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1 Preliminaries

We first introduce some important notions and results which can be used in the following proof.

Assuming {u∗, ũ1, . . . , ũd1−1} and {v∗, ṽ1, . . . , ṽd2−1} are two sets of standard orthogonal basis of Rd1 and Rd2

respectively, we can then rewrite ∀x ∈ Rd1 and ∀y ∈ Rd2 as

x , α1u∗ +

d1−1∑
i=1

β
(i)
1 ũi,

y , α2v∗ +

d2−1∑
j=1

β
(j)
2 ṽj ,

where α1 = x>u∗, α2 = y>v∗, β
(i)
1 = x>ũi and β

(j)
2 = y>ṽj , ∀0 ≤ i ≤ d1 − 1, 0 ≤ j ≤ d2 − 1. For simplicity, we

denote βk = (β
(1)
k , ..., β

(dk−1)
k )> where k = 1, 2.

With the notions above, we can rewrite the Perturbed GD update as

α1,t+1 = α1,t − η < ∇xF(xt + ξ1,t, yt + ξ2,t), u∗ >,

α2,t+1 = α2,t − η < ∇yF(xt + ξ1,t, yt + ξ2,t), v∗ > .

Note that the optimal solutions to (2) satisfy x>My = 1. Thus, in our proof, we need to characterize the update
of x>My, which can be re-expressed as

x>t+1Myt+1 = α1,t+1α2,t+1

= (α1,t − η < ∇xF(xt + ξ1,t, yt + ξ2,t), u∗ >)(α2,t − η < ∇yF(xt + ξ1,t, yt + ξ2,t), v∗ >)

= α1,tα2,t − η (α2,t < ∇xF(xt + ξ1,t, yt + ξ2,t), u∗ > +α1,t < ∇yF(xt + ξ1,t, yt + ξ2,t), v∗ >)

+ η2 < ∇xF(xt + ξ1,t, yt + ξ2,t), u∗ >< ∇yF(xt + ξ1,t, yt + ξ2,t), v∗ > . (1)

For simplicity, we denote

At , α2,t < ∇xF(xt + ξ1,t, yt + ξ2,t), u∗ > +α1,t < ∇yF(xt + ξ1,t, yt + ξ2,t), v∗ >,

Bt ,< ∇xF(xt + ξ1,t, yt + ξ2,t), u∗ >< ∇yF(xt + ξ1,t, yt + ξ2,t), v∗ > .

Then the update of x>My = α1α2 can be expressed in a more compact way as follows.

α1,t+1α2,t+1 = α1,tα2,t − ηAt + η2Bt. (2)

Similarly, the update of (x>My − 1)2 can be re-expressed as

(x>t+1Myt+1 − 1)2 = (α1,t+1α2,t+1 − 1)2

= (α1,tα2,t − 1− ηAt + η2Bt)
2

= (α1,tα2,t − 1)2 + η2A2
t + η4B2

t

− 2ηAt(α1,tα2,t − 1)− 2η3AtBt + 2η2Bt(α1,tα2,t − 1). (3)



Furthermore, since the balanced optima satisfy x>u∗ = y>v∗, we further explicitly write down the update of(
(x>u∗)

2 − (y>v∗)
2
)2 as follows.

(
(x>t+1u∗)

2 − (y>t+1v∗)
2
)2

= (α2
1,t+1 − α2

2,t+1)2

=
(
α2

1,t − α2
2,t

)2
+ 4η2D2

t + η4F 2
t

− 4ηDt

(
α2

1,t − α2
2,t

)
− 4η3DtFt + 2η2Ft

(
α2

1,t − α2
2,t

)
, (4)

where Dt and Ft is defined as

Dt , α1,t < ∇xF(xt + ξ1,t, yt + ξ2,t), u∗ > −α2,t < ∇yF(xt + ξ1,t, yt + ξ2,t), v∗ >,

Ft ,< ∇xF(xt + ξ1,t, yt + ξ2,t), u∗ >
2 − < ∇yF(xt + ξ1,t, yt + ξ2,t), v∗ >

2 .

Next we are going to calculate < ∇xF(xt + ξ1,t, yt + ξ2,t), u∗ >, the gradient projection along the direction of the
optimum u∗.

< ∇xF(xt + ξ1,t, yt + ξ2,t), u∗ >

= u>∗ ∇xF(xt + ξ1,t, yt + ξ2,t)

= u>∗
(
(xt + ξ1,t)(yt + ξ2,t)

> − u∗v>∗
)

(yt + ξ2,t)

= α1,t(α
2
2,t + ‖β2,t‖22)− α2,t + 2α1,ty

>
t ξ2,t − v>∗ ξ2,t + u>∗ ξ1,t(α

2
2,t + ‖β2,t‖22)

+ 2u>∗ ξ1,ty
>
t ξ2,t + α1,t‖ξ2,t‖2 + u>∗ ξ1,t‖ξ2,t‖2

, α1,t(α
2
2,t + ‖β2,t‖22)− α2,t + gx, (5)

where gx = 2α1,ty
>
t ξ2,t − v>∗ ξ2,t + u>∗ ξ1,t(α

2
2,t + ‖β2,t‖22) + 2u>∗ ξ1,ty

>
t ξ2,t + α1,t‖ξ2,t‖2 + u>∗ ξ1,t‖ξ2,t‖2.

Similarly, we have

< ∇yF(xt + ξ1,t, yt + ξ2,t), v∗ >

= α2,t(α
2
1,t + ‖β1,t‖22)− α1,t + 2α2,tx

>
t ξ1,t − u>∗ ξ1,t + v>∗ ξ2,t(α

2
1,t + ‖β1,t‖22)

+ 2v>∗ ξ2,tx
>
t ξ1,t + α2,t‖ξ1,t‖2 + v>∗ ξ2,t‖ξ1,t‖2

, α2,t(α
2
1,t + ‖β1,t‖22)− α1,t + gy, (6)

where gy = α1,t + 2α2,tx
>
t ξ1,t − u>∗ ξ1,t + v>∗ ξ2,t(α

2
1,t + ‖β1,t‖22) + 2v>∗ ξ2,tx

>
t ξ1,t + α2,t‖ξ1,t‖2 + v>∗ ξ2,t‖ξ1,t‖2.

2 Proof of Lemma 1, Lemma 2 , and Lemma 3

2.1 Proof of Lemma 1

Proof. By setting the gradient of F to zero we get

‖x‖22y = M>x, (7)

‖y‖22x = My. (8)

Recall that M = u∗v
>
∗ and

x , α1u∗ +

d1−1∑
i=1

β
(i)
1 ũi,

y , α2v∗ +

d2−1∑
j=1

β
(j)
2 ṽj .



Substitute x and y in (7) and (8) by their expansion, we then have

(α2
1 +

d1−1∑
i=1

(β
(i)
1 )2)α2 = α1,

(α2
2 +

d2−1∑
i=1

(β
(i)
2 )2)α1 = α2,

(α2
1 +

d1−1∑
i=1

(β
(i)
1 )2)β

(j)
2 = 0,∀j = 1, ..., d2 − 1,

(α2
2 +

d2−1∑
i=1

(β
(i)
2 )2)β

(j)
1 = 0,∀j = 1, ..., d1 − 1.

The above equalities yield the following two types of stationary points.

• (α2
1 +

∑d1−1
i=1 (β

(i)
1 )2)(α2

2 +
∑d2−1
i=1 (β

(i)
2 )2) 6= 0, β1 = 0, β2 = 0. This leads to α1α2 = 1. Thus, xy> =

α1α2u∗v
>
∗ = M, and F(α1u∗, α2v∗) = 0. Then we have global optima

(
αu∗,

1
αv∗

)
for α 6= 0.

• Either (α2
1 +

∑d1−1
i=1 (β

(i)
1 )2) = 0 and α2 = 0, or (α2

2 +
∑d2−1
i=1 (β

(i)
2 )2) = 0 and α1 = 0. We next show that

stationary points satisfy these conditions are strict saddle points. We only consider the first case, and the
second case can be proved following similar lines. We first calculate the Hessian matrix as follows.

∇2F(x, y) =

(
‖y‖22Id1

2xy> −M
2yx> −M> ‖x‖22Id2

)
.

At x = 0, y =
∑d2−1
j=1 β

(j)
2 ṽj ,

∇2F(x, y) =

(∑d2−1
i=1 (β

(i)
2 )2Id1 −M

−M> 0

)
.

For any a ∈ Rd1 , b ∈ Rd2 ,

(
a>, b>

)
∇2F(x, y)

(
a
b

)
=

d2−1∑
i=1

(β
(i)
2 )2‖a‖22 − 2a>Mb

For (a, b) = (ũi, ṽj), this quantity is positive. For (a, b) = (u∗,
∑d2−1
i=1 (β

(i)
2 )2v∗), this quantity is negative.

Thus, x = 0, y =
∑d2−1
j=1 β

(j)
2 ṽjsatisfies strict saddle property. We conclude that for any x ∈ Rd1 , y ∈ Rd2

such that x>u∗ = y>v∗ = 0, we have strict saddle points (x, 0) and (0, y).

2.2 Proof of Lemma 2

At x = αu∗, y = 1
αv∗,

∇2F(αu∗,
1

α
v∗) =

(
1
α2 Id1

M
M> α2Id2

)
.

One can verify that ∇2F
(
αu∗,

1
αv∗

)
has eigenvalues α2 + 1

α2 , α
2, 1
α2 . The largest eigenvalue is λ1 = α2 + 1

α2 and
the smallest eigenvalue is λd1+d2

= min{α2, 1
α2 }. Thus, the condition number can be easily calculated as follows.

κ

(
∇2F

(
αu∗,

1

α
v∗

))
= max{α4,

1

α4
}+ 1.



2.3 Proof of Lemma 3

Proof. Recall that M = u∗v
>
∗ and

x , α1u∗ +

d1−1∑
i=1

β
(i)
1 ũi,

y , α2v∗ +

d2−1∑
j=1

β
(j)
2 ṽj .

By setting the gradient of F̃ to zero we get

(‖x‖22 + d1σ
2
1)y = M>x,

(‖y‖22 + d2σ
2
2)x = My.

From the equations above, we can verify that (x, y) = (0, 0) is a stationary point. Furthermore, left multiplying
the equations above by ṽ>j and ũ>i respectively, we will get that β(i)

1 ’s and β(j)
2 ’s are all zeros. Similarly, by left

multiplying the equations above by v>∗ and u>∗ respectively, we will get

(α2
1 + d1σ

2
1)α2

2 = α2α1,

(α2
2 + d2σ

2
2)α2

1 = α1α2.

Then, with some algebraic manipulations, we get

α2
1 =

√
d1σ2

1

d2σ2
2

− d1σ
2
1 ,

α2
2 =

√
d2σ2

2

d1σ2
1

− d2σ
2
2 .

Specifically, when d1σ
2
1 = γ2d2σ

2
2 ≤ γ, we have

α1 = γα2 = ±
√
γ − γ2d2σ2

2 .

Next, we are going to show that (0, 0) is a strict saddle point and (x∗, y∗) , ±(α1u∗, α2v∗) are global optima.
We first calculate the Hessian matrix as follows.

∇2F̃(x, y) =

((
‖y‖22 + d2σ

2
2

)
Id1

2xy> −M
2yx> −M>

(
‖x‖22 + d1σ

2
1

)
Id2

)
.

Since the injected noise is small, we have α1α2 = 1−
√
d1σ2

1d2σ2
2 > 0. For any a ∈ Rd1 and b ∈ Rd2 , we have

(
a>, b>

)
∇2F̃(x∗, y∗)

(
a
b

)
=(α2

2 + d2σ
2
2)‖a‖22 + (α2

1 + d1σ
2
1)‖b‖22 + 2(2α1α2 − 1)(a>u∗)(b

>v∗)

≥(α2
2 + d2σ

2
2)‖a‖22 + (α2

1 + d1σ
2
1)‖b‖22 − 2|2(1−

√
d1σ2

1d2σ2
2)− 1| ‖a‖2 ‖b‖2

>

√
d2σ2

2

d1σ2
1

‖a‖22 +

√
d1σ2

1

d2σ2
2

‖b‖22 − 2‖a‖2 ‖b‖2,

where the last inequality comes from the fact that d1σ
2
1 and d2σ

2
2 should be small enough such that

0 < 1−
√
d1σ2

1d2σ2
2 < 1.



Note that √
d2σ2

2

d1σ2
1

‖a‖22 +

√
d1σ2

1

d2σ2
2

‖b‖22 − 2‖a‖2 ‖b‖2 =

(
(
d2σ

2
2

d1σ2
1

)
1
4 ‖a‖2 − (

d1σ
2
1

d2σ2
2

)
1
4 ‖b‖2

)2

.

Thus, as long as d1σ
2
1 d2σ

2
2 < 1, we have ∇2Freg(x∗, y∗) is positive definite (PD). Thus (x∗, y∗) is global minimum

and so is (−x∗,−y∗).

Similarly, for any a ∈ Rd1 and b ∈ Rd2 , we have(
a>, b>

)
∇2Freg(0, 0)

(
a
b

)
= d2σ

2
2‖a‖22 + d1σ

2
1‖b‖22 − 2(a>u∗)(b

>v∗).

It is easy to show that for (a, b) = (u∗, v∗), the quantity is negative when noise is small enough. But for
(a, b) = (ũi, ṽj), this quantity is positive. Thus, (0,0) is a strict saddle point. Here, we prove Lemma 3.

3 Proof of Theorem 1

3.1 Boundedness of Trajectory

We first show that the solution trajectory of Perturbed GD is bounded with high probability, which is a sufficient
condition for our following convergence analysis.
Lemma 1 (Boundedness of Trajectories). Given x0 ∈ Rd1 , y0 ∈ Rd2 , we choose σ1, σ2 > 0 such that σ2 =
E
[
‖ξ1‖22

]
= E

[
‖ξ2‖22

]
and ‖x0‖22 + ‖y0‖22 ≤ 1/σ2. For any δ ∈ (0, 1), we take

η ≤ η1 = C1σ
6(log((d1 + d2)/δ) log(1/δ))−1,

for some positive constant C1. Then with probability at least 1 − δ, we have ‖xt‖22 + ‖yt‖22 ≤ 2/σ2 for any
t ≤ T1 = O(1/η2).

Proof. We first define the event where the injected noise for both x and y is bounded for the first t iterations.

At =
{∣∣ξ(i)

1,τ

∣∣, ∣∣ξ(j)
2,τ

∣∣ ≤ σ (√2 log((d1 + d2)η−2) +
√

log(1/δ)
)
,∀τ ≤ t, i = 1, ..., d1, j = 1, .., d2

}
. (9)

By the concentration result of the maximum of Gaussian distribution, we have P(A1/η2) ≥ 1− δ. Moreover, we use

Ht to denote the event where the first t iterates {(xτ , yτ )}τ≤t is bounded, i.e.,Ht =
{
‖xτ‖22 + ‖yτ‖22 ≤ 2

σ2
,∀τ ≤ t

}
.

Let Ft = σ{(xτ , yτ ), τ ≤ t} denote the σ−algebra generated by that past t iterations.

Under the event Ht and At, we have the following inequality on the conditional expectation of ‖xt+1‖22 + ‖yt+1‖22.

E
[
(‖xt+1‖22 + ‖yt+1‖22)1Ht∩At

∣∣Ft]
=
{

(1− 2ησ2)
(
‖xt‖22 + ‖yt‖22

)
− 4η

(
‖xt‖22‖yt‖22 − x>t Myt

)}
1Ht∩At

+ η2Eξ1,t,ξ2,t
[
‖∇xF(xt + ξ1,t, yt + ξ2,t)‖22 + ‖∇yF(xt + ξ1,t, yt + ξ2,t)‖22

]
1Ht∩At

≤
{

(1− 2ησ2)
(
‖xt‖22 + ‖yt‖22

)
− 4η

(
‖xt‖22‖yt‖22 − ‖xt‖2‖yt‖2

)}
1Ht∩At

+ η2Eξ1,t,ξ2,t
[∣∣∣∣‖yt + ξ2,t‖22(xt + ξ1,t)−M(yt + ξ2,t)

∣∣∣∣2
2

]
1Ht∩At

+ η2Eξ1,t,ξ2,t
[∣∣∣∣‖xt + ξ1,t‖22(yt + ξ2,t)−M>(xt + ξ1,t)

∣∣∣∣2
2

]
1Ht∩At

≤
{

(1− 2ησ2)
(
‖xt‖22 + ‖yt‖22

)
− 4η

(
‖xt‖22‖yt‖22 − ‖xt‖2‖yt‖2

)}
1Ht∩At

+ 2η2Eξ1,t,ξ2,t
[
‖yt + ξ2,t‖42‖xt + ξ1,t‖22 + ‖M(yt + ξ2,t)‖22

]
1Ht∩At

+ 2η2Eξ1,t,ξ2,t
[
‖xt + ξ1,t‖42‖yt + ξ2,t‖22 + ‖M>(xt + ξ1,t)‖22

]
1Ht∩At

≤
{

(1− 2ησ2)
(
‖xt‖22 + ‖yt‖22

)
+ η + η2C2

}
1Ht∩At ,

where the second inequality comes from the fact that x2 − x ≥ − 1
4 for all x ∈ R and C2 = (σ2 + 1/σ2)(2/σ4 +

6/d1 + 6/d2 + 6σ4) in the last inequality. We take η ≤ 1/C2, then we have

E
[
(‖xt+1‖22 + ‖yt+1‖22 − 1/σ2)1Ht∩At

∣∣Ft] ≤ (1− 2ησ2)
(
‖xt‖22 + ‖yt‖22 − 1/σ2

)
1Ht∩At

≤ (1− 2ησ2)
(
‖xt‖22 + ‖yt‖22 − 1/σ2

)
1Ht−1∩At−1

. (10)



If we denote Gt = (1− 2ησ2)−t(‖xt+1‖22 + ‖yt+1‖22 − 1/σ2), Gt1Ht−1∩At−1 is then a super-martingale according
to (10). We will apply Azuma’s Inequality to prove the bound and before that we have to bound the difference
between Gt+11Ht∩At and E[Gt+11Ht∩At

∣∣Ft].
dt+1 =

∣∣Gt+11Ht∩At − E[Gt+11Ht∩At
∣∣Ft]∣∣

= (1− 2ησ2)−t−1

∣∣∣∣∣2ηx>t [(xt + ξ1,t)(yt + ξ2,t)
> −M ](yt + ξ2,t))

− 2ηEξ1,t,ξ2,t
[
x>t [(xt + ξ1,t)(yt + ξ2,t)

> −M ](yt + ξ2,t))
]

+ 2ηy>t [(xt + ξ1,t)(yt + ξ2,t)
> −M ]>(xt + ξ1,t))

− 2ηEξ1,t,ξ2,t
[
y>t [(xt + ξ1,t)(yt + ξ2,t)

> −M ]>(xt + ξ1,t))
]

+ η2
∣∣∣∣‖yt + ξ2,t‖22(xt + ξ1,t)−M(yt + ξ2,t)

∣∣∣∣2
2

− η2Eξ1,t,ξ2,t
[∣∣∣∣‖yt + ξ2,t‖22(xt + ξ1,t)−M(yt + ξ2,t)

∣∣∣∣2
2

]
+ η2

∣∣∣∣‖xt + ξ1,t‖22(yt + ξ2,t)−M>(xt + ξ1,t)
∣∣∣∣2

2

− η2Eξ1,t,ξ2,t
[∣∣∣∣‖xt + ξ1,t‖22(yt + ξ2,t)−M>(xt + ξ1,t)

∣∣∣∣2
2

] ∣∣∣∣∣1Ht∩At
≤ C1

′(1− 2ησ2)−t−1ησ−2

((
log

d1 + d2

η

) 1
2

+

(
log

1

δ

) 1
2

)
,

where C1
′ is some positive constant. Denote rt =

√∑t
i=1 d

2
i . By Azuma’s inequality, we have

P

(
Gt1Ht−1∩At−1

−G0 ≥ O(1)rt

(
log

1

η2δ

) 1
2

)
≤ O(η2δ).

Then when with probability at least 1−O(η2δ), we have

(‖xt+1‖22 + ‖yt+1‖22)1Ht∩At ≤ 1/σ2 + (1− ησ2)t(‖x0‖22 + ‖y0‖22 − 1/σ2)

+O(1)(1− ησ2)trt(log
1

η2δ
)

1
2

≤ 1/σ2 + 0 +O

(
√
ησ−2

((
log

d1 + d2

η

) 1
2

+

(
log

1

δ

) 1
2

))(
log

1

η2δ

) 1
2

≤ 2/σ2,

when η = O
((

log d1+d2

δ log 1
δ

)−1
)
. In order to satisfy η ≤ 1/C2 at the same time, we take η ≤ η1 =

O
(
σ6
(
log d1+d2

δ log 1
δ

)−1
)
to make sure that all inequalities above hold.

The above inequality shows that if Ht−1 ∩ At−1 holds, then Ht ∩ At holds with probability at least 1−O(η2δ).
Hence with probability at least 1− δ, we have (‖xt‖22 + ‖yt‖22)1At−1 ≤ 2/σ2 for all t ≤ T1 = O(1/η2). Recall that

P(A1/η2) ≥ 1− δ.

Thus, we have with probability at least 1 − 2δ, ‖xt‖22 + ‖yt‖22 ≤ 2/σ2 for all t ≤ T1 = O(1/η2). By properly
rescaling δ, we prove Lemma 1.

3.2 Proof of Lemma 4

Proof. We only prove the convergence of ‖β1,t‖22 here. The proof of the convergence of ‖β2,t‖22 follows similar lines.
For notational simplicity, we denote ξ(−1)

1,t = (ξ
(2)
1,t , ..., ξ

(d1)
1,t )>, ∀t ≥ 0. We first bound the conditional expectation



of ‖β1,t+1‖22 given Ft:

E
[
‖β1,t+1‖22

∣∣Ft] = ‖β1,t‖22 + η2Eξ1,t,ξ2,t
[
‖yt + ξ2,t‖42‖β1,t + ξ

(−1)
1,t ‖22

]
− 2η

(
‖yt‖22 + σ2

)
‖β1,t‖22

≤ (1− 2ησ2)‖β1,t‖22 + η2C2, (11)

where C2 = (σ2 + 1/σ2)(2/σ4 + 6/d1 + 6/d2 + 6σ4). The bound on the second moment comes from the
boundedness of ‖yt‖22, which has been shown in Lemma 1. Define Gt = (1 − 2ησ2)−t

(
‖β1,t‖22 −

ηC2

2σ2

)
, and

Et =
{
∀τ ≤ t, ‖β1,τ‖22 ≥

ηC2

σ2

}
. By (11), we have

E
[
Gt+11Et

∣∣Ft] ≤ Gt1Et ≤ Gt1Et−1
.

Hence, by Markov inequality we have

P(Et) = P
(
‖β1,t‖221Et−1

≥ ηC2

σ2

)
≤

E
[
‖β1,t‖221Et−1

]
ηC2

σ2

≤
(1− 2ησ2)t(‖β1,0‖22 −

ηC2

2σ2 ) + ηC2

2σ2

ηC2

σ2

≤ (1− 2ησ2)t
2

C2η
+

1

2
≤ 3

4
,

when t ≥ 1
2ησ2 log 8

C2η
. We take t = 1

ησ2 log 8
C2η

to make sure the inequality above holds. Thus with probability
at least 1

4 , there exists a τ ≤ 1
ησ2 log 8

C2η
, such that ‖β1,τ‖22 ≤

ηC2

σ2 . Thus, with probability at least 1− δ, we can
find a τ such that ‖β1,τ‖22 ≤

ηC2

σ2 , where

τ ≤ τ1 =
1

log(4/3)ησ2
log

8

C2η
log

1

δ
=

1

log(4/3)ησ2

(
log

8

C2
+ log

1

η

)
log

1

δ
= O

(
1

ησ2
log

1

η
log

1

δ

)
.

We next show that with probability at least 1− δ, for ∀t ≥ τ1, we have ‖β1,t‖22 ≤ 2ηC2

σ2 . This can be done following
the similar lines to the proof of Lemma 1. We first restart the counter of the time and assume ‖β1,0‖22 ≤

ηC2

σ2 .

Denote Ht =
{
∀τ ≤ t, ‖β1,τ‖22 ≤

2ηC2

σ2

}
. Then by (11), we have

E
[
Gt+11Ht∩At

∣∣Ft] ≤ Gt1Ht∩At ≤ Gt1Ht−1∩At−1 .

The difference of Gt+11Ht∩At and E[Gt+11Ht∩At
∣∣Ft] can be easily bounded as follows

Dt+1 =
∣∣Gt+11Ht∩At − E[Gt+11Ht∩At

∣∣Ft]∣∣ = C2
′η2σ−3

((
log

d1 + d2

η

) 1
2

+

(
log

1

δ

) 1
2

)
,

where C2
′ is some constant. Then by applying Azuma’s inequality and following the similar lines to the proof of

Lemma 1, we show that when

η ≤ C3
′σ8

(
log

d1 + d2

δ
log

1

δ

)−1

,

with probability at least 1− δ, we have

‖β1,t‖22 ≤ 2
ηC2

σ2
.

for any τ1 ≤ t ≤ T1 = O(1/η2).

3.3 Proof of Lemma 5

We prove this lemma in three steps.

• Step 1: The following lemma shows that after polynomial time, with high probability, the algorithm can move
out of the O(η) neighborhood of the saddle point.



Lemma 2 (Escaping from the Unique Saddle Point). Suppose ‖β1,t‖22 ≤ 2ηC2

σ2 and ‖β2,t‖22 ≤ 2ηC2

σ2 hold for all
t > 0. For ∀δ ∈ (0, 1), we take

η = O

(
σ12

(
log

d1 + d2

δ
log

1

δ

)−1
)
.

Then with probability at least 1− δ, there exists a τ ≤ τ2, such that

x>τ Myτ ≥ 9
ηC2

σ4
,

where τ2 = 5
ησ2 log 4σ3

ηC2
log 1

δ .

Proof. Let’s define the event Ht = {x>τ Myτ ≤ 9ηC2

σ4 , ∀τ ≤ t}. Following the proof of Lemma 1, we can refine the
bound on the conditional expectation of ‖xt+1‖22 + ‖yt+1‖22 given Ht. Specifically, we have

E
[
(‖xt+1‖22 + ‖yt+1‖22)1Ht

∣∣Ft] =
{

(1− 2ησ2)
(
‖xt‖22 + ‖yt‖22

)
− 4η

(
‖xt‖22‖yt‖22 − x>t Myt

)}
1Ht

+ η2Eξ1,t,ξ2,t
[
‖∇xF(xt + ξ1,t, yt + ξ2,t)‖22 + ‖∇yF(xt + ξ1,t, yt + ξ2,t)‖22

]
1Ht

≤
{

(1− 2ησ2)
(
‖xt‖22 + ‖yt‖22

)
+ 34C2η

2σ−4)
}
1Ht .

Denote Gt = (1− 2ησ2)−t
(
‖xt‖22 + ‖yt‖22 − 17C2ησ

−6
)
. Then we have

E[Gt+11Ht ] ≤ Gt1Ht ≤ Gt1Ht−1 .

Thus, by Markov inequality, we have

P((‖xt‖22 + ‖yt‖22)1Ht−1 ≥ 34C2ησ
−6) ≤ (1− 2ησ2)t(‖x0‖22 + ‖y0‖22 − 17C2ησ

−6) + 17C2ησ
−6

34C2ησ−6

≤ 3

4
,

when t ≥ 1
2ησ2 log 4σ3

ηC2
. Thus with probability at least 1 − δ, there exists a τ ≤ τ2 = 5

2ησ2 log 4σ3

ηC2
log 1

δ =

O( 1
ησ2 log 1

η log 1
δ ), such that

(‖xτ‖22 + ‖yτ‖22)1Hτ−1
≤ 34C2ησ

−6.

Following the exactly same proof of Lemma 1, we can show that with probability at least 1 − δ, for all
τ2 ≤ t ≤ T1 = O( 1

η2 ), we have

(‖xt‖22 + ‖yt‖22)1Ht−1
≤ (17 + 34)C2ησ

−6 +O

(
√
ησ−2

((
log

d1 + d2

η

) 1
2

+

(
log

1

δ

) 1
2

))(
log

1

η2δ

) 1
2

= C4
′ησ−12 + C5

′√ησ−2

((
log

d1 + d2

η

) 1
2

+

(
log

1

δ

) 1
2

)(
log

1

η2δ

) 1
2

≤ C6
′
(

log
d1 + d2

δ
log

1

δ

)−1

+ C7
′σ4,

where C4
′, C5

′, C6
′ and C7

′ are some positive constants, and when

η = O

(
σ12

(
log

d1 + d2

δ
log

1

δ

)−1
)
.

We next show that for large enough t, with high probability, Ht−1 does not hold. We prove by contradiction: if
Ht−1 holds for all t, the solution trajectory stays in a small neighborhood around 0. If so, we can show that with
constant probability, |α1,t + α2,t| will explode to infinity, which is in contradiction with the boundedness. Here
follows the detailed proof.

Assuming Ht−1 holds for all t ≤ τ̃2 = O( 1
η log 1

ησ log 1
δ ), by the analysis above we have ‖xt‖22 + ‖yt‖22 ≤

C6
′ (log d1+d2

δ log 1
δ

)−1
+ C7

′σ4 holds for ∀t ≤ τ̃2.



Note that with at least some constant probability,∣∣∣α1,t+1 + α2,t+1

∣∣∣− ∣∣∣α1,t + α2,t

∣∣∣
=
∣∣∣α1,t + α2,t − η (< ∇xF(xt + ξ1,t, yt + ξ2,t), u∗ > + < ∇yF(xt + ξ1,t, yt + ξ2,t), v∗ >)

∣∣∣− ∣∣∣α1,t + α2,t

∣∣∣
≥C8

′η(σ1 + σ2),

where C8
′ is some positive constant. This means we can find a τ = O(log 1

δ ) ≤ τ̃2, such that
∣∣∣α1,τ + α2,τ

∣∣∣ >
C8
′η(σ1 + σ2), with probability at least 1− δ. We will use this point as our initialization for the following proof.

We next give a lower bound on the conditional expectation of |α1,t+1 + α2,t+1|.

E
[
|α1,t+1 + α2,t+1|

∣∣Ft]
≥
∣∣∣E [(α1,t+1 + α2,t+1)

∣∣Ft] ∣∣∣
=
∣∣∣ (1 + η(1− σ2 − α1,tα2,t)

)
(α1,t + α2,t)− η

(
‖β1,t‖22α2,t + ‖β2,t‖22α1,t

) ∣∣∣
≥
(
1 + η(1− σ2 − α1,tα2,t)

) ∣∣∣α1,t + α2,t

∣∣∣− 2C9
′ η

2.2C2

σ3

((
log

d1 + d2

η

) 1
2

+

(
log

1

δ

) 1
2

)

≥
(

1 +
1

2
η

) ∣∣∣α1,t + α2,t

∣∣∣− 2C9
′ η

2.2C2

σ3

((
log

d1 + d2

η

) 1
2

+

(
log

1

δ

) 1
2

)
,

where C9
′ is some positive constant. This is equivalent to the following inequality:

E

[
|α1,t+1 + α2,t+1| − 4C9

′ η
1.2C2

σ3

((
log

d1 + d2

η

) 1
2

+

(
log

1

δ

) 1
2

)∣∣∣∣∣Ft
]

≥
(

1 +
1

2
η

)(∣∣∣α1,t + α2,t

∣∣∣− 4C9
′ η

1.2C2

σ3

((
log

d1 + d2

η

) 1
2

+

(
log

1

δ

) 1
2

))

≥
(

1 +
1

2
η

)t+1
(∣∣∣α1,0 + α2,0

∣∣∣− 4C9
′ η

1.2C2

σ3

((
log

d1 + d2

η

) 1
2

+

(
log

1

δ

) 1
2

))

≥
(

1 +
1

2
η

)t+1
(
C8
′η(d1 + d2)− 4C9

′ η
1.2C2

σ3

((
log

σ1 + σ2

η

) 1
2

+

(
log

1

δ

) 1
2

))
≥ C10

′η(σ1 + σ2) exp tη/2

≥ C10
′η(σ/

√
d1 + σ/

√
d2)

1

ησ

= C10
′(1/

√
d1 + 1/

√
d2),

where C10
′ is some positive constant and last inequality holds when t ≥ 2

η log 1
ησ . Note that here we still take

η = O
(
σ12

(
log d1+d2

δ log 1
δ

)−1
)
, which makes sure that η1.2C2

σ3

((
log d1+d2

η

) 1
2

+
(
log 1

δ

) 1
2

)
is small enough to

make the fourth inequality hold.

For fixed d1 and d2, if we let δ and σ go to zero (which guarantees that η goes to zero), we will have the conditional
expectation of |α1,t+1 + α2,t+1| stays in a neighborhood around a positive constant. However, by our assumption,
‖xt+1‖22+‖yt+1‖22 stays in a very small neighborhood around zero, which makes α2

1,t+1+α2
2,t+1 ≤ ‖xt+1‖22+‖yt+1‖22

also very small. This implies that |α1,t+1 + α2,t+1| can be arbitrarily small as long as we make δ and σ small
enough, which is the desired contradiction.

Thus, we know that, with probability at least 1− δ, there exists a t satisfying τ2 ≤ t ≤ τ2 + τ̃2 ≤ 2τ2, such that
Ht does not hold. Re-scale τ2 and we prove the result.

• Step 2: The following lemma shows that after step 1, with high probability, the algorithm will continue move
away from the saddle point and escape from the saddle point at some time.



Lemma 3. Suppose x>0 My0 ≥ 9ηC2

σ4 . We take η as in Lemma 5. Then there almost surely exists a τ ≤ τ ′2 =
2
η log 2σ3

ηC2
, such that

x>τ Myτ ≥
1

2
+ σ2.

Proof. Suppose x>t Myt ≤ 1
2 + σ2 holds for all t ≤ τ ′2. We next give a lower bound on the conditional expectation

of |α1,t+1 + α2,t+1|.

E
[
|α1,t+1 + α2,t+1|

∣∣Ft] ≥ ∣∣∣E [(α1,t+1 + α2,t+1)
∣∣Ft] ∣∣∣

=
∣∣∣ (1 + η(1− σ2 − α1,tα2,t)

)
(α1,t + α2,t)− η

(
‖β1,t‖22α2,t + ‖β2,t‖22α1,t

) ∣∣∣
≥
(

1 +
1

2
η

) ∣∣∣α1,t + α2,t

∣∣∣− 4
η2C2

σ4
.

This implies that

E
[
|α1,t+1 + α2,t+1| − 8

ηC2

σ4

∣∣Ft] ≥ (1 +
1

2
η

)(∣∣∣α1,t + α2,t

∣∣∣− 8
ηC2

σ4

)
.

The above inequality further implies a lower bound on the conditional expectation of |α1,t+1 + α2,t+1| − 8ηC2

σ4 .

E
[
|α1,t+1 + α2,t+1| − 8

ηC2

σ4

]
≥
(

1 +
1

2
η

)t(∣∣∣α1,0 + α2,0

∣∣∣− 8
ηC2

σ4

)
≥
(

1 +
1

2
η

)t
ηC2

σ4
≥ 2

σ
,

when t = τ ′2 = 2
η log 2σ3

ηC2
. On the other hand,

E
[
|α1,t+1 + α2,t+1| − 8

ηC2

σ4

]
≤
√

2

σ
,

which leads to a contradiction unless

P(x>t Myt ≤
1

2
+ σ2, ∀t ≤ τ ′2) = 0.

We prove the result.

• Step 3: We then show that the algorithm will never iterate back towards the saddle point after escaping from
it. Then Lemma 5 is proved.

Lemma 4. Suppose there exists a time step τ such that for some positive constant c < 1
2

x>τ Myτ > 2c,

then ∀δ ∈ (0, 1), with probability at least 1− δ, ∀τ ≤ t ≤ T1 , O( 1
η2 ),

(xt, yt) ∈
{

(x, y)|x>My > c
}
.

By taking c = 1
4 , we can prove Lemma 5 from Lemma 4.

Proof. We consider two cases:
(i) if α1,tα2,t ≥ 2(1− c), then α1,t+1α2,t+1 > 2c w.p.1.
(ii) if α1,tα2,t < 2(1− c), then, ∀δ ∈ (0, 1) and ∀t ≤ T1 = O( 1

η2 ), w.p. at least 1− δ,

(α1,t, α2,t) ∈ {(α1, α2)| (α1α2 − 1)
2
< (1− c)2}.



Note that (α1,tα2,t − 1)2 < (1− c)2 implies that α1,tα2,t > c, thus we can prove Lemma 4. Further note that the
injected noise is upper bounded with high probability, we assume in the following T1 = O( 1

η2 ) steps,

‖ξk,t‖∞ ≤ σ̄ , σ
(√

2 log((d1 + d2)η−2) +
√

log(1/δ)
)
.

Case (i): By plugging (5) and (6) to (2), we get

α1,t+1α2,t+1 = α1,tα2,t − η
(
α2,t(α1,t(α

2
2,t + ‖β2,t‖22)− α2,t + gx) + α1,t(α2,t(α

2
1,t + ‖β1,t‖22)− α1,t + gy)

)
+η2(α1,t(α

2
2,t + ‖β2,t‖22)− α2,t + gx)(α2,t(α

2
1,t + ‖β1,t‖22)− α1,t + gy)

= 2c+ (α1,tα2,t − 2c)− η[α2,t(α1,t(α
2
2,t + ‖β2,t‖22)− α2,t + gx) + α1,t(α2,t(α

2
1,t + ‖β1,t‖22)− α1,t + gy)

+η(α1,t(α
2
2,t + ‖β2,t‖22)− α2,t + gx)(α2,t(α

2
1,t + ‖β1,t‖22)− α1,t + gy)],

First note that by Lemma 3 we can always find such 0 < c < 1
2 in the condition. As α1,tα2,t−2c > 2(1− c)−2c =

2(1− 2c) > 0, we can prove (i) by choosing η small enough.

By Lemma 1, α2
1,t + α2

2,t is bounded by 2
σ2 and we can know gx and gy are at most of order

O
(

1
σ

(√
log d1+d2

η2 +
√

log 1
δ

))
from the following upper bound:

|gx| ≤ σ̄(α2
2,t + 2α2,tα1,t + 1 +

2ηC2

σ2
) + σ̄2(2α2,t + α1,t) + σ̄3,

|gy| ≤ σ̄(α2
1,t + 2α1,tα2,t + 1 +

2ηC2

σ2
) + σ̄2(2α1,t + α2,t) + σ̄3.

It is easy to show that for properly selected

η ≤ η̃1 = O

( 1

σ4
+

1

σ2

(√
log(d1 + d2) +

√
log

1

δ

))−1
 ,

the last two terms are greater than zero. Thus, w.p.1, α1,t+1α2,t+1 > 2c.
Case (ii): Without loss of generality, we place the time origin at t, and thus we have 2c < α0

1α
0
2 < 2− 2c.

Eξ[At] = Eξ[α2,t < ∇xF(xt + ξ1,t, yt + ξ2,t), u∗ > +α1,t < ∇yF(xt + ξ1,t, yt + ξ2,t), v∗ >].

By plugging (5) and (6) in the above equation, we have

Eξ[At] = α2,t(α1,t(α
2
2,t + ‖β2,t‖22)− α2,t + α1,tσ

2) + α1,t(α2,t(α
2
1,t + ‖β1,t‖22)− α1,t + α2,tσ

2)

= (α2,tα1,t − 1)(α2
2,t + α2

1,t) + α2,tα1,t(2σ
2 + ‖β1,t‖22 + ‖β2,t‖22).

Again, by plugging (5) and (6) to (3) and taking expectation conditioning on Ft, when α1,tα2,t > c, we will get

E[(α1,t+1α2,t+1 − 1)2|Ft] = (α1,tα2,t − 1)2 − 2ηEξ[At](α1,tα2,t − 1)

+ η2Eξ[A2
t ] + η4Eξ[B2

t ]− 2η3Eξ[AtBt] + 2η2Eξ[Bt](α1,tα2,t − 1)

=
(
1− 2η(α2

2,t + α2
1,t)
)

(α1,tα2,t − 1)2

− 2ηα2,tα1,t(α1,tα2,t − 1)(2σ2 + ‖β1,t‖22 + ‖β2,t‖22)

+ η2Eξ[A2
t ] + η4Eξ[B2

t ]− 2η3Eξ[AtBt] + 2η2Eξ[Bt](α1,tα2,t − 1)

≤ (1− 4ηc) (α1,tα2,t − 1)2 + 2η
1

4
(2σ2 +

2ηC2

σ2
+

2ηC2

σ2
) + C̃1η

2

≤ (1− 4ηc) (α1,tα2,t − 1)2 + η(σ2 +
2ηC2

σ2
) + C̃1η

2,

where C̃1 = O
(

1
σ4

(
log d1+d2

δ

))
, if α1,tα2,t is of constant order. Note that here we choose η ≤ η̃1 as mentioned in

(i). Denote γ ,
η(σ2+

2ηC2
σ2 )+C̃1η

2

4ηc , the inequality above can be re-expressed as

E[{(α1,t+1α2,t+1 − 1)2 − γ}|Ft] ≤ (1− 4ηc) {(α1,tα2,t − 1)2 − γ}. (12)



We denote Gt , (1−4ηc)−t{(α1,tα2,t−1)2−γ} and Et , {∀τ ≤ t : (α1,τα2,τ −1)2 < (1− c)2}. Since α1,τα2,τ > c
can be inferred from (α1,τα2,τ − 1)2 < (1− c)2, we can get

E[Gt+11Et |Ft] ≤ Gt1Et ≤ Gt1Et−1
.

This means {Gt1Et−1} is a supermartingale. To use Azuma’s inequality, we need to bound the following difference

dt+1 , |Gt+11Et − E[Gt+11Et |Ft]|
= (1− 4ηc)−t−1|(α1,t+1α2,t+1 − 1)2 − E[(α1,t+1α2,t+1 − 1)2|Ft]|1Et
≤ (1− 4ηc)−t−1C̃2,

where C̃2 = O
(
η 1
σ2

(√
log d1+d2

η2 +
√

log 1
δ

))
. Again, here we choose η ≤ η̃1. We further define rt ,

√∑t
i=1 d

2
i ,

and by Azuma’s inequality we have

P
(
Gt1Et−1

−G0 ≥ O(1)rt log
1
2

(
1

η2δ

))
≤ exp

−O(1)r2
t log

(
1
η2δ

)
2
∑t
i=0 d

2
i

 = O
(
η2δ
)
.

Thus, with probability at least 1−O(η2δ),

((α1,tα2,t − 1)2 − γ)1Et−1 < (1− 4ηc)t
(

(α1,0α2,0 − 1)2 +O(1)rt log
1
2

(
1

η2δ

))
< (α1,0α2,0 − 1)2 +O

(
(1− 4ηc)trt log

1
2

(
1

η2δ

))
< (1− c)2 + (1− 2c)2 − (1− c)2

+O

(√
η

σ2

(√
log

d1 + d2

η2
+

√
log

1

δ

)
log

1
2

(
1

η2δ

))
,

When Et−1 holds, w.p. at least 1−O(η2δ), we will have

(α1,tα2,t − 1)2 < (1− c)2 + (1− 2c)2 − (1− c)2

+O

(√
η

σ2

(√
log

d1 + d2

η2
+

√
log

1

δ

)
log

1
2

(
1

η2δ

))
+ γ < (1− c)2,

as (1 − 2c)2 − (1 − c)2 is some negative constant, by choosing η ≤ η̃2 = O
(
σ4(log 1

δ )−1
(
log d1+d2

δ

)−1
)
and σ

small enough, we can make sure the sum of last four terms is negative. Now we know that if Et−1 holds, Et holds
w.p. at least 1−O(η2δ). It is easy to show that the Perturbed GD updates satisfy (α1,tα2,t − 1)2 < (1− c)2 in
the following O( 1

η2 ) steps w.p. at least 1− δ.

3.4 Proof of Lemma 6

We partition this lemma into two parts: Lemma 5 shows that after polynomial time, the algorithm enters
{(x, y)

∣∣(x>My − 1)2 < 4γ}, where γ is a small constant depending on σ, and Lemma 6 shows that the algorithm
then stays in {(x, y)

∣∣(x>My − 1)2 < 6γ}. It is easy to prove Lemma 6 from Lemmas 5 and 6.

Lemma 5. Suppose ∀t ≤ T1 , O( 1
η2 ),

(xt, yt) ∈
{

(x, y)|x>My > c
}
,

then ∀δ ∈ (0, 1), with probability at least 1− δ, there exists a time step τ ≤ τ3 , O( 1
η log 1

σ log 1
δ ) such that

(x>τ Myτ − 1)2 < 4γ,

where γ = O(σ2).



Lemma 6. Suppose there exists a time step τ ≤ τ3 , O( 1
η log 1

σ log 1
δ ) such that

(x>τ Myτ − 1)2 < 4γ,

and ∀t ≤ T1 , O( 1
η2 ),

(xt, yt) ∈
{

(x, y)|x>My > c
}
,

then ∀δ ∈ (0, 1), with probability at least 1− δ,∀t ≤ T1 , O( 1
η2 ),

(xt, yt) ∈
{

(x, y)|(x>My − 1)2 < 6γ
}
.

Here follows proof of Lemmas 5 and 6.

Proof. Define Ht , {∀τ ≤ t : (α1,τα2,τ − 1)2 ≥ 4γ}, for t > log(
(α1,0α2,0−1)2

γ )

4ηc , we have

4γE[1Ht ] ≤ E[(α1,tα2,t − 1)2 − γ] ≤ (1− 4ηc)t
(
(α1,0α2,0 − 1)2 − γ

)
+ γ < 2γ,

where the first inequality comes from the definition of Ht and the second one comes from (12). Thus, if

we choose t = O

(
log( 1

γσ2 )

η

)
and recursively applying the inequality above O(log( 1

δ )) times, we will get, for

τ3 = O
(

1
η log( 1

δ ) log( 1
γσ2 )

)
= O

(
1
η log 1

σ log 1
δ

)
,

P(Hτ3) < (
1

2
)log( 1

δ ) = δ.

Thus, w.p. at least 1− δ, there exists a τ ≤ τ3 s.t. (α1,τα2,τ − 1)2 < 4γ. Here, we finish the proof of Lemma 5.

Without loss of generality, we place the time origin at τ , i.e. (α1,0α2,0 − 1)2 < 4γ. We next prove Lemma 6.
Denote A , {(α1, α2)|(α1α2 − 1)2 < 6γ} and At , {∀τ ≤ t : (α1,τ , α2,τ ) ∈ A}, again note that α1,tα2,t > c can
be inferred from (α1,tα2,t − 1)2 < 6γ < (1− c)2. Thus, without any assumption, we can get

E[Gt+11At |Ft] ≤ Gt1At ≤ Gt1At−1
.

This means {Gt1At−1} is a supermartingale. To use Azuma’s inequality, we need to bound the following difference

d̃t+1 , |Gt+11At − E[Gt+11At |Ft]|
= (1− 4ηc)−t−1|(α1,t+1α2,t+1 − 1)2 − E[(α1,t+1α2,t+1 − 1)2|Ft]|1At
≤ (1− 4ηc)−t−1C̃3,

where C̃3 = O(
√
γC̃2). Further define r̃t ,

√∑t
i=1 d̃i

2
, by Azuma’s inequality we have

P
(
Gt1At−1 −G0 ≥ O(1)r̃t log

1
2

(
1

η2δ

))
≤ exp

−O(1)r̃2
t log

(
1
η2δ

)
2
∑t
i=0 d̃i

2

 = O
(
η2δ
)
.

Thus, with probability at least 1−O(η2δ),

((α1,tα2,t − 1)2 − γ)1At−1
< (1− 4ηc)t

(
(α1,0α2,0 − 1)2 +O(1)r̃t log

1
2

(
1

η2δ

))
< (α1,0α2,0 − 1)2 +O

(
(1− 4ηc)tr̃t log

1
2

(
1

η2δ

))
< 4γ +O

(√
γη

σ2

(√
log

d1 + d2

η2
+

√
log

1

δ

)
log

1
2

(
1

η2δ

))
,



When Et−1 holds, w.p. at least 1−O(η2δ)

(α1,tα2,t − 1)2 < 5γ +O

(
C̃3√
η

log
1
2

(
1

η2δ

))
< 6γ,

by choosing η ≤ η̃3 = O
(
σ6(log 1

δ )−1
(
log d1+d2

δ

)−1
)
we can guarantee the last term is smaller than γ. Now we

know that if At−1 holds, At holds w.p. at least 1−O(η2δ). It is easy to show that the Perturbed GD updates
satisfy (α1,tα2,t − 1)2 < 6γ in the following O( 1

η2 ) steps w.p. at least 1− δ.

3.5 Proof of Lemma 7

Lemma 7. Suppose (x>t Myt − 1)2 < 6γ holds for all t, where γ is as defined above. For any δ ∈ (0, 1) and any
∆ > 0, if we choose σ = O

(
(log 1

δ )−
1
3

)
and take step size

η ≤ η̃4 = O
(
σ10∆

)
,

then with probability at least 1− δ, we have

(xt, yt) ∈
{

(x, y)|
(
(x>u∗)

2 − (y>v∗)
2
)2
< 6∆

}
,

for all t’s such that τ4 ≤ t ≤ T1, where T1 , O( 1
η2 ) and τ4 , O( 1

ησ2 log 1
η log 1

δ ).

Again, we partition this lemma into two parts. It is easy to prove Lemma 7 from Lemmas 8 and 9.
Lemma 8. Suppose ∀t ≤ T1 = O( 1

η2 ),

(xt, yt) ∈
{

(x, y)|(x>My − 1)2 < 6γ
}
.

then ∀δ ∈ (0, 1), with probability at least 1− δ, there exists a time step τ ≤ τ4 = O( 1
ησ2 log 1

η log 1
δ ) such that(

(x>τ u∗)
2 − (y>τ v∗)

2
)2
< 4∆,

where ∆ = O( η
σ10 ).

Proof.

Eξ[Dt] = Eξ[α1,t < ∇xF(xt + ξ1,t, yt + ξ2,t), u∗ > −α2,t < ∇yF(xt + ξ1,t, yt + ξ2,t), v∗ >]

= α1,t(α1,t(α
2
2,t + ‖β2,t‖22)− α2,t + α1,tσ

2)− α2,t(α2,t(α
2
1,t + ‖β1,t‖22)− α1,t + α2,tσ

2)

= σ2(α2
1,t − α2

2,t) + (α2
1,t‖β2,t‖22 − α2

2,t‖β1,t‖22).

Thus, we have

Eξ[Dt](α
2
1,t − α2

2,t) = σ2(α2
1,t − α2

2,t)
2 + (α2

1,t − α2
2,t)(α

2
1,t‖β2,t‖22 − α2

2,t‖β1,t‖22)

≥ σ2(α2
1,t − α2

2,t)
2 − 2α2

1,tα
2
2,t

2ηC2

σ2

> σ2(α2
1,t − α2

2,t)
2 − 2(1 +

√
6γ)2 2ηC2

σ2

> σ2(α2
1,t − α2

2,t)
2 − 3

2ηC2

σ2
.

The last inequality can be achieved by choosing γ < (
√

3/2−1)2

6 . Plugging (5) and (6) into (4), taking expectation
conditioning on previous trajectory Ft and plugging the equation above in, we get

E[(α2
1,t+1 − α2

2,t+1)2|Ft] = (α2
1,t − α2

2,t)
2 − 4ηEξ[Dt](α

2
1,t − α2

2,t)

+ 4η2Eξ[D2
t ] + η4Eξ[F 2

t ]− 4η3Eξ[DtFt] + 2η2Eξ[Ft]
(
α2

1,t − α2
2,t

)
≤
(
1− 4ησ2

)
(α2

1,t+1 − α2
2,t+1)2 + 24η

ηC2

σ2
+ C̃4η

2,



where C̃4 = O( 1
σ4

(√
log d1+d2

η2 +
√

log 1
δ

)2

). Denote ∆ ,
24η

ηC2
σ2 +C̃4η

2

4ησ2 . the inequality above can be re-expressed
as

E[{(α2
1,t+1 − α2

2,t+1)2 −∆}|Ft] ≤
(
1− 4ησ2

)
{(α2

1,t − α2
2,t)

2 −∆}.

Denote Bt , {∀τ ≤ t : ((α2
1,τ − α2

2,τ )2 ≥ 4∆}, for t > log(
(α2

1,0−α
2
2,0)

2

δ )

4ησ2 , we have

4∆E[1Bt ] ≤ E[(α2
1,t − α2

2,t)
2 −∆] ≤ (1− 4ηc)t((α2

1,0 − α2
2,0)2 −∆) + ∆ < 2∆,

where the first inequality comes from the definition of Bt and the second one comes from calculation above.
Thus, if we choose t = O(

log( 1
∆σ2 )

ησ2 ) and recursively applying the inequality above log( 1
δ ) times, we will get, for

τ4 = O( 1
ησ2 log( 1

δ ) log( 1
∆σ2 )) = O( 1

ησ2 log( 1
δ ) log( 1

η )),

P(Bτ4) < (
1

2
)log( 1

δ ) = δ.

Thus, w.p. at least 1− δ, there exists a τ ≤ τ4 s.t. (α2
1,τ −α2

2,τ )2 < 4∆. Here, we finish the proof of Lemma 8.

Lemma 9. Suppose there exists a time step τ ≤ τ4 = O( 1
ησ2 log 1

∆σ2 log 1
δ ) such that(

(x>τ u∗)
2 − (y>τ v∗)

2
)2
< 4∆,

then ∀δ ∈ (0, 1), with probability at least 1− δ, ∀t ≤ T1 , O( 1
η2 ),

(xt, yt) ∈
{

(x, y)|
(
(x>u∗)

2 − (y>v∗)
2
)2
< 6∆

}
.

Proof. Without loss of generality, we place the time origin at τ , i.e. (α2
1,0 − α2

2,0)2 < 4∆. Denote D ,

{(α1, α2)|(α2
1 − α2

2)2 < 6∆} and Dt , {∀τ ≤ t : (α1,τ , α2,τ ) ∈ D}. Note that (α1,tα2,t − 1)2 < 6γ still holds with
high probability. Defining Ht , (1− 4ησ2)−t{(α2

1,t − α2
2,t)

2 −∆}, we can get

E[Ht+11Dt |Ft] ≤ Ht1Dt ≤ Ht1Dt−1
.

This means {Ht1Dt−1} is a supermartingale. To use Azuma’s inequality, we need to bound the following difference

d̄t+1 , |Ht+11Dt − E[Ht+11Dt |Ft]|
= (1− 4ησ2)−t−1|(α2

1,t+1 − α2
2,t+1)2 − E[(α2

1,t+1 − α2
2,t+1)2|Ft]|1Dt

≤ (1− 4ησ2)−t−1C̃5,

where C̃5 = O(η
√

∆
σ2

(√
log d1+d2

η2 +
√

log 1
δ

)
). Further define r̄t ,

√∑t
i=1 d̄i

2, by Azuma’s inequality we will get

P
(
Ht1Dt−1

−H0 ≥ O(1)r̄t log
1
2

(
1

η2δ

))
≤ exp

−O(1)r̄2
t log

(
1
η2δ

)
2
∑t
i=0 d̄i

2

 = O
(
η2δ
)
.

Thus, with probability at least 1−O(η2δ), we have

((α2
1,t − α2

2,t)
2 −∆)1Dt−1

< (1− 4ησ2)t
(

(α2
1,0 − α2

2,0)2 +O(1)r̄t log
1
2

(
1

η2δ

))
< (α2

1,0 − α2
2,0)2 +O

(
(1− 4ησ2)tr̄t log

1
2

(
1

η2δ

))
< 4∆ +O

(√
∆η

σ2

(√
log

d1 + d2

η2
+

√
log

1

δ

)
log

1
2

(
1

η2δ

))
.



When Dt−1 holds, w.p. at least 1−O(η2δ), by the inequality above we have

(α2
1,t − α2

2,t)
2 < 5∆ +O

(√
∆η

σ2

(√
log

d1 + d2

η2
+

√
log

1

δ

)
log

1
2

(
1

η2δ

))
< 6∆.

Note that to make sure last terms is smaller than ∆, we need
√
η

σ2
√

∆

(√
log

d1 + d2

η2
+

√
log

1

δ

)
log

1
2

(
1

η2δ

)
= O(1).

As ∆ = O( η
σ10 ), we know that as long as η is polynomial in σ, choosing σ = O((log 1

δ )−
1
3 ) is sufficient. Now we

know that if Dt−1 holds, Dt holds w.p. at least 1−O(η2δ). It is easy to show that the Perturbed GD updates
satisfy (α2

1,t − α2
2,t)

2 < 6∆ in the following O( 1
η2 ) steps w.p. at least 1− δ.

With Lemmas 1, 6 and 7, we can prove Lemma 7. Here follows a brief proof.

Proof.

|1− x>t u∗| < (1 + x>t u∗)|1− x>t u∗|
= |1− (x>t u∗)

2 + x>t u∗v
>
∗ yt − x>t u∗v>∗ yt|

≤ |1− x>t u∗v>∗ yt|+ |(x>t u∗)2 − x>t u∗v>∗ yt|
= |1− x>t Myt|+ x>t u∗|x>t u∗ − v>∗ yt|

≤ |1− x>t Myt|+
√

2

σ
|x>t u∗ − v>∗ yt|

<
√

6γ +

√
2

σ

√
6∆.

The last inequality comes from Lemmas 6 and 9. Together with Lemma 1 we can get

‖xt − u∗‖2 = (1− x>t u∗)2 + ‖β1,t‖22 < (
√

6γ +

√
2

σ

√
6∆)2 + 2

ηC2

σ2
= O(σ2 +

η

σ10
).

Note that we use C2 = O( 1
σ6 ) when calculating the order. Similarly, we have

‖yt − v∗‖2 < (
√

6γ +

√
2

σ

√
6∆)2 + 2

ηC2

σ2
= O(σ2 +

η

σ10
).

Then, for any ε > 0, by choosing σ = O(
√
ε) and η ≤ η5 = O(σ10ε), we will have ‖xt − u∗‖2 < ε and

‖yt − v∗‖2 < ε

4 Proof of Theorem 2

Recall that the gradient of F̃ takes the following form.

∇XF̃(X,Y ) = (XY > −M)Y − d2σ
2
2X,

∇Y F̃(X,Y ) = (XY > −M)>X − d1σ
2
1Y.

Suppose (U, V ) is a stationary point. Then we have

(UV > −M)V − d2σ
2
2U = 0, (13)

(UV > −M)>U − d1σ
2
1V = 0. (14)

• Step 1: To prove the first statement, simply left multiply each side of (13) by U> and each side of (14) by
V >, and we have the following equations.

U>UV >V − U>MV − d2σ
2
2U
>U = 0,

V >V U>U − V >M>U − d1σ
2
1V
>V = 0.



Note that the following equation naturally holds.

U>UV >V − U>MV =
(
V >V U>U − V >M>U

)>
.

Combine these three equations together and we have

U>U =
d1σ

2
1

d2σ2
2

(V >V )> = γ2V >V.

• Step 2: We next show that (Ũ , Ṽ )R is a stationary point, where

(Ũ , Ṽ ) = (
√
γA(Σ− γσ2Ir)

1
2 ,

1
√
γ
B(Σ− γσ2Ir)

1
2 ),

where R ∈ Rr×r is an orthogonal matrix. We only need to check (13) and (14). In fact, we have

∇XF̃(ŨR, Ṽ R) = −γσ2AB>
1
√
γ
B(Σ− γσ2Ir)

1
2R+ σ2√γA(Σ− γσ2Ir)

1
2R

= −σ2√γA(Σ− γσ2Ir)
1
2R+ σ2√γA(Σ− γσ2Ir)

1
2R

= 0,

and

∇Y F̃(ŨR, Ṽ R) = −γσ2BA>
√
γA(Σ− γσ2Ir)

1
2R+ σ2γ2 1

√
γ
B(Σ− γσ2Ir)

1
2R

= −σ2γ
√
γB(Σ− γσ2Ir)

1
2R+ σ2γ

√
γB(Σ− γσ2Ir)

1
2R

= 0.

Combine the above equations together and we know that (Ũ , Ṽ ) is a stationary point.

• Step 3: We next show that {(Ũ , Ṽ )R
∣∣R ∈ Rr×r, orthogonal} are the global minima and all other stationary

points enjoy strict saddle property. Without loss of generality, we assume γ = 1.

We first calculate the Hessian ∇2F̃(X,Y ). The Hessian can be viewed as a matrix that operates on vectorized
matrices of dimension (d1 + d2)× r. Then, for any W ∈ R(d1+d2)×r, the Hessian defines a quadratic form

[∇2F̃(W )](Z1, Z2) =
∑
i,j,k,l

∂2F̃(W )

∂W [i, j]∂W [k, l]
Z1[i, j]Z2[k, l], ∀Z1, Z2 ∈ R(d1+d2)×r.

We can then express the Hessian ∇2F̃(W ) as follows:

[∇2F̃(X,Y )](∆,∆) = 2 < XY > −M,∆U∆>V > +‖U∆>V + ∆UV
>‖2F + σ2‖∆U‖2F + σ2‖∆V ‖2F,

where ∆ =

[
∆U

∆V

]
, ∆U ∈ Rd1×r and ∆V ∈ Rd2×r. We further denote W =

[
X
Y

]
, W̃ =

[
Ũ

Ṽ

]
, and M̃ = Ũ Ṽ >,

R = argmin
R′∈Rr×r,orthogonal

‖W − W̃R′‖.

We then have the following lemma.
Lemma 10. Let σmin(M) be the smallest singular value of M . Suppose d1σ

2
1 = d2σ

2
2 = σ2, and σ2 < σmin(M).

For ∀(U, V ) ∈ (Rd1 ,Rd2) such that ∇F̃(U, V ) = 0, we denote ∆ =

[
U − ŨR
V − Ṽ R

]
, then we have

[∇2F̃(U, V )](∆,∆) ≤ −‖UV > − M̃‖2F − 3σ2‖A>U −B>V ‖2F. (15)

Moreover, [∇2F̃(U, V )](∆,∆) < 0 if

(U, V ) /∈ {(Ũ , Ṽ )R′
∣∣R′ ∈ Rr×r, R′R′> = R′>R′ = Ir}.



Proof. Recall that the quadratic form defined by the Hessian can be written as follows.

[∇2F̃(U, V )](∆,∆) = 2 < UV > −M,∆U∆>V > +‖U∆>V + ∆UV
>‖2F + σ2‖∆U‖2F + σ2‖∆V ‖2F. (16)

We start from the second term ‖U∆>V + ∆UV
>‖2F. Similar to the proof of Claim B.5 in Du et al. (2018), we have

‖U∆>V + ∆UV
>‖2F = ‖∆U∆>V + UV > − M̃‖2F

= ‖∆U∆>V ‖2F + ‖UV > − M̃‖2F + 2 < ∆U∆>V , UV
> − M̃ >

= ‖∆U∆>V ‖2F + ‖UV > − M̃‖2F + 2 < ∆U∆>V , UV
> −M > +2 < ∆U∆>V ,M − M̃ >

= ‖∆U∆>V ‖2F + ‖UV > − M̃‖2F + 2 < ∆U∆>V , UV
> −M > +2σ2 < ∆U∆>V , AB

> >

Plugging this equation into (16), we have

[∇2F̃(U, V )](∆,∆) = 4 < UV > −M,∆U∆>V > +‖∆U∆>V ‖2F + ‖UV > − M̃‖2F
+ σ2

(
‖∆U‖2F + ‖∆V ‖2F + 2 < ∆U∆>V , AB

> >
)
.

Note that using the fact ∇F̃(U, V ) = ∇F̃(Ũ , Ṽ ) = 0, one can easily verify that

4 < UV > −M,∆U∆>V > = 4 < UV > −M,M̃ > −2σ2
(
‖∆U‖2F + ‖∆V ‖2F

)
+ 2σ2

(
‖Ũ‖2F + ‖Ṽ ‖2F

)
= −4‖UV > − M̃‖2F − 4σ2 < AB>, M̃ − UV > >

+ 2σ2
(
‖Ũ‖2F + ‖Ṽ ‖2F − ‖U‖2F − ‖V ‖2F

)
.

Thus,

[∇2F̃(U, V )](∆,∆) = −4‖UV > − M̃‖2F + ‖∆U∆>V ‖2F + ‖UV > − M̃‖2F

− σ2

[
‖∆U‖2F + ‖∆V ‖2F − 2 < ∆U∆>V , AB

> >

− 2
(
‖Ũ‖2F + ‖Ṽ ‖2F − ‖U‖2F − ‖V ‖2F

)
+ 4 < AB>, M̃ − UV > >

]
. (17)

We then have the following two claims:

Claim 1. −4‖UV > − M̃‖2F + ‖∆U∆>V ‖2F + ‖UV > − M̃‖2F ≤ −‖UV > − M̃‖2F.

Proof. Similar to the proof of Claim B.5 in Du et al. (2018), we have

‖∆U∆>V ‖2F ≤
1

4
‖∆∆>‖2F

≤ 1

2
‖WW> − W̃W̃>‖2F

= 2‖UV > − M̃‖2F − ‖U>Ũ − V >Ṽ ‖2F +
1

2
‖U>U − V >V ‖2F +

1

2
‖Ũ>Ũ − Ṽ >Ṽ ‖2F

= 2‖UV > − M̃‖2F − ‖U>Ũ − V >Ṽ ‖2F
≤ 2‖UV > − M̃‖2F.

Thus,

−4‖UV > − M̃‖2F + ‖∆U∆>V ‖2F + ‖UV > − M̃‖2F ≤ −4‖UV > − M̃‖2F + 2‖UV > − M̃‖2F + ‖UV > − M̃‖2F
= −‖UV > − M̃‖2F.

Claim 2. ‖U‖2F + ‖V ‖2F − ‖Ũ‖2F − ‖Ṽ ‖2F + 2 < AB>, M̃ − UV > >= ‖A>∆U −B>∆V ‖2F.



Proof. First, the LHS of the equation can be rewritten as follows.

‖U‖2F + ‖V ‖2F − ‖Ũ‖2F − ‖Ṽ ‖2F + 2 < AB>, M̃ − UV > >

=‖U‖2F + ‖V ‖2F − 2 < AB>, M̃ + UV > > +4 < AB>, M̃ > −‖Ũ‖2F − ‖Ṽ ‖2F
=‖U‖2F + ‖V ‖2F − 2 < AB>, M̃ + UV > > +4‖Ũ‖2F − ‖Ũ‖2F − ‖Ṽ ‖2F
=‖U‖2F + ‖V ‖2F + ‖Ũ‖2F + ‖Ṽ ‖2F − 2 < AB>, M̃ + UV > >,

where we use the fact
< AB>, M̃ >= ‖Ũ‖2F = ‖Ṽ ‖2F.

On the other hand, the RHS of the equation can be rewritten as follows.

‖A>∆U −B>∆V ‖2F = ‖∆U‖2F + ‖∆V ‖2F − 2 < ∆U∆>V , AB
> >

= ‖U‖2F + ‖V ‖2F + ‖Ũ‖2F + ‖Ṽ ‖2F − 2 < AB>, M̃ + UV > >

− 2 tr(U(ŨR)>)− 2 tr(V (Ṽ R)>) + 2 tr(U(ŨR)>) + 2 tr(V (Ṽ R)>)

= ‖U‖2F + ‖V ‖2F + ‖Ũ‖2F + ‖Ṽ ‖2F − 2 < AB>, M̃ + UV > >

= ‖U‖2F + ‖V ‖2F − ‖Ũ‖2F − ‖Ṽ ‖2F + 2 < AB>, M̃ − UV > > .

Plugging the conclusions in Claims 1 and 2 into (17), we have

[∇2F̃(U, V )](∆,∆) ≤ −‖UV > − M̃‖2F − 3σ2‖A>∆U −B>∆V ‖2F.

Note that since A>ŨR = B>Ṽ R, we have A>∆U − B>∆V = A>U − B>V. To justify our last statement, we
have the following claim.
Claim 3. ‖UV > − M̃‖2F + 3σ2‖A>U −B>V ‖2F = 0 if and only if

(U, V ) = (Ũ , Ṽ )R,

where R ∈ Rr×r is an orthogonal matrix.

Proof. ‖UV > − M̃‖2F + 3σ2‖A>U −B>V ‖2F = 0 if and only if

UV > = M̃, (18)

A>U = B>V. (19)

Left multiplying each side of (18) by A>, we have

A>UV > = (Σ− σ2I)B> ⇔ B>V V > = (Σ− σ2I)B>

⇔ V V > = B(Σ− σ2I)B>

⇔ V = B(Σ− σ2I)
1
2R = Ṽ R′.

The last equivalent argument comes from Theorem 4 in Li et al. (2019). Plugging V = Ṽ R′ back to (19), we have
U = ŨR′.

As a direct result of Claim 3, for stationary point (U, V ) /∈ {(Ũ , Ṽ )R′
∣∣R′ ∈ Rr×r, R′R′> = R′>R′ = Ir}, we have

[∇2F̃(U, V )](∆,∆) < 0.

We prove the lemma.

Lemma 10 directly implies that {(Ũ , Ṽ )R′
∣∣R′ ∈ Rr×r, R′R′> = R′>R′ = Ir} contains all the global optima, and

all other stationary points enjoy strict saddle property.



5 Perturbed GD

The detail of the Perturbed GD algorithm is summarized in Algorithm 1.

Algorithm 1 Perturbed Gradient Descent for Rank-1 Matrix Factorization.

Input: step size η, noise level σ1, σ2, matrix M ∈ Rd1×d2 , number of iterations T .
Initialize: initialize (x0, y0) arbitrarily.
for t = 0 . . . T − 1 do
Sample ξ1,t ∼ N(0, σ2

1Id1
) and ξ2,t ∼ N(0, σ2

2Id2
).

x̃t = xt + ξ1,t, ỹt = yt + ξ2,t.
xt+1 = xt − η(x̃tỹ

>
t −M)ỹt.

yt+1 = yt − η(ỹtx̃
>
t −M>)x̃t.

end for

6 Figures

Global Optima
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x
<latexit sha1_base64="+LJ+1EefrBeOIncMBSif936PTiU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810aWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1T237t2e1xpXRR1lOIJjOAUPLqABN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNTTJMJ</latexit><latexit sha1_base64="+LJ+1EefrBeOIncMBSif936PTiU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810aWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1T237t2e1xpXRR1lOIJjOAUPLqABN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNTTJMJ</latexit><latexit sha1_base64="+LJ+1EefrBeOIncMBSif936PTiU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810aWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1T237t2e1xpXRR1lOIJjOAUPLqABN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNTTJMJ</latexit><latexit sha1_base64="+LJ+1EefrBeOIncMBSif936PTiU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810aWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1T237t2e1xpXRR1lOIJjOAUPLqABN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNTTJMJ</latexit>

y
<latexit sha1_base64="CBX6hmmPAqsGP/0rbsz1oUtmtAw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkwm04ZmkiHJKMPQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YrGxVt3d29/ZrB4cdLVNFaJtILlUvwJpyJmjbMMNpL1EUxwGn3WByU/jdR6o0k+LeZAn1YzwSLGIEGys9DALJQ53F9sqz6bBWdxvuDGiZeCWpQ4nWsPY1CCVJYyoM4Vjrvucmxs+xMoxwOq0OUk0TTCZ4RPuWChxT7eez1FN0apUQRVLZIwyaqb83chzrIpqdjLEZ60WvEP/z+qmJrvyciSQ1VJD5Q1HKkZGoqACFTFFieGYJJorZrIiMscLE2KKqtgRv8cvLpHPe8NyGd3dRb16XdVTgGE7gDDy4hCbcQgvaQEDBM7zCm/PkvDjvzsd8dMUpd47gD5zPH1TRkwo=</latexit><latexit sha1_base64="CBX6hmmPAqsGP/0rbsz1oUtmtAw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkwm04ZmkiHJKMPQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YrGxVt3d29/ZrB4cdLVNFaJtILlUvwJpyJmjbMMNpL1EUxwGn3WByU/jdR6o0k+LeZAn1YzwSLGIEGys9DALJQ53F9sqz6bBWdxvuDGiZeCWpQ4nWsPY1CCVJYyoM4Vjrvucmxs+xMoxwOq0OUk0TTCZ4RPuWChxT7eez1FN0apUQRVLZIwyaqb83chzrIpqdjLEZ60WvEP/z+qmJrvyciSQ1VJD5Q1HKkZGoqACFTFFieGYJJorZrIiMscLE2KKqtgRv8cvLpHPe8NyGd3dRb16XdVTgGE7gDDy4hCbcQgvaQEDBM7zCm/PkvDjvzsd8dMUpd47gD5zPH1TRkwo=</latexit><latexit sha1_base64="CBX6hmmPAqsGP/0rbsz1oUtmtAw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkwm04ZmkiHJKMPQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YrGxVt3d29/ZrB4cdLVNFaJtILlUvwJpyJmjbMMNpL1EUxwGn3WByU/jdR6o0k+LeZAn1YzwSLGIEGys9DALJQ53F9sqz6bBWdxvuDGiZeCWpQ4nWsPY1CCVJYyoM4Vjrvucmxs+xMoxwOq0OUk0TTCZ4RPuWChxT7eez1FN0apUQRVLZIwyaqb83chzrIpqdjLEZ60WvEP/z+qmJrvyciSQ1VJD5Q1HKkZGoqACFTFFieGYJJorZrIiMscLE2KKqtgRv8cvLpHPe8NyGd3dRb16XdVTgGE7gDDy4hCbcQgvaQEDBM7zCm/PkvDjvzsd8dMUpd47gD5zPH1TRkwo=</latexit><latexit sha1_base64="CBX6hmmPAqsGP/0rbsz1oUtmtAw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkwm04ZmkiHJKMPQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YrGxVt3d29/ZrB4cdLVNFaJtILlUvwJpyJmjbMMNpL1EUxwGn3WByU/jdR6o0k+LeZAn1YzwSLGIEGys9DALJQ53F9sqz6bBWdxvuDGiZeCWpQ4nWsPY1CCVJYyoM4Vjrvucmxs+xMoxwOq0OUk0TTCZ4RPuWChxT7eez1FN0apUQRVLZIwyaqb83chzrIpqdjLEZ60WvEP/z+qmJrvyciSQ1VJD5Q1HKkZGoqACFTFFieGYJJorZrIiMscLE2KKqtgRv8cvLpHPe8NyGd3dRb16XdVTgGE7gDDy4hCbcQgvaQEDBM7zCm/PkvDjvzsd8dMUpd47gD5zPH1TRkwo=</latexit>

(a)
<latexit sha1_base64="IGGVuSJ6fvLsyVCmGxi3phayKtA=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbsqMCLosunFZwT6gHUomk7ahmWRIMoUy9E/cuFDErX/izr8x085CWw+EHM65l5ycMOFMG8/7dkobm1vbO+Xdyt7+weGRe3zS1jJVhLaI5FJ1Q6wpZ4K2DDOcdhNFcRxy2gkn97nfmVKlmRRPZpbQIMYjwYaMYGOlgev2Q8kjPYvtldXw5XzgVr26twBaJ35BqlCgOXC/+pEkaUyFIRxr3fO9xAQZVoYRTueVfqppgskEj2jPUoFjqoNskXyOLqwSoaFU9giDFurvjQzHOg9nJ2NsxnrVy8X/vF5qhrdBxkSSGirI8qFhypGRKK8BRUxRYvjMEkwUs1kRGWOFibFlVWwJ/uqX10n7qu57df/xutq4K+oowxmcQw18uIEGPEATWkBgCs/wCm9O5rw4787HcrTkFDun8AfO5w94HJOI</latexit><latexit sha1_base64="IGGVuSJ6fvLsyVCmGxi3phayKtA=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbsqMCLosunFZwT6gHUomk7ahmWRIMoUy9E/cuFDErX/izr8x085CWw+EHM65l5ycMOFMG8/7dkobm1vbO+Xdyt7+weGRe3zS1jJVhLaI5FJ1Q6wpZ4K2DDOcdhNFcRxy2gkn97nfmVKlmRRPZpbQIMYjwYaMYGOlgev2Q8kjPYvtldXw5XzgVr26twBaJ35BqlCgOXC/+pEkaUyFIRxr3fO9xAQZVoYRTueVfqppgskEj2jPUoFjqoNskXyOLqwSoaFU9giDFurvjQzHOg9nJ2NsxnrVy8X/vF5qhrdBxkSSGirI8qFhypGRKK8BRUxRYvjMEkwUs1kRGWOFibFlVWwJ/uqX10n7qu57df/xutq4K+oowxmcQw18uIEGPEATWkBgCs/wCm9O5rw4787HcrTkFDun8AfO5w94HJOI</latexit><latexit sha1_base64="IGGVuSJ6fvLsyVCmGxi3phayKtA=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbsqMCLosunFZwT6gHUomk7ahmWRIMoUy9E/cuFDErX/izr8x085CWw+EHM65l5ycMOFMG8/7dkobm1vbO+Xdyt7+weGRe3zS1jJVhLaI5FJ1Q6wpZ4K2DDOcdhNFcRxy2gkn97nfmVKlmRRPZpbQIMYjwYaMYGOlgev2Q8kjPYvtldXw5XzgVr26twBaJ35BqlCgOXC/+pEkaUyFIRxr3fO9xAQZVoYRTueVfqppgskEj2jPUoFjqoNskXyOLqwSoaFU9giDFurvjQzHOg9nJ2NsxnrVy8X/vF5qhrdBxkSSGirI8qFhypGRKK8BRUxRYvjMEkwUs1kRGWOFibFlVWwJ/uqX10n7qu57df/xutq4K+oowxmcQw18uIEGPEATWkBgCs/wCm9O5rw4787HcrTkFDun8AfO5w94HJOI</latexit><latexit sha1_base64="IGGVuSJ6fvLsyVCmGxi3phayKtA=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbsqMCLosunFZwT6gHUomk7ahmWRIMoUy9E/cuFDErX/izr8x085CWw+EHM65l5ycMOFMG8/7dkobm1vbO+Xdyt7+weGRe3zS1jJVhLaI5FJ1Q6wpZ4K2DDOcdhNFcRxy2gkn97nfmVKlmRRPZpbQIMYjwYaMYGOlgev2Q8kjPYvtldXw5XzgVr26twBaJ35BqlCgOXC/+pEkaUyFIRxr3fO9xAQZVoYRTueVfqppgskEj2jPUoFjqoNskXyOLqwSoaFU9giDFurvjQzHOg9nJ2NsxnrVy8X/vF5qhrdBxkSSGirI8qFhypGRKK8BRUxRYvjMEkwUs1kRGWOFibFlVWwJ/uqX10n7qu57df/xutq4K+oowxmcQw18uIEGPEATWkBgCs/wCm9O5rw4787HcrTkFDun8AfO5w94HJOI</latexit>

(b)
<latexit sha1_base64="gEZ4VQeF8U8gVct+4gIldNnl6nM=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbsqMCLosunFZwT6gHUomk7ahmWRIMoUy9E/cuFDErX/izr8x085CWw+EHM65l5ycMOFMG8/7dkobm1vbO+Xdyt7+weGRe3zS1jJVhLaI5FJ1Q6wpZ4K2DDOcdhNFcRxy2gkn97nfmVKlmRRPZpbQIMYjwYaMYGOlgev2Q8kjPYvtldXCy/nArXp1bwG0TvyCVKFAc+B+9SNJ0pgKQzjWuud7iQkyrAwjnM4r/VTTBJMJHtGepQLHVAfZIvkcXVglQkOp7BEGLdTfGxmOdR7OTsbYjPWql4v/eb3UDG+DjIkkNVSQ5UPDlCMjUV4DipiixPCZJZgoZrMiMsYKE2PLqtgS/NUvr5P2Vd336v7jdbVxV9RRhjM4hxr4cAMNeIAmtIDAFJ7hFd6czHlx3p2P5WjJKXZO4Q+czx95opOJ</latexit><latexit sha1_base64="gEZ4VQeF8U8gVct+4gIldNnl6nM=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbsqMCLosunFZwT6gHUomk7ahmWRIMoUy9E/cuFDErX/izr8x085CWw+EHM65l5ycMOFMG8/7dkobm1vbO+Xdyt7+weGRe3zS1jJVhLaI5FJ1Q6wpZ4K2DDOcdhNFcRxy2gkn97nfmVKlmRRPZpbQIMYjwYaMYGOlgev2Q8kjPYvtldXCy/nArXp1bwG0TvyCVKFAc+B+9SNJ0pgKQzjWuud7iQkyrAwjnM4r/VTTBJMJHtGepQLHVAfZIvkcXVglQkOp7BEGLdTfGxmOdR7OTsbYjPWql4v/eb3UDG+DjIkkNVSQ5UPDlCMjUV4DipiixPCZJZgoZrMiMsYKE2PLqtgS/NUvr5P2Vd336v7jdbVxV9RRhjM4hxr4cAMNeIAmtIDAFJ7hFd6czHlx3p2P5WjJKXZO4Q+czx95opOJ</latexit><latexit sha1_base64="gEZ4VQeF8U8gVct+4gIldNnl6nM=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbsqMCLosunFZwT6gHUomk7ahmWRIMoUy9E/cuFDErX/izr8x085CWw+EHM65l5ycMOFMG8/7dkobm1vbO+Xdyt7+weGRe3zS1jJVhLaI5FJ1Q6wpZ4K2DDOcdhNFcRxy2gkn97nfmVKlmRRPZpbQIMYjwYaMYGOlgev2Q8kjPYvtldXCy/nArXp1bwG0TvyCVKFAc+B+9SNJ0pgKQzjWuud7iQkyrAwjnM4r/VTTBJMJHtGepQLHVAfZIvkcXVglQkOp7BEGLdTfGxmOdR7OTsbYjPWql4v/eb3UDG+DjIkkNVSQ5UPDlCMjUV4DipiixPCZJZgoZrMiMsYKE2PLqtgS/NUvr5P2Vd336v7jdbVxV9RRhjM4hxr4cAMNeIAmtIDAFJ7hFd6czHlx3p2P5WjJKXZO4Q+czx95opOJ</latexit><latexit sha1_base64="gEZ4VQeF8U8gVct+4gIldNnl6nM=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbsqMCLosunFZwT6gHUomk7ahmWRIMoUy9E/cuFDErX/izr8x085CWw+EHM65l5ycMOFMG8/7dkobm1vbO+Xdyt7+weGRe3zS1jJVhLaI5FJ1Q6wpZ4K2DDOcdhNFcRxy2gkn97nfmVKlmRRPZpbQIMYjwYaMYGOlgev2Q8kjPYvtldXCy/nArXp1bwG0TvyCVKFAc+B+9SNJ0pgKQzjWuud7iQkyrAwjnM4r/VTTBJMJHtGepQLHVAfZIvkcXVglQkOp7BEGLdTfGxmOdR7OTsbYjPWql4v/eb3UDG+DjIkkNVSQ5UPDlCMjUV4DipiixPCZJZgoZrMiMsYKE2PLqtgS/NUvr5P2Vd336v7jdbVxV9RRhjM4hxr4cAMNeIAmtIDAFJ7hFd6czHlx3p2P5WjJKXZO4Q+czx95opOJ</latexit>

Global Optima
±(0.95, 0.95)

<latexit sha1_base64="Cn3Wszta3B976tYLy3+oz3LU2l0="></latexit><latexit sha1_base64="Cn3Wszta3B976tYLy3+oz3LU2l0="></latexit><latexit sha1_base64="Cn3Wszta3B976tYLy3+oz3LU2l0="></latexit><latexit sha1_base64="Cn3Wszta3B976tYLy3+oz3LU2l0="></latexit>

x
<latexit sha1_base64="+LJ+1EefrBeOIncMBSif936PTiU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810aWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1T237t2e1xpXRR1lOIJjOAUPLqABN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNTTJMJ</latexit><latexit sha1_base64="+LJ+1EefrBeOIncMBSif936PTiU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810aWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1T237t2e1xpXRR1lOIJjOAUPLqABN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNTTJMJ</latexit><latexit sha1_base64="+LJ+1EefrBeOIncMBSif936PTiU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810aWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1T237t2e1xpXRR1lOIJjOAUPLqABN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNTTJMJ</latexit><latexit sha1_base64="+LJ+1EefrBeOIncMBSif936PTiU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810aWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1T237t2e1xpXRR1lOIJjOAUPLqABN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNTTJMJ</latexit>

y
<latexit sha1_base64="CBX6hmmPAqsGP/0rbsz1oUtmtAw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkwm04ZmkiHJKMPQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YrGxVt3d29/ZrB4cdLVNFaJtILlUvwJpyJmjbMMNpL1EUxwGn3WByU/jdR6o0k+LeZAn1YzwSLGIEGys9DALJQ53F9sqz6bBWdxvuDGiZeCWpQ4nWsPY1CCVJYyoM4Vjrvucmxs+xMoxwOq0OUk0TTCZ4RPuWChxT7eez1FN0apUQRVLZIwyaqb83chzrIpqdjLEZ60WvEP/z+qmJrvyciSQ1VJD5Q1HKkZGoqACFTFFieGYJJorZrIiMscLE2KKqtgRv8cvLpHPe8NyGd3dRb16XdVTgGE7gDDy4hCbcQgvaQEDBM7zCm/PkvDjvzsd8dMUpd47gD5zPH1TRkwo=</latexit><latexit sha1_base64="CBX6hmmPAqsGP/0rbsz1oUtmtAw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkwm04ZmkiHJKMPQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YrGxVt3d29/ZrB4cdLVNFaJtILlUvwJpyJmjbMMNpL1EUxwGn3WByU/jdR6o0k+LeZAn1YzwSLGIEGys9DALJQ53F9sqz6bBWdxvuDGiZeCWpQ4nWsPY1CCVJYyoM4Vjrvucmxs+xMoxwOq0OUk0TTCZ4RPuWChxT7eez1FN0apUQRVLZIwyaqb83chzrIpqdjLEZ60WvEP/z+qmJrvyciSQ1VJD5Q1HKkZGoqACFTFFieGYJJorZrIiMscLE2KKqtgRv8cvLpHPe8NyGd3dRb16XdVTgGE7gDDy4hCbcQgvaQEDBM7zCm/PkvDjvzsd8dMUpd47gD5zPH1TRkwo=</latexit><latexit sha1_base64="CBX6hmmPAqsGP/0rbsz1oUtmtAw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkwm04ZmkiHJKMPQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YrGxVt3d29/ZrB4cdLVNFaJtILlUvwJpyJmjbMMNpL1EUxwGn3WByU/jdR6o0k+LeZAn1YzwSLGIEGys9DALJQ53F9sqz6bBWdxvuDGiZeCWpQ4nWsPY1CCVJYyoM4Vjrvucmxs+xMoxwOq0OUk0TTCZ4RPuWChxT7eez1FN0apUQRVLZIwyaqb83chzrIpqdjLEZ60WvEP/z+qmJrvyciSQ1VJD5Q1HKkZGoqACFTFFieGYJJorZrIiMscLE2KKqtgRv8cvLpHPe8NyGd3dRb16XdVTgGE7gDDy4hCbcQgvaQEDBM7zCm/PkvDjvzsd8dMUpd47gD5zPH1TRkwo=</latexit><latexit sha1_base64="CBX6hmmPAqsGP/0rbsz1oUtmtAw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkwm04ZmkiHJKMPQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YrGxVt3d29/ZrB4cdLVNFaJtILlUvwJpyJmjbMMNpL1EUxwGn3WByU/jdR6o0k+LeZAn1YzwSLGIEGys9DALJQ53F9sqz6bBWdxvuDGiZeCWpQ4nWsPY1CCVJYyoM4Vjrvucmxs+xMoxwOq0OUk0TTCZ4RPuWChxT7eez1FN0apUQRVLZIwyaqb83chzrIpqdjLEZ60WvEP/z+qmJrvyciSQ1VJD5Q1HKkZGoqACFTFFieGYJJorZrIiMscLE2KKqtgRv8cvLpHPe8NyGd3dRb16XdVTgGE7gDDy4hCbcQgvaQEDBM7zCm/PkvDjvzsd8dMUpd47gD5zPH1TRkwo=</latexit>

x
<latexit sha1_base64="+LJ+1EefrBeOIncMBSif936PTiU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810aWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1T237t2e1xpXRR1lOIJjOAUPLqABN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNTTJMJ</latexit><latexit sha1_base64="+LJ+1EefrBeOIncMBSif936PTiU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810aWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1T237t2e1xpXRR1lOIJjOAUPLqABN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNTTJMJ</latexit><latexit sha1_base64="+LJ+1EefrBeOIncMBSif936PTiU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810aWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1T237t2e1xpXRR1lOIJjOAUPLqABN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNTTJMJ</latexit><latexit sha1_base64="+LJ+1EefrBeOIncMBSif936PTiU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810aWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1T237t2e1xpXRR1lOIJjOAUPLqABN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNTTJMJ</latexit>

y
<latexit sha1_base64="CBX6hmmPAqsGP/0rbsz1oUtmtAw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkwm04ZmkiHJKMPQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YrGxVt3d29/ZrB4cdLVNFaJtILlUvwJpyJmjbMMNpL1EUxwGn3WByU/jdR6o0k+LeZAn1YzwSLGIEGys9DALJQ53F9sqz6bBWdxvuDGiZeCWpQ4nWsPY1CCVJYyoM4Vjrvucmxs+xMoxwOq0OUk0TTCZ4RPuWChxT7eez1FN0apUQRVLZIwyaqb83chzrIpqdjLEZ60WvEP/z+qmJrvyciSQ1VJD5Q1HKkZGoqACFTFFieGYJJorZrIiMscLE2KKqtgRv8cvLpHPe8NyGd3dRb16XdVTgGE7gDDy4hCbcQgvaQEDBM7zCm/PkvDjvzsd8dMUpd47gD5zPH1TRkwo=</latexit><latexit sha1_base64="CBX6hmmPAqsGP/0rbsz1oUtmtAw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkwm04ZmkiHJKMPQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YrGxVt3d29/ZrB4cdLVNFaJtILlUvwJpyJmjbMMNpL1EUxwGn3WByU/jdR6o0k+LeZAn1YzwSLGIEGys9DALJQ53F9sqz6bBWdxvuDGiZeCWpQ4nWsPY1CCVJYyoM4Vjrvucmxs+xMoxwOq0OUk0TTCZ4RPuWChxT7eez1FN0apUQRVLZIwyaqb83chzrIpqdjLEZ60WvEP/z+qmJrvyciSQ1VJD5Q1HKkZGoqACFTFFieGYJJorZrIiMscLE2KKqtgRv8cvLpHPe8NyGd3dRb16XdVTgGE7gDDy4hCbcQgvaQEDBM7zCm/PkvDjvzsd8dMUpd47gD5zPH1TRkwo=</latexit><latexit sha1_base64="CBX6hmmPAqsGP/0rbsz1oUtmtAw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkwm04ZmkiHJKMPQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YrGxVt3d29/ZrB4cdLVNFaJtILlUvwJpyJmjbMMNpL1EUxwGn3WByU/jdR6o0k+LeZAn1YzwSLGIEGys9DALJQ53F9sqz6bBWdxvuDGiZeCWpQ4nWsPY1CCVJYyoM4Vjrvucmxs+xMoxwOq0OUk0TTCZ4RPuWChxT7eez1FN0apUQRVLZIwyaqb83chzrIpqdjLEZ60WvEP/z+qmJrvyciSQ1VJD5Q1HKkZGoqACFTFFieGYJJorZrIiMscLE2KKqtgRv8cvLpHPe8NyGd3dRb16XdVTgGE7gDDy4hCbcQgvaQEDBM7zCm/PkvDjvzsd8dMUpd47gD5zPH1TRkwo=</latexit><latexit sha1_base64="CBX6hmmPAqsGP/0rbsz1oUtmtAw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkwm04ZmkiHJKMPQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YrGxVt3d29/ZrB4cdLVNFaJtILlUvwJpyJmjbMMNpL1EUxwGn3WByU/jdR6o0k+LeZAn1YzwSLGIEGys9DALJQ53F9sqz6bBWdxvuDGiZeCWpQ4nWsPY1CCVJYyoM4Vjrvucmxs+xMoxwOq0OUk0TTCZ4RPuWChxT7eez1FN0apUQRVLZIwyaqb83chzrIpqdjLEZ60WvEP/z+qmJrvyciSQ1VJD5Q1HKkZGoqACFTFFieGYJJorZrIiMscLE2KKqtgRv8cvLpHPe8NyGd3dRb16XdVTgGE7gDDy4hCbcQgvaQEDBM7zCm/PkvDjvzsd8dMUpd47gD5zPH1TRkwo=</latexit>

F̃(x, y)
<latexit sha1_base64="OUfJsW/PoJ0PFaT6IkRoPdoM3mQ=">AAACDnicbVDLSsNAFJ34rPUVdekmWAoVpCQi6LIoiMsK9gFNKJPJpB06mQkzEzGEfIEbf8WNC0Xcunbn3zhps9DWC8MczrmXe+7xY0qksu1vY2l5ZXVtvbJR3dza3tk19/a7kicC4Q7ilIu+DyWmhOGOIorifiwwjHyKe/7kqtB791hIwtmdSmPsRXDESEgQVJoamnXX5zSQaaS/zFWEBjhzI6jGCNLsOs8bDyfpcT40a3bTnpa1CJwS1EBZ7aH55QYcJRFmClEo5cCxY+VlUCiCKM6rbiJxDNEEjvBAQwYjLL1sek5u1TUTWCEX+jFlTdnfExmMZOFYdxZO5bxWkP9pg0SFF15GWJwozNBsUZhQS3GryMYKiMBI0VQDiATRXi00hgIipROs6hCc+ZMXQfe06dhN5/as1ros46iAQ3AEGsAB56AFbkAbdAACj+AZvII348l4Md6Nj1nrklHOHIA/ZXz+AGvXnPA=</latexit><latexit sha1_base64="OUfJsW/PoJ0PFaT6IkRoPdoM3mQ=">AAACDnicbVDLSsNAFJ34rPUVdekmWAoVpCQi6LIoiMsK9gFNKJPJpB06mQkzEzGEfIEbf8WNC0Xcunbn3zhps9DWC8MczrmXe+7xY0qksu1vY2l5ZXVtvbJR3dza3tk19/a7kicC4Q7ilIu+DyWmhOGOIorifiwwjHyKe/7kqtB791hIwtmdSmPsRXDESEgQVJoamnXX5zSQaaS/zFWEBjhzI6jGCNLsOs8bDyfpcT40a3bTnpa1CJwS1EBZ7aH55QYcJRFmClEo5cCxY+VlUCiCKM6rbiJxDNEEjvBAQwYjLL1sek5u1TUTWCEX+jFlTdnfExmMZOFYdxZO5bxWkP9pg0SFF15GWJwozNBsUZhQS3GryMYKiMBI0VQDiATRXi00hgIipROs6hCc+ZMXQfe06dhN5/as1ros46iAQ3AEGsAB56AFbkAbdAACj+AZvII348l4Md6Nj1nrklHOHIA/ZXz+AGvXnPA=</latexit><latexit sha1_base64="OUfJsW/PoJ0PFaT6IkRoPdoM3mQ=">AAACDnicbVDLSsNAFJ34rPUVdekmWAoVpCQi6LIoiMsK9gFNKJPJpB06mQkzEzGEfIEbf8WNC0Xcunbn3zhps9DWC8MczrmXe+7xY0qksu1vY2l5ZXVtvbJR3dza3tk19/a7kicC4Q7ilIu+DyWmhOGOIorifiwwjHyKe/7kqtB791hIwtmdSmPsRXDESEgQVJoamnXX5zSQaaS/zFWEBjhzI6jGCNLsOs8bDyfpcT40a3bTnpa1CJwS1EBZ7aH55QYcJRFmClEo5cCxY+VlUCiCKM6rbiJxDNEEjvBAQwYjLL1sek5u1TUTWCEX+jFlTdnfExmMZOFYdxZO5bxWkP9pg0SFF15GWJwozNBsUZhQS3GryMYKiMBI0VQDiATRXi00hgIipROs6hCc+ZMXQfe06dhN5/as1ros46iAQ3AEGsAB56AFbkAbdAACj+AZvII348l4Md6Nj1nrklHOHIA/ZXz+AGvXnPA=</latexit><latexit sha1_base64="OUfJsW/PoJ0PFaT6IkRoPdoM3mQ=">AAACDnicbVDLSsNAFJ34rPUVdekmWAoVpCQi6LIoiMsK9gFNKJPJpB06mQkzEzGEfIEbf8WNC0Xcunbn3zhps9DWC8MczrmXe+7xY0qksu1vY2l5ZXVtvbJR3dza3tk19/a7kicC4Q7ilIu+DyWmhOGOIorifiwwjHyKe/7kqtB791hIwtmdSmPsRXDESEgQVJoamnXX5zSQaaS/zFWEBjhzI6jGCNLsOs8bDyfpcT40a3bTnpa1CJwS1EBZ7aH55QYcJRFmClEo5cCxY+VlUCiCKM6rbiJxDNEEjvBAQwYjLL1sek5u1TUTWCEX+jFlTdnfExmMZOFYdxZO5bxWkP9pg0SFF15GWJwozNBsUZhQS3GryMYKiMBI0VQDiATRXi00hgIipROs6hCc+ZMXQfe06dhN5/as1ros46iAQ3AEGsAB56AFbkAbdAACj+AZvII348l4Md6Nj1nrklHOHIA/ZXz+AGvXnPA=</latexit>

F̃(x, y)
<latexit sha1_base64="OUfJsW/PoJ0PFaT6IkRoPdoM3mQ=">AAACDnicbVDLSsNAFJ34rPUVdekmWAoVpCQi6LIoiMsK9gFNKJPJpB06mQkzEzGEfIEbf8WNC0Xcunbn3zhps9DWC8MczrmXe+7xY0qksu1vY2l5ZXVtvbJR3dza3tk19/a7kicC4Q7ilIu+DyWmhOGOIorifiwwjHyKe/7kqtB791hIwtmdSmPsRXDESEgQVJoamnXX5zSQaaS/zFWEBjhzI6jGCNLsOs8bDyfpcT40a3bTnpa1CJwS1EBZ7aH55QYcJRFmClEo5cCxY+VlUCiCKM6rbiJxDNEEjvBAQwYjLL1sek5u1TUTWCEX+jFlTdnfExmMZOFYdxZO5bxWkP9pg0SFF15GWJwozNBsUZhQS3GryMYKiMBI0VQDiATRXi00hgIipROs6hCc+ZMXQfe06dhN5/as1ros46iAQ3AEGsAB56AFbkAbdAACj+AZvII348l4Md6Nj1nrklHOHIA/ZXz+AGvXnPA=</latexit><latexit sha1_base64="OUfJsW/PoJ0PFaT6IkRoPdoM3mQ=">AAACDnicbVDLSsNAFJ34rPUVdekmWAoVpCQi6LIoiMsK9gFNKJPJpB06mQkzEzGEfIEbf8WNC0Xcunbn3zhps9DWC8MczrmXe+7xY0qksu1vY2l5ZXVtvbJR3dza3tk19/a7kicC4Q7ilIu+DyWmhOGOIorifiwwjHyKe/7kqtB791hIwtmdSmPsRXDESEgQVJoamnXX5zSQaaS/zFWEBjhzI6jGCNLsOs8bDyfpcT40a3bTnpa1CJwS1EBZ7aH55QYcJRFmClEo5cCxY+VlUCiCKM6rbiJxDNEEjvBAQwYjLL1sek5u1TUTWCEX+jFlTdnfExmMZOFYdxZO5bxWkP9pg0SFF15GWJwozNBsUZhQS3GryMYKiMBI0VQDiATRXi00hgIipROs6hCc+ZMXQfe06dhN5/as1ros46iAQ3AEGsAB56AFbkAbdAACj+AZvII348l4Md6Nj1nrklHOHIA/ZXz+AGvXnPA=</latexit><latexit sha1_base64="OUfJsW/PoJ0PFaT6IkRoPdoM3mQ=">AAACDnicbVDLSsNAFJ34rPUVdekmWAoVpCQi6LIoiMsK9gFNKJPJpB06mQkzEzGEfIEbf8WNC0Xcunbn3zhps9DWC8MczrmXe+7xY0qksu1vY2l5ZXVtvbJR3dza3tk19/a7kicC4Q7ilIu+DyWmhOGOIorifiwwjHyKe/7kqtB791hIwtmdSmPsRXDESEgQVJoamnXX5zSQaaS/zFWEBjhzI6jGCNLsOs8bDyfpcT40a3bTnpa1CJwS1EBZ7aH55QYcJRFmClEo5cCxY+VlUCiCKM6rbiJxDNEEjvBAQwYjLL1sek5u1TUTWCEX+jFlTdnfExmMZOFYdxZO5bxWkP9pg0SFF15GWJwozNBsUZhQS3GryMYKiMBI0VQDiATRXi00hgIipROs6hCc+ZMXQfe06dhN5/as1ros46iAQ3AEGsAB56AFbkAbdAACj+AZvII348l4Md6Nj1nrklHOHIA/ZXz+AGvXnPA=</latexit><latexit sha1_base64="OUfJsW/PoJ0PFaT6IkRoPdoM3mQ=">AAACDnicbVDLSsNAFJ34rPUVdekmWAoVpCQi6LIoiMsK9gFNKJPJpB06mQkzEzGEfIEbf8WNC0Xcunbn3zhps9DWC8MczrmXe+7xY0qksu1vY2l5ZXVtvbJR3dza3tk19/a7kicC4Q7ilIu+DyWmhOGOIorifiwwjHyKe/7kqtB791hIwtmdSmPsRXDESEgQVJoamnXX5zSQaaS/zFWEBjhzI6jGCNLsOs8bDyfpcT40a3bTnpa1CJwS1EBZ7aH55QYcJRFmClEo5cCxY+VlUCiCKM6rbiJxDNEEjvBAQwYjLL1sek5u1TUTWCEX+jFlTdnfExmMZOFYdxZO5bxWkP9pg0SFF15GWJwozNBsUZhQS3GryMYKiMBI0VQDiATRXi00hgIipROs6hCc+ZMXQfe06dhN5/as1ros46iAQ3AEGsAB56AFbkAbdAACj+AZvII348l4Md6Nj1nrklHOHIA/ZXz+AGvXnPA=</latexit>

(c)
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Figure 1: The visualization of objective functions F(x, y) = (1− xy)2 and F̃(x, y) with x, y ∈ R and σ2
1 = σ2

2 =

0.0975. For F(x, y), any (x, y) that satisfies xy = 1 is a global minimum (as shown in (a)). F̃(x, y) only has
global minima close to ±(1, 1) (as shown in (c)).
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Figure 2: P-GD with balanced noise (a, b and c), P-GD with unbalanced noise (g) and GD (d,e and f) for the
rank-1 matrix factorization problem. (a) and (d) use small initializations (σx = σy = 10−2) and balanced step
size (ηx = ηy = 10−2). (b) and (e) use large initializations (σx = σy = 10−1) and balanced step size. (c) and (f)
use small initializations and unbalanced step size (ηx = 0.5ηy = 5× 10−3).
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Figure 3: P-GD with balanced noise (a, b and c) and GD (d,e and f) for rank-10 matrix factorization problem.
(a) and (d) use small initializations (σx = σy = 10−2) and balanced step size (ηx = ηy = 10−2). (b) and (e) use
large initializations (σx = σy = 10−1) and balanced step size. (c) and (f) use small initializations and unbalanced
step size (ηx = 0.5ηy = 5× 10−3).
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y
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x
<latexit sha1_base64="tACLI8AH4hvQI1YjULmTMl9Q0Us=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuCG1dSwT6gHUsmk2lDM8mQZNQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3K/80CVZlLcmUlC/RgPBYsYwcZK9/1A8lBPYntlT9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE136GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697tea1xU9RRhiM4hlPw4AIacA1NaAEBBc/wCm/Oo/PivDsf89GSU+wcwh84nz9W6JMV</latexit><latexit sha1_base64="tACLI8AH4hvQI1YjULmTMl9Q0Us=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuCG1dSwT6gHUsmk2lDM8mQZNQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3K/80CVZlLcmUlC/RgPBYsYwcZK9/1A8lBPYntlT9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE136GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697tea1xU9RRhiM4hlPw4AIacA1NaAEBBc/wCm/Oo/PivDsf89GSU+wcwh84nz9W6JMV</latexit><latexit sha1_base64="tACLI8AH4hvQI1YjULmTMl9Q0Us=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuCG1dSwT6gHUsmk2lDM8mQZNQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3K/80CVZlLcmUlC/RgPBYsYwcZK9/1A8lBPYntlT9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE136GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697tea1xU9RRhiM4hlPw4AIacA1NaAEBBc/wCm/Oo/PivDsf89GSU+wcwh84nz9W6JMV</latexit><latexit sha1_base64="tACLI8AH4hvQI1YjULmTMl9Q0Us=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuCG1dSwT6gHUsmk2lDM8mQZNQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3K/80CVZlLcmUlC/RgPBYsYwcZK9/1A8lBPYntlT9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE136GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697tea1xU9RRhiM4hlPw4AIacA1NaAEBBc/wCm/Oo/PivDsf89GSU+wcwh84nz9W6JMV</latexit>

x
<latexit sha1_base64="N5FySYPp8ceqki7tthtcD5XKjE0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZwT6gHUsmk2lDM8mQZNQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3O/80CVZlLcmUlC/RgPBYsYwcZK9/1A8lBPYntlT9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE136GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697tea1xVdRRhiM4hlPw4AIacANNaAEBBc/wCm/Oo/PivDsf89GSU+wcwh84nz9SGJMF</latexit><latexit sha1_base64="N5FySYPp8ceqki7tthtcD5XKjE0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZwT6gHUsmk2lDM8mQZNQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3O/80CVZlLcmUlC/RgPBYsYwcZK9/1A8lBPYntlT9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE136GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697tea1xVdRRhiM4hlPw4AIacANNaAEBBc/wCm/Oo/PivDsf89GSU+wcwh84nz9SGJMF</latexit><latexit sha1_base64="N5FySYPp8ceqki7tthtcD5XKjE0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZwT6gHUsmk2lDM8mQZNQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3O/80CVZlLcmUlC/RgPBYsYwcZK9/1A8lBPYntlT9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE136GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697tea1xVdRRhiM4hlPw4AIacANNaAEBBc/wCm/Oo/PivDsf89GSU+wcwh84nz9SGJMF</latexit><latexit sha1_base64="N5FySYPp8ceqki7tthtcD5XKjE0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZwT6gHUsmk2lDM8mQZNQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3O/80CVZlLcmUlC/RgPBYsYwcZK9/1A8lBPYntlT9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE136GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697tea1xVdRRhiM4hlPw4AIacANNaAEBBc/wCm/Oo/PivDsf89GSU+wcwh84nz9SGJMF</latexit>

y
<latexit sha1_base64="vhGI37kqK0zVYmianv37lPR/76U=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFlw40oq2Ae0Y8lkMm1oJhmSjDIM/Q83LhRx67+482/MtLPQ1gMhh3PuJScnSDjTxnW/nZXVtfWNzcpWdXtnd2+/dnDY0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m14XffaRKMynuTZZQP8YjwSJGsLHSwyCQPNRZbK88mw5rdbfhzoCWiVeSOpRoDWtfg1CSNKbCEI617ntuYvwcK8MIp9PqINU0wWSCR7RvqcAx1X4+Sz1Fp1YJUSSVPcKgmfp7I8exLqLZyRibsV70CvE/r5+a6MrPmUhSQwWZPxSlHBmJigpQyBQlhmeWYKKYzYrIGCtMjC2qakvwFr+8TDrnDc9teHcX9eZtWUcFjuEEzsCDS2jCDbSgDQQUPMMrvDlPzovz7nzMR1eccucI/sD5/AFYbZMW</latexit><latexit sha1_base64="vhGI37kqK0zVYmianv37lPR/76U=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFlw40oq2Ae0Y8lkMm1oJhmSjDIM/Q83LhRx67+482/MtLPQ1gMhh3PuJScnSDjTxnW/nZXVtfWNzcpWdXtnd2+/dnDY0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m14XffaRKMynuTZZQP8YjwSJGsLHSwyCQPNRZbK88mw5rdbfhzoCWiVeSOpRoDWtfg1CSNKbCEI617ntuYvwcK8MIp9PqINU0wWSCR7RvqcAx1X4+Sz1Fp1YJUSSVPcKgmfp7I8exLqLZyRibsV70CvE/r5+a6MrPmUhSQwWZPxSlHBmJigpQyBQlhmeWYKKYzYrIGCtMjC2qakvwFr+8TDrnDc9teHcX9eZtWUcFjuEEzsCDS2jCDbSgDQQUPMMrvDlPzovz7nzMR1eccucI/sD5/AFYbZMW</latexit><latexit sha1_base64="vhGI37kqK0zVYmianv37lPR/76U=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFlw40oq2Ae0Y8lkMm1oJhmSjDIM/Q83LhRx67+482/MtLPQ1gMhh3PuJScnSDjTxnW/nZXVtfWNzcpWdXtnd2+/dnDY0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m14XffaRKMynuTZZQP8YjwSJGsLHSwyCQPNRZbK88mw5rdbfhzoCWiVeSOpRoDWtfg1CSNKbCEI617ntuYvwcK8MIp9PqINU0wWSCR7RvqcAx1X4+Sz1Fp1YJUSSVPcKgmfp7I8exLqLZyRibsV70CvE/r5+a6MrPmUhSQwWZPxSlHBmJigpQyBQlhmeWYKKYzYrIGCtMjC2qakvwFr+8TDrnDc9teHcX9eZtWUcFjuEEzsCDS2jCDbSgDQQUPMMrvDlPzovz7nzMR1eccucI/sD5/AFYbZMW</latexit><latexit sha1_base64="vhGI37kqK0zVYmianv37lPR/76U=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFlw40oq2Ae0Y8lkMm1oJhmSjDIM/Q83LhRx67+482/MtLPQ1gMhh3PuJScnSDjTxnW/nZXVtfWNzcpWdXtnd2+/dnDY0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m14XffaRKMynuTZZQP8YjwSJGsLHSwyCQPNRZbK88mw5rdbfhzoCWiVeSOpRoDWtfg1CSNKbCEI617ntuYvwcK8MIp9PqINU0wWSCR7RvqcAx1X4+Sz1Fp1YJUSSVPcKgmfp7I8exLqLZyRibsV70CvE/r5+a6MrPmUhSQwWZPxSlHBmJigpQyBQlhmeWYKKYzYrIGCtMjC2qakvwFr+8TDrnDc9teHcX9eZtWUcFjuEEzsCDS2jCDbSgDQQUPMMrvDlPzovz7nzMR1eccucI/sD5/AFYbZMW</latexit>

Figure 4: Algorithmic behaviors of P-GD and GD. For P-GD, phase transition happens around the first 30∼40
iterations, as shown in (a,b,c). GD does not show phase transitions.
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<latexit sha1_base64="Uaf3K3qjIeHDFYZL3tO2TWqvN/c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoigi6LgrisYB/QhDKZTNqhk0mYmYghZOXGX3HjQhG3foM7/8ZJm4VWLwxzOOde7rnHixmVyrK+jMrC4tLySnW1tra+sbllbu90ZZQITDo4YpHoe0gSRjnpKKoY6ceCoNBjpOdNLgu9d0eEpBG/VWlM3BCNOA0oRkpTQ3Pf8SLmyzTUX+aESI0xYtlV3rg/To/yoVm3mta04F9gl6AOymoPzU/Hj3ASEq4wQ1IObCtWboaEopiRvOYkksQIT9CIDDTkKCTSzaZn5PBQMz4MIqEfV3DK/pzIUCgLp7qzMCrntYL8TxskKjh3M8rjRBGOZ4uChEEVwSIT6FNBsGKpBggLqr1CPEYCYaWTq+kQ7PmT/4LuSdO2mvbNab11UcZRBXvgADSADc5AC1yDNugADB7AE3gBr8aj8Wy8Ge+z1opRzuyCX2V8fAOuEZk6</latexit><latexit sha1_base64="Uaf3K3qjIeHDFYZL3tO2TWqvN/c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoigi6LgrisYB/QhDKZTNqhk0mYmYghZOXGX3HjQhG3foM7/8ZJm4VWLwxzOOde7rnHixmVyrK+jMrC4tLySnW1tra+sbllbu90ZZQITDo4YpHoe0gSRjnpKKoY6ceCoNBjpOdNLgu9d0eEpBG/VWlM3BCNOA0oRkpTQ3Pf8SLmyzTUX+aESI0xYtlV3rg/To/yoVm3mta04F9gl6AOymoPzU/Hj3ASEq4wQ1IObCtWboaEopiRvOYkksQIT9CIDDTkKCTSzaZn5PBQMz4MIqEfV3DK/pzIUCgLp7qzMCrntYL8TxskKjh3M8rjRBGOZ4uChEEVwSIT6FNBsGKpBggLqr1CPEYCYaWTq+kQ7PmT/4LuSdO2mvbNab11UcZRBXvgADSADc5AC1yDNugADB7AE3gBr8aj8Wy8Ge+z1opRzuyCX2V8fAOuEZk6</latexit><latexit sha1_base64="Uaf3K3qjIeHDFYZL3tO2TWqvN/c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoigi6LgrisYB/QhDKZTNqhk0mYmYghZOXGX3HjQhG3foM7/8ZJm4VWLwxzOOde7rnHixmVyrK+jMrC4tLySnW1tra+sbllbu90ZZQITDo4YpHoe0gSRjnpKKoY6ceCoNBjpOdNLgu9d0eEpBG/VWlM3BCNOA0oRkpTQ3Pf8SLmyzTUX+aESI0xYtlV3rg/To/yoVm3mta04F9gl6AOymoPzU/Hj3ASEq4wQ1IObCtWboaEopiRvOYkksQIT9CIDDTkKCTSzaZn5PBQMz4MIqEfV3DK/pzIUCgLp7qzMCrntYL8TxskKjh3M8rjRBGOZ4uChEEVwSIT6FNBsGKpBggLqr1CPEYCYaWTq+kQ7PmT/4LuSdO2mvbNab11UcZRBXvgADSADc5AC1yDNugADB7AE3gBr8aj8Wy8Ge+z1opRzuyCX2V8fAOuEZk6</latexit><latexit sha1_base64="Uaf3K3qjIeHDFYZL3tO2TWqvN/c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoigi6LgrisYB/QhDKZTNqhk0mYmYghZOXGX3HjQhG3foM7/8ZJm4VWLwxzOOde7rnHixmVyrK+jMrC4tLySnW1tra+sbllbu90ZZQITDo4YpHoe0gSRjnpKKoY6ceCoNBjpOdNLgu9d0eEpBG/VWlM3BCNOA0oRkpTQ3Pf8SLmyzTUX+aESI0xYtlV3rg/To/yoVm3mta04F9gl6AOymoPzU/Hj3ASEq4wQ1IObCtWboaEopiRvOYkksQIT9CIDDTkKCTSzaZn5PBQMz4MIqEfV3DK/pzIUCgLp7qzMCrntYL8TxskKjh3M8rjRBGOZ4uChEEVwSIT6FNBsGKpBggLqr1CPEYCYaWTq+kQ7PmT/4LuSdO2mvbNab11UcZRBXvgADSADc5AC1yDNugADB7AE3gBr8aj8Wy8Ge+z1opRzuyCX2V8fAOuEZk6</latexit>

x
<latexit sha1_base64="+LJ+1EefrBeOIncMBSif936PTiU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810aWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1T237t2e1xpXRR1lOIJjOAUPLqABN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNTTJMJ</latexit><latexit sha1_base64="+LJ+1EefrBeOIncMBSif936PTiU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810aWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1T237t2e1xpXRR1lOIJjOAUPLqABN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNTTJMJ</latexit><latexit sha1_base64="+LJ+1EefrBeOIncMBSif936PTiU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810aWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1T237t2e1xpXRR1lOIJjOAUPLqABN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNTTJMJ</latexit><latexit sha1_base64="+LJ+1EefrBeOIncMBSif936PTiU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810aWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1T237t2e1xpXRR1lOIJjOAUPLqABN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNTTJMJ</latexit>

y
<latexit sha1_base64="CBX6hmmPAqsGP/0rbsz1oUtmtAw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkwm04ZmkiHJKMPQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YrGxVt3d29/ZrB4cdLVNFaJtILlUvwJpyJmjbMMNpL1EUxwGn3WByU/jdR6o0k+LeZAn1YzwSLGIEGys9DALJQ53F9sqz6bBWdxvuDGiZeCWpQ4nWsPY1CCVJYyoM4Vjrvucmxs+xMoxwOq0OUk0TTCZ4RPuWChxT7eez1FN0apUQRVLZIwyaqb83chzrIpqdjLEZ60WvEP/z+qmJrvyciSQ1VJD5Q1HKkZGoqACFTFFieGYJJorZrIiMscLE2KKqtgRv8cvLpHPe8NyGd3dRb16XdVTgGE7gDDy4hCbcQgvaQEDBM7zCm/PkvDjvzsd8dMUpd47gD5zPH1TRkwo=</latexit><latexit sha1_base64="CBX6hmmPAqsGP/0rbsz1oUtmtAw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkwm04ZmkiHJKMPQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YrGxVt3d29/ZrB4cdLVNFaJtILlUvwJpyJmjbMMNpL1EUxwGn3WByU/jdR6o0k+LeZAn1YzwSLGIEGys9DALJQ53F9sqz6bBWdxvuDGiZeCWpQ4nWsPY1CCVJYyoM4Vjrvucmxs+xMoxwOq0OUk0TTCZ4RPuWChxT7eez1FN0apUQRVLZIwyaqb83chzrIpqdjLEZ60WvEP/z+qmJrvyciSQ1VJD5Q1HKkZGoqACFTFFieGYJJorZrIiMscLE2KKqtgRv8cvLpHPe8NyGd3dRb16XdVTgGE7gDDy4hCbcQgvaQEDBM7zCm/PkvDjvzsd8dMUpd47gD5zPH1TRkwo=</latexit><latexit sha1_base64="CBX6hmmPAqsGP/0rbsz1oUtmtAw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkwm04ZmkiHJKMPQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YrGxVt3d29/ZrB4cdLVNFaJtILlUvwJpyJmjbMMNpL1EUxwGn3WByU/jdR6o0k+LeZAn1YzwSLGIEGys9DALJQ53F9sqz6bBWdxvuDGiZeCWpQ4nWsPY1CCVJYyoM4Vjrvucmxs+xMoxwOq0OUk0TTCZ4RPuWChxT7eez1FN0apUQRVLZIwyaqb83chzrIpqdjLEZ60WvEP/z+qmJrvyciSQ1VJD5Q1HKkZGoqACFTFFieGYJJorZrIiMscLE2KKqtgRv8cvLpHPe8NyGd3dRb16XdVTgGE7gDDy4hCbcQgvaQEDBM7zCm/PkvDjvzsd8dMUpd47gD5zPH1TRkwo=</latexit><latexit sha1_base64="CBX6hmmPAqsGP/0rbsz1oUtmtAw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkwm04ZmkiHJKMPQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YrGxVt3d29/ZrB4cdLVNFaJtILlUvwJpyJmjbMMNpL1EUxwGn3WByU/jdR6o0k+LeZAn1YzwSLGIEGys9DALJQ53F9sqz6bBWdxvuDGiZeCWpQ4nWsPY1CCVJYyoM4Vjrvucmxs+xMoxwOq0OUk0TTCZ4RPuWChxT7eez1FN0apUQRVLZIwyaqb83chzrIpqdjLEZ60WvEP/z+qmJrvyciSQ1VJD5Q1HKkZGoqACFTFFieGYJJorZrIiMscLE2KKqtgRv8cvLpHPe8NyGd3dRb16XdVTgGE7gDDy4hCbcQgvaQEDBM7zCm/PkvDjvzsd8dMUpd47gD5zPH1TRkwo=</latexit>

0
<latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit><latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit><latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit><latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit>

10
<latexit sha1_base64="xxakMnCoW9CSRb4ncbIhqsluC+I=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZcFN66kgn1AO5RMJtOGZpIhyQh16Je4caGIWz/FnX9jpp2Fth4IOZxzLzk5YcqZNp737aytb2xubVd2qrt7+wc19/Coo2WmCG0TyaXqhVhTzgRtG2Y47aWK4iTktBtObgq/+0iVZlI8mGlKgwSPBIsZwcZKQ7c2CCWP9DSxV+57s6Fb9xreHGiV+CWpQ4nW0P0aRJJkCRWGcKx13/dSE+RYGUY4nVUHmaYpJhM8on1LBU6oDvJ58Bk6s0qEYqnsEQbN1d8bOU50kc1OJtiM9bJXiP95/czE10HORJoZKsjioTjjyEhUtIAipigxfGoJJorZrIiMscLE2K6qtgR/+curpHPR8L2Gf39Zb96VdVTgBE7hHHy4gibcQgvaQCCDZ3iFN+fJeXHenY/F6JpT7hzDHzifP9Xnkzk=</latexit><latexit sha1_base64="xxakMnCoW9CSRb4ncbIhqsluC+I=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZcFN66kgn1AO5RMJtOGZpIhyQh16Je4caGIWz/FnX9jpp2Fth4IOZxzLzk5YcqZNp737aytb2xubVd2qrt7+wc19/Coo2WmCG0TyaXqhVhTzgRtG2Y47aWK4iTktBtObgq/+0iVZlI8mGlKgwSPBIsZwcZKQ7c2CCWP9DSxV+57s6Fb9xreHGiV+CWpQ4nW0P0aRJJkCRWGcKx13/dSE+RYGUY4nVUHmaYpJhM8on1LBU6oDvJ58Bk6s0qEYqnsEQbN1d8bOU50kc1OJtiM9bJXiP95/czE10HORJoZKsjioTjjyEhUtIAipigxfGoJJorZrIiMscLE2K6qtgR/+curpHPR8L2Gf39Zb96VdVTgBE7hHHy4gibcQgvaQCCDZ3iFN+fJeXHenY/F6JpT7hzDHzifP9Xnkzk=</latexit><latexit sha1_base64="xxakMnCoW9CSRb4ncbIhqsluC+I=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZcFN66kgn1AO5RMJtOGZpIhyQh16Je4caGIWz/FnX9jpp2Fth4IOZxzLzk5YcqZNp737aytb2xubVd2qrt7+wc19/Coo2WmCG0TyaXqhVhTzgRtG2Y47aWK4iTktBtObgq/+0iVZlI8mGlKgwSPBIsZwcZKQ7c2CCWP9DSxV+57s6Fb9xreHGiV+CWpQ4nW0P0aRJJkCRWGcKx13/dSE+RYGUY4nVUHmaYpJhM8on1LBU6oDvJ58Bk6s0qEYqnsEQbN1d8bOU50kc1OJtiM9bJXiP95/czE10HORJoZKsjioTjjyEhUtIAipigxfGoJJorZrIiMscLE2K6qtgR/+curpHPR8L2Gf39Zb96VdVTgBE7hHHy4gibcQgvaQCCDZ3iFN+fJeXHenY/F6JpT7hzDHzifP9Xnkzk=</latexit><latexit sha1_base64="xxakMnCoW9CSRb4ncbIhqsluC+I=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZcFN66kgn1AO5RMJtOGZpIhyQh16Je4caGIWz/FnX9jpp2Fth4IOZxzLzk5YcqZNp737aytb2xubVd2qrt7+wc19/Coo2WmCG0TyaXqhVhTzgRtG2Y47aWK4iTktBtObgq/+0iVZlI8mGlKgwSPBIsZwcZKQ7c2CCWP9DSxV+57s6Fb9xreHGiV+CWpQ4nW0P0aRJJkCRWGcKx13/dSE+RYGUY4nVUHmaYpJhM8on1LBU6oDvJ58Bk6s0qEYqnsEQbN1d8bOU50kc1OJtiM9bJXiP95/czE10HORJoZKsjioTjjyEhUtIAipigxfGoJJorZrIiMscLE2K6qtgR/+curpHPR8L2Gf39Zb96VdVTgBE7hHHy4gibcQgvaQCCDZ3iFN+fJeXHenY/F6JpT7hzDHzifP9Xnkzk=</latexit>

20
<latexit sha1_base64="HCCjHQoVC75KBRKKsXUHLY2QAJ8=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2WmCLosuHElFewD2qFkMpk2NJMMSUaoQ7/EjQtF3Pop7vwbM+0stPVAyOGce8nJCRLOtHHdb6e0sbm1vVPereztHxxWa0fHXS1TRWiHSC5VP8CaciZoxzDDaT9RFMcBp71gepP7vUeqNJPiwcwS6sd4LFjECDZWGtWqw0DyUM9ie2VNdz6q1d2GuwBaJ15B6lCgPap9DUNJ0pgKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpQLHVPvZIvgcnVslRJFU9giDFurvjQzHOs9mJ2NsJnrVy8X/vEFqoms/YyJJDRVk+VCUcmQkyltAIVOUGD6zBBPFbFZEJlhhYmxXFVuCt/rlddJtNjy34d1f1lt3RR1lOIUzuAAPrqAFt9CGDhBI4Rle4c15cl6cd+djOVpyip0T+APn8wfXbZM6</latexit><latexit sha1_base64="HCCjHQoVC75KBRKKsXUHLY2QAJ8=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2WmCLosuHElFewD2qFkMpk2NJMMSUaoQ7/EjQtF3Pop7vwbM+0stPVAyOGce8nJCRLOtHHdb6e0sbm1vVPereztHxxWa0fHXS1TRWiHSC5VP8CaciZoxzDDaT9RFMcBp71gepP7vUeqNJPiwcwS6sd4LFjECDZWGtWqw0DyUM9ie2VNdz6q1d2GuwBaJ15B6lCgPap9DUNJ0pgKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpQLHVPvZIvgcnVslRJFU9giDFurvjQzHOs9mJ2NsJnrVy8X/vEFqoms/YyJJDRVk+VCUcmQkyltAIVOUGD6zBBPFbFZEJlhhYmxXFVuCt/rlddJtNjy34d1f1lt3RR1lOIUzuAAPrqAFt9CGDhBI4Rle4c15cl6cd+djOVpyip0T+APn8wfXbZM6</latexit><latexit sha1_base64="HCCjHQoVC75KBRKKsXUHLY2QAJ8=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2WmCLosuHElFewD2qFkMpk2NJMMSUaoQ7/EjQtF3Pop7vwbM+0stPVAyOGce8nJCRLOtHHdb6e0sbm1vVPereztHxxWa0fHXS1TRWiHSC5VP8CaciZoxzDDaT9RFMcBp71gepP7vUeqNJPiwcwS6sd4LFjECDZWGtWqw0DyUM9ie2VNdz6q1d2GuwBaJ15B6lCgPap9DUNJ0pgKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpQLHVPvZIvgcnVslRJFU9giDFurvjQzHOs9mJ2NsJnrVy8X/vEFqoms/YyJJDRVk+VCUcmQkyltAIVOUGD6zBBPFbFZEJlhhYmxXFVuCt/rlddJtNjy34d1f1lt3RR1lOIUzuAAPrqAFt9CGDhBI4Rle4c15cl6cd+djOVpyip0T+APn8wfXbZM6</latexit><latexit sha1_base64="HCCjHQoVC75KBRKKsXUHLY2QAJ8=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2WmCLosuHElFewD2qFkMpk2NJMMSUaoQ7/EjQtF3Pop7vwbM+0stPVAyOGce8nJCRLOtHHdb6e0sbm1vVPereztHxxWa0fHXS1TRWiHSC5VP8CaciZoxzDDaT9RFMcBp71gepP7vUeqNJPiwcwS6sd4LFjECDZWGtWqw0DyUM9ie2VNdz6q1d2GuwBaJ15B6lCgPap9DUNJ0pgKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpQLHVPvZIvgcnVslRJFU9giDFurvjQzHOs9mJ2NsJnrVy8X/vEFqoms/YyJJDRVk+VCUcmQkyltAIVOUGD6zBBPFbFZEJlhhYmxXFVuCt/rlddJtNjy34d1f1lt3RR1lOIUzuAAPrqAFt9CGDhBI4Rle4c15cl6cd+djOVpyip0T+APn8wfXbZM6</latexit>

30
<latexit sha1_base64="E0Jzxjhe2SqU81mPNxkMfx4pvwM=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGBV0W3LiSCvYB7VAymUwbmkmGJCPUoV/ixoUibv0Ud/6NmXYW2nog5HDOveTkBAln2rjut1NaW9/Y3CpvV3Z29/artYPDjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wucn97iNVmknxYKYJ9WM8EixiBBsrDWvVQSB5qKexvbILdzas1d2GOwdaJV5B6lCgNax9DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPgMnVolRJFU9giD5urvjQzHOs9mJ2NsxnrZy8X/vH5qoms/YyJJDRVk8VCUcmQkyltAIVOUGD61BBPFbFZExlhhYmxXFVuCt/zlVdI5b3huw7u/rDfvijrKcAwncAYeXEETbqEFbSCQwjO8wpvz5Lw4787HYrTkFDtH8AfO5w/Y85M7</latexit><latexit sha1_base64="E0Jzxjhe2SqU81mPNxkMfx4pvwM=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGBV0W3LiSCvYB7VAymUwbmkmGJCPUoV/ixoUibv0Ud/6NmXYW2nog5HDOveTkBAln2rjut1NaW9/Y3CpvV3Z29/artYPDjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wucn97iNVmknxYKYJ9WM8EixiBBsrDWvVQSB5qKexvbILdzas1d2GOwdaJV5B6lCgNax9DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPgMnVolRJFU9giD5urvjQzHOs9mJ2NsxnrZy8X/vH5qoms/YyJJDRVk8VCUcmQkyltAIVOUGD61BBPFbFZExlhhYmxXFVuCt/zlVdI5b3huw7u/rDfvijrKcAwncAYeXEETbqEFbSCQwjO8wpvz5Lw4787HYrTkFDtH8AfO5w/Y85M7</latexit><latexit sha1_base64="E0Jzxjhe2SqU81mPNxkMfx4pvwM=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGBV0W3LiSCvYB7VAymUwbmkmGJCPUoV/ixoUibv0Ud/6NmXYW2nog5HDOveTkBAln2rjut1NaW9/Y3CpvV3Z29/artYPDjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wucn97iNVmknxYKYJ9WM8EixiBBsrDWvVQSB5qKexvbILdzas1d2GOwdaJV5B6lCgNax9DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPgMnVolRJFU9giD5urvjQzHOs9mJ2NsxnrZy8X/vH5qoms/YyJJDRVk8VCUcmQkyltAIVOUGD61BBPFbFZExlhhYmxXFVuCt/zlVdI5b3huw7u/rDfvijrKcAwncAYeXEETbqEFbSCQwjO8wpvz5Lw4787HYrTkFDtH8AfO5w/Y85M7</latexit><latexit sha1_base64="E0Jzxjhe2SqU81mPNxkMfx4pvwM=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGBV0W3LiSCvYB7VAymUwbmkmGJCPUoV/ixoUibv0Ud/6NmXYW2nog5HDOveTkBAln2rjut1NaW9/Y3CpvV3Z29/artYPDjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wucn97iNVmknxYKYJ9WM8EixiBBsrDWvVQSB5qKexvbILdzas1d2GOwdaJV5B6lCgNax9DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPgMnVolRJFU9giD5urvjQzHOs9mJ2NsxnrZy8X/vH5qoms/YyJJDRVk8VCUcmQkyltAIVOUGD61BBPFbFZExlhhYmxXFVuCt/zlVdI5b3huw7u/rDfvijrKcAwncAYeXEETbqEFbSCQwjO8wpvz5Lw4787HYrTkFDtH8AfO5w/Y85M7</latexit>

40
<latexit sha1_base64="kxoR26kA8cPahwH3TsqVGavhC2M=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGCrosuHElFewD2qFkMpk2NJMMSUaoQ7/EjQtF3Pop7vwbM+0stPVAyOGce8nJCRLOtHHdb6e0sbm1vVPereztHxxWa0fHXS1TRWiHSC5VP8CaciZoxzDDaT9RFMcBp71gepP7vUeqNJPiwcwS6sd4LFjECDZWGtWqw0DyUM9ie2VNdz6q1d2GuwBaJ15B6lCgPap9DUNJ0pgKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpQLHVPvZIvgcnVslRJFU9giDFurvjQzHOs9mJ2NsJnrVy8X/vEFqoms/YyJJDRVk+VCUcmQkyltAIVOUGD6zBBPFbFZEJlhhYmxXFVuCt/rlddK9bHhuw7tv1lt3RR1lOIUzuAAPrqAFt9CGDhBI4Rle4c15cl6cd+djOVpyip0T+APn8wfaeZM8</latexit><latexit sha1_base64="kxoR26kA8cPahwH3TsqVGavhC2M=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGCrosuHElFewD2qFkMpk2NJMMSUaoQ7/EjQtF3Pop7vwbM+0stPVAyOGce8nJCRLOtHHdb6e0sbm1vVPereztHxxWa0fHXS1TRWiHSC5VP8CaciZoxzDDaT9RFMcBp71gepP7vUeqNJPiwcwS6sd4LFjECDZWGtWqw0DyUM9ie2VNdz6q1d2GuwBaJ15B6lCgPap9DUNJ0pgKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpQLHVPvZIvgcnVslRJFU9giDFurvjQzHOs9mJ2NsJnrVy8X/vEFqoms/YyJJDRVk+VCUcmQkyltAIVOUGD6zBBPFbFZEJlhhYmxXFVuCt/rlddK9bHhuw7tv1lt3RR1lOIUzuAAPrqAFt9CGDhBI4Rle4c15cl6cd+djOVpyip0T+APn8wfaeZM8</latexit><latexit sha1_base64="kxoR26kA8cPahwH3TsqVGavhC2M=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGCrosuHElFewD2qFkMpk2NJMMSUaoQ7/EjQtF3Pop7vwbM+0stPVAyOGce8nJCRLOtHHdb6e0sbm1vVPereztHxxWa0fHXS1TRWiHSC5VP8CaciZoxzDDaT9RFMcBp71gepP7vUeqNJPiwcwS6sd4LFjECDZWGtWqw0DyUM9ie2VNdz6q1d2GuwBaJ15B6lCgPap9DUNJ0pgKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpQLHVPvZIvgcnVslRJFU9giDFurvjQzHOs9mJ2NsJnrVy8X/vEFqoms/YyJJDRVk+VCUcmQkyltAIVOUGD6zBBPFbFZEJlhhYmxXFVuCt/rlddK9bHhuw7tv1lt3RR1lOIUzuAAPrqAFt9CGDhBI4Rle4c15cl6cd+djOVpyip0T+APn8wfaeZM8</latexit><latexit sha1_base64="kxoR26kA8cPahwH3TsqVGavhC2M=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGCrosuHElFewD2qFkMpk2NJMMSUaoQ7/EjQtF3Pop7vwbM+0stPVAyOGce8nJCRLOtHHdb6e0sbm1vVPereztHxxWa0fHXS1TRWiHSC5VP8CaciZoxzDDaT9RFMcBp71gepP7vUeqNJPiwcwS6sd4LFjECDZWGtWqw0DyUM9ie2VNdz6q1d2GuwBaJ15B6lCgPap9DUNJ0pgKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpQLHVPvZIvgcnVslRJFU9giDFurvjQzHOs9mJ2NsJnrVy8X/vEFqoms/YyJJDRVk+VCUcmQkyltAIVOUGD6zBBPFbFZEJlhhYmxXFVuCt/rlddK9bHhuw7tv1lt3RR1lOIUzuAAPrqAFt9CGDhBI4Rle4c15cl6cd+djOVpyip0T+APn8wfaeZM8</latexit>

50
<latexit sha1_base64="esoGYll+Z0fdEQ96LtCTkzvS7Uc=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGFF0W3LiSCvYB7VAymUwbmkmGJCPUoV/ixoUibv0Ud/6NmXYW2nog5HDOveTkBAln2rjut1NaW9/Y3CpvV3Z29/artYPDjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wucn97iNVmknxYKYJ9WM8EixiBBsrDWvVQSB5qKexvbJLdzas1d2GOwdaJV5B6lCgNax9DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPgMnVolRJFU9giD5urvjQzHOs9mJ2NsxnrZy8X/vH5qoms/YyJJDRVk8VCUcmQkyltAIVOUGD61BBPFbFZExlhhYmxXFVuCt/zlVdI5b3huw7u/qDfvijrKcAwncAYeXEETbqEFbSCQwjO8wpvz5Lw4787HYrTkFDtH8AfO5w/b/5M9</latexit><latexit sha1_base64="esoGYll+Z0fdEQ96LtCTkzvS7Uc=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGFF0W3LiSCvYB7VAymUwbmkmGJCPUoV/ixoUibv0Ud/6NmXYW2nog5HDOveTkBAln2rjut1NaW9/Y3CpvV3Z29/artYPDjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wucn97iNVmknxYKYJ9WM8EixiBBsrDWvVQSB5qKexvbJLdzas1d2GOwdaJV5B6lCgNax9DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPgMnVolRJFU9giD5urvjQzHOs9mJ2NsxnrZy8X/vH5qoms/YyJJDRVk8VCUcmQkyltAIVOUGD61BBPFbFZExlhhYmxXFVuCt/zlVdI5b3huw7u/qDfvijrKcAwncAYeXEETbqEFbSCQwjO8wpvz5Lw4787HYrTkFDtH8AfO5w/b/5M9</latexit><latexit sha1_base64="esoGYll+Z0fdEQ96LtCTkzvS7Uc=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGFF0W3LiSCvYB7VAymUwbmkmGJCPUoV/ixoUibv0Ud/6NmXYW2nog5HDOveTkBAln2rjut1NaW9/Y3CpvV3Z29/artYPDjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wucn97iNVmknxYKYJ9WM8EixiBBsrDWvVQSB5qKexvbJLdzas1d2GOwdaJV5B6lCgNax9DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPgMnVolRJFU9giD5urvjQzHOs9mJ2NsxnrZy8X/vH5qoms/YyJJDRVk8VCUcmQkyltAIVOUGD61BBPFbFZExlhhYmxXFVuCt/zlVdI5b3huw7u/qDfvijrKcAwncAYeXEETbqEFbSCQwjO8wpvz5Lw4787HYrTkFDtH8AfO5w/b/5M9</latexit><latexit sha1_base64="esoGYll+Z0fdEQ96LtCTkzvS7Uc=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGFF0W3LiSCvYB7VAymUwbmkmGJCPUoV/ixoUibv0Ud/6NmXYW2nog5HDOveTkBAln2rjut1NaW9/Y3CpvV3Z29/artYPDjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wucn97iNVmknxYKYJ9WM8EixiBBsrDWvVQSB5qKexvbJLdzas1d2GOwdaJV5B6lCgNax9DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPgMnVolRJFU9giD5urvjQzHOs9mJ2NsxnrZy8X/vH5qoms/YyJJDRVk8VCUcmQkyltAIVOUGD61BBPFbFZExlhhYmxXFVuCt/zlVdI5b3huw7u/qDfvijrKcAwncAYeXEETbqEFbSCQwjO8wpvz5Lw4787HYrTkFDtH8AfO5w/b/5M9</latexit>

60
<latexit sha1_base64="Ca4/LgK4eFFn0JgGKtZq+Plw+YU=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGRF0W3LiSCvYB7VAymUwbmkmGJCPUoV/ixoUibv0Ud/6NmXYW2nog5HDOveTkBAln2rjut1NaW9/Y3CpvV3Z29/artYPDjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wucn97iNVmknxYKYJ9WM8EixiBBsrDWvVQSB5qKexvbJLdzas1d2GOwdaJV5B6lCgNax9DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPgMnVolRJFU9giD5urvjQzHOs9mJ2NsxnrZy8X/vH5qoms/YyJJDRVk8VCUcmQkyltAIVOUGD61BBPFbFZExlhhYmxXFVuCt/zlVdI5b3huw7u/qDfvijrKcAwncAYeXEETbqEFbSCQwjO8wpvz5Lw4787HYrTkFDtH8AfO5w/dhZM+</latexit><latexit sha1_base64="Ca4/LgK4eFFn0JgGKtZq+Plw+YU=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGRF0W3LiSCvYB7VAymUwbmkmGJCPUoV/ixoUibv0Ud/6NmXYW2nog5HDOveTkBAln2rjut1NaW9/Y3CpvV3Z29/artYPDjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wucn97iNVmknxYKYJ9WM8EixiBBsrDWvVQSB5qKexvbJLdzas1d2GOwdaJV5B6lCgNax9DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPgMnVolRJFU9giD5urvjQzHOs9mJ2NsxnrZy8X/vH5qoms/YyJJDRVk8VCUcmQkyltAIVOUGD61BBPFbFZExlhhYmxXFVuCt/zlVdI5b3huw7u/qDfvijrKcAwncAYeXEETbqEFbSCQwjO8wpvz5Lw4787HYrTkFDtH8AfO5w/dhZM+</latexit><latexit sha1_base64="Ca4/LgK4eFFn0JgGKtZq+Plw+YU=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGRF0W3LiSCvYB7VAymUwbmkmGJCPUoV/ixoUibv0Ud/6NmXYW2nog5HDOveTkBAln2rjut1NaW9/Y3CpvV3Z29/artYPDjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wucn97iNVmknxYKYJ9WM8EixiBBsrDWvVQSB5qKexvbJLdzas1d2GOwdaJV5B6lCgNax9DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPgMnVolRJFU9giD5urvjQzHOs9mJ2NsxnrZy8X/vH5qoms/YyJJDRVk8VCUcmQkyltAIVOUGD61BBPFbFZExlhhYmxXFVuCt/zlVdI5b3huw7u/qDfvijrKcAwncAYeXEETbqEFbSCQwjO8wpvz5Lw4787HYrTkFDtH8AfO5w/dhZM+</latexit><latexit sha1_base64="Ca4/LgK4eFFn0JgGKtZq+Plw+YU=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGRF0W3LiSCvYB7VAymUwbmkmGJCPUoV/ixoUibv0Ud/6NmXYW2nog5HDOveTkBAln2rjut1NaW9/Y3CpvV3Z29/artYPDjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wucn97iNVmknxYKYJ9WM8EixiBBsrDWvVQSB5qKexvbJLdzas1d2GOwdaJV5B6lCgNax9DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPgMnVolRJFU9giD5urvjQzHOs9mJ2NsxnrZy8X/vH5qoms/YyJJDRVk8VCUcmQkyltAIVOUGD61BBPFbFZExlhhYmxXFVuCt/zlVdI5b3huw7u/qDfvijrKcAwncAYeXEETbqEFbSCQwjO8wpvz5Lw4787HYrTkFDtH8AfO5w/dhZM+</latexit>

0
<latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit><latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit><latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit><latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit>

0
<latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit><latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit><latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit><latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit>
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<latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit><latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit><latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit><latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit>
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<latexit sha1_base64="ouGQJCXVFolSJ2ooldqM7eN6H7E=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCG1dSwT6gHUsmk2lDM8mQZJQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3O/80iVZlLcm0lC/RgPBYsYwcZKD/1A8lBPYntlF9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE135GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697dea1xW9RRhiM4hlPw4BIacANNaAEBBc/wCm/Ok/PivDsf89GSU+wcwh84nz/xCpLS</latexit><latexit sha1_base64="ouGQJCXVFolSJ2ooldqM7eN6H7E=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCG1dSwT6gHUsmk2lDM8mQZJQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3O/80iVZlLcm0lC/RgPBYsYwcZKD/1A8lBPYntlF9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE135GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697dea1xW9RRhiM4hlPw4BIacANNaAEBBc/wCm/Ok/PivDsf89GSU+wcwh84nz/xCpLS</latexit><latexit sha1_base64="ouGQJCXVFolSJ2ooldqM7eN6H7E=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCG1dSwT6gHUsmk2lDM8mQZJQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3O/80iVZlLcm0lC/RgPBYsYwcZKD/1A8lBPYntlF9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE135GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697dea1xW9RRhiM4hlPw4BIacANNaAEBBc/wCm/Ok/PivDsf89GSU+wcwh84nz/xCpLS</latexit><latexit sha1_base64="ouGQJCXVFolSJ2ooldqM7eN6H7E=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCG1dSwT6gHUsmk2lDM8mQZJQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3O/80iVZlLcm0lC/RgPBYsYwcZKD/1A8lBPYntlF9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE135GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697dea1xW9RRhiM4hlPw4BIacANNaAEBBc/wCm/Ok/PivDsf89GSU+wcwh84nz/xCpLS</latexit>
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<latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit><latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit><latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit><latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit>
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<latexit sha1_base64="mVGhWjVtJJ8z1YiQSikLFn4pdeI=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBjWVGFF0W3LiSCvYB7VAymbQNzSRDkhHq0C9x40IRt36KO//GTDsLbT0QcjjnXnJywoQzbTzv21lZXVvf2Cxtlbd3dvcq7v5BS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3+R++5EqzaR4MJOEBjEeCjZgBBsr9d1KL5Q80pPYXtnZ5bTvVr2aNwNaJn5BqlCg0Xe/epEkaUyFIRxr3fW9xAQZVoYRTqflXqppgskYD2nXUoFjqoNsFnyKTqwSoYFU9giDZurvjQzHOs9mJ2NsRnrRy8X/vG5qBtdBxkSSGirI/KFBypGRKG8BRUxRYvjEEkwUs1kRGWGFibFdlW0J/uKXl0nrvOZ7Nf/+olq/K+oowREcwyn4cAV1uIUGNIFACs/wCm/Ok/PivDsf89EVp9g5hD9wPn8A12iTOg==</latexit><latexit sha1_base64="mVGhWjVtJJ8z1YiQSikLFn4pdeI=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBjWVGFF0W3LiSCvYB7VAymbQNzSRDkhHq0C9x40IRt36KO//GTDsLbT0QcjjnXnJywoQzbTzv21lZXVvf2Cxtlbd3dvcq7v5BS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3+R++5EqzaR4MJOEBjEeCjZgBBsr9d1KL5Q80pPYXtnZ5bTvVr2aNwNaJn5BqlCg0Xe/epEkaUyFIRxr3fW9xAQZVoYRTqflXqppgskYD2nXUoFjqoNsFnyKTqwSoYFU9giDZurvjQzHOs9mJ2NsRnrRy8X/vG5qBtdBxkSSGirI/KFBypGRKG8BRUxRYvjEEkwUs1kRGWGFibFdlW0J/uKXl0nrvOZ7Nf/+olq/K+oowREcwyn4cAV1uIUGNIFACs/wCm/Ok/PivDsf89EVp9g5hD9wPn8A12iTOg==</latexit><latexit sha1_base64="mVGhWjVtJJ8z1YiQSikLFn4pdeI=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBjWVGFF0W3LiSCvYB7VAymbQNzSRDkhHq0C9x40IRt36KO//GTDsLbT0QcjjnXnJywoQzbTzv21lZXVvf2Cxtlbd3dvcq7v5BS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3+R++5EqzaR4MJOEBjEeCjZgBBsr9d1KL5Q80pPYXtnZ5bTvVr2aNwNaJn5BqlCg0Xe/epEkaUyFIRxr3fW9xAQZVoYRTqflXqppgskYD2nXUoFjqoNsFnyKTqwSoYFU9giDZurvjQzHOs9mJ2NsRnrRy8X/vG5qBtdBxkSSGirI/KFBypGRKG8BRUxRYvjEEkwUs1kRGWGFibFdlW0J/uKXl0nrvOZ7Nf/+olq/K+oowREcwyn4cAV1uIUGNIFACs/wCm/Ok/PivDsf89EVp9g5hD9wPn8A12iTOg==</latexit><latexit sha1_base64="mVGhWjVtJJ8z1YiQSikLFn4pdeI=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBjWVGFF0W3LiSCvYB7VAymbQNzSRDkhHq0C9x40IRt36KO//GTDsLbT0QcjjnXnJywoQzbTzv21lZXVvf2Cxtlbd3dvcq7v5BS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3+R++5EqzaR4MJOEBjEeCjZgBBsr9d1KL5Q80pPYXtnZ5bTvVr2aNwNaJn5BqlCg0Xe/epEkaUyFIRxr3fW9xAQZVoYRTqflXqppgskYD2nXUoFjqoNsFnyKTqwSoYFU9giDZurvjQzHOs9mJ2NsRnrRy8X/vG5qBtdBxkSSGirI/KFBypGRKG8BRUxRYvjEEkwUs1kRGWGFibFdlW0J/uKXl0nrvOZ7Nf/+olq/K+oowREcwyn4cAV1uIUGNIFACs/wCm/Ok/PivDsf89EVp9g5hD9wPn8A12iTOg==</latexit>

0
<latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit><latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit><latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit><latexit sha1_base64="dAG6FCER6+ju98lk2yv8z418ZKw=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFN7qrYB/QjiWTybShmWRIMkoZ+h9uXCji1n9x59+YaWehrQdCDufcS05OkHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1AqwpZ4K2DTOc9hJFcRxw2g0m17nffaRKMynuzTShfoxHgkWMYGOlh0Egeainsb0ydzas1ty6OwdaJV5BalCgNax+DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPUMnVklRJFU9giD5urvjQzHOo9mJ2NsxnrZy8X/vH5qois/YyJJDRVk8VCUcmQkyitAIVOUGD61BBPFbFZExlhhYmxRFVuCt/zlVdK5qHtu3bu7rDVvizrKcAKncA4eNKAJN9CCNhBQ8Ayv8OY8OS/Ou/OxGC05xc4x/IHz+QPn8JLI</latexit>

2
<latexit sha1_base64="qmNpS+1V+Gz1An1uFs1TNsJd0qQ=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswUQZcFN66kgn1AO5ZMJtOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IOZxzLzk5QcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRR8tUEdomkkvVC7CmnAnaNsxw2ksUxXHAaTeYXOd+95EqzaS4N9OE+jEeCRYxgo2VHgaB5KGexvbKGrNhtebW3TnQKvEKUoMCrWH1axBKksZUGMKx1n3PTYyfYWUY4XRWGaSaJphM8Ij2LRU4ptrP5qln6MwqIYqkskcYNFd/b2Q41nk0OxljM9bLXi7+5/VTE135GRNJaqggi4eilCMjUV4BCpmixPCpJZgoZrMiMsYKE2OLqtgSvOUvr5JOo+65de/uota8Leoowwmcwjl4cAlNuIEWtIGAgmd4hTfnyXlx3p2PxWjJKXaO4Q+czx/se5LP</latexit><latexit sha1_base64="qmNpS+1V+Gz1An1uFs1TNsJd0qQ=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswUQZcFN66kgn1AO5ZMJtOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IOZxzLzk5QcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRR8tUEdomkkvVC7CmnAnaNsxw2ksUxXHAaTeYXOd+95EqzaS4N9OE+jEeCRYxgo2VHgaB5KGexvbKGrNhtebW3TnQKvEKUoMCrWH1axBKksZUGMKx1n3PTYyfYWUY4XRWGaSaJphM8Ij2LRU4ptrP5qln6MwqIYqkskcYNFd/b2Q41nk0OxljM9bLXi7+5/VTE135GRNJaqggi4eilCMjUV4BCpmixPCpJZgoZrMiMsYKE2OLqtgSvOUvr5JOo+65de/uota8Leoowwmcwjl4cAlNuIEWtIGAgmd4hTfnyXlx3p2PxWjJKXaO4Q+czx/se5LP</latexit><latexit sha1_base64="qmNpS+1V+Gz1An1uFs1TNsJd0qQ=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswUQZcFN66kgn1AO5ZMJtOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IOZxzLzk5QcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRR8tUEdomkkvVC7CmnAnaNsxw2ksUxXHAaTeYXOd+95EqzaS4N9OE+jEeCRYxgo2VHgaB5KGexvbKGrNhtebW3TnQKvEKUoMCrWH1axBKksZUGMKx1n3PTYyfYWUY4XRWGaSaJphM8Ij2LRU4ptrP5qln6MwqIYqkskcYNFd/b2Q41nk0OxljM9bLXi7+5/VTE135GRNJaqggi4eilCMjUV4BCpmixPCpJZgoZrMiMsYKE2OLqtgSvOUvr5JOo+65de/uota8Leoowwmcwjl4cAlNuIEWtIGAgmd4hTfnyXlx3p2PxWjJKXaO4Q+czx/se5LP</latexit><latexit sha1_base64="qmNpS+1V+Gz1An1uFs1TNsJd0qQ=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswUQZcFN66kgn1AO5ZMJtOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IOZxzLzk5QcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRR8tUEdomkkvVC7CmnAnaNsxw2ksUxXHAaTeYXOd+95EqzaS4N9OE+jEeCRYxgo2VHgaB5KGexvbKGrNhtebW3TnQKvEKUoMCrWH1axBKksZUGMKx1n3PTYyfYWUY4XRWGaSaJphM8Ij2LRU4ptrP5qln6MwqIYqkskcYNFd/b2Q41nk0OxljM9bLXi7+5/VTE135GRNJaqggi4eilCMjUV4BCpmixPCpJZgoZrMiMsYKE2OLqtgSvOUvr5JOo+65de/uota8Leoowwmcwjl4cAlNuIEWtIGAgmd4hTfnyXlx3p2PxWjJKXaO4Q+czx/se5LP</latexit>

4
<latexit sha1_base64="qmqItI6O3UYSHIAb96BBOBJTxOU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQZcFN66kgn1AO5ZMJtOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IOZxzLzk5QcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRR8tUEdomkkvVC7CmnAnaNsxw2ksUxXHAaTeYXOd+95EqzaS4N9OE+jEeCRYxgo2VHgaB5KGexvbKGrNhtebW3TnQKvEKUoMCrWH1axBKksZUGMKx1n3PTYyfYWUY4XRWGaSaJphM8Ij2LRU4ptrP5qln6MwqIYqkskcYNFd/b2Q41nk0OxljM9bLXi7+5/VTE135GRNJaqggi4eilCMjUV4BCpmixPCpJZgoZrMiMsYKE2OLqtgSvOUvr5LORd1z695do9a8Leoowwmcwjl4cAlNuIEWtIGAgmd4hTfnyXlx3p2PxWjJKXaO4Q+czx/vhZLR</latexit><latexit sha1_base64="qmqItI6O3UYSHIAb96BBOBJTxOU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQZcFN66kgn1AO5ZMJtOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IOZxzLzk5QcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRR8tUEdomkkvVC7CmnAnaNsxw2ksUxXHAaTeYXOd+95EqzaS4N9OE+jEeCRYxgo2VHgaB5KGexvbKGrNhtebW3TnQKvEKUoMCrWH1axBKksZUGMKx1n3PTYyfYWUY4XRWGaSaJphM8Ij2LRU4ptrP5qln6MwqIYqkskcYNFd/b2Q41nk0OxljM9bLXi7+5/VTE135GRNJaqggi4eilCMjUV4BCpmixPCpJZgoZrMiMsYKE2OLqtgSvOUvr5LORd1z695do9a8Leoowwmcwjl4cAlNuIEWtIGAgmd4hTfnyXlx3p2PxWjJKXaO4Q+czx/vhZLR</latexit><latexit sha1_base64="qmqItI6O3UYSHIAb96BBOBJTxOU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQZcFN66kgn1AO5ZMJtOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IOZxzLzk5QcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRR8tUEdomkkvVC7CmnAnaNsxw2ksUxXHAaTeYXOd+95EqzaS4N9OE+jEeCRYxgo2VHgaB5KGexvbKGrNhtebW3TnQKvEKUoMCrWH1axBKksZUGMKx1n3PTYyfYWUY4XRWGaSaJphM8Ij2LRU4ptrP5qln6MwqIYqkskcYNFd/b2Q41nk0OxljM9bLXi7+5/VTE135GRNJaqggi4eilCMjUV4BCpmixPCpJZgoZrMiMsYKE2OLqtgSvOUvr5LORd1z695do9a8Leoowwmcwjl4cAlNuIEWtIGAgmd4hTfnyXlx3p2PxWjJKXaO4Q+czx/vhZLR</latexit><latexit sha1_base64="qmqItI6O3UYSHIAb96BBOBJTxOU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQZcFN66kgn1AO5ZMJtOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IOZxzLzk5QcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRR8tUEdomkkvVC7CmnAnaNsxw2ksUxXHAaTeYXOd+95EqzaS4N9OE+jEeCRYxgo2VHgaB5KGexvbKGrNhtebW3TnQKvEKUoMCrWH1axBKksZUGMKx1n3PTYyfYWUY4XRWGaSaJphM8Ij2LRU4ptrP5qln6MwqIYqkskcYNFd/b2Q41nk0OxljM9bLXi7+5/VTE135GRNJaqggi4eilCMjUV4BCpmixPCpJZgoZrMiMsYKE2OLqtgSvOUvr5LORd1z695do9a8Leoowwmcwjl4cAlNuIEWtIGAgmd4hTfnyXlx3p2PxWjJKXaO4Q+czx/vhZLR</latexit>

6
<latexit sha1_base64="4PdhKipSecl5I7zvPWGYr3K48dE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG1dSwT6gHUsmk2lDM8mQZJQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3O/80iVZlLcm0lC/RgPBYsYwcZKD/1A8lBPYntlF9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE135GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697dea1xW9RRhiM4hlPw4BIacANNaAEBBc/wCm/Ok/PivDsf89GSU+wcwh84nz/yj5LT</latexit><latexit sha1_base64="4PdhKipSecl5I7zvPWGYr3K48dE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG1dSwT6gHUsmk2lDM8mQZJQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3O/80iVZlLcm0lC/RgPBYsYwcZKD/1A8lBPYntlF9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE135GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697dea1xW9RRhiM4hlPw4BIacANNaAEBBc/wCm/Ok/PivDsf89GSU+wcwh84nz/yj5LT</latexit><latexit sha1_base64="4PdhKipSecl5I7zvPWGYr3K48dE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG1dSwT6gHUsmk2lDM8mQZJQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3O/80iVZlLcm0lC/RgPBYsYwcZKD/1A8lBPYntlF9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE135GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697dea1xW9RRhiM4hlPw4BIacANNaAEBBc/wCm/Ok/PivDsf89GSU+wcwh84nz/yj5LT</latexit><latexit sha1_base64="4PdhKipSecl5I7zvPWGYr3K48dE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuCG1dSwT6gHUsmk2lDM8mQZJQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3O/80iVZlLcm0lC/RgPBYsYwcZKD/1A8lBPYntlF9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE135GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697dea1xW9RRhiM4hlPw4BIacANNaAEBBc/wCm/Ok/PivDsf89GSU+wcwh84nz/yj5LT</latexit>

8
<latexit sha1_base64="lMixxOVSJzyqidHjnIfLv/lADr0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFN66kgn1AO5ZMJtOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IOZxzLzk5QcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRR8tUEdomkkvVC7CmnAnaNsxw2ksUxXHAaTeYXOd+95EqzaS4N9OE+jEeCRYxgo2VHgaB5KGexvbKGrNhtebW3TnQKvEKUoMCrWH1axBKksZUGMKx1n3PTYyfYWUY4XRWGaSaJphM8Ij2LRU4ptrP5qln6MwqIYqkskcYNFd/b2Q41nk0OxljM9bLXi7+5/VTEzX8jIkkNVSQxUNRypGRKK8AhUxRYvjUEkwUs1kRGWOFibFFVWwJ3vKXV0nnou65de/usta8Leoowwmcwjl4cAVNuIEWtIGAgmd4hTfnyXlx3p2PxWjJKXaO4Q+czx/1mZLV</latexit><latexit sha1_base64="lMixxOVSJzyqidHjnIfLv/lADr0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFN66kgn1AO5ZMJtOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IOZxzLzk5QcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRR8tUEdomkkvVC7CmnAnaNsxw2ksUxXHAaTeYXOd+95EqzaS4N9OE+jEeCRYxgo2VHgaB5KGexvbKGrNhtebW3TnQKvEKUoMCrWH1axBKksZUGMKx1n3PTYyfYWUY4XRWGaSaJphM8Ij2LRU4ptrP5qln6MwqIYqkskcYNFd/b2Q41nk0OxljM9bLXi7+5/VTEzX8jIkkNVSQxUNRypGRKK8AhUxRYvjUEkwUs1kRGWOFibFFVWwJ3vKXV0nnou65de/usta8Leoowwmcwjl4cAVNuIEWtIGAgmd4hTfnyXlx3p2PxWjJKXaO4Q+czx/1mZLV</latexit><latexit sha1_base64="lMixxOVSJzyqidHjnIfLv/lADr0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFN66kgn1AO5ZMJtOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IOZxzLzk5QcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRR8tUEdomkkvVC7CmnAnaNsxw2ksUxXHAaTeYXOd+95EqzaS4N9OE+jEeCRYxgo2VHgaB5KGexvbKGrNhtebW3TnQKvEKUoMCrWH1axBKksZUGMKx1n3PTYyfYWUY4XRWGaSaJphM8Ij2LRU4ptrP5qln6MwqIYqkskcYNFd/b2Q41nk0OxljM9bLXi7+5/VTEzX8jIkkNVSQxUNRypGRKK8AhUxRYvjUEkwUs1kRGWOFibFFVWwJ3vKXV0nnou65de/usta8Leoowwmcwjl4cAVNuIEWtIGAgmd4hTfnyXlx3p2PxWjJKXaO4Q+czx/1mZLV</latexit><latexit sha1_base64="lMixxOVSJzyqidHjnIfLv/lADr0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIYJcFN66kgn1AO5ZMJtOGZpIhyShl6H+4caGIW//FnX9jpp2Fth4IOZxzLzk5QcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRR8tUEdomkkvVC7CmnAnaNsxw2ksUxXHAaTeYXOd+95EqzaS4N9OE+jEeCRYxgo2VHgaB5KGexvbKGrNhtebW3TnQKvEKUoMCrWH1axBKksZUGMKx1n3PTYyfYWUY4XRWGaSaJphM8Ij2LRU4ptrP5qln6MwqIYqkskcYNFd/b2Q41nk0OxljM9bLXi7+5/VTEzX8jIkkNVSQxUNRypGRKK8AhUxRYvjUEkwUs1kRGWOFibFFVWwJ3vKXV0nnou65de/usta8Leoowwmcwjl4cAVNuIEWtIGAgmd4hTfnyXlx3p2PxWjJKXaO4Q+czx/1mZLV</latexit>

10
<latexit sha1_base64="xxakMnCoW9CSRb4ncbIhqsluC+I=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZcFN66kgn1AO5RMJtOGZpIhyQh16Je4caGIWz/FnX9jpp2Fth4IOZxzLzk5YcqZNp737aytb2xubVd2qrt7+wc19/Coo2WmCG0TyaXqhVhTzgRtG2Y47aWK4iTktBtObgq/+0iVZlI8mGlKgwSPBIsZwcZKQ7c2CCWP9DSxV+57s6Fb9xreHGiV+CWpQ4nW0P0aRJJkCRWGcKx13/dSE+RYGUY4nVUHmaYpJhM8on1LBU6oDvJ58Bk6s0qEYqnsEQbN1d8bOU50kc1OJtiM9bJXiP95/czE10HORJoZKsjioTjjyEhUtIAipigxfGoJJorZrIiMscLE2K6qtgR/+curpHPR8L2Gf39Zb96VdVTgBE7hHHy4gibcQgvaQCCDZ3iFN+fJeXHenY/F6JpT7hzDHzifP9Xnkzk=</latexit><latexit sha1_base64="xxakMnCoW9CSRb4ncbIhqsluC+I=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZcFN66kgn1AO5RMJtOGZpIhyQh16Je4caGIWz/FnX9jpp2Fth4IOZxzLzk5YcqZNp737aytb2xubVd2qrt7+wc19/Coo2WmCG0TyaXqhVhTzgRtG2Y47aWK4iTktBtObgq/+0iVZlI8mGlKgwSPBIsZwcZKQ7c2CCWP9DSxV+57s6Fb9xreHGiV+CWpQ4nW0P0aRJJkCRWGcKx13/dSE+RYGUY4nVUHmaYpJhM8on1LBU6oDvJ58Bk6s0qEYqnsEQbN1d8bOU50kc1OJtiM9bJXiP95/czE10HORJoZKsjioTjjyEhUtIAipigxfGoJJorZrIiMscLE2K6qtgR/+curpHPR8L2Gf39Zb96VdVTgBE7hHHy4gibcQgvaQCCDZ3iFN+fJeXHenY/F6JpT7hzDHzifP9Xnkzk=</latexit><latexit sha1_base64="xxakMnCoW9CSRb4ncbIhqsluC+I=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZcFN66kgn1AO5RMJtOGZpIhyQh16Je4caGIWz/FnX9jpp2Fth4IOZxzLzk5YcqZNp737aytb2xubVd2qrt7+wc19/Coo2WmCG0TyaXqhVhTzgRtG2Y47aWK4iTktBtObgq/+0iVZlI8mGlKgwSPBIsZwcZKQ7c2CCWP9DSxV+57s6Fb9xreHGiV+CWpQ4nW0P0aRJJkCRWGcKx13/dSE+RYGUY4nVUHmaYpJhM8on1LBU6oDvJ58Bk6s0qEYqnsEQbN1d8bOU50kc1OJtiM9bJXiP95/czE10HORJoZKsjioTjjyEhUtIAipigxfGoJJorZrIiMscLE2K6qtgR/+curpHPR8L2Gf39Zb96VdVTgBE7hHHy4gibcQgvaQCCDZ3iFN+fJeXHenY/F6JpT7hzDHzifP9Xnkzk=</latexit><latexit sha1_base64="xxakMnCoW9CSRb4ncbIhqsluC+I=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZcFN66kgn1AO5RMJtOGZpIhyQh16Je4caGIWz/FnX9jpp2Fth4IOZxzLzk5YcqZNp737aytb2xubVd2qrt7+wc19/Coo2WmCG0TyaXqhVhTzgRtG2Y47aWK4iTktBtObgq/+0iVZlI8mGlKgwSPBIsZwcZKQ7c2CCWP9DSxV+57s6Fb9xreHGiV+CWpQ4nW0P0aRJJkCRWGcKx13/dSE+RYGUY4nVUHmaYpJhM8on1LBU6oDvJ58Bk6s0qEYqnsEQbN1d8bOU50kc1OJtiM9bJXiP95/czE10HORJoZKsjioTjjyEhUtIAipigxfGoJJorZrIiMscLE2K6qtgR/+curpHPR8L2Gf39Zb96VdVTgBE7hHHy4gibcQgvaQCCDZ3iFN+fJeXHenY/F6JpT7hzDHzifP9Xnkzk=</latexit>

Sharp
<latexit sha1_base64="3HT3Xtf3nHK8awXFNI8R9mUmMYI=">AAAB8XicbVC7SgNBFL0bXzG+opY2g0GwCrtpTBmwsZKI5oHJEmYns8mQ2dll5q4QlvyFjYUitv6NnX/jJNlCEw8MHM65l7nnBIkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj33O09cGxGrB5wm3I/oSIlQMIpWeuwHYXY/pjqZDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1tcPCMXVhmSMNb2KSQL9fdGRiNjplFgJyOKY7PqzcX/vF6KYd3PhEpS5IotPwpTSTAm8/hkKDRnKKeWUKaFvZUwm58ytCWVbAneauR10q5VPbfq3dUqjdu8jiKcwTlcggdX0IAbaEILGCh4hld4c4zz4rw7H8vRgpPvnMIfOJ8/ySCRAg==</latexit><latexit sha1_base64="3HT3Xtf3nHK8awXFNI8R9mUmMYI=">AAAB8XicbVC7SgNBFL0bXzG+opY2g0GwCrtpTBmwsZKI5oHJEmYns8mQ2dll5q4QlvyFjYUitv6NnX/jJNlCEw8MHM65l7nnBIkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj33O09cGxGrB5wm3I/oSIlQMIpWeuwHYXY/pjqZDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1tcPCMXVhmSMNb2KSQL9fdGRiNjplFgJyOKY7PqzcX/vF6KYd3PhEpS5IotPwpTSTAm8/hkKDRnKKeWUKaFvZUwm58ytCWVbAneauR10q5VPbfq3dUqjdu8jiKcwTlcggdX0IAbaEILGCh4hld4c4zz4rw7H8vRgpPvnMIfOJ8/ySCRAg==</latexit><latexit sha1_base64="3HT3Xtf3nHK8awXFNI8R9mUmMYI=">AAAB8XicbVC7SgNBFL0bXzG+opY2g0GwCrtpTBmwsZKI5oHJEmYns8mQ2dll5q4QlvyFjYUitv6NnX/jJNlCEw8MHM65l7nnBIkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj33O09cGxGrB5wm3I/oSIlQMIpWeuwHYXY/pjqZDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1tcPCMXVhmSMNb2KSQL9fdGRiNjplFgJyOKY7PqzcX/vF6KYd3PhEpS5IotPwpTSTAm8/hkKDRnKKeWUKaFvZUwm58ytCWVbAneauR10q5VPbfq3dUqjdu8jiKcwTlcggdX0IAbaEILGCh4hld4c4zz4rw7H8vRgpPvnMIfOJ8/ySCRAg==</latexit><latexit sha1_base64="3HT3Xtf3nHK8awXFNI8R9mUmMYI=">AAAB8XicbVC7SgNBFL0bXzG+opY2g0GwCrtpTBmwsZKI5oHJEmYns8mQ2dll5q4QlvyFjYUitv6NnX/jJNlCEw8MHM65l7nnBIkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcj33O09cGxGrB5wm3I/oSIlQMIpWeuwHYXY/pjqZDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1tcPCMXVhmSMNb2KSQL9fdGRiNjplFgJyOKY7PqzcX/vF6KYd3PhEpS5IotPwpTSTAm8/hkKDRnKKeWUKaFvZUwm58ytCWVbAneauR10q5VPbfq3dUqjdu8jiKcwTlcggdX0IAbaEILGCh4hld4c4zz4rw7H8vRgpPvnMIfOJ8/ySCRAg==</latexit>

Flat<latexit sha1_base64="N4br7HOBjZkbqoBCXQhV77VY2Qk=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd1c9BgQxJNEMA9JQpidzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUMN5gsYxNO6SWS6F5AwVK3k4MpyqUvBWOr2d+64kbK2L9gJOE9xQdahEJRtFJj90wym4kxWm/VPYr/hxklQQ5KUOOer/01R3ELFVcI5PU2k7gJ9jLqEHBJJ8Wu6nlCWVjOuQdRzVV3Pay+cFTcu6UAYli40ojmau/JzKqrJ2o0HUqiiO77M3E/7xOitFVLxM6SZFrtlgUpZJgTGbfk4EwnKGcOEKZEe5WwkbUUIYuo6ILIVh+eZU0q5XArwT31XLtLo+jAKdwBhcQwCXU4Bbq0AAGCp7hFd484714797HonXNy2dO4A+8zx/r/pCB</latexit><latexit sha1_base64="N4br7HOBjZkbqoBCXQhV77VY2Qk=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd1c9BgQxJNEMA9JQpidzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUMN5gsYxNO6SWS6F5AwVK3k4MpyqUvBWOr2d+64kbK2L9gJOE9xQdahEJRtFJj90wym4kxWm/VPYr/hxklQQ5KUOOer/01R3ELFVcI5PU2k7gJ9jLqEHBJJ8Wu6nlCWVjOuQdRzVV3Pay+cFTcu6UAYli40ojmau/JzKqrJ2o0HUqiiO77M3E/7xOitFVLxM6SZFrtlgUpZJgTGbfk4EwnKGcOEKZEe5WwkbUUIYuo6ILIVh+eZU0q5XArwT31XLtLo+jAKdwBhcQwCXU4Bbq0AAGCp7hFd484714797HonXNy2dO4A+8zx/r/pCB</latexit><latexit sha1_base64="N4br7HOBjZkbqoBCXQhV77VY2Qk=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd1c9BgQxJNEMA9JQpidzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUMN5gsYxNO6SWS6F5AwVK3k4MpyqUvBWOr2d+64kbK2L9gJOE9xQdahEJRtFJj90wym4kxWm/VPYr/hxklQQ5KUOOer/01R3ELFVcI5PU2k7gJ9jLqEHBJJ8Wu6nlCWVjOuQdRzVV3Pay+cFTcu6UAYli40ojmau/JzKqrJ2o0HUqiiO77M3E/7xOitFVLxM6SZFrtlgUpZJgTGbfk4EwnKGcOEKZEe5WwkbUUIYuo6ILIVh+eZU0q5XArwT31XLtLo+jAKdwBhcQwCXU4Bbq0AAGCp7hFd484714797HonXNy2dO4A+8zx/r/pCB</latexit><latexit sha1_base64="N4br7HOBjZkbqoBCXQhV77VY2Qk=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd1c9BgQxJNEMA9JQpidzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUMN5gsYxNO6SWS6F5AwVK3k4MpyqUvBWOr2d+64kbK2L9gJOE9xQdahEJRtFJj90wym4kxWm/VPYr/hxklQQ5KUOOer/01R3ELFVcI5PU2k7gJ9jLqEHBJJ8Wu6nlCWVjOuQdRzVV3Pay+cFTcu6UAYli40ojmau/JzKqrJ2o0HUqiiO77M3E/7xOitFVLxM6SZFrtlgUpZJgTGbfk4EwnKGcOEKZEe5WwkbUUIYuo6ILIVh+eZU0q5XArwT31XLtLo+jAKdwBhcQwCXU4Bbq0AAGCp7hFd484714797HonXNy2dO4A+8zx/r/pCB</latexit>

5
<latexit sha1_base64="ouGQJCXVFolSJ2ooldqM7eN6H7E=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCG1dSwT6gHUsmk2lDM8mQZJQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3O/80iVZlLcm0lC/RgPBYsYwcZKD/1A8lBPYntlF9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE135GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697dea1xW9RRhiM4hlPw4BIacANNaAEBBc/wCm/Ok/PivDsf89GSU+wcwh84nz/xCpLS</latexit><latexit sha1_base64="ouGQJCXVFolSJ2ooldqM7eN6H7E=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCG1dSwT6gHUsmk2lDM8mQZJQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3O/80iVZlLcm0lC/RgPBYsYwcZKD/1A8lBPYntlF9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE135GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697dea1xW9RRhiM4hlPw4BIacANNaAEBBc/wCm/Ok/PivDsf89GSU+wcwh84nz/xCpLS</latexit><latexit sha1_base64="ouGQJCXVFolSJ2ooldqM7eN6H7E=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCG1dSwT6gHUsmk2lDM8mQZJQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3O/80iVZlLcm0lC/RgPBYsYwcZKD/1A8lBPYntlF9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE135GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697dea1xW9RRhiM4hlPw4BIacANNaAEBBc/wCm/Ok/PivDsf89GSU+wcwh84nz/xCpLS</latexit><latexit sha1_base64="ouGQJCXVFolSJ2ooldqM7eN6H7E=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCG1dSwT6gHUsmk2lDM8mQZJQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3O/80iVZlLcm0lC/RgPBYsYwcZKD/1A8lBPYntlF9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE135GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697dea1xW9RRhiM4hlPw4BIacANNaAEBBc/wCm/Ok/PivDsf89GSU+wcwh84nz/xCpLS</latexit>

�5
<latexit sha1_base64="mVGhWjVtJJ8z1YiQSikLFn4pdeI=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBjWVGFF0W3LiSCvYB7VAymbQNzSRDkhHq0C9x40IRt36KO//GTDsLbT0QcjjnXnJywoQzbTzv21lZXVvf2Cxtlbd3dvcq7v5BS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3+R++5EqzaR4MJOEBjEeCjZgBBsr9d1KL5Q80pPYXtnZ5bTvVr2aNwNaJn5BqlCg0Xe/epEkaUyFIRxr3fW9xAQZVoYRTqflXqppgskYD2nXUoFjqoNsFnyKTqwSoYFU9giDZurvjQzHOs9mJ2NsRnrRy8X/vG5qBtdBxkSSGirI/KFBypGRKG8BRUxRYvjEEkwUs1kRGWGFibFdlW0J/uKXl0nrvOZ7Nf/+olq/K+oowREcwyn4cAV1uIUGNIFACs/wCm/Ok/PivDsf89EVp9g5hD9wPn8A12iTOg==</latexit><latexit sha1_base64="mVGhWjVtJJ8z1YiQSikLFn4pdeI=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBjWVGFF0W3LiSCvYB7VAymbQNzSRDkhHq0C9x40IRt36KO//GTDsLbT0QcjjnXnJywoQzbTzv21lZXVvf2Cxtlbd3dvcq7v5BS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3+R++5EqzaR4MJOEBjEeCjZgBBsr9d1KL5Q80pPYXtnZ5bTvVr2aNwNaJn5BqlCg0Xe/epEkaUyFIRxr3fW9xAQZVoYRTqflXqppgskYD2nXUoFjqoNsFnyKTqwSoYFU9giDZurvjQzHOs9mJ2NsRnrRy8X/vG5qBtdBxkSSGirI/KFBypGRKG8BRUxRYvjEEkwUs1kRGWGFibFdlW0J/uKXl0nrvOZ7Nf/+olq/K+oowREcwyn4cAV1uIUGNIFACs/wCm/Ok/PivDsf89EVp9g5hD9wPn8A12iTOg==</latexit><latexit sha1_base64="mVGhWjVtJJ8z1YiQSikLFn4pdeI=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBjWVGFF0W3LiSCvYB7VAymbQNzSRDkhHq0C9x40IRt36KO//GTDsLbT0QcjjnXnJywoQzbTzv21lZXVvf2Cxtlbd3dvcq7v5BS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3+R++5EqzaR4MJOEBjEeCjZgBBsr9d1KL5Q80pPYXtnZ5bTvVr2aNwNaJn5BqlCg0Xe/epEkaUyFIRxr3fW9xAQZVoYRTqflXqppgskYD2nXUoFjqoNsFnyKTqwSoYFU9giDZurvjQzHOs9mJ2NsRnrRy8X/vG5qBtdBxkSSGirI/KFBypGRKG8BRUxRYvjEEkwUs1kRGWGFibFdlW0J/uKXl0nrvOZ7Nf/+olq/K+oowREcwyn4cAV1uIUGNIFACs/wCm/Ok/PivDsf89EVp9g5hD9wPn8A12iTOg==</latexit><latexit sha1_base64="mVGhWjVtJJ8z1YiQSikLFn4pdeI=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBjWVGFF0W3LiSCvYB7VAymbQNzSRDkhHq0C9x40IRt36KO//GTDsLbT0QcjjnXnJywoQzbTzv21lZXVvf2Cxtlbd3dvcq7v5BS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3+R++5EqzaR4MJOEBjEeCjZgBBsr9d1KL5Q80pPYXtnZ5bTvVr2aNwNaJn5BqlCg0Xe/epEkaUyFIRxr3fW9xAQZVoYRTqflXqppgskYD2nXUoFjqoNsFnyKTqwSoYFU9giDZurvjQzHOs9mJ2NsRnrRy8X/vG5qBtdBxkSSGirI/KFBypGRKG8BRUxRYvjEEkwUs1kRGWGFibFdlW0J/uKXl0nrvOZ7Nf/+olq/K+oowREcwyn4cAV1uIUGNIFACs/wCm/Ok/PivDsf89EVp9g5hD9wPn8A12iTOg==</latexit>

5
<latexit sha1_base64="ouGQJCXVFolSJ2ooldqM7eN6H7E=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCG1dSwT6gHUsmk2lDM8mQZJQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3O/80iVZlLcm0lC/RgPBYsYwcZKD/1A8lBPYntlF9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE135GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697dea1xW9RRhiM4hlPw4BIacANNaAEBBc/wCm/Ok/PivDsf89GSU+wcwh84nz/xCpLS</latexit><latexit sha1_base64="ouGQJCXVFolSJ2ooldqM7eN6H7E=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCG1dSwT6gHUsmk2lDM8mQZJQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3O/80iVZlLcm0lC/RgPBYsYwcZKD/1A8lBPYntlF9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE135GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697dea1xW9RRhiM4hlPw4BIacANNaAEBBc/wCm/Ok/PivDsf89GSU+wcwh84nz/xCpLS</latexit><latexit sha1_base64="ouGQJCXVFolSJ2ooldqM7eN6H7E=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCG1dSwT6gHUsmk2lDM8mQZJQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3O/80iVZlLcm0lC/RgPBYsYwcZKD/1A8lBPYntlF9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE135GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697dea1xW9RRhiM4hlPw4BIacANNaAEBBc/wCm/Ok/PivDsf89GSU+wcwh84nz/xCpLS</latexit><latexit sha1_base64="ouGQJCXVFolSJ2ooldqM7eN6H7E=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCG1dSwT6gHUsmk2lDM8mQZJQy9D/cuFDErf/izr8x085CWw+EHM65l5ycIOFMG9f9dkorq2vrG+XNytb2zu5edf+grWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMr3O/80iVZlLcm0lC/RgPBYsYwcZKD/1A8lBPYntlF9NBtebW3RnQMvEKUoMCzUH1qx9KksZUGMKx1j3PTYyfYWUY4XRa6aeaJpiM8ZD2LBU4ptrPZqmn6MQqIYqkskcYNFN/b2Q41nk0OxljM9KLXi7+5/VSE135GRNJaqgg84eilCMjUV4BCpmixPCJJZgoZrMiMsIKE2OLqtgSvMUvL5P2Wd1z697dea1xW9RRhiM4hlPw4BIacANNaAEBBc/wCm/Ok/PivDsf89GSU+wcwh84nz/xCpLS</latexit>

10
<latexit sha1_base64="xxakMnCoW9CSRb4ncbIhqsluC+I=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZcFN66kgn1AO5RMJtOGZpIhyQh16Je4caGIWz/FnX9jpp2Fth4IOZxzLzk5YcqZNp737aytb2xubVd2qrt7+wc19/Coo2WmCG0TyaXqhVhTzgRtG2Y47aWK4iTktBtObgq/+0iVZlI8mGlKgwSPBIsZwcZKQ7c2CCWP9DSxV+57s6Fb9xreHGiV+CWpQ4nW0P0aRJJkCRWGcKx13/dSE+RYGUY4nVUHmaYpJhM8on1LBU6oDvJ58Bk6s0qEYqnsEQbN1d8bOU50kc1OJtiM9bJXiP95/czE10HORJoZKsjioTjjyEhUtIAipigxfGoJJorZrIiMscLE2K6qtgR/+curpHPR8L2Gf39Zb96VdVTgBE7hHHy4gibcQgvaQCCDZ3iFN+fJeXHenY/F6JpT7hzDHzifP9Xnkzk=</latexit><latexit sha1_base64="xxakMnCoW9CSRb4ncbIhqsluC+I=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZcFN66kgn1AO5RMJtOGZpIhyQh16Je4caGIWz/FnX9jpp2Fth4IOZxzLzk5YcqZNp737aytb2xubVd2qrt7+wc19/Coo2WmCG0TyaXqhVhTzgRtG2Y47aWK4iTktBtObgq/+0iVZlI8mGlKgwSPBIsZwcZKQ7c2CCWP9DSxV+57s6Fb9xreHGiV+CWpQ4nW0P0aRJJkCRWGcKx13/dSE+RYGUY4nVUHmaYpJhM8on1LBU6oDvJ58Bk6s0qEYqnsEQbN1d8bOU50kc1OJtiM9bJXiP95/czE10HORJoZKsjioTjjyEhUtIAipigxfGoJJorZrIiMscLE2K6qtgR/+curpHPR8L2Gf39Zb96VdVTgBE7hHHy4gibcQgvaQCCDZ3iFN+fJeXHenY/F6JpT7hzDHzifP9Xnkzk=</latexit><latexit sha1_base64="xxakMnCoW9CSRb4ncbIhqsluC+I=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZcFN66kgn1AO5RMJtOGZpIhyQh16Je4caGIWz/FnX9jpp2Fth4IOZxzLzk5YcqZNp737aytb2xubVd2qrt7+wc19/Coo2WmCG0TyaXqhVhTzgRtG2Y47aWK4iTktBtObgq/+0iVZlI8mGlKgwSPBIsZwcZKQ7c2CCWP9DSxV+57s6Fb9xreHGiV+CWpQ4nW0P0aRJJkCRWGcKx13/dSE+RYGUY4nVUHmaYpJhM8on1LBU6oDvJ58Bk6s0qEYqnsEQbN1d8bOU50kc1OJtiM9bJXiP95/czE10HORJoZKsjioTjjyEhUtIAipigxfGoJJorZrIiMscLE2K6qtgR/+curpHPR8L2Gf39Zb96VdVTgBE7hHHy4gibcQgvaQCCDZ3iFN+fJeXHenY/F6JpT7hzDHzifP9Xnkzk=</latexit><latexit sha1_base64="xxakMnCoW9CSRb4ncbIhqsluC+I=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZkRQZcFN66kgn1AO5RMJtOGZpIhyQh16Je4caGIWz/FnX9jpp2Fth4IOZxzLzk5YcqZNp737aytb2xubVd2qrt7+wc19/Coo2WmCG0TyaXqhVhTzgRtG2Y47aWK4iTktBtObgq/+0iVZlI8mGlKgwSPBIsZwcZKQ7c2CCWP9DSxV+57s6Fb9xreHGiV+CWpQ4nW0P0aRJJkCRWGcKx13/dSE+RYGUY4nVUHmaYpJhM8on1LBU6oDvJ58Bk6s0qEYqnsEQbN1d8bOU50kc1OJtiM9bJXiP95/czE10HORJoZKsjioTjjyEhUtIAipigxfGoJJorZrIiMscLE2K6qtgR/+curpHPR8L2Gf39Zb96VdVTgBE7hHHy4gibcQgvaQCCDZ3iFN+fJeXHenY/F6JpT7hzDHzifP9Xnkzk=</latexit>

20
<latexit sha1_base64="HCCjHQoVC75KBRKKsXUHLY2QAJ8=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2WmCLosuHElFewD2qFkMpk2NJMMSUaoQ7/EjQtF3Pop7vwbM+0stPVAyOGce8nJCRLOtHHdb6e0sbm1vVPereztHxxWa0fHXS1TRWiHSC5VP8CaciZoxzDDaT9RFMcBp71gepP7vUeqNJPiwcwS6sd4LFjECDZWGtWqw0DyUM9ie2VNdz6q1d2GuwBaJ15B6lCgPap9DUNJ0pgKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpQLHVPvZIvgcnVslRJFU9giDFurvjQzHOs9mJ2NsJnrVy8X/vEFqoms/YyJJDRVk+VCUcmQkyltAIVOUGD6zBBPFbFZEJlhhYmxXFVuCt/rlddJtNjy34d1f1lt3RR1lOIUzuAAPrqAFt9CGDhBI4Rle4c15cl6cd+djOVpyip0T+APn8wfXbZM6</latexit><latexit sha1_base64="HCCjHQoVC75KBRKKsXUHLY2QAJ8=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2WmCLosuHElFewD2qFkMpk2NJMMSUaoQ7/EjQtF3Pop7vwbM+0stPVAyOGce8nJCRLOtHHdb6e0sbm1vVPereztHxxWa0fHXS1TRWiHSC5VP8CaciZoxzDDaT9RFMcBp71gepP7vUeqNJPiwcwS6sd4LFjECDZWGtWqw0DyUM9ie2VNdz6q1d2GuwBaJ15B6lCgPap9DUNJ0pgKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpQLHVPvZIvgcnVslRJFU9giDFurvjQzHOs9mJ2NsJnrVy8X/vEFqoms/YyJJDRVk+VCUcmQkyltAIVOUGD6zBBPFbFZEJlhhYmxXFVuCt/rlddJtNjy34d1f1lt3RR1lOIUzuAAPrqAFt9CGDhBI4Rle4c15cl6cd+djOVpyip0T+APn8wfXbZM6</latexit><latexit sha1_base64="HCCjHQoVC75KBRKKsXUHLY2QAJ8=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2WmCLosuHElFewD2qFkMpk2NJMMSUaoQ7/EjQtF3Pop7vwbM+0stPVAyOGce8nJCRLOtHHdb6e0sbm1vVPereztHxxWa0fHXS1TRWiHSC5VP8CaciZoxzDDaT9RFMcBp71gepP7vUeqNJPiwcwS6sd4LFjECDZWGtWqw0DyUM9ie2VNdz6q1d2GuwBaJ15B6lCgPap9DUNJ0pgKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpQLHVPvZIvgcnVslRJFU9giDFurvjQzHOs9mJ2NsJnrVy8X/vEFqoms/YyJJDRVk+VCUcmQkyltAIVOUGD6zBBPFbFZEJlhhYmxXFVuCt/rlddJtNjy34d1f1lt3RR1lOIUzuAAPrqAFt9CGDhBI4Rle4c15cl6cd+djOVpyip0T+APn8wfXbZM6</latexit><latexit sha1_base64="HCCjHQoVC75KBRKKsXUHLY2QAJ8=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2WmCLosuHElFewD2qFkMpk2NJMMSUaoQ7/EjQtF3Pop7vwbM+0stPVAyOGce8nJCRLOtHHdb6e0sbm1vVPereztHxxWa0fHXS1TRWiHSC5VP8CaciZoxzDDaT9RFMcBp71gepP7vUeqNJPiwcwS6sd4LFjECDZWGtWqw0DyUM9ie2VNdz6q1d2GuwBaJ15B6lCgPap9DUNJ0pgKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpQLHVPvZIvgcnVslRJFU9giDFurvjQzHOs9mJ2NsJnrVy8X/vEFqoms/YyJJDRVk+VCUcmQkyltAIVOUGD6zBBPFbFZEJlhhYmxXFVuCt/rlddJtNjy34d1f1lt3RR1lOIUzuAAPrqAFt9CGDhBI4Rle4c15cl6cd+djOVpyip0T+APn8wfXbZM6</latexit>

40
<latexit sha1_base64="kxoR26kA8cPahwH3TsqVGavhC2M=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGCrosuHElFewD2qFkMpk2NJMMSUaoQ7/EjQtF3Pop7vwbM+0stPVAyOGce8nJCRLOtHHdb6e0sbm1vVPereztHxxWa0fHXS1TRWiHSC5VP8CaciZoxzDDaT9RFMcBp71gepP7vUeqNJPiwcwS6sd4LFjECDZWGtWqw0DyUM9ie2VNdz6q1d2GuwBaJ15B6lCgPap9DUNJ0pgKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpQLHVPvZIvgcnVslRJFU9giDFurvjQzHOs9mJ2NsJnrVy8X/vEFqoms/YyJJDRVk+VCUcmQkyltAIVOUGD6zBBPFbFZEJlhhYmxXFVuCt/rlddK9bHhuw7tv1lt3RR1lOIUzuAAPrqAFt9CGDhBI4Rle4c15cl6cd+djOVpyip0T+APn8wfaeZM8</latexit><latexit sha1_base64="kxoR26kA8cPahwH3TsqVGavhC2M=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGCrosuHElFewD2qFkMpk2NJMMSUaoQ7/EjQtF3Pop7vwbM+0stPVAyOGce8nJCRLOtHHdb6e0sbm1vVPereztHxxWa0fHXS1TRWiHSC5VP8CaciZoxzDDaT9RFMcBp71gepP7vUeqNJPiwcwS6sd4LFjECDZWGtWqw0DyUM9ie2VNdz6q1d2GuwBaJ15B6lCgPap9DUNJ0pgKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpQLHVPvZIvgcnVslRJFU9giDFurvjQzHOs9mJ2NsJnrVy8X/vEFqoms/YyJJDRVk+VCUcmQkyltAIVOUGD6zBBPFbFZEJlhhYmxXFVuCt/rlddK9bHhuw7tv1lt3RR1lOIUzuAAPrqAFt9CGDhBI4Rle4c15cl6cd+djOVpyip0T+APn8wfaeZM8</latexit><latexit sha1_base64="kxoR26kA8cPahwH3TsqVGavhC2M=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGCrosuHElFewD2qFkMpk2NJMMSUaoQ7/EjQtF3Pop7vwbM+0stPVAyOGce8nJCRLOtHHdb6e0sbm1vVPereztHxxWa0fHXS1TRWiHSC5VP8CaciZoxzDDaT9RFMcBp71gepP7vUeqNJPiwcwS6sd4LFjECDZWGtWqw0DyUM9ie2VNdz6q1d2GuwBaJ15B6lCgPap9DUNJ0pgKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpQLHVPvZIvgcnVslRJFU9giDFurvjQzHOs9mJ2NsJnrVy8X/vEFqoms/YyJJDRVk+VCUcmQkyltAIVOUGD6zBBPFbFZEJlhhYmxXFVuCt/rlddK9bHhuw7tv1lt3RR1lOIUzuAAPrqAFt9CGDhBI4Rle4c15cl6cd+djOVpyip0T+APn8wfaeZM8</latexit><latexit sha1_base64="kxoR26kA8cPahwH3TsqVGavhC2M=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGCrosuHElFewD2qFkMpk2NJMMSUaoQ7/EjQtF3Pop7vwbM+0stPVAyOGce8nJCRLOtHHdb6e0sbm1vVPereztHxxWa0fHXS1TRWiHSC5VP8CaciZoxzDDaT9RFMcBp71gepP7vUeqNJPiwcwS6sd4LFjECDZWGtWqw0DyUM9ie2VNdz6q1d2GuwBaJ15B6lCgPap9DUNJ0pgKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBpQLHVPvZIvgcnVslRJFU9giDFurvjQzHOs9mJ2NsJnrVy8X/vEFqoms/YyJJDRVk+VCUcmQkyltAIVOUGD6zBBPFbFZEJlhhYmxXFVuCt/rlddK9bHhuw7tv1lt3RR1lOIUzuAAPrqAFt9CGDhBI4Rle4c15cl6cd+djOVpyip0T+APn8wfaeZM8</latexit>

60
<latexit sha1_base64="Ca4/LgK4eFFn0JgGKtZq+Plw+YU=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGRF0W3LiSCvYB7VAymUwbmkmGJCPUoV/ixoUibv0Ud/6NmXYW2nog5HDOveTkBAln2rjut1NaW9/Y3CpvV3Z29/artYPDjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wucn97iNVmknxYKYJ9WM8EixiBBsrDWvVQSB5qKexvbJLdzas1d2GOwdaJV5B6lCgNax9DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPgMnVolRJFU9giD5urvjQzHOs9mJ2NsxnrZy8X/vH5qoms/YyJJDRVk8VCUcmQkyltAIVOUGD61BBPFbFZExlhhYmxXFVuCt/zlVdI5b3huw7u/qDfvijrKcAwncAYeXEETbqEFbSCQwjO8wpvz5Lw4787HYrTkFDtH8AfO5w/dhZM+</latexit><latexit sha1_base64="Ca4/LgK4eFFn0JgGKtZq+Plw+YU=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGRF0W3LiSCvYB7VAymUwbmkmGJCPUoV/ixoUibv0Ud/6NmXYW2nog5HDOveTkBAln2rjut1NaW9/Y3CpvV3Z29/artYPDjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wucn97iNVmknxYKYJ9WM8EixiBBsrDWvVQSB5qKexvbJLdzas1d2GOwdaJV5B6lCgNax9DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPgMnVolRJFU9giD5urvjQzHOs9mJ2NsxnrZy8X/vH5qoms/YyJJDRVk8VCUcmQkyltAIVOUGD61BBPFbFZExlhhYmxXFVuCt/zlVdI5b3huw7u/qDfvijrKcAwncAYeXEETbqEFbSCQwjO8wpvz5Lw4787HYrTkFDtH8AfO5w/dhZM+</latexit><latexit sha1_base64="Ca4/LgK4eFFn0JgGKtZq+Plw+YU=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGRF0W3LiSCvYB7VAymUwbmkmGJCPUoV/ixoUibv0Ud/6NmXYW2nog5HDOveTkBAln2rjut1NaW9/Y3CpvV3Z29/artYPDjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wucn97iNVmknxYKYJ9WM8EixiBBsrDWvVQSB5qKexvbJLdzas1d2GOwdaJV5B6lCgNax9DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPgMnVolRJFU9giD5urvjQzHOs9mJ2NsxnrZy8X/vH5qoms/YyJJDRVk8VCUcmQkyltAIVOUGD61BBPFbFZExlhhYmxXFVuCt/zlVdI5b3huw7u/qDfvijrKcAwncAYeXEETbqEFbSCQwjO8wpvz5Lw4787HYrTkFDtH8AfO5w/dhZM+</latexit><latexit sha1_base64="Ca4/LgK4eFFn0JgGKtZq+Plw+YU=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGRF0W3LiSCvYB7VAymUwbmkmGJCPUoV/ixoUibv0Ud/6NmXYW2nog5HDOveTkBAln2rjut1NaW9/Y3CpvV3Z29/artYPDjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wucn97iNVmknxYKYJ9WM8EixiBBsrDWvVQSB5qKexvbJLdzas1d2GOwdaJV5B6lCgNax9DUJJ0pgKQzjWuu+5ifEzrAwjnM4qg1TTBJMJHtG+pQLHVPvZPPgMnVolRJFU9giD5urvjQzHOs9mJ2NsxnrZy8X/vH5qoms/YyJJDRVk8VCUcmQkyltAIVOUGD61BBPFbFZExlhhYmxXFVuCt/zlVdI5b3huw7u/qDfvijrKcAwncAYeXEETbqEFbSCQwjO8wpvz5Lw4787HYrTkFDtH8AfO5w/dhZM+</latexit>

F(x, y)
<latexit sha1_base64="Uaf3K3qjIeHDFYZL3tO2TWqvN/c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoigi6LgrisYB/QhDKZTNqhk0mYmYghZOXGX3HjQhG3foM7/8ZJm4VWLwxzOOde7rnHixmVyrK+jMrC4tLySnW1tra+sbllbu90ZZQITDo4YpHoe0gSRjnpKKoY6ceCoNBjpOdNLgu9d0eEpBG/VWlM3BCNOA0oRkpTQ3Pf8SLmyzTUX+aESI0xYtlV3rg/To/yoVm3mta04F9gl6AOymoPzU/Hj3ASEq4wQ1IObCtWboaEopiRvOYkksQIT9CIDDTkKCTSzaZn5PBQMz4MIqEfV3DK/pzIUCgLp7qzMCrntYL8TxskKjh3M8rjRBGOZ4uChEEVwSIT6FNBsGKpBggLqr1CPEYCYaWTq+kQ7PmT/4LuSdO2mvbNab11UcZRBXvgADSADc5AC1yDNugADB7AE3gBr8aj8Wy8Ge+z1opRzuyCX2V8fAOuEZk6</latexit><latexit sha1_base64="Uaf3K3qjIeHDFYZL3tO2TWqvN/c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoigi6LgrisYB/QhDKZTNqhk0mYmYghZOXGX3HjQhG3foM7/8ZJm4VWLwxzOOde7rnHixmVyrK+jMrC4tLySnW1tra+sbllbu90ZZQITDo4YpHoe0gSRjnpKKoY6ceCoNBjpOdNLgu9d0eEpBG/VWlM3BCNOA0oRkpTQ3Pf8SLmyzTUX+aESI0xYtlV3rg/To/yoVm3mta04F9gl6AOymoPzU/Hj3ASEq4wQ1IObCtWboaEopiRvOYkksQIT9CIDDTkKCTSzaZn5PBQMz4MIqEfV3DK/pzIUCgLp7qzMCrntYL8TxskKjh3M8rjRBGOZ4uChEEVwSIT6FNBsGKpBggLqr1CPEYCYaWTq+kQ7PmT/4LuSdO2mvbNab11UcZRBXvgADSADc5AC1yDNugADB7AE3gBr8aj8Wy8Ge+z1opRzuyCX2V8fAOuEZk6</latexit><latexit sha1_base64="Uaf3K3qjIeHDFYZL3tO2TWqvN/c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoigi6LgrisYB/QhDKZTNqhk0mYmYghZOXGX3HjQhG3foM7/8ZJm4VWLwxzOOde7rnHixmVyrK+jMrC4tLySnW1tra+sbllbu90ZZQITDo4YpHoe0gSRjnpKKoY6ceCoNBjpOdNLgu9d0eEpBG/VWlM3BCNOA0oRkpTQ3Pf8SLmyzTUX+aESI0xYtlV3rg/To/yoVm3mta04F9gl6AOymoPzU/Hj3ASEq4wQ1IObCtWboaEopiRvOYkksQIT9CIDDTkKCTSzaZn5PBQMz4MIqEfV3DK/pzIUCgLp7qzMCrntYL8TxskKjh3M8rjRBGOZ4uChEEVwSIT6FNBsGKpBggLqr1CPEYCYaWTq+kQ7PmT/4LuSdO2mvbNab11UcZRBXvgADSADc5AC1yDNugADB7AE3gBr8aj8Wy8Ge+z1opRzuyCX2V8fAOuEZk6</latexit><latexit sha1_base64="Uaf3K3qjIeHDFYZL3tO2TWqvN/c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoigi6LgrisYB/QhDKZTNqhk0mYmYghZOXGX3HjQhG3foM7/8ZJm4VWLwxzOOde7rnHixmVyrK+jMrC4tLySnW1tra+sbllbu90ZZQITDo4YpHoe0gSRjnpKKoY6ceCoNBjpOdNLgu9d0eEpBG/VWlM3BCNOA0oRkpTQ3Pf8SLmyzTUX+aESI0xYtlV3rg/To/yoVm3mta04F9gl6AOymoPzU/Hj3ASEq4wQ1IObCtWboaEopiRvOYkksQIT9CIDDTkKCTSzaZn5PBQMz4MIqEfV3DK/pzIUCgLp7qzMCrntYL8TxskKjh3M8rjRBGOZ4uChEEVwSIT6FNBsGKpBggLqr1CPEYCYaWTq+kQ7PmT/4LuSdO2mvbNab11UcZRBXvgADSADc5AC1yDNugADB7AE3gBr8aj8Wy8Ge+z1opRzuyCX2V8fAOuEZk6</latexit>

x
<latexit sha1_base64="+LJ+1EefrBeOIncMBSif936PTiU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810aWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1T237t2e1xpXRR1lOIJjOAUPLqABN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNTTJMJ</latexit><latexit sha1_base64="+LJ+1EefrBeOIncMBSif936PTiU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810aWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1T237t2e1xpXRR1lOIJjOAUPLqABN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNTTJMJ</latexit><latexit sha1_base64="+LJ+1EefrBeOIncMBSif936PTiU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810aWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1T237t2e1xpXRR1lOIJjOAUPLqABN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNTTJMJ</latexit><latexit sha1_base64="+LJ+1EefrBeOIncMBSif936PTiU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWQymTY0kwxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDI4Zx7yckJEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpugDXlTNCWYYbTbqIojgNOO8H4Ovc7D1RpJsWdmSTUj/FQsIgRbKx03w8kD/Uktlf2NB1Ua27dnQEtE68gNSjQHFS/+qEkaUyFIRxr3fPcxPgZVoYRTqeVfqppgskYD2nPUoFjqv1slnqKTqwSokgqe4RBM/X3RoZjnUezkzE2I73o5eJ/Xi810aWfMZGkhgoyfyhKOTIS5RWgkClKDJ9YgoliNisiI6wwMbaoii3BW/zyMmmf1T237t2e1xpXRR1lOIJjOAUPLqABN9CEFhBQ8Ayv8OY8Oi/Ou/MxHy05xc4h/IHz+QNTTJMJ</latexit>

y
<latexit sha1_base64="CBX6hmmPAqsGP/0rbsz1oUtmtAw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkwm04ZmkiHJKMPQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YrGxVt3d29/ZrB4cdLVNFaJtILlUvwJpyJmjbMMNpL1EUxwGn3WByU/jdR6o0k+LeZAn1YzwSLGIEGys9DALJQ53F9sqz6bBWdxvuDGiZeCWpQ4nWsPY1CCVJYyoM4Vjrvucmxs+xMoxwOq0OUk0TTCZ4RPuWChxT7eez1FN0apUQRVLZIwyaqb83chzrIpqdjLEZ60WvEP/z+qmJrvyciSQ1VJD5Q1HKkZGoqACFTFFieGYJJorZrIiMscLE2KKqtgRv8cvLpHPe8NyGd3dRb16XdVTgGE7gDDy4hCbcQgvaQEDBM7zCm/PkvDjvzsd8dMUpd47gD5zPH1TRkwo=</latexit><latexit sha1_base64="CBX6hmmPAqsGP/0rbsz1oUtmtAw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkwm04ZmkiHJKMPQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YrGxVt3d29/ZrB4cdLVNFaJtILlUvwJpyJmjbMMNpL1EUxwGn3WByU/jdR6o0k+LeZAn1YzwSLGIEGys9DALJQ53F9sqz6bBWdxvuDGiZeCWpQ4nWsPY1CCVJYyoM4Vjrvucmxs+xMoxwOq0OUk0TTCZ4RPuWChxT7eez1FN0apUQRVLZIwyaqb83chzrIpqdjLEZ60WvEP/z+qmJrvyciSQ1VJD5Q1HKkZGoqACFTFFieGYJJorZrIiMscLE2KKqtgRv8cvLpHPe8NyGd3dRb16XdVTgGE7gDDy4hCbcQgvaQEDBM7zCm/PkvDjvzsd8dMUpd47gD5zPH1TRkwo=</latexit><latexit sha1_base64="CBX6hmmPAqsGP/0rbsz1oUtmtAw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkwm04ZmkiHJKMPQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YrGxVt3d29/ZrB4cdLVNFaJtILlUvwJpyJmjbMMNpL1EUxwGn3WByU/jdR6o0k+LeZAn1YzwSLGIEGys9DALJQ53F9sqz6bBWdxvuDGiZeCWpQ4nWsPY1CCVJYyoM4Vjrvucmxs+xMoxwOq0OUk0TTCZ4RPuWChxT7eez1FN0apUQRVLZIwyaqb83chzrIpqdjLEZ60WvEP/z+qmJrvyciSQ1VJD5Q1HKkZGoqACFTFFieGYJJorZrIiMscLE2KKqtgRv8cvLpHPe8NyGd3dRb16XdVTgGE7gDDy4hCbcQgvaQEDBM7zCm/PkvDjvzsd8dMUpd47gD5zPH1TRkwo=</latexit><latexit sha1_base64="CBX6hmmPAqsGP/0rbsz1oUtmtAw=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkwm04ZmkiHJKMPQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YrGxVt3d29/ZrB4cdLVNFaJtILlUvwJpyJmjbMMNpL1EUxwGn3WByU/jdR6o0k+LeZAn1YzwSLGIEGys9DALJQ53F9sqz6bBWdxvuDGiZeCWpQ4nWsPY1CCVJYyoM4Vjrvucmxs+xMoxwOq0OUk0TTCZ4RPuWChxT7eez1FN0apUQRVLZIwyaqb83chzrIpqdjLEZ60WvEP/z+qmJrvyciSQ1VJD5Q1HKkZGoqACFTFFieGYJJorZrIiMscLE2KKqtgRv8cvLpHPe8NyGd3dRb16XdVTgGE7gDDy4hCbcQgvaQEDBM7zCm/PkvDjvzsd8dMUpd47gD5zPH1TRkwo=</latexit>

xy = 1
<latexit sha1_base64="+wE3Z1yBdYnQUyL4EjCkXduLUBU=">AAAB+nicbVDLSgMxFL1TX7W+prp0M1gEV2VGBN0IRTcuK9gHtEPJZDJtaCYZkoxaxn6KGxeKuPVL3Pk3ZtpZaOuBkMM595KTEySMKu2631ZpZXVtfaO8Wdna3tnds6v7bSVSiUkLCyZkN0CKMMpJS1PNSDeRBMUBI51gfJ37nXsiFRX8Tk8S4sdoyGlEMdJGGtjVfiBYqCaxubLHyaU3Hdg1t+7O4CwTryA1KNAc2F/9UOA0JlxjhpTqeW6i/QxJTTEj00o/VSRBeIyGpGcoRzFRfjaLPnWOjRI6kZDmcO3M1N8bGYpVns5MxkiP1KKXi/95vVRHF35GeZJqwvH8oShljhZO3oMTUkmwZhNDEJbUZHXwCEmEtWmrYkrwFr+8TNqndc+te7dntcZVUUcZDuEITsCDc2jADTShBRge4Ble4c16sl6sd+tjPlqyip0D+APr8werIZQ/</latexit><latexit sha1_base64="+wE3Z1yBdYnQUyL4EjCkXduLUBU=">AAAB+nicbVDLSgMxFL1TX7W+prp0M1gEV2VGBN0IRTcuK9gHtEPJZDJtaCYZkoxaxn6KGxeKuPVL3Pk3ZtpZaOuBkMM595KTEySMKu2631ZpZXVtfaO8Wdna3tnds6v7bSVSiUkLCyZkN0CKMMpJS1PNSDeRBMUBI51gfJ37nXsiFRX8Tk8S4sdoyGlEMdJGGtjVfiBYqCaxubLHyaU3Hdg1t+7O4CwTryA1KNAc2F/9UOA0JlxjhpTqeW6i/QxJTTEj00o/VSRBeIyGpGcoRzFRfjaLPnWOjRI6kZDmcO3M1N8bGYpVns5MxkiP1KKXi/95vVRHF35GeZJqwvH8oShljhZO3oMTUkmwZhNDEJbUZHXwCEmEtWmrYkrwFr+8TNqndc+te7dntcZVUUcZDuEITsCDc2jADTShBRge4Ble4c16sl6sd+tjPlqyip0D+APr8werIZQ/</latexit><latexit sha1_base64="+wE3Z1yBdYnQUyL4EjCkXduLUBU=">AAAB+nicbVDLSgMxFL1TX7W+prp0M1gEV2VGBN0IRTcuK9gHtEPJZDJtaCYZkoxaxn6KGxeKuPVL3Pk3ZtpZaOuBkMM595KTEySMKu2631ZpZXVtfaO8Wdna3tnds6v7bSVSiUkLCyZkN0CKMMpJS1PNSDeRBMUBI51gfJ37nXsiFRX8Tk8S4sdoyGlEMdJGGtjVfiBYqCaxubLHyaU3Hdg1t+7O4CwTryA1KNAc2F/9UOA0JlxjhpTqeW6i/QxJTTEj00o/VSRBeIyGpGcoRzFRfjaLPnWOjRI6kZDmcO3M1N8bGYpVns5MxkiP1KKXi/95vVRHF35GeZJqwvH8oShljhZO3oMTUkmwZhNDEJbUZHXwCEmEtWmrYkrwFr+8TNqndc+te7dntcZVUUcZDuEITsCDc2jADTShBRge4Ble4c16sl6sd+tjPlqyip0D+APr8werIZQ/</latexit><latexit sha1_base64="+wE3Z1yBdYnQUyL4EjCkXduLUBU=">AAAB+nicbVDLSgMxFL1TX7W+prp0M1gEV2VGBN0IRTcuK9gHtEPJZDJtaCYZkoxaxn6KGxeKuPVL3Pk3ZtpZaOuBkMM595KTEySMKu2631ZpZXVtfaO8Wdna3tnds6v7bSVSiUkLCyZkN0CKMMpJS1PNSDeRBMUBI51gfJ37nXsiFRX8Tk8S4sdoyGlEMdJGGtjVfiBYqCaxubLHyaU3Hdg1t+7O4CwTryA1KNAc2F/9UOA0JlxjhpTqeW6i/QxJTTEj00o/VSRBeIyGpGcoRzFRfjaLPnWOjRI6kZDmcO3M1N8bGYpVns5MxkiP1KKXi/95vVRHF35GeZJqwvH8oShljhZO3oMTUkmwZhNDEJbUZHXwCEmEtWmrYkrwFr+8TNqndc+te7dntcZVUUcZDuEITsCDc2jADTShBRge4Ble4c16sl6sd+tjPlqyip0D+APr8werIZQ/</latexit>

Unbalanced
Optima

<latexit sha1_base64="8jz5MC2/CZXYgX1t40qUImyUlXg=">AAACDXicbVA9T8MwEHX4LOWrwMhiUZCYqqQLjBUsbBSJtJWaqrq4l9aq40S2g1RF/QMs/BUWBhBiZWfj3+B+DNDypJOe3ruz716YCq6N6347K6tr6xubha3i9s7u3n7p4LChk0wx9FkiEtUKQaPgEn3DjcBWqhDiUGAzHF5P/OYDKs0TeW9GKXZi6EsecQbGSt3SacBQGlRc9vMgjKgvQxAgGfZoENDb1PAYxt1S2a24U9Bl4s1JmcxR75a+gl7Cstg+zQRo3fbc1HRyUIYzgeNikGlMgQ2hj21LJcSoO/n0mjE9s0qPRomyJQ2dqr8ncoi1HsWh7YzBDPSiNxH/89qZiS47OZdpZlCy2UdRJqhJ6CQa2uMKmREjS4ApbnelbAAKmM1HF20I3uLJy6RRrXhuxburlmtX8zgK5JickHPikQtSIzekTnzCyCN5Jq/kzXlyXpx352PWuuLMZ47IHzifP13Vm7c=</latexit><latexit sha1_base64="8jz5MC2/CZXYgX1t40qUImyUlXg=">AAACDXicbVA9T8MwEHX4LOWrwMhiUZCYqqQLjBUsbBSJtJWaqrq4l9aq40S2g1RF/QMs/BUWBhBiZWfj3+B+DNDypJOe3ruz716YCq6N6347K6tr6xubha3i9s7u3n7p4LChk0wx9FkiEtUKQaPgEn3DjcBWqhDiUGAzHF5P/OYDKs0TeW9GKXZi6EsecQbGSt3SacBQGlRc9vMgjKgvQxAgGfZoENDb1PAYxt1S2a24U9Bl4s1JmcxR75a+gl7Cstg+zQRo3fbc1HRyUIYzgeNikGlMgQ2hj21LJcSoO/n0mjE9s0qPRomyJQ2dqr8ncoi1HsWh7YzBDPSiNxH/89qZiS47OZdpZlCy2UdRJqhJ6CQa2uMKmREjS4ApbnelbAAKmM1HF20I3uLJy6RRrXhuxburlmtX8zgK5JickHPikQtSIzekTnzCyCN5Jq/kzXlyXpx352PWuuLMZ47IHzifP13Vm7c=</latexit><latexit sha1_base64="8jz5MC2/CZXYgX1t40qUImyUlXg=">AAACDXicbVA9T8MwEHX4LOWrwMhiUZCYqqQLjBUsbBSJtJWaqrq4l9aq40S2g1RF/QMs/BUWBhBiZWfj3+B+DNDypJOe3ruz716YCq6N6347K6tr6xubha3i9s7u3n7p4LChk0wx9FkiEtUKQaPgEn3DjcBWqhDiUGAzHF5P/OYDKs0TeW9GKXZi6EsecQbGSt3SacBQGlRc9vMgjKgvQxAgGfZoENDb1PAYxt1S2a24U9Bl4s1JmcxR75a+gl7Cstg+zQRo3fbc1HRyUIYzgeNikGlMgQ2hj21LJcSoO/n0mjE9s0qPRomyJQ2dqr8ncoi1HsWh7YzBDPSiNxH/89qZiS47OZdpZlCy2UdRJqhJ6CQa2uMKmREjS4ApbnelbAAKmM1HF20I3uLJy6RRrXhuxburlmtX8zgK5JickHPikQtSIzekTnzCyCN5Jq/kzXlyXpx352PWuuLMZ47IHzifP13Vm7c=</latexit><latexit sha1_base64="8jz5MC2/CZXYgX1t40qUImyUlXg=">AAACDXicbVA9T8MwEHX4LOWrwMhiUZCYqqQLjBUsbBSJtJWaqrq4l9aq40S2g1RF/QMs/BUWBhBiZWfj3+B+DNDypJOe3ruz716YCq6N6347K6tr6xubha3i9s7u3n7p4LChk0wx9FkiEtUKQaPgEn3DjcBWqhDiUGAzHF5P/OYDKs0TeW9GKXZi6EsecQbGSt3SacBQGlRc9vMgjKgvQxAgGfZoENDb1PAYxt1S2a24U9Bl4s1JmcxR75a+gl7Cstg+zQRo3fbc1HRyUIYzgeNikGlMgQ2hj21LJcSoO/n0mjE9s0qPRomyJQ2dqr8ncoi1HsWh7YzBDPSiNxH/89qZiS47OZdpZlCy2UdRJqhJ6CQa2uMKmREjS4ApbnelbAAKmM1HF20I3uLJy6RRrXhuxburlmtX8zgK5JickHPikQtSIzekTnzCyCN5Jq/kzXlyXpx352PWuuLMZ47IHzifP13Vm7c=</latexit>

Balanced
Optima

<latexit sha1_base64="6/6GtXduISTpU+qfbq89usnKLKg=">AAACC3icdVDLSsNAFJ34tr6qLt0MLYKrkFjxsRPduLOCrUITys30ph2cTMLMRCihezf+ihsXirj1B9z5N04fgooeuHA4596Ze0+UCa6N5304U9Mzs3PzC4ulpeWV1bXy+kZTp7li2GCpSNV1BBoFl9gw3Ai8zhRCEgm8im5Oh/7VLSrNU3lp+hmGCXQljzkDY6V2uRIwlAYVl90iiGJ6AgIkww4NAnqeGZ7AoF2ueu7REPt0TGpHlnh7vlerUd/1RqiSCert8nvQSVme2IeZAK1bvpeZsABlOBM4KAW5xgzYDXSxZamEBHVYjG4Z0G2rdGicKlvS0JH6faKAROt+EtnOBExP//aG4l9eKzfxYVhwmeUGJRt/FOeCmpQOg6EdrpAZ0bcEmOJ2V8p6oIDZdHTJhvB1Kf2fNHdd33P9i93q8ckkjgWyRSpkh/jkgByTM1InDcLIHXkgT+TZuXcenRfnddw65UxmNskPOG+fPxKbLg==</latexit><latexit sha1_base64="6/6GtXduISTpU+qfbq89usnKLKg=">AAACC3icdVDLSsNAFJ34tr6qLt0MLYKrkFjxsRPduLOCrUITys30ph2cTMLMRCihezf+ihsXirj1B9z5N04fgooeuHA4596Ze0+UCa6N5304U9Mzs3PzC4ulpeWV1bXy+kZTp7li2GCpSNV1BBoFl9gw3Ai8zhRCEgm8im5Oh/7VLSrNU3lp+hmGCXQljzkDY6V2uRIwlAYVl90iiGJ6AgIkww4NAnqeGZ7AoF2ueu7REPt0TGpHlnh7vlerUd/1RqiSCert8nvQSVme2IeZAK1bvpeZsABlOBM4KAW5xgzYDXSxZamEBHVYjG4Z0G2rdGicKlvS0JH6faKAROt+EtnOBExP//aG4l9eKzfxYVhwmeUGJRt/FOeCmpQOg6EdrpAZ0bcEmOJ2V8p6oIDZdHTJhvB1Kf2fNHdd33P9i93q8ckkjgWyRSpkh/jkgByTM1InDcLIHXkgT+TZuXcenRfnddw65UxmNskPOG+fPxKbLg==</latexit><latexit sha1_base64="6/6GtXduISTpU+qfbq89usnKLKg=">AAACC3icdVDLSsNAFJ34tr6qLt0MLYKrkFjxsRPduLOCrUITys30ph2cTMLMRCihezf+ihsXirj1B9z5N04fgooeuHA4596Ze0+UCa6N5304U9Mzs3PzC4ulpeWV1bXy+kZTp7li2GCpSNV1BBoFl9gw3Ai8zhRCEgm8im5Oh/7VLSrNU3lp+hmGCXQljzkDY6V2uRIwlAYVl90iiGJ6AgIkww4NAnqeGZ7AoF2ueu7REPt0TGpHlnh7vlerUd/1RqiSCert8nvQSVme2IeZAK1bvpeZsABlOBM4KAW5xgzYDXSxZamEBHVYjG4Z0G2rdGicKlvS0JH6faKAROt+EtnOBExP//aG4l9eKzfxYVhwmeUGJRt/FOeCmpQOg6EdrpAZ0bcEmOJ2V8p6oIDZdHTJhvB1Kf2fNHdd33P9i93q8ckkjgWyRSpkh/jkgByTM1InDcLIHXkgT+TZuXcenRfnddw65UxmNskPOG+fPxKbLg==</latexit><latexit sha1_base64="6/6GtXduISTpU+qfbq89usnKLKg=">AAACC3icdVDLSsNAFJ34tr6qLt0MLYKrkFjxsRPduLOCrUITys30ph2cTMLMRCihezf+ihsXirj1B9z5N04fgooeuHA4596Ze0+UCa6N5304U9Mzs3PzC4ulpeWV1bXy+kZTp7li2GCpSNV1BBoFl9gw3Ai8zhRCEgm8im5Oh/7VLSrNU3lp+hmGCXQljzkDY6V2uRIwlAYVl90iiGJ6AgIkww4NAnqeGZ7AoF2ueu7REPt0TGpHlnh7vlerUd/1RqiSCert8nvQSVme2IeZAK1bvpeZsABlOBM4KAW5xgzYDXSxZamEBHVYjG4Z0G2rdGicKlvS0JH6faKAROt+EtnOBExP//aG4l9eKzfxYVhwmeUGJRt/FOeCmpQOg6EdrpAZ0bcEmOJ2V8p6oIDZdHTJhvB1Kf2fNHdd33P9i93q8ckkjgWyRSpkh/jkgByTM1InDcLIHXkgT+TZuXcenRfnddw65UxmNskPOG+fPxKbLg==</latexit>

Figure 5: The visualization of objective F(x, y) = (1 − xy)2. All the global optima are connected and form a
path. The landscape around the path forms a valley. Around unbalanced optima, the landscape is sharp in some
directions and flat in others. Around balanced optima, the landscape only contains flat directions.

Figure 6: Algorithmic behaviors of Perturbed GD and GD for d = 4. For Perturbed GD, phase transition happens
around the first 2× 103 iterations.



References

Du, S. S., Hu, W., and Lee, J. D. (2018). Algorithmic regularization in learning deep homogeneous models:
Layers are automatically balanced. In Advances in Neural Information Processing Systems, pages 384–395.

Li, X., Lu, J., Arora, R., Haupt, J., Liu, H., Wang, Z., and Zhao, T. (2019). Symmetry, saddle points, and
global optimization landscape of nonconvex matrix factorization. IEEE Transactions on Information Theory,
65(6):3489–3514.


	Preliminaries
	Proof of Lemma 1, Lemma 2 , and Lemma 3
	Proof of Lemma 1
	Proof of Lemma 2
	Proof of Lemma 3

	Proof of Theorem 1
	Boundedness of Trajectory
	Proof of Lemma 4
	Proof of Lemma 5
	Proof of Lemma 6
	Proof of Lemma 7

	Proof of Theorem 2
	Perturbed GD
	Figures

