Kernel regression in high dimensions: Refined analysis beyond double descent

This is the supplementary material for the paper: “Kernel regression in high dimensions: Refined analysis beyond
double descent”, by Fanghui Liu, Zhenyu Liao, and Johan A.K. Suykens. The supplementary material (Appendix)
is organized as follows.

e Section [A] provides high dimensional linearizations of some typical smooth kernels as concrete examples of

Table B

e In Section [B] we demonstrate that, a kernel matrix in high dimensions admits the same eigenvalue decay as
X and XX /d.

e Our proof framework includes the error decomposition in Section [C} the error bound for the bias in Section
and for the variance in Section [E] respectively.

e Section [F|discusses the quantity function A "M based on three eigenvalue decays: harmonic decay, polynomial
decay, and exponential decay in the n < d and n > d regimes.

e Some additional experiments are presented in Section [G] to further validate our theoretical results.

A Examples of kernels and their linearizations

In this section, we present linearization of some typical kernels by Eq. . Here we assume that o, 5,7 > 0 to

ensure the positive definiteness of the approximated kernel matrix K. Table Y| reports the results of three
inner-product kernels including polynomial kernel, linear kernel, exponential kernel; as well as a radial kernel: the
common-used Gaussian kernel. We can find that o, > 0. Specifically, 5 > 0 avoids a trivial solution.

Table 4: Linearizations of typical kernels in high dimensions.

kernel formulation a B 0
. , 1 ’ tr(zi) 1
polynomial kernels k(m,a') := (1+ 4 (z,2'))? L+pp—1)—z" P AQ+7)P —-1—pr
linear kernel k(z, ') = L(z, a) 0 1 0
. ’ 2 ’ "(Ei)
exponential kernel k(z,z") = exp(5(z, ")) 1+2—5% 2 exp(27) — 1 — 27
’ me tr(Ei)
Gaussian kernel k(z, ') =exp (—Zllz — @'[|3) exp(—27) |1+2 oz 2exp(—27) 1 —27exp(—27) — exp(—27)

B Eigenvalue decay equivalence

In this section, we demonstrate that, in high dimerliions, a kernel matrix induced by inner-product kernels or
radial kernels admits the same eigenvalue decay as X = X X' /d +al11” and XX /d.

For notational simplicity, denote the inner-product kernel matrix Kinner and its linearization K2 _: the radial
—_
kernel matrix K, ,q;,1 and its linearization Kl;“dial.

Proposition 2. The inner-product kernel matric Kiyner admits the same eigenvalue decay as X and XXT/d.

Proof. According to Theorem 2.1 in [26], the inner-product kernel matrix Kinner can be well approximated by

lin :
K"  with
—~— X T

Klin =
b d

T
inner + ,VI + all )
in a spectral norm sense, where «, (3, v are given in Table 2l As a result, with high probability, the inner-product

kernel matrix Ko, and its linearization KU has the same eigenvalue. That means, Kijnner admits the same

mner

eigenvalue decay as X = BX X" /d+ all” via a constant shift ~.
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Next, we shall demonstrate that Ki,ne; admits the same eigenvalue decay as X bd /d. Since 117 is a rank-one
matrix with A\;(117) = n, with Weyl’s inequality and A, < A\,_1 < ... < A1, we have

xxT e b o.d
ﬁ)\l ( d > +v< < Al(KllfllIIller) ﬂ)q < d ) + v+ an,

and

ol —— bo &l
m( >+’y§>\(K};‘;er) 6&_1( . )+7, i=23,...n

—_~—

so that the eigenvalue of K'i* interlaced with those of 3X X" /d+~I. We can thus conclude that the eigenvalue

mner
—_~—

decay of K" s the same as that of X X /d with a constant shift and scaling, which do not effect the trend of
eigenvalue decay. Accordingly, the inner-product-type kernel matrix Kinne, and its linearization K};Eler, X admit
the same eigenvalue decay as X X' /d, which concludes the proof. O

Proposition [2] also provides a justification to study the eigenvalue decay of a radial kernel matrix. According to

P

Theorem 2.2 in [26], the radial kernel matrix K,,qia1 can be well approximated by K ladnl with

T

XX
Kilartl:hal = 6 d

1
+ 4T + 11" + W (21)A + 5h"(zT)A OA,

in a spectral norm sense, where «, 3, v are given in Table Recall A := 11" + 1", where ¢ € R" with
Y; := ||x;]|3/d — 7, we find that A is a rank 2 matrix with its eigenvalues A(A) = 174 + \/n||1||2, and thus we
have rank(A ® A) = 3E| Hence, by virtue of Proposition [2| apart from the top 5 eigenvalues of the radial kernel
matrix Ki,q4ial, its remaining eigenvalues follow with

XXT — XXT
B/\ ( )‘F’YS)\(Kilandlal) ,B)\i_1< d )—F’}/, i=6,7,...n

Accordingly, K, aqia1 admits the same eigenvalue decay as X b'dl /d.

C Proof of Lemma [1
Proof. By virtue of the closed form of the KRR estimator in Eq. and € :=y — f,(X), we have
Fea(@) = fo(x) = k(z, X)" (K +nA) " e+ k(z, X)" (K +nM) "' f,(X) — fo(=),
where f,(X) = [fo(®1), fo(®1), -+, fo(@n)]" € R™. According to Ey,[€] = 0, we then have
Ey\mezv\ fp”[:? =Eg Hk ) (K +nA) 7' f,(X) prc? +Eu7wHk ) (K +nAI)~ 6H1:2
Based on the definition of B, we decompose B as

B = Eq k(. )| (K +nAD) ™ f,(X) ~ fyllzs = Ifxn —FollZs,
<2[[fx - f/\H%gX +2[[fx - fp||ch ;

which concludes our proof. O

D Proof for the bias

The error bound for the bias is given by the following theorem.

3This can be proved using rank-one decomposition of A.
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Theorem 3. (Bias) Under Assumption [J] (source condition with 0 < r < 1), Assumption[3 (capacity condition
with 0 <n <1), let 0 < 6 < 1/2, taking the regularization parameter A := en~ Y with 0 <9 < ﬁ, there holds
with probability at least 1 — 20, we have

oo 2
B<2(fxa— hillds + 15— Ll ) Sn72" 10 (5).

In our error decomposition, ||fx — f,[|%2 is independent of data X that corresponds to the approximation error
Px
in learning theory [30]; while the first term || fx x — fx ||%2 depends on X, termed as bias-sample error. To prove
PX

Theorem [3] we need to bound the approximation error and the bias-sample error as follows.

D.1 Bound approximation error

In learning theory, the approximation error || fx — f, p”E%X can be estimated by the source condition in Assumption

Lemma 2. (Lemma 3 in [61]) Under the source condition in Assumption[{] with 0 < r <1, the approzimation
error can be given by

1= Folle, = I (Lic + AD T Licf, = Follez, < NILF Fyllez, < BA".

D.2 Bound bias-sample error

To bound the bias-sample error ||fx x — fall £z, we need the following lemma.

Lemma 3. (Lemma 17 in [62]) For any 0 < § < 1, it holds with probability at least 1 — & that

_ 2K K 2
2+ A2~ Licoo)l < 25 { S V0N bios (3)

where k := max{1,sup,c x Vk(x,x)}.

Then the bias-sample error can be decomposed into several parts.

Lemma 4. Under Assumption[]], we have

Ifx. — All € RAY2|[(Lix + M) V2 (L + MDY || |(Lx + M) "2 (Li — L. x)||”
(L + M)V (L — L x) (L + A7

Proof of Lemma[} According to the definition of fx ) and fy, we have
fxa—f=Lrgx+MN) " "Lxxf,— (Lg+M)"'Lgf,.
Due to (A+ M) 1A =1— XA+ M)~ for any bounded positive operator A, we have
(Lk + M) 'Lgf, — (Lk,x + M) 'L xfo =A[(Lx,x + M) = (Lg + M) 7' £,

Further, by virtue of the first order decomposition of operator difference: A= — B~t = A=1(B — A)B~! for any
invertible bounded operator and using the source condition in Assumption [4 the above equation can be further
expressed as

(L + M) 'L f, — (L, x + M) 'Li x f, = MLk x + M) "' (Lx — L, x)(Lx + M)~ Lig,
— \l/2 ()\1/2(LKX + M)*W) ((LK,X FAD) Y2 (L + M)l/?)
((LK + M) YLy — Licx)(Lx + M)—<1—7")) (L + M) "L g,

Besides, using || AB!|| < ||A||*~Y||ABJ|* with ¢ € [0, 1] for any bounded linear operator A and positive semi-definite
operator B in Proposition 9 in [37], we have

(L + A2 (Lie = Lie,x ) (Lic + M) ™Y < (L + M) ™2 (g = Lic )|
(L +A)7V2(Li = L. x)(Lic + A1 77,
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where we choose A := (Lx + M)~ Y?(Lx — Lx.x), B:= (Lxg + XI)™}, and t := 1 —r € [0,1). Accordingly, we
can conclude our proof due to ||(Lg,x +M)~Y2|| < 1/v/X and ||(Lgx + \)~"Li|| < 1. O

Remark: The proof framework of Lemma is similar to Lemma 4 in [37] but we consider a more general case
0<r<1than 1/2 <r <1 in [37. Although 0 < r < 1/2 appears to be unattainable as claimed in [37], we
follow with [62, [63] on a quite general case with r > 0.

To prove Theorem [3] we also need the following two lemmas.

Lemma 5. (Proposition 6 in [37]) Let § € (0,1/2], it holds with probability at least 1 — 2§ that
I(Lx +A)"V?(Li — L. x) (L + A7

K2 K2 1
< Lk + )\I)il/Q(LK — Li,x)(Lk + )\1)71/2”H(LK +)\I)71/2H < (?m)\ + n)\> \?)\

Lemma 6. For any 0 < § < 1, with probability at least 1 — §, we have

-1/ 1/ 25 [k oo (2
(i + 2L+ D2 < 14 22 L AT o (2)

Proof of Lemma[§ By virtue of a second order decomposition of operator difference in Lemma 16 [62], we have
A B ' =B B-A)AY(B-AB'+BY(B-A)B!,

which leads to
A'B=1+B ' (B-A)+B ' (B-AA(B-A). (11)

Accordingly, denote A := Ly x + Al and B := Li + AI, we can derive that
(L. x + D)2 (Lic + ADY2 ) < |(Liex +AD) ™ (Lic + A1)
< TNV (L + A2 (L — Do)+ A (L + D)~ 2(Lic — L)1

<V1I+A+A2<1+ A,

where A 1= 22 { ~ + \/N()\)} log(2/9) by Lemma The first inequality holds by ||A°B?|| < ||AB||* with

Vvax | VX
0 < s <1 for positive operators A and B on Hilbert spaces [39]. The second inequality can be derived by Eq. ,
(L, x + A0~ < 1/A and [[(Lx + M)~V < 1/V/A D

Remark: Lemma 7.2 in [64] gives ||(Lx,x + M) ~Y/2(Lk + M)'/?|| < V2 by assuming A > 2 log %; whereas our
result does not require extra conditions on A.

Based on the above lemmas, we are ready to prove Theorem [3]

Proof of Theorem[3. We first estimate ||(Lx x + M) ~Y2(Lgk + AI)Y/?| in Lemma@ by taking A := én~? and
the capacity condition in Assumption |58 N (\) < Q2A~" with n € [0,1]. Accordingly, we have

_1/2 1/2 2K K 2
[(Lg.x +X)7Y2(L + ADY?| <1+ m{m+\//\f()\)}log (5)

2
S 1 + (2’;77/_(1_19) + 2/{6_(%4_72])@71_1020") log (;)
C

where we use log” (2/8) < log(2/5) due to log(2/8) > 1 in the last inequality. Since ||(Lx x +A)~Y2(Lx +\)/?|

converges to zero when n is large enough, we require ¥ < ﬁ to ensure a positive convergence rate, which implies
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¥ < 1. Then we bound ||(Lx + M)"Y2(Lxg — Lk x)||" by Lemma By virtue of (a +b)" < a” + b" for any
r € (0,1] and a,b > 0, we have

(L + M)V (L — L x)|" < (%)T { (ni) -+ [N(/\)]Q}log (;)

r r(1—19) Inr
< (2k)"(nc)” 2 [nn‘ T+ nz} log (6)

C

[Mb]

where the second one admits by the capacity condition in Assumption |5 Similarly, to bound ||(L g +AI)~/2(Lg —
Lrx)(Lx + M)~ by Lemma we can derive that
1B+ A2 (L~ Lie x) (L + AT <A77 (2(00) 707 4 ()7

2
K (n(%ﬂ—l)(l—r)+n(19—%)(1—r))

IA

c
2

< B po-Ha-n
@

Combining the above three inequalities, we have

4RK3 Q+k 2 Gemrte iy 2
||fX,)\ _ f)\H < %n — *n(ﬂ D)(1-r) 10g2 g
_lzd(riioan) o (2
< CR,Q,/{,E” 2 IOg g )

where C;ZL/&E = 4RK3*(Q + k)?/&® is independent of n and d.
Finally, the bias can be bounded by
B<2|fxx— f/\||2ch +2[|fx = fp||?:gx
< 2R2n72197‘ + anf[lfﬂ(nrJrler)] log4 (?)
~ 2
< Cn—?ﬂr 10g4 () ,
)
1

where the third inequality holds by 29r < 1 — d(nr + 1 — 2r) due to ¥ < et and 5, (71 are some constants
independent of n and d. Accordingly, we can conclude the proof. O

E Proof for the variance

Formally, we have the following theorem to bound the variance.

Theorem 4. (Variance) Under Assumptions @ @ then for 0 < § < 1 with probability 1 — 6 —d =2, § = % — &_Lm,
and d large enough, for any given € > 0, we have

VSV + Vs,

where Vq 1= U?T’BN')%)‘J” and Vy is the residual term with

21 2+48 d
L, inner-product kernels
_ (N + 7)2d40-1
9 1= )
(n)\awd_w log' ¢ d, radial kernels.

For inner-product kernels, our proof framework follows [I8], and is briefly discussed in Section Nevertheless,
error bound on radial kernels has not been investigated in [I8] and is more subtle to handle (than that of
inner-product kernels) due to the additionally introduced A and A ® A in Table |2} Accordingly, we mainly focus
on proofs for radial kernels.
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E.1 Inner-product kernel matrices

In this subsection, we consider the inner-product kernel case with k(x, ') = h ({(x, ') /d). We briefly introduce
our results that can be derived from proofs of Theorem 2 in [18] for completeness.

To prove Theorem [4] define

- b o. 4
Kin(X, X):= A+ I+all’ +5

) X'
ER™, K (@, X) = h(O)L + A €R™T, (12)

and k" (X, x) is the transpose of k" (x, X). Note that v in K!in corresponds to the implicit regularization and
nA corresponds to the explicit regularization. Now we prove Theorem [4| for inner-product kernels.

Proof of Theorem[]) for inner-product kernels. According to the definition of V, we have
V=Egytr [k(z, X)" (K +n\) e’ (K +nA\) " 'k(z, X)] = Eg||(K + nA) " k(z, X) |3 Eyjzllell3
< 0?By||(K + nA) " 'k(x, X)|3 (13)
< 0| (K +nAT) " K3 Eal|[K) R (@, X3 + 0| (K +nAD) 3 Ballk(w, X) — K™ (2, X)]3
where the first inequality comes from Assumption [2| To bound the terms in Eq. , we need

Ea|[ K]~ K (1, X) |3 = Eq tr [[ﬁ} (52 1 non) (52 s o) [&0] }

d
< i ([] 12X [ ) o L (] o [re] )
8 - % (X) 1 h(0)%n (14)
< d sz”z; [n)\_i_’y_’_)\ ( )}2 + P {n)\_‘_,y_,_)\l (3(,)}2
= g/\f;}‘+7 +0 <n1d>

To bound the remaining terms in Eq. , we also need the following results that can be obtained from [I8]:
(i) By Proposition A.2 in [I8], with probability at least 1 — & —d =2, for § = 5 and any given ¢ > (0, we have

‘K+nAI—KNlin
(i) (& +nAD)7Y|, < 2= and H(K—i—n)\I)—lK“H i
d*@ (671/2+10g0.5+6 d) §7/2

8+m
, S d=% (672 +10g”°** d) and Eq ||k(z, X) — k:“n(a;,X)H2 < Crd=0-D Jog?Hie g,

< 2 provided d is large enough such that

Combining the above results, with probability at least 1 —§ — d~2, for any given € > 0, The error bound for the
variance in Eq. can be further given by

V < 0By ||(K + nA) " k(x, X)||3

2 — . .
< 207 | (K 4 nAD) K| B l|K U (X @)+ 207 | K B[k, X) — K (, X))

(X 2
80- /6 ||Ed|| Z ]( ) + )\80 201d7(4071) 1Og2+45d
j= 1[n)\+7+)\(X)} (nA+7)
o 5 nA+y o’ (40-1) 1 . 2+4de
= 7d 1 d
I SRy e o5 @
which concludes the proof. O

E.2 Radial kernel matrices

In this subsection, we consider the radial kernel case with k(z,#’) = h (4|lz — «'[|3). Since the linearization
of radial kernel matrices incurs in two additionally terms A and A ® A, estimation for radial kernels is more
technical than that of inner-product kernels. Accordingly, to prove Theorem [ for radial kernels, we need to
introduce the following notations and auxiliary results.
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E.2.1 Auxiliary results

Recall 7 := tr(X,)/d, define

Kn(X X)) := (v +n\I +a11"

X T
C‘l” - gA(az,X) e R,

1
(21)A + ih"(Qr)A ®©A

(15)

K (2, X) := h(27)1 +

where A(x, X) 1= ¥y + [th1,909, -+ ,1,]" with ¥p = ||®|3/d — 7 and ¥; = ||x;||3/d — 7 for i = 1,2,...,n. As
discussed in Appendix E we conclude that K" admits the same eigenvalue decay as X since A is a rank-2

matrix. Accordingly, we have the following results.

Proposition 3. Given A(z,X) in Eq. (1F), we have E,[XzA(X,z)] = ngE 12 diag(X4)1], where puz =
E[t(j)3] does not depend on j because each entry in t are independent for j = 1,2,...,d. Further, Ez[XxA(X,x))
is a rank-one matriz with its eigenvalue A\ (Ex[ Xz A(X,x)]) = O(y/n/d).

Proof of Proposition[3 According to the definition in Assumption T = E;/Qti with E[¢;(4)] = 0 and V[¢;(5)] =
1, we have the following expression

d
Eeltt' Sat] = By [t Y t(0)(Ba)it(h) | = ms[(Ba)ir, (Ba)azs -, (Za)aa]

4,5=1

where p3 := E(t?). Accordingly, E.[XzA(X,z)] can be computed by

Eo[ Xz A(X,2)] = Ex[X@(61 + ), X2 (s + a) -+ X(t + )]
= Ep[X2t0p, Xg, - -, XT1)g]

_ xxl/2 Ey[tt'Sat] Eeftt'Sqt]  Egftt’ Sgt]
d d 9 d 9 9 d
= 13X 2y diag(£4)1],

Note that, the matrix diag(X4)1), is a rank-one matrix, which implies rank(X 231/ * diag(24)1]) < 1. Accordingly,
its non-zero eigenvalue )q(XZi/2 diag(X4)1]) admits

E)\l(XEl/ diag(Zq)1]) = ZazT22 diag(Zq) = Zt 3, diag(24) .

11 zl

Due to E[t] 2, diag(Ed)} = 0 and V[t] Z,diag(Z,)] = ||Z4diag(X4)||3, which, with a central limit theorem
argument, implies >, t] 8, diag(X4) = O(V/nd) due to | E4 diag(Xq) |2 < [|Zall2|| diag(Eq)|2 < C|| diag(Eq)||2-
Accordingly, we can conclude that é)\l(XEz/Q diag(X,)1]) = O(y/n/d). O

Proposition 4. Given A(z, X) in Eq. (15), we have Ey[A(z, X)A(X, )] = ¢tp" + O(1/d). Further, it has
only one non-zero eigenvalue that admits A (Eg[A(z, X)A(X,z)]) = O(n).

Proof of Proposition[f] By virtue of the following results [26]

1 1
fJEm||:n||§ = fIEt[tTEdt] =7

Vw[nm ( ZE " +2tr<zg>):o(;),
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where py := E[t(i)*] does not depend on i. Accordingly, each entry in E,[A(z, X)A(X,z)] can be computed as

Eo[A(z, X)A(X, 2)]ij = Ez[(¢i + ¥2) (¥ + ¥z)]
=P + (V5 + ¥;)Exthe + Eg[1h2]

v+ 12

d
2tr(X?)
az

= Pip; + Mng tr(Xq © Xg) +
Then we have
Ea[A(z, X)A(X, )] =y +O(1/d).

Therefore, ¥1)" is a rank-one matrix with A; (") = ||1]|3 = O(n). Then A\ (Ez[A(z, X)A(X,x)]) can be
estimated by

1913 < A (Bal Al XA @) < ol + 0 [ (02 + 290
=0(1/d)
which implies A\ (Ez[A(xz, X)A(X, z)]) = O(n). O
Lemma 7. Given a radial kernel, under Assumption@ for 0 = % - 84_%, we have with probability at least 1 — d—2

with respect to the draw of X, for d large enough, for any given € > 0, we have
Eg [[k(z, X) — k‘“n(w,X)H; < Crd*log'*e d,

where a is some constant independent of n and d.

Remark: In fact, we only need the (5 4+ m)-moment in Assumption [3| but we still follow with it for simplicity.

Proof of Lemma[l] We start with the entry-wise Taylor expansion for the smooth kernel at 27 with 7 := tr(2,)/d

K (27)
2

1 1 1 2 B
k. 2)) = bl — 213) = h(2r) + (@)l — a2~ 27) + (dnw |- 2r) L oW

2 T h' (2 2 N 2
= h(@r) 4 @)W + 0y - 224 D (o - 2B o),
where ¥; = ||z;||3/d — 7 for j = 1,2,...,n as defined before. Accordingly, by virtue of ki’(z, z;) = @ -

g(wm + ;) and Corollary 2 in [26], with probability at least 1 — d 2, for any ¢ > 0, we have

"
; 2
ka.z)) — H (a2, = 207

2
1 ~ 14e
(ool -2r) <Ca+h o

where we only need (5 + m)-moment. Therefore, with probability at least 1 — d~2, for any given ¢ > 0, we have

1+

= < C1d~"(logd)

1+e€
2
)

[k(z, X) — k™ (2, X)||, < C1d~/** 7 (log d)

which implies
E,, ||k(z, X) — K (2, X) |5 < Cod > log'** d,

where CN’l and é\; are some constant independent of n and d. O
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E.2.2 Proofs of Theorem [] for radial kernels

Now we are ready to prove Theorem [4] for radial kernels.

Proof of Theorem []) for radial kernels. Similar to Eq. (13)), to estimate V < 02K, ||(K + nAI) " tk(z, X)||3,

we mneed to bound subsequently the following terms: HK—Fn/\I Khn( H (K +nAI) 1H2,

H(K +nM)TKIn(X, X)) , Eq || [Kin(X, X)]~ 1k (2, X)|2, and Eg |[k(z, X) — khn(a:,X)HQ.

In [26], the approximation error between radial kernel matrices and their linearization can be decomposed into
three parts: the first-order term A;, the second-order term As, and the third-order term As

HK+nAI - I}TH(X,X)H2 — Ay + Ay + Ay,
where A; and As admit ||[A;]]2 < d=?1log?™ d and ||As||s < d~?log®™ d. The second-order term Ay admits

Pr(|| Az | < d=%571/2) < § by Proposition A.2 in [I8] and [26]. Accordingly, with probability at least 1 —§ — d~2,
for 6 = 5 and any given € > 0, we have

2
8+m
HK AT — K““(X7X)H2 <d? (5—1/2 +log?te d) :

According to Proposition [3] and [4] we have

Eo||[K'» (X, X)) 7K™ (X, )13
Xzx' X' XzA(X,x)

— 2K, tr {[f{ﬂ]l( + iA(w,X)A(X,w) n h(%)ﬁf) [fﬁn]l]

d? d
. 1/2 .. -
S ﬁ2 tr ([Klin]l(XX—;!EdQ . :u’3X2d (jilag(zd)l—vg + EA(IB,X)A(X,QB) + h(QT)z]_lT)[Klin]:L)
_ Bl Z NXXT/d)  fPs M(XZy ding(Sa)1) 4 B[, X)AX @))) + h(2r)n (16)
d = [)\,(Klin)]z d A (K1in))2 [Ag (Klim)]2
< BBl - NXXT) | O O, Ol
= )2 [Al(K““)P AL (K2 A (K]

\,é nA+y -
Ad/\/}? +O(n>.

It can be found that, the above error bounds are the same as that of inner-product kernels, except two additional
terms due to the considered A and A ® A in the linearization, which can be shown small in the large n, d regime.

By virtue of ||(K + nAI) 1H2 < n)\+7 and H K +nXI)~ IKlin|| < 2in 18], Lemma and the above equations,
with probability at least 1 — § — d~2, for any given £ > 0, we have
V < 0By ||(K +nA) 'k(x, X)||2

2 — , .

<207 ||(K +nA\I) ' K!'in , Eo|[K'™] 7 K" (X, @) |3 + 20° | K713 Eo || k(x, X) — K" (x, X)Hz

__ ) 2
< 8O_2Em||[K11n]71khn(X’w)Hg 8701d 20 logl-‘rsd (17)
(nA+1)?
0.26 Ay 2
= N 7d 20 10g' e d,
7 N+ DEE og

where the second inequality admits by Lemma |7, and the last inequality follows by Eq. . Finally, we conclude
the proof. O

F  Proof of Proposition

In this section, we discuss N "M hased on three eigenvalue decays: harmonic decay, polynomial decay, and
exponential decay under two regimes n < d and n > d.
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F.1 n<d case

Recall b := nA+~ > 0, and N% =>r, [H)‘)\(i(]g, define F()\;) := UJJ:‘TP where J; is short for A;(X). We
notice that, when A; < b, F'()\;) is an increasing function of \;, and thus a decreasing function of i when the
above three eigenvalue decays are considered. Likewise, when \; > b, F()\;) is a decreasing function of \;, and
thus an increasing function of 7. Without loss of generality, we assume that the first g eigenvalues satisfy \; > b
with ¢ =1,2,---, ¢ and the remaining n — g eigenvalues satisfy \; <b with i =m+1,m+2--- ,n. Clearly, the
integer g can be chosen from 0 to n. Accordingly, denote r, := rank(X) which includes the rank-deficient case,
N )b? can be upper bounded by the Riemann sum as follows.

Harmonic decay \;(X) o n/i for i € {1,2,...,r,} and )\z(f) =0forie{r.+1,...,n}

dZ b+n/z T Z b+n/z

1= q+1

1 q+1 t 1 re+1 ¢
< — ———dt + —/ —dt
ndh et e (1)

T

L I _nii
dNX dz (b—l—n/z

(rat1)b
= and . mdu with the change of variable u = th/n
_n lnn—l—(r*—i—l)b n _n
T b2 n+b n+b+r.b n+bd

n _ n+(re+1)b n
—h————=0(=).
Pd ' ntb (G2

Polynomial decay: \;(X) o ni~2% with a > 1/2 for i € {1,2,...,7.} and \;(X) =0 fori € {r, +1,...,n}.
Hence, we actually aim to bound

Lo _ Zi 1i S
dX A& (b+ni-2)? A= (b+ni-)?  d, = (b+ ni—2)?
1 re+1 Z4/.2(1
< — ——dt
nd Jq ( t2ab)
1
2a

1 (r«+1)%%b/n L

n U 2a 3 : 2a

= ( ) / ————du with the change of variable u = t**b/n
2000 \b) )y (1+u)

~ 1 2a
<C (E) ’ since the integral is finite due to 2a > 1
2abd \ b

Exponential decay: )\Z(XV) o ne”% with a > 0 for i € {1,2,...,r,} and )\1(3(\/) =0forie{r.+1,...,n}

We aim to bound the sum as
ai 7(11' 1 Tx —ai

,/\/b
X dz b+ne ai)

&\»—‘

a
ne

_|_ — -

Z:: b+ne-a) d :Xq;rl (b + ne—ai)?

/
Ul =

b+ne at)

at

1 1
= — / ————du with the change of variable u = ne™
d e—a(re+1) (b +u

1
" ad \ b+ ne—alr-+1) b+ne“) '

Note that, the monotonicity of N ;l( (also V1) with respect to n is relatively clear for harmonic decay and polynomial
decay but is unclear in the case of exponential decay. Here we study the monotonicity in the exponential decay.
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Denote the function G(n) := with b := n\ + v, taking A := én~?, its derivation is

(b-‘,—ne_%’(’"*‘*l) b+’n,1€’a)

—e(1 —9)n=? — e~alr+1) n ) L
[Cnlﬂ9 +v+ ne*a(T*Jrl)] 2 [cn(lfﬂ) + 7+ neia] ’

G'(n) = : (18)

which can be rewritten as

G'(n) = c(1—9)n=Y 4 e @ [en'™ +~ 4 716_“(7'*“)]2 (1 =9)n7" + e—a(rt1)
[cnl—ﬂ + v+ ne—a(T‘*-&-l)] 2 [En(l—ﬂ) +v+ ne‘“] 2 E(l — 19)11*19 +e @
éHl(’”) éHz(n)

It can be found that both H;(n) and Hs(n) are decreasing functions with n. More specifically, their maximum
and minimum can be achieved with

= —a(ry+1) 2 —a(ry+1) 2
ey () = #1(0) = (ST o) = i o) = (1)

c+y+ea n—oo e~
and
(_3(1 o 19) 4 efa(r*Jrl) . I e*a(’f‘*“rl)
max Ha(n) = Ho(l) = ==y ooma > minfa(n) = Jim Ha(n) = —=—.

Accordingly, if H1(1) < Hs(1), we obtain a decreasing function G(n) of n, which implies that N % will decrease
with n. Here the condition H;(1) < Hz(1) indicates

Gty + e AN g1 —g) 4 el D
c+vy+eo c(1—v)+e

which is equivalent to

(9e+9)? < [+ (1= 9)d] [0 D + (1 - 9)e] . (19)

Accordingly, if the above inequality holds, J\/ b will decrease with n. In Sectlon H we will experimentally check
whether this condition holds or not.

F.2 n > d case and the large n limit

In this section, we consider the n > d case, and further study the trend of V1 as n — co. Note that, in this case,
xXxT /d has at most r. < d non-zero eigenvalues. Accordingly, the Riemann sum is counted to 7, instead of n.
Similar to the above description, we also consider the following three eigenvalue decays.

Harmonic decay )\i(/)\(/) onfi,i€{1,2,---,d}

Ly 1K nfi 1 & n/i
N TR A PR e

bJrn/z = (b+n/i izai1 (b+n/i
(ret1)b
n " u
< — —d
b2d % (1+u)2 U
_n lnn—l—(r*—i—l)b n _n
T b2 n+b n+b+r.b n+b



Fanghui Liu, Zhenyu Liao, Johan A.K. Suykens

In particular, taking the limit of n — oo, we have

..n n+ (r. +1)b n n
1 b — lim —~ |In -
Jim GN% ngr;obzd[ ntb nibirb WJ
. n 1 n+(r*+1)b+ i n n
= lim —In——"— " im —— -
n—oo b2d n+b n—oo b2d \n+b+r.b n+b

T 1 n I n2
=—|( lim ——— — lim
d \n=cobn+b noccbn+b+ry)(n+b)

1 n . n2

< lim - —1
= iheebn b noo b(n+ b+ ) (n + b)
~0.

Accordingly, by the squeeze theorem, we can conclude, given d, N/ )bz tends to zero when n — oo.

Polynomial decay: /\1(3(:) x ni~2% with a > 1/2,4 € {1,2,--- ,d}
1 (r*+1)2ab/n %
Iy =L Z < (ﬁ)%/ U qu
d d “~ (b+ni—22)> = 2abd \b b/n (1+u)

o 1 (n)21a/oo uza d
< — ——du
2abd \ b o (1+u)?’

~ 1 2a
<C (Q> ’ since the integral is finite due to 2a > 1
2abd \ b

1
Since the integral [ (lﬂ%du can behave rather differently for different choices of a, here we take a = 1 as an

u)
example. Taking the limit of n — oo, we have

1 p(re+1)%0/n 1
lim N~ lim i <n>2/ Ldu

(r«+1)%b/n
1. nyz Vu
= 5. () (arcta“(@ Tut 1) .,

1 n T*+1 \/ b/n \/7 . . arctan x
=— lim \/;<(T*+l)\/b/n 0%/n —/b/ b/ +1> usmgil_%thl.

2bd n—oo (
=0.
Exponential decay: )\z(f) x ne”* with a > 0,4 € {1,2,--- ,d}

1 —ai 1 < ne- 1
d X dz (b 4 ne—ai)? dz (b+ne—ai)> d

I
al-
7N

1 1
b+ne-ar-+1)  p4ne=e )’

Taking the limit of n — oo, we can directly have lim éj\/'b =0.
n—00 X

G Additional Experiments

In this section, we present additional experiments including the following parts:
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e In Section we add the MNIST dataset [59] to verify the eigenvalue decay equivalence, and evaluate the
effect by different orders in polynomial kernel.

e In Section | [G:2] our model works in a polynomial kernel setting under the polynomial decay and ezponential
decay of X on the synthetic dataset.

G.1 Eigenvalue decay equivalence

Apart from the YearPredictionMSD dataset in the main text, we add the MNIST dataset [59] to verify the

eigenvalue decay equivalence. We also compute eigenvalues of X = BX X" /d+ al11" for validation. Here
the parameters «a depends on the covariate X4, which can be empirically estimated by the sample covariance

%Z?:l(wi_ Z 1 %) (i —%2?21 ;)"
Results on the polynomial kernel with order 3 and the Gaussian kernel are presented in Figure [6] and [7]
respectively. It can be observed that, the nonlinear kernel matrix K admits almost the same eigenvalue as

X := BX X" /d+ al11" with a constant shift v, and accordingly exhibits the same eigenvalue decay with X and
XXT/d.
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Figure 6: Top 60 eigenvalues of Polynomial kernel with order 3 and its linearization on the MNIST dataset. Note
that the largest eigenvalue \; is not plotted for better display.
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Figure 7: Top 60 eigenvalues of Gaussian kernel and its linearization on the MNIST dataset. Note that the largest
eigenvalue \; is not plotted for better display.

Besides, to study eigenvalue decay effected by the order in polynomial kernels, we present results of the order
p =25 and p = 10 in Figure |8} Experimental results show that, there is some gap between the original kernel and
its linearization in higher orders. This is because, nonlinear kernel approximated by linear model here is based
on Taylor expansion, which would incur in some residual errors as higher order in polynomial kernels brings in
stronger non-linearity.

G.2 Results on the synthetic dataset

Here we evaluate our model with the polynomial kernel on the synthetic dataset under the polynomial/exponential

decay of ¥ ;. The data generation process follows with our experiments part in the main text such that X admits
the polynomial/exponential decay.

Results on the polynomial decay and the exponential decay are shown in Figure [9] and Figure respectively.
We find that, the bias achieves the certain O(n=2"") convergence rate on both decays; while the variance shows
different configurations on these two decays. To be specific, the tend of V; on the polynomial decay is unimodal,
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Figure 8: Top 60 eigenvalues of polynomial kernel matrices and their linearizations on the MNIST dataset (digit
1). Note that the largest eigenvalue A; is not plotted for better display.
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Figure 9: Polynomial decay of X in the polynomial kernel case: MSE of the expected excess risk, the variance in
Eq. , our derived V4, the bias in Eq. @D, and our derived convergence rate O(n~2Y") with r = 1 in Theorem
under different 4.
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Figure 10: Exponential decay of X in the polynomial kernel case: MSE of the expected excess risk, the variance in
Eq. , our derived Vy, the bias in Eq. @D, and our derived convergence rate O(n"2"") with 7 = 1 in Theorem
under different .

and thus the risk curve is bell-shaped. However, in Figure[I0] V; on the ezponential decay monotonically decreases
with n even if we set ¢ to 1072, 1078 for a small regularization scheme.

Here we attempt to explain this phenomenon. In our setting, « is set to zero. The condition in Eq. can be
reformulated as
(20 —1ec<e *(1-9).

Clearly, if we choose 0 < 9 < 1/2, the condition in Eq. always holds. Hence, V; will monotonically decreases
with n. If 1/2 < 9 < 1, we examine our result with a = 1 and 9 = 2/3. We conclude that the used ¢ = 0.01 < e™!,
so the tend of V; is monotonically decreasing with n.





