability using the Azuma-Hoeffding
inequality with appropriate union bounds.
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5.1.1 Proof of Lemma 1

We now prove the statement of Lemma 1 under the
event F. Adding and subtracting the sum of ap-
propriately scaled value functions ), . T V7 and
Et,eTu V™ we can write Gt (i, j) in terms of value
functions and conditionally zero-mean errors:

Gutie.d) = LY 00 - T
tveT; €T+
T
LS g S W
t t’E'th t/er]-ti*
<y |7”‘|
D I AR L S DR
teT teTy teT*

The last inequality follows as V* > V™ for all t’ € [T].

If events F5 and E3 hold then

Ri. (d;.., H,log(1/8)) /1T
+ H\/2|T*|log(2/6) + H

By event E1 and the fact that j > 4, and t > Tmin(6),
|’T]\ > t |1 . Therefore, for the third term,

<L
— |

H,\ /2|7;tj|| log(2/8) < H\/16LIT;" 1+ 10g(2/6)
t

Applying this bound to the result in the previous dis-
play and given the definition of W, it follows that
Gi(in, ) < W(|T irsdi,0) for a sufficiently large
constant Cyy > 0, independent of ¢, d;,, H, and §.

gt(Z*7.]) S

Tz*

log(2/9)

5.1.2 Proof Sketch of Theorem 1

In bounding the regret of the meta-algorithm, there
are three cases to handle: (1) before the test becomes
valid, (2) once the test is valid but i, has not been
chosen yet, and finally (3) once i, is chosen. We ad-
dress the first and third cases before addressing the
second, which is more involved. We define 7, = 7;, for
shorthand.

Case (1): When t < Tyin(9), the test to determine
switching among any of the model classes is not yet
valid. Here we simply pay the burn-in period giving
Regrety,,, (51 < O(HLT= logT (1/9)).

Case (3): If ¢ > 7, then the meta-algorithm has
switched to A;,. Under event E, the condition in
Lemma 1 is met and so the test no longer fails. There-
fore (A;,, Fi,) which is R;, -compatible is not rejected
in the remaining episodes. The regret during this

phase scales as R;, (d;,, H,log(T/4)) - VT plus addi-
tional O(HLT'~") regret due to exploration of the
remaining base algorithms in By.

Case (2) is when 7y < t < 7.—the test is eligi-
ble but the meta-algorithm is either switching among
misspecified models or unable to detect that they
are misspecified. Since the misspecification is not
detected for any of the algorithms in B;, we know
Gi(iy,in) < W(|T;|,Rs,, ds,,8). That is, the average
reward for A4;, is not significantly different from that
of A; . Since A;, is only played during exploration
and t > Tiin(d), its number of rounds played can be
lower bounded by #1=* /8L and thus its average regret
is at most roughly

5 (Ll/zRi*(din? log(T/5))) .

1—k

t =2

The success of the test suggests that the average re-
ward of A;, should be close to this. Extrapolating over
the rounds played by A;,, the regret for 2; will be

O (Ri.(d;.. H,og(T/8)) - LY 77| 5

up to a constant shift by W(|T;!|, Rs,, d,, ). The shift
is dominated by the above display because R;, < R;,
and £ € (0,1/2]. Finally, since we must account for
the cumulative effect for all ¢ < 7., Jensen’s inequality
shows the sum of these terms is bounded above by

14k
2 .

This becomes the dominant term in the regret Addi-
tional regret of O(HLT' ="+ Hi,+HT " log'/?(1/5))
is also paid for exploration, switching costs, and esti-
mation error of the averages. Summing these three
cases and taking k = 1/3 proves Theorem 1.

O (Ri. (d;.. H,1og(T/5)) SR ATEY Y

5.2 Applications

Though Theorem 1 is stated generally for any RL al-
gorithms with nominal anytime regret bounds, we can
easily specialize it to several important problem set-
tings without knowing the optimal model class a pri-
ori. Formal details can be found in Appendix C.

Linear Models Recent work has considered linear
MDPs where the transition dynamics and reward are
linear in some feature vector (Jin et al., 2020b; Yang
and Wang, 2020). We assume access to nested features
¢i : S x A — R% for i € [L] such that d; < d;;1 and
the first d; components of ¢; 1 are the same as ¢;.
These feature generate linear model classes:

(¢i(s,a),0)

Fi={(s,a) — cgeR%Y (3)
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F; realizes M if it has zero approximation error for
the transition dynamics P(:|s,a) and reward r(s,a).
Let 7. be the smallest index such that F;, realizes
M. The regret of LSVI-UCB (Jin et al., 2020b) un-
der F; for i > i, is O (\/dTH'T ). Using ECE with
LSVI-UCB algorithms guarantees Regret(ECE) =
0 (, [d} H* - L5/6T2/3). MatrixRL (Yang and Wang,

2020) similarly assumes a linear function class:
Fi= {(S,U,s’) — ¢i(svu)—rM¢i(s’) M€ Rdixd’i}

for o;(s") € R%.  TFor F, with i > 4, that
realizes the transition dynamics P, the regret is
0 (\/d?H5T). Our model selection algorithm, ECE,

achieves Regret,(ECE) = O (, [d? H5 ~L5/6T2/3).

A more general linear setting considers learning un-
der low Bellman error without directly assuming lin-
earity of P. With F; defined as in (3), we say
F; realizes M if it has zero inherent Bellman er-
ror (Definition 1, Zanette et al. (2020)). Then for
i > i., ELEANOR (Zanette et al., 2020) guaran-

tees improved regret 0] (divH 4T> and ECE achieves
Regret,(ECE) = O (di*\/ H*- L5/6T2/3).

As done by Foster et al. (2019), for nested model
classes, the L dependence can be replaced by logT
by only considering a subset of features such that
d; = O(2%) for i € [[logy(T)]]

Low Bellman Rank For more general function ap-
proximation, consider the setting of MDPs with low
Bellman rank (Jiang et al., 2017) and finite (but
not necessarily linear or nested) models {F;} with
Fi: SxU — R. F; realizes M if there is f* € F;
such that f* = Qj for all h € [H] and the induced
Bellman rank is M; < |F;|. For 4 such that F; re-
alizes M, AVE (Dong et al., 2020) guarantees regret

9] <\/M3u|H4Tlog3 |]-'i>. Let i, be defined simi-
larly as before. Then ECE achieves Regret(ECE) =
O (/M2 |t 108 |7 | - L7/°T2)

6 INSTANCE-DEPENDENT
BOUNDS

We now prove a stronger “instance-dependent” guar-
antee on online selection over more specialized base al-
gorithms which have provable regret guarantees that
are sublinear in 7', but compared to the best policy
within its respective policy class. For example, for an
algorithm and model class (A, F) using value-based

function approximation we might consider the greedy
policy class:

H;z{(s,h)»—)argmax f(s,u,h) : fe]—'}.
ueU

The regret with respect to the best-in-class is
Regrety (A, 117 M) = maxren, Dy V" = V™

To consider algorithms that may obtain sublinear re-
gret with respect to this weaker benchmark but not
with respect to V*, we give a refined definition of R-
compatible algorithms.

Definition 2. The pair (A, F) is said to be RM7-
compatible with respect to Illx on the MDP M if we
have

Regrety(A,Tr; M) < R (dr, H,log(T/6)) - v/t
for all t with probability at least 1 — .

The value of maxyem, V7 is typically unknown be-
cause of the complex dependence between I1x and M,
and because Ilx is often determined by F. Given
a set of algorithms with different policy classes, we
would like to select the one with the smallest regret
compared to the optimal best-in-class value. For-
mally, we assume there are given algorithms {(A;, F;)}
with policy classes {II;} each having optimal values
Vi = max,ep, V™ and regret coefficients {R}"} such
that for all i the pair (A;, F;) is R?i—compatible and
Ri(di,+,) < Rir1(dir1,+,-). Our goal is to select
ix € By := arg max;cr; V]* that has the smallest com-
plexity dependence i.e. i, = argmin,cg R?’ (diy-y ).
We emphasize that even if no algorithm is compati-
ble in the sense of Definition 1, we want the optimal
best-in-class guarantee? in the sense of Definition 2.

The difference between this setting and the last is that
all algorithms are assumed to be compatible with re-
spect to their own policy classes now, but the differ-
ing II; mean that some can have lower V;*, which we
want to eliminate. Note that although the regret co-
efficients are ordered as in (2), the values {V;*} are
unknown and not necessarily ordered. Observe that
i» = min By, so that V;* > V* for all ¢ < 4, and
V¥ > V¥ for all @ > i,. Thus i, has the lowest regret
for the best policy class. We would like an algorithm A
that bounds Regret, (A, II;,; M) with dependence on
only the complexity of F;,. The following result shows
that Algorithm 1, without any modifications, can ob-
tain an instance-dependent regret guarantee based on
the size of the gaps A;;, = V" — V" for j < i..

4In essence, the best-in-class guarantee needs to hold
even under model misspecification. A good example of a
base algorithm satisfying this condition would be Exp4 in
the contextual bandits setting.
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Theorem 2. For a given M, let (A;, Fi) be RIi-
compatible with respect to I1; for all i € [L]. Then,
with probability at least 1 — ¢, ECE with k = 1/3 sat-
isfies the regret bound with respect to policy class 11;, :
O (HLT2/3 n RF VT + L3/2(Rgi* 553 Afz)

1<0x T 0,0k
If k = 1/2, then it satisfies

O (HLVT + R VT + 2RI S, A7)

Comparing this result to Theorem 1, if ECE is run with
the same k = 1/3 and the gaps are constant, a signifi-
cantly better rate is possible since the third term has
no dependence on 7. With a more aggressive explo-
ration choice of kK = 1/2, an even stronger instance-
dependent guarantee is possible, matching the opti-
mal R?\/T rate of the best algorithm. However,
this comes at the price of worse dependence on the
gaps and RF factors, in the term that does not in-
crease polynomially with T'. In either case, Theorem 2
shows that we can obtain optimal or near-optimal de-
pendence in T and only suboptimal Ririi*—dependence
on terms that do not grow with 7', as long as the gaps
are constant. In Appendix D, we show that these rates
can be even further improved with only minimal mod-
ifications to ECE if given access to fast estimators of
the gaps or V*.

7 CONCLUSION

We present a new model selection meta-algorithm for
RL with function approximation. Given a set of base
algorithms in which one is well-specified, the meta-
algorithm adapts to the regret of the optimal one using
a simple and interpretable statistical test. The regret
of the meta-algorithm retains optimal dependence on
model complexity while increasing the dependence on
the number of episodes, T, to O(T?/?). Compared
to past efforts, our meta-algorithm provides similarly
strong worst-case regret bounds, is computationally ef-
ficient conditioned on efficiency of the base algorithms,
works under minimal assumptions, and provides new
instance-dependent results.

Of many interesting future directions, a particularly
interesting one given the prior significance of access
to V* (Foster et al., 2019; Modi et al., 2020) and our
even stronger instance-dependent regret rates (see Ap-
pendix D), is whether estimating V* is easier than es-
timating the optimal policy.
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