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A Additional Background

A.1 ReLU Neural Network in Matrix Notation

Given a sample {y;,x;}™ ,, the neural network predictions f,x1 = [f(x1),...,f(x,)]" can be
represented as a n x 1 vector in terms of its weight matrices. This matrix representation is math-
ematically convenient and provides important insight into how the data flow through the layers to
interact with different components of the model. Interestingly, under the ReLU activation function,
f,,x1 can be written as a linear product of model weight matrices despite the fact that f(x) itself
is an nonlinear model. To keep the notation simple, in this section we will omit the bias term bg.
However we note that it can always be added back to the model by augmenting the feature matrix
®,,  x (defined below) with a column vector of 1’s.

We first consider the one-layer ReLU network f(x) = 3To(W;x). For a single hidden unit, the
ReLU activation output is c(W; ,x) = I(W; xx > 0) * W xx, and the ReLU output of the entire
K -unit hidden layer is a K x 1 vector o (W;x) = 51 x Wix, where S x is a K x K diagonal matrix
with indicator functions (W xx > 0) on the diagonal. As a result, the one-layer ReLU network
evaluated at a single observation Xx; is:

(%) = B St Wixi.

To express f,,x1 = [f(x1),..., f(x,)] ", we define data matrix X, weight matrix W and activation
matrix Sy such that:

fox1 = 2wl = (XW1S,)8, (1
where we have defined ®,,, ,,x k = XWS; the matrix of hidden features, and
X1 0 ce 0 VV1 0 RN 0

X — 0 X2 ... 0 , W1:W1®In: 0 Wl 0 7 51:

0 0 0 x, 0 0 0 W

nxnP nPxnK

To express f,,x1 for a deep ReLU network f(x) = 87 (cWy ... (6Wix)), we notice a L-layer
ReLU neural network evaluated at a single observation is expressed as:

F) =B8] Stoi) x
=L

using the short-hand notation Hll:L M; = MpMyp_q ... MaM;. Here S;« is a K x K diagonal
matrice with indicator functions / (than_l ...oW;x > 0) on the diagonal. As a result:

L
fux1 = @ = (X[ WiS)5. @
=1

where @y g = X(]_[lL:1 W;S,) is the matrix of hidden features at the output layer, and we have
denoted W; = W, ® I,, and {Sl}lL:_ll, Sy as:

SL,x1
Sl,xl 0 . 0 SL7X2
S, = 0 Sl,Xz .. 0 8, = .
0 0 0 Sl,xn nKxnK

SLx, nKxK

It is worth noting that the gradient function of a ReLU network Opf, 1 =

[%f(xl),...,% (x,)]" can also be expressed as a linear product of matrices. Specifi-
p p

cially, since ReLU network is expressed as f = ® with & = X(HZL:1 W;S;)8, its derivative can

be written as:

L
Opfnx1 = (0p,0)B = (Wl,psl(H Wlsl))ﬂ

=2



where W ;, is an x nK matrix such that Wy ;, = I, ® W, ,. Correspondingly, the empirical norm
of the gradient function can be written as:

0 1 1
0o =5 F12 = 10 fcalld = = 87 (0,2) 7 (9,8)8,
p
which is of a quadratic form with respect to a K x K “gradient kernel matrix” (9,®) " (9,®).

A.2 ReLU Network in the RKHS

It is important to notice that the function space F (L, K, B) corresponds to a reproducing kernel
Hilbert space (RKHS) [2, 3]. Specifically, notice that if we focus on the output layer, then every
f € F(L, K, B) can be written as

K
Fx) =dw(x)T8=>" Bror(xW),

k=1
where ¢ (x|W) = Wi [ of 7t (oWy) o x} are the K “basis functions” at the output layer that are
formed by the hidden neurons.
Consequently, F(L, K, B) corresponds to a RKHS H equipped with positive definite kernel
kw(x,x') = ow(x)Tow(x') = Zszl ok (x|W)or (x'|W), and the hidden weights W can be
regarded as the hyper-parameters for this RKHS kernel [3]. For two functions in this RKHS
f(x) = dpw(x)" B and g(x) = dw(x) " By, the inner product in H is defined as:

(fra)n = /B}F/Bga

i.e., we can interpret the output-layer weights (5 as a “representer” of f in H. It is important to verify
that the above definition of (., .)4 indeed gives rise to the reproducing property:

<f7 k(xv )>7‘[ = 5;—¢W(X) = f(x)a

which can be seen easily by noticing that kyy(x,.) = ¢y (x) " ¢ (.) is an element in H with its “3”
being ¢y (x). Finally, the quadratic norm in this space is defined by || f||2, = Sn_, B3 = 16¢l13
[2].

To compute the kernel function &y, and the corresponding kernel matrix Ky, for a ReLU network,
we recall that, for the single-layer ReLU network f(x) = So(W;x), the corresponding basis func-
tion is a K X 1 vector ¢y (x)xx1 = c(Wix) = S1xWix. so we can write kyy in terms of ¢y
as:

k’w(X, X/) = gbw(X)Td)W(X/) = XTWFSLX SLx/Wpc’.

Similarly, k) for a L-layer ReLU network is:
1 1
kw (%, %) = ow () Tow () = x T ([ [ Stom) (I ] Sie W)X’
I=L I=L

To express the kernel matrix Kyy ,xp, recall the matrix of basis functions ®w pxx =
[dw(x1), ..., dw(x,)]" can be expressed compactly as ®), = XW;S; for a single-layer net-

work, and ®,,« x = X(]_[lL:1 W;S,) for a deep ReLU network. So the kernel matrices K,y for a
single-layer and a deep ReL.U network are, respectively:

L L
Ky =3®" =XW;8,S]W/X", Ky=32" =X([[W:S)(J[W:S)"X".
=1 1=1
A.3 Bayesian Learning of Deep ReLU Neural Network
It is well-known that for some common choices of I1(3), II( f) corresponds to a (conditional) Gaus-

sian process (GP) [15]. Specifically, by placing independent and identically distributed (i.i.d.) Gaus-
sian prior N (0, +) on 3 and N (0, oz ) on by, the neural network model f(.) = ¢w(.)" 3 is equal



in distribution to Gaussian process with kernel function ky (x,x') = % dw(x) T ow(x') + 07, . ie.,
H(fW) = GP(f]0, kw).

As a result, under the conditional Gaussian process (GP) representation, the prior distribution for f
can be written as:

(£, W) = H(fIW)ILW) = GP(f|0, kw)II(W), 3)

The conditional GP representation in (3) is important for analyzing the asymptotic behavior of the
Bayesian neural network. It suggests that, if the behavior of the conditional posterior IT,(f|WV)
does not change drastically under II,, (W), then the asymptotic behavior of II,, (f, V) is analogous
to that of a Gaussian process, whose theoretical properties are well-understood in the literature
[21, 7]. In Section D.1 - D.2, we take advantage of this representation to show an BvM phenomenon
(i.e. asymptotic normality) for the posterior distribution of variable importance for a wide range of
choices for II(W).

B Proofs for Posterior Consistency

B.1 Proof for Theorem 1

Proof. Denote A, = {f : ||f — foll2 > Muen} and B, = {f : [, (f) — Y, (fo)| > Mye,}, then
showing the statement in Theorem 1 is equivalent to showing IT,,(B,,) — 0.

Specifically, we assume below three facts hold:

Fact 1 [0,(f) — vy (o)l < 152 f — 52 fol 2
Fact2 sup,cqy . py ||% aq« foll2 < Cx||f — fol|? for some constant C.
Fact3 sup,cqy  py [¥p(fo) = Op(fo)|l S I1f = foll3

Because if above facts hold, we then have

sup i (f) = Wp(fo)l < sup |¢p(f)—¢p(fo)|+ sup |1hp(fo) = Wp(fo)

pe{l,...,P} pe{l,....P pe{l,...,P}
< sup IITf - 7f0||2 +  sup ihp(fo) — Vp(fo)l
pe{1,...,P Tp pe{1,...,P}
<Cx|lf = folli+  sup [¢p(fo) = Up(fo)l
pe{l,...,P}
SIF = folla

it then follows that:

Boll,( sup () = W, (fo)l = Maen) < Boll (|1 = fol 2 = Myen ) = 0.

pe{l,....,P}
‘We now show Facts 1-3 are true:

e Fact 1 follows simply from the triangular inequality:

() = 0] = [l g 182 = 1 ol
a .., S BT, B 9 d ..
= — 12 = ||=— — —||= <||=—fo — —fI2.
maoe {152 18 = 5 ol g ol =1 1} < g fo = 51

e Fact 2. First establish some notation. leen data {x;,y; }_,, denote f and f; the n x 1 vectors with
their elements being f(x;), fo(x:), 12 = L||f—1£, |3 where [|.||2
is the matrix 2-norm. Furthermore, since f, fo 6 F (L, W, B), there exists sets of weight matrices

{W,,Si}E |, {Wo,So.}E | and output weights 3, B, such that f = lesl(l‘[fz2 W;S,)8




and fp = XWy 1S0 1 (HZL:2 Wo,:S0.1)8,- To keep the notation simple, we write for f its the input
weights as W, and the product of weight matrices after the input layer as D = S (Hlez W;S,)8,
such that f and f;; can be written as:

f=XWD, f;=XWyD,
where recall X is a n X nP block diagonal matrix with 1 x P vectors x;’s on the diagonal. Fur-

thermore, by the definition of gradient functions for ReLU network, we can write the n x 1 vectors
of gradient functions as:

8pf = WpD, apfO = WO,pD0>

where W, = I, ® w,, Wy, = I, ® wg,, are n X nK block diagonal matrices. Notice that

I azp [2 = 1{|9,f — 8,f0|[3, also define define X = XX + cI for a small positive
constant c.
Consequently:
w g f - —fo||n < Z ||—f - —foun
pe{l,....P

1 1
= Z [W,D — W, Dolf5 = ~|IIWD — WDol[3.
p=1
Also notice that:
[[WD — WoDgl|> = [|XT!X(WD — WDg)||o = [|[XH(X X + cI) (WD — WoDg)| |2
= [[X~H(XTX)(WD — WoDg) + X~} (cI)(WD — W(Do)||
< |IXTHXTX) (WD — WDy)||2 + X7 (cI) (WD — WoDyo)|l2, (4)

where in the second term of the above expression, we have X! (cI) = cx (X TX +cI)~! < I, this
is because the eigenvalues of ¢ * (X T X 4 cI)~! are always smaller than 1. As a result, it is always
true that || X1 (cI)(WD — W(Dg)||2 < |[[WD — WDg||2. Therefore there exists a positive
constant p. < 1 that upper bounds ||X~(cI)||2, such that

||X71(CI)(WD — WODO)HQ = pc * HWD — WODOH2-

Plugging the above expression into (4), move the second term on the right-hand side to the left,
square both sides and finally multiply both sides by %, we have:

1 1
~(1 = po)*l[WD — WoDy[§ < ~ X' XX(WD — W,Do)|3

1
< —[[XTIXT3 [[X(WD — WoDy)|[3

1
= ~[[(XTX 4 D)X T3 ][X(WD — WoDo)|[3

= |(XTX+ D) XT3 = foll2- (5)

Notice that in (5), the matrix inside the first term ||(XTX +cI)~!XT||2 is the “projection matrix”

for the coefficient of a Ridge regression estimator (i.e., ,8 (XTX +cI)~*X Ty), and the 2-norm
of this term is upper bounded by its largest singular value, i.e.,

1
XX +cD)'X T, < <
IXTX 4 X T2 < o357 < 5
where the last inequality is obtained by noting that A = +/c is the solution to the above maximiza-
tion problem. Using this fact, we can write (5) as:

1 1
~|WD — WoDg||2 < ———||f — n-
7’L|| 0 0H2_4C(1—,06)2Hf fOH

> and noting that it is a constant, we have shown that

Denotlng C = 17/))

f= 7fo|\n < *||WD — WoDol[3 < Cx|If = foll7,

s (l5f - g
p

pe{l,..., Z’hcp

which is the statement of Fact 2.



e Fact 3 follows from standard Bernstein-type concentration inequality (see, e.g. Lemma 18
of [18]). Specifically, for \% fo(x)|? a random variable with respect to probability measure

P(x) that is bounded by L. Given n iid. samples {|52~fo(i)|’}7_;, recall that O(fo) =
N |a%pf0(xi)|2 and ¥(fp) = E(a%pfo), then with probability 1 — #:

10(fo) — ¥(fo)] <n~% * (22 % Lxlog(2/n)),

that is, |¢(fo) — ¥(fo)] — 0 at rate of O(n~2). Notice that O(n~2) is the optimal parametric
rate that cannot be surpassed by the convergence speed of the ReLU networks (recall the typical

. _ 8
convergence rate is €,, < n~ 25+ x log(n)” for some 6 > 0 and v > 1). Therefore we have:

P [¥p(fo) = Wp(fo)l S IIf = foll7-

pef{l,...,

C Proofs for BvM Phenomenon

C.1 Background: Semi-parametric BvM Theorem for Smooth Functionals

In this section, we provide background on a general semi-parametric BvM theorem for smooth
nonlinear functionals [8]. In nonparametric regression, the regression function f € F is infinite-
dimensional and the asymptotic distribution of f in this case is in general difficult to characterize
[10]. However, in practical applications, we are mostly interested in a finite-dimensional parameter
¢ : F — R whose asymptotic distribution is easier to reason with. For example, a cumulative
distribution function at a fixed point F(zo) = [I(z < z¢) f(z)dz [17].

To this end, a series of work by [4, 17, 8] provided general sufficient conditions for BvM theorem for
smooth functionals under general models. These results show that, if the functional of interest ¢ and
the model log likelihood [,, both satisfy certain smoothness conditions, then the marginal posterior
of 1)(f) concentrates at the rate O(n~'/?), and furthermore, the marginal posterior distribution of
V(W(f) — 1) converges weakly to a N (0, Vy) under the data-generation distribution Py, where 1)
is an efficient estimator of ¢ ( fy). Such properties have the implication that it allow the construction
of credible regions for which have correct asymptotic frequentist coverage [7].

The main conditions for BvM theorem for smooth functionals are as below:

1. Locally Asymptotic Normal (LAN) Expansion of Likelihood Function I,,(f):

(F) = La(fo) = =51 = Fol 2 + VAW, (f = fo). ©)
2. Smoothness Expansion of Functional v (f):
YUE) = 6Ufo) = (1, = fohn + 302(F = fo)o f = fobn + 0p(w/). )

3. Relation between [, (f) and ¢ (f):
For a posterior distribution II,,(f) = II(f|{y:, %} ) that concentrates around f, at rate €, i.e.
IL,(f : If — folln < €n) =14 0,(1), define A,, as the sequence of sets that receive majority of
probability mass from II,,, i.e.

I, (An) =n(f € Ay 2 |[f = folln S €n) =1+ 0p(1).
Assume there exists w,, € F such that W,, adopts a decomposition

Wi (f) = (wn, fn + An(f),

where wy,, is the “representor” of W, such that (w,, f), retains majority of information from
W, (f), and A, (f) is the corresponding residual term. It is required that both of these terms are
sufficiently regular in the sense that they satisfy below two conditions:

(Wi, Y2 (¥1))n + €nllwnlln = op(vn), ®
Sup [An(¥2(f = fo))l = 0p(1). ©)



Then under some mild additional conditions, BvM is valid in below sense:

Theorem C.1 (Semiparametric BvM Theorem). Let W,,, w,, and 1, 11, 12 as defined above. Fur-
thermore, denote

fu=f = —= (1 + 592 fo)) — mtba(avn)

7

and
2

(wl) <wn 2 (wn)>n 1 7/)2 (wn)
vn 3 n ’ 2 n

Then the moment generating function (MGF) of \/n(¢(f) — v) under posterior distribution 11,,
evaluated at the set A, such that 11,,(A,,) = 1 can be written as:

b =v(fo) +

‘/On:le

n

l'ﬂ(ft)_ln(f)
En(eVTD=D | A) = pWHVom/2 4 T yphere T, — [a € O dII(f|W)
Ny n fA eln(f)fln(fo)dl—[(f|w)

n

Moreover; if Vo, = ||1h1]|2 +0,(1) and T,, = 0,(1), then the posterior distribution \/n(¢(f) —,)
is asymptotically normal with mean zero and variance ||11]|2, i.e.

I (VA(B(S) = ) ~ N (O, 4] |2) (10)

Proof. [8], Theorem 2.1. O

Although the original theorem is stated under the scalar case, the generalization to multivariate case
is possible, i.e., one need to generalize 1/, to the corresponding matrix form following the definitition
of 11 [8].

C.2 Preliminary I: Notations and Basic Setup

In this section, we set up the basic notations for showing semi-parametric BvM theorem for a gen-
eral smooth functional ¢, (f) in a nonparametric regression model. We will first verify the model

likelihood I,,(f) = —3 >°1, (y; — f(x;))? and the functional ¢ (f) = (H,(f), f)n satisfy the three
conditions for Theorem C.1, and by doing so, identify the expression for the technical terms W,

Wy, 11, 1o that are relevant for deriving the asymptotic distribution of \/7(¢(f) — ).

First verify the LAN condition (6) for model likelihood [,,(f) and derive expression for W,,. Un-
der independent Gaussian assumption, the likelihood for nonparametric regression adopts the LAN
expansion:

In(f) = In(f, )=—*\|f folla +VaWa(f = fo)
where ||f — foll7, = & 32111 (f(x0) — fo(xi))?, and W, is:

Wo(f) = (Vne, f Z\Fei*fxz) (11)

Now verify the rest of the two conditions, we consider two cases: the univariate case where v, (f) =
I 8‘2 fl]2, to be used by the univariate BvM Theorem 2, and the multivariate case ¥(f)px1

I FI2, - 1132 fI[2]T, to be used by the multivariate BvM Theorem 3..

Univariate Case

Now verify (7) the smoothness condition for functional of interest ¢)¢( f) and derive expressions for
11, 2. The centered quadratic norm of gradient 15 (f) = (Hy,(f), f)n — E((Hp w,w),) adopts the
smoothness expansion:

U5 (F) — 5fo) = (W, £ = fob + 502 = fo). £ = fobu + 0p(v/),



in which 1, 1o take the form:
Y1 =2H,(fo), v2(f) =2H,(f),

where H, = D) D, for D, : f — 8—% f the differentiation operator and D, the adjoint of D,,.

Given data {x;,y;}]~, recall the definition of ®, 0,® (Section A) and denote 'I’}Xn the gen-
eralized inverse of ®, the operator D, can be evaluated in matrix form as D, = 9,®®", and
D,(f) can be evaluated as D,f = (9,2®")®8 = 9,80 for f € F(L, K, B). Correspond-
ingly, the operator H), adopts matrix reprentation H,, = D; D, = (<I>+)T8P'I>T8P<I'<I>+, such that
(Hyp(f), f) = (H,2B)" @6 = (9,28)" (0,20).

Finally, for the decomposition W, (f) = (w, f)n + Ay, (f), we will define w = Pr(e) the projection
of € to F, and A, (f) = (P#(e), f). Given observations {x;,y;}I ;, the projection operator Px
can be evaluated by computing the projection matrix P = UUT and P = I — UU' for
L — UnxKDKxKVng. By noticing that P r is a rank K matrix, it is then easy to see that
the two conditions (8) and (9) are satisfied since ||w||,, = O(K) < O(y/n) and P# (¢) is orthogonal
o Ya(f — fo) € Fw.

As an aside, we note that due to the existence of the bias term at the output layer, the actual feature
matrix is @7 = [1, ®]. However, this does not impact the expression of D, or H,, since D, =

0,®,1®7 = [0,0,®][(11)7,(®1)"]T = 9,2®" where 1, is a vector that is orthogonal to
1,1 and ijK.

Multivariate Case

Now we consider the multivariate case for ¢)(f) = [|| a%lﬂ 2,..., ||%f| I2]T by changing v; and
19 to their multivariate counterparts. Specifically, define the operator H:

H(f) = [Hl(f)a"'vHP(f)]Ta
where H,, = D; D, for D, : f — % f, so that the functional of interest ¥°(f) can still be
expressed as V°(f) = (H(f), f)n — E((H(w),w)n).

Now verify (7) the smoothness condition for functional of interest ¢)( f) and derive expressions for
11, 1. The centered quadratic norm of gradient ¢°(f) adopts the smoothness expansion:

YUY = 60fo) = (1, fohn + 3027 = Jo)o f = Fobn + 0p(v/)
in which 1 and 15 are two P x 1 vectors that take the form:

VY1 =2H(fo), 2(f) =2H(f)

Given data {x;,y;}7;, recall that the operator D, can be evaluated in matrix form as
D, = 9,2®" and H, can be evaluated as H, = D;Dp = <I>+T8P<I’T8p‘1><1*+. Cor-

respondingly, H(f) adopts matrix reprentation Hf,xp = [(Hif)nx1,..., Hpl)nx1] =

@70, @ 0, ®3,...,8" 0p® 0p®A], such that (H,(f), f), is evaluated as py; =
T

(Hf,xp) o1 = [||0:98]13, ..., |[0p®B]]3] .

C.3 Preliminary II: Proof Strategy and Preliminary Theorems

Recall that under a deep ReLU neural network, the prior distribution adopts a conditional Gaussian
process representation (Section A.3):

I(f, W) = I(fIW)ILOWV) = GP(f|0, kyw)II(W).

This decomposition suggests that a neural network model can be treated as a Gaussian process with
an adaptive kernel function kyy, whose hyperparameters WV follows a prior distribution II(W).

Consequently, we use a two-step strategy to show BvM phenomenon for ReLU network:



e Step 1, fix hidden weight WW and show BvM phenonmenon hold for GP(f10, kyy). This essentially
corresponding to performing Bayesian inference for a randomized neural network whose hidden
weights are sampled a priori from certain fixed distribution [16]. Then

e Step 2, we show that such BvM phenonmenon for IT,,(f|W) still holds under the posterior distri-
bution of hidden weights W ~ IL,(W).

Theorem C.2 establishes Step 1. Notice that in the fixed-W case, f € F follows an exact GP with
effective model dimension K (i.e. the rank of the kernel matrix), for whom the BvM phenonmenon
are known to hold under suitable regularity conditions [6, 7]. Therefore it is expected that BvM to
hold for randomized neural network f € Fyy, provided K does not grow too fast with respect to
n (i.e. Assumption 1) and the functional v, (f) is sufficiently smooth (i.e. satisfying (7)), which is

true for v, (f) = || 52 fII7:

Theorem C.2 (Bernstein-von Mises (BvM) for ¢, Fixed Hidden Weights). For f €

Fw(L,W, S, B) a deep ReLU network with hidden weight fixed to W, denoting foy the pro-
Jjection of fo to Fyy, and assume the posterior distribution 11, ( f|W) contracts around fy y at rate

€n. Denote Dy, @ f — %f the differentiation operator in Fyy, and Hyy , = Dy}, »Dw p the
» ;
corresponding self-adjoint operator. For wyy = Projr,, (€) the projection of € to Fyy, define:

bwp = [|Dwp(fo + )2 = Ywp(fon) + 2(Hw pfow,ww)n + (Hw pow, wwn, (12)

Define 1&5\,’1} = ﬁw,p — fiw,n Where iy, = tr (f[wyp)/n. Then 1[}5\,’17 is an unbiased estimator of

¢W,p( fo), and the posterior distribution for 5, .(f) is asymptotically normal surrounding 1&\6\/,1)’
ie.

(VA5 (1) = D) [{Ki 3, W) > N0, 4l Eow o 12), (13)

The proof is delayed to Section D.1. It should be stressed that both operators Dyy , and Hyy , are
defined strictly with respect to Fyy, such that given data, the operator D)y , is estimated in matrix

form as ]/jw’p = 8p<I>W<I>%, and Hyy ,, is evaluated as I/-\IWJ, = ({)%)Tap{)%@pfﬁwfb%. In
comparison, the original D, and H,, defined Section C.2 are with respect to the optimal solution
foeF.

C.4 Proof for Theorem 2

We now prove Theorem 2, which establishes Step 2 of the proof strategy outlined in Section C.3.

Our goal is to show that the BvM phenomenon in Theorem C.2 still holds under the adaptive case
(i.e. W is not fixed but follows the posterior distribution IT,,(W)), and furthermore, the whole

posterior distribution of \/n(¢5(f) — Qﬁg(f)) converges to N (0, 4||H, fo||?) where H,, is defined
with respect to the optimal solution fj € F.

Proof. Our goal is to show:

(V) = 3| xis it ) = NOAH, fo]12).

First notice that by Theorem C.2, the asymptotic distribution of the marginal posterior distribution
can be represented as a mixture of Gaussian:

i, (VA () —d5) < =) = /W 1 (V) — B) < W) I, (W)
= [ (VA = D5 < 2 4 Vi = D5, )W) O9)
- /W & ( (= + V5~ 650,)) /v Vv [W)dIT (W) (14)



where the last line follows from Theorem C.2, where Vyy o = 4||Hyy , fv 0|2 and @ is the standard

Gaussian cumulative distribution function (CDF).

Clearly, for BvM to hold in the case of (17), it is sufficient to show below two conditions [8]:
V.0 = Vol = 0,(1), \/EW;CJ - 1&1C/V,p| = op(1). (15)

The first condition follows from the continuous mapping theorem for V (H,, fo) = 2||H,, fo||2, along
with the fact that :

HHW,hW,O - prOHn < ||(HW,17 - Hp)fOHn + ||HW,p(fW,0 - fO)Hn
= O(HHW,p - HpHn) + O(HfW,O - fOHn)a
= O(—=IHw. = Hyllr) +0,(1)
K
= O(%) +0,(1) = 0p(1),

where the first equality follows from the boundedness of || fy||o and || Hyy p||co (by assumption in
main article and also Proposition 3), the second equality follows from the definition of ||.||,, for
matrix and the fact about posterior concentration of || f — fo||? in the statement of Theorem 2. The
last line follows since ||H,||r = O(K) by Proposition 3 and the assumption that K = o0,(y/n)
(Assumption 1 in the main article).

The second condition in (15) is the important no-bias condition which ensures that under W ~
IL,, (W), all the conditional posterior w§|W converges toward the same target zﬁ; [8, 19]. Recall

that 1[1; = p(fo) + 2(Hp fo, w)n + (Hpw,w), — E((Hpw, w),), then the second condition can be
written as:
VAl — Py | <Vl (fo) = Yw.p(fw.0)l + 23/l (Hy fo, w)n — (Hw pfw.0, @w)nl+
Vil(Hy pwyw, ww)n — (Hpw, w)n| + V0l E((Hy pow, ww)n) — E((Hpw, w)n)|,
(16)

where all four terms are 0,(1) since they are all O,(K/+/n) and the model dimension K is by
assumption not too large (i.e. K = o(nl/ 2)). We delay the detailed arguments to the end of the
proof.

Consequently, since both conditions in (15) are satisfied, the expression in (17) converge uniquely
to a normal distribution under the posterior distribution II,,(W), i.e.,

M (Vi) = 09) < =) = [ 8((e+ Va5 = d5v,) /v Fovs [W)ani,on)

:/W@((z-l—op(l))/\/m W)L, (W)

=®(=/v/Vo),  where  Vy=4|Hofoll} (17)

which implies the statement of interest:

I (Vn(ws(f) - )

iy ) ~ N4l Hy fol2):

We are only left to show that all four terms in the expression (16) are o,(1). Specifically, recall that
H, = D, Dy, such that (Hya, b), = (Dpa, Dpb), for any a,b € F, then:

10



e First Term: Recall ¢,,(fo) = (Hp fo, fo)n = ||Dpfol|?, then the first term can be expressed as:
V(o) = twp(fwo)l = VAl Dy foll2 = |1 Dw.pfiw.ol 2

< V(1D EI1ol12 + 11Dl 1L fw,ol 2)

= Vi (0p(1D412) + O, (1Dl 2)) = % (O, 13) + Oy (IIDw,l )
=0(2) = o)

where on the third line, the first equality follows since fo and fjy ¢ are both bounded, the second
equality follows by the definition of the matrix Euclidean norm [|M|[2 = £ 37, M7, = L||M]|%.
On the last line, the first eqality follows by || Dy ,||% = tr(Hyy ) = O(K) due to Proposition 3,
and the second equality follows by Assumption K = o, (n'/2).

e Second Term: Similarly, the second term can be expressed as:
VAl(Hyp fo, w)n — (Hw.p fw,0,ww)n| = V| (Dp fo, Dpw)n = (Dw pfw,0: Dy pww)n|
< V(DI fol kel ln + 1 Dyv.p

= V{0, (1DI2) + 011w I2))

K
= Op(%) = 0p(1)
where the equality on the third line follows from the fact that f )y is bounded and w = Projr(e)
is a random variable with bounded variance. The rest of the equalities follow similarly as those in
the First term.

211w,

nllowlln )

e Third and Fourth Terms are similar to the first term except for f is replaced by w. As a result:
VAl pow, 0w = (Hpws@hal = Vil Dy o2 = [ D2

= V(0,112 + Op(llDw 4 112))

= 0,(=) = o,(1)
\/7;|E(<HW,pWWaWW>n) — E((Hpw,w),)| = \/ﬁop<|<HW,pr7wW>n - <praw>n|>
= 0,(=) = o,()

C.5 Proof for Theorem 3

To prepare for the multivariate BvM theorem (Theorem 3), below theorem extends Theorem C.2 to
the multivariate case for ¢'(f) = [|| 52 fI[Z, ..., ||%f||,2z]T.

Theorem C.3 (Multivariate BvM for ¢, Fixed Hidden Weights). For f € Fy (L, W, S, B), as-
suming the posterior distribution IL, (f) contracts around fo yy at rate €,. For wyy = Projr,, (€),

denote 1&10,\, = [@[;10/\,717 . ,’(/AJ)C/V’P}]COV 1/;10/\,71, as defined in Theorem C.2.

Then 1/313\, is an unbiased and efficient estimator of Yy ( fo), and the posterior distribution for 15, ( f)
asymptotically converge toward a multivariate normal distribution surrounding 1), i.e.

(VAW () — 950) [ 3y ) = MVN(O, Vo), as)

where Vi vy is a P x P matrix such that (Vo w)py ps = 4(Hw py fovs Hw p, fow)n.

11



The proof is in Section D.2. We are now ready to prove Theorem 3.
Proof. Our goal is to show:

(VA@E(f) = 0| {xis i} ) ~ N0, Vo). (19)

We show the convergence of above multivariate normal distribution by invoking the Cramér-Wold
theorem [5], i.e. we show that for all t € RP:

(v (08 (f) = 79°)

D i) = N(0.47 Vi)

Similar to the scalar case, the asymptotic distribution of the marginal posterior distribution can be
represented as a mixture of Gaussian:

1, (Valt e () — 7)< 2) = /

w

I, (87 VA(E(f) = £ 5) < 2|W ) diL, (W)
_ /W T (VAT 08 () = 1T 05,) < 2+ Vil 5 — 75y, )W ) I, (W)
- /W <I>((z /(TS — g5, ) /T Vot |W) dIL, (W) + 0,(1)

(20)

where the last line follows from Theorem C.3, where (Vo) p, po = 4 Hw p, foow, Hw ps fow)n
and @ is the standard Gaussian CDF.

Therefore it is sufficient to show below two conditions [8]:
tT (Vo — Vo)t = 0,(1),  ValtTe — T4, | = 0,(1). (21)

However, both conditions follows from the coordinate-wise convergence /n |1/3§ - z/A)f/v’p| = 0,(1)
and ||Hw pfw,0 — Hp folln = 0p(1), which were established in the proof for Theorem 2.

Consequently, the expression in (20) converge uniquely to a normal distribution under the posterior
distribution IT,, (W), i.e.,

1, (\/ﬁ(tTwc(f) — T4 < z) _ /W @((z TG — TS, ) /At Viwot |w) dIL, (W) + 0,(1)

_ /W¢(<z+op(1)>/m (W) dI, (W) + 0, (1)

=®(z/VtTVot) +0p(1),  where  (Vo)p,py = 4(Hyp, fo, Hp, fo)n
which implies the statement of interest in (19).

O
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D Additional Proofs

D.1 Proof for Theorem C.2

Proof. Our goal is to show asymptotic normality
I, (VW (f) = D) W) ~> N(O,[[¢1]]7)-

First derive the expressions for f, &W’p, Vo,» and Z,,. The expression for f; is:

fi=1f— %(% + %?ﬁz(f - fo,w)) - %%(ﬁvw)
¢ ¢
:(I—%*Hp)(f)—ﬁ*ﬂp(fo’www). (22)

where I : f — f is the identity operator. The expressions for z/AJW,p and Vj ,, are (recall wyy =
Projr,, (€)):

) W 1 (wy, .
Iwp = wp(fow) + %ﬂ 4Ll wiww»

= Ywp(fow) + 2(Hw pfon, ww)n + (Hw pww, ww)n,

Lo (ww) |2 2
b, Yn 3 Vi || Hyy p fov + 0p(1) .,

)

n
and the expression for Z,, is:

fA eln () =1n (o, W) 4TT( £| W)
fA eln (D =tnfow) dTT( £ W)

n

I, =

It then follows from the Theorem C.1 that
E"(et\/ﬁ(wi\,,b(f)—lﬁf,v,p)|Am W) = eor (Dt Vo n/2 Z,. (23)

Therefore to show asymptotic normality IT,, (\/ﬁ(ﬂ}f/\;,p(f) - zZAJf/Vp) W) ~ N(0, |[¢1]|2), we only
need to show Z,, — 1 for some suitable choice of A,, so that F,, (et\/ﬁ(%\’ﬁﬂ(f)*’/;‘c’vm) |An, W) —
e!"Vo/2_ To this end, we consider the standard choice A,, = {f‘ I1f = fowl]2 < MnEn} for some
sufficiently large M,, — oo and €, the given rate of posterior convergence.

To analyze the asymptotic behavior of Z,,, analogous to the Theorem 3.1 of [8], we consider the
asymptotically equivalent term Z :

ffeA,,L eln () =tn (fo. W) 4TI ( f|WV)

r_J
In = feln(f)*ln(fo,w)dﬂ(ﬂW)

where the denominator | 4. In Z, is replaced by [ (i.e., integration over the entire space). Zj, is
asymptotically equivalent to Z,, since IT,,(A,) = 1 + op(1).

Notice that Z/, can be written as:

B feln(ft)_ln(f(),W)dH(f‘W) ffeAn el"(ft)fl"(fo*"")dﬂ(ﬂw)

/7
Ly, = InxKn = [ D-LGondII(fW) ~ [ eleTa—LeGom) dII(f]W)

where we have denoted:

[ eln D=1 (Fow) gTI( £ W) Jrea, eln ()=t o W) gIT( fIW)
In = D Tem di(f)” " T [ e G Gaw dni(f W)

Therefore in order to show Z,, — 1, it is sufficient to show 7,, — 1 and IC,, — 1.

(24)

We show 7,, — 1 by first performing change of variables f — f; on the numerator, and then analyze
the asymptotic behavior of the resulting expression. To this end, notice that the conditional prior
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TI(f|W) is a Gaussian process prior with kernel function kyy (x, x') = S>0_ | ¢y (x|W)p (x'|W) +
afo, and correspondingly, the kernel matrix evaluated at {x;,y;}7; is Kyy = ‘I’W‘I’;\; + O'%OI
for ®,.x = X(HlL:1 W;S;) (see Section A.1). Therefore given observations {y;,x;}" ,, the

conditional prior distribution for f = [f(x1),..., f(x,)]" € R" is a multivariate Gaussian with
covariance matrix Ky :

(W) ox [Kyy |~ 110!

;\} are the determinant and inverse of Ky, respectively. To perform change of
variable, we denote f; € R™ as f; in (22) evaluated at {y;, x;}?_,, we can write f, = B, ,,f — ﬁan
such that

3(f+fman) "KL, (FHJan)

(£, W) o K, | 2e 2 now (75
= dII(f|W) x exp| — 1log(M) — lfT(K_1 — K )f + TK WE— —a K.}
2 K| 2 W \F An 2n
where
t t
Ko = BenKwBun = Kiy = o [KyHy + H KBy | = Kyy = =Koy,

where By, = I — —=H,, a, = H,(fow + ww), and we have denoted dKyy = Ky H, +
H,KyB; .
Consequently, the expression of 7, after the change of variable becomes:

feln(ft)_l”(fU«W) ke~ Ltn dII( f,|W)

In = T R ety
where
. Kol 1fT K-1 K-Df — TK 1 wi TK—1 T 25
tn — 5 |KW| + 5 ( n,W W) f > + - .

Therefore in order to show 7, — 1, it is sufficient to show that all terms in £;,, = o0,(1) are
asymptotically vanishing toward zero as n — oo. We defer the detailed arguments to the end of this
proof. If this is true, then it holds that £, ,, = 0,,(1) and

T = [ b=t tom)+or(1) dTI( f,[W)
T [ D=L UGow)dII( W)

— 1. (26)

We show K,, — 1 by noticing that £; ,, = 0, (1) implies:

ffeAn eln (fe)=ln(fo,w) dII(f)W) ffeAn eln(fe)=ln(fo,w)+op(1) dII(f,|W)
[Tt dII(fW) [ enUa-tGow)toMdIl(f,[ W)

Notice that in the above expression, the event f € A,, is equivalent to f; € A,, ; for:
A = {F[1f = fol & < Muen }
= {7|11f = Soll2 < Mauen, 110 = foll2 < Ilfu = S +111 = Fol 2}
o {fi|Ilfe = foll2 112 = F11% + Maen }
= {1 = Bl <O + Me, }
= {#|1f: = fol 2 < Myen } = 4,

Ky =

where on the fourth line, the equality follows since || f;— f||2 = L||f,—f||3 = ﬁHprqLanH%/n <
ﬁ(HHpH%HfH% 2/n) = O(n"~7) since ||H,||2 = O,(1) by Proposition 3, and the facts
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that ||£]|3/n = O,(1) and ||a,||3/n = ||[H,(fow + ww)||?/n = O,(1) due to boundedness of f,
fy and the fact that wyy, is a random variable with finite variance. Also, on the last line, the equality
follows since n~! < ¢, i.e. the learning rate €, is expected to be slower than O(n~1). As a result,

we see that since the set A, = < f|||f — folln < Mf#n} is of the same form as A,,, we have that
II,(A’) — 1+ 0,(1) due to the posterior convergence of f to fy. Consequently:
n P p J4 q y
. ffteAw eln (ft)=ln(fo,w)+op(1) dII(f: W) ffteA;L eln (fe)=ln (fo,w)+0p(1) dII(f,|WV)
" f eln(ft)*ln(fo,w)‘i’op(l)dn(ft‘W) - f eln(ft)fln(fO,W)+op(1)dH(ft|W)

27)

Finally, since we have shown both 7, — 1 and KC;, — 1, it then follows by Theorem C.1 that the
posterior distribution of \/n(¢y, ,(f) — vy, converge toward a normal law with mean zero and
variance ||11]|2 = 4||Hw p fow||2, i.e. we have shown the statement of the interest:

(VU (F) = 50) [{30, 3 Fi W) = N (O, 4l Hwp o I2)- (28)

We are only left to show that £; ,, = 0,,(1), i.e. all the four terms in (25) are asymptotically vanishing
toward zero. We achieve this by analyzing the asymptotic behavior of the four terms one by one:

e First term: log(‘f%\;\}‘""‘) = log|K,w| — log|Kw|

Performing Taylor Expansion on log|K,, w|: ! 2

t
log| K| = log| Ky — ﬁde\

2

t _ t _
= log| K| — ﬁtr(KWldKW) + gOp(tr(ledKW)?). (29)
where
t _ t _ t
%tr(ledKW) =t (KV\}(KWHW,p + Hyy Ky — %HW,pKWHW)pD
2t t? .
= %tT(HW’p) — gtT(KW HW’pKwHW’p)
2t
S %tr(HW’p)
t
= —0,(K). 30
T=On(K) (30)

In the above expression, the inequality follows from the fact that K;Vl Hyy ,KywHyy , is positive
semi-definite, and the last line follows from Proposition 3, i.e., tr(Hyy, ,) = O,

By combing (29) and (30):

t 1 t2 1 K
log|Kyw| — loglKw| = _ﬁtT(KW dKw) + gOp(tr(Kw dKyw)?) =t * Op(%) = 0p(1).
€1V
where recall Op(%) = 0,(1) since K = o,(n'/?).
'For the log pseudo-determinant function f(X) = log|X|, we can compute its gradient function as

Vx f(X) = X* Hessian Hx f(X) = XT @ X*.

*The second-order term in Taylor expansion is vec(dKw) " (K3, ® K, )vec(dKw). Using property
of Kronecker product (CT ® A)vec(B) = wvec(ABC), the second-order term can also be written as
vec(dKw) "vec(K;, dKwK;,)) = tr(dKwK;, dKwK;,) = tr((K;, dKw)?) < tr(K;, dKw)?,
where the last inequality follows from the fact that K;\} dKyy is positive semidefinite.
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e Second term: £ (K, ), — K,/ )f

Bound this term using the Cauchy-Schwarz inequality f' (K;lw — K;\})f < ||K;1W —
K || ||£]|%- Notice that by applying the inversion formula (A + B)™' = A= — A~'B(A +
B)~'[12], wehave K}, — K, = ﬁ (K, dKy)K . and further manipulation reveals that:

K, dKwK; ), = Ky (KwHyy , + Hyy KBy ) (B, K B ,) = Hy ,Bf K;/Bf, + K Hy , B,
Then, by triangular inequality, we can bound HK;lw [|oo as:

1K, = w AKWEK, Syl

-1 K-
Hoo = ||
f
(HHW,p K};\}Bt,n”oo ||K}7\}IIW,th,nHOO)

3\ S\

= (1B o K B o + 11Ky oy, B )

(1 K o 1B e+ 1 o B o

IA
S

-
1Ky Hy plloc

2
\F( <) =7
IIK o oo * [[Hw plloo =t Op(n=1/2), (32)

HHW,pK;\}Hoo + ||K17V1HW7TJ

S

where the second equality follows since Hyy pB+n = BzanW,p due to the fact that B;fn =

Hy, ,(Hyy, , — =D* = (Hy, , — J=1)"Hy), . The third equality follows since ||B;,||sc <

||Bjn||2 = [|(I- \/EHWJO)Jr \ |2 = 1 due to the fact that Hyy , is not full-column rank, and the
last line follows by the facts that ||K;,/ || < [[Ky) |2 = Op(1) due to Kyy = @y @y, + 07 I

and ||Hyy plloo < [[Hw pll2 = 0,(1) due to Proposition 3.

Finally, we know [|f||2, = C% = 0,(1) due to assumption that || fol[oc < Cy . As aresult, the term
£ (K;lW — K;\})f can be bounded as:

£7 (Ko — K )E <Ky = K lselIfllS = 5 0p(n™3) = (1), (33)
e Third and fourth term: ﬁaz Knlwf and én nKn Wa

First notice that:

1K wllee = 1B Koy B lloo < 1Ky (ool B2 = 1Ky e = Op(1)

where the second equality follows since ||B; n||oo < HB

l2 = [|(I— %pr)ﬂb = 1dueto

the fact that Hyy ,, is not full-column rank. The final equahty follows from the fact that || K, Hjoo <
Ky [l2 = 03,2 = Op(1) due to Kyy = &y Py, + 07 L.

Also notice that
ol oo = 1w (oo + o)l loo < Il o wlloc + [y lloc
< [Hw pll2llfowllee + llowllz = Op(1)
since |lwwll2 = Op(1), |Ifowllec = Cr = Op(1) and ||Hyy ,||2 = O, (1) by Proposition 3. Also

L

L
€1l = IX(T T WiS1)Ble < [1Xlloo * [ [UIWilloolISillo) # [18lloc = Op(1)

=1 =1

since [[Wi]leo < B < 1, ||B]leo < B < 1, and the fact that elements in X and S; are bounded
between (0, 1).
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Therefore we can bound ﬁaz K;ﬁ,\)f as:
t 1
al KL -1 -1
K, wf < nl]oo| | K ool [flloc <t %O Z) =o0p(1). 34
f a, i lanlloc K pylloc €] *Op(n”2) = 0p(1) (34)
Similarly, we can bound the fourth term —aTKn Wa as:
t2 _ - _
52 Ko wa, < *Han\l 1K wlleo <825 0p(n™") = 0p(1). (35)

Consequently, by combining the asymptotic bounds for the four terms (31), (33), (34) and (35), we
have that

f ) Et n t
n fe oW x e dH(ft|W) e_ﬁop(K) N 17
fel n(fow)dII( f|W)
where the last equality follows since K/\/n = 0,(1) due to Assumption 1.
O
D.2 Proof for Theorem C.3
Proof. Our goal is to show the asymptotic normality
1Ly (VW5 (f) = 5y) W) ~> MVN(0, Vo).
First derive the expressions for f, &W, Von and Z,,. For t = [t1,...,tp] € RP, the expression for
St is:
fom = (i = Fow)) = ()
t = Pt gt oW o, V2(ww
th th
—(1-—sH ) B ¢ . 36
( \/ﬁ* w ) (f) \/ﬁ* w(foow +ww) (36)

The expressions for iw and tTVO’nt are:

Dy = D(fow) + j}f” . <ww7wi<wW>>n

= O (fow) + 2(Hw fo,ms ww)n + (Hywww, ww)n,

1
_ 2w2f;dﬁW)) tTHWfO,W +0p(1)’

2

)

2
=4 %

n

t" Vot = HtT(w

and the expression for Z,, is:

[, ent=tnlGom)ari( W)

n

fA eln (=l (fow) dTI( f|W)

n

It then follows from the Theorem C.1 that
En(eth/ﬁ(w%( ¢W)|A W) =e° op(1)+tT Vo, nt/2 xT,.

T, =

Therefore to show asymptotic normality, we only need to show Z,, — 1 for some suitable choice of
Ay, so that B, (et VAWLD=9) |4, W) — ¢t Vowt/2,

To this end, we consider the standard choice A,, = { f ’ [lf—foowlln < Mnen} for some sufficiently

large M,, — oo and €, the given rate of posterior convergence. Similar to the proof for Theorem
C.1, it is sufficient to show the terms .7,, — 1 and KC,, — 1, where

[ ebnF=tathom) gII( £ W) Jren, eI ow)dII( fI)
T eln =L Gom) dII(fW) [ elnU=tnlGow)dTi( £ W)

jn K:n =



The argument for /C,, — 1 is essentially the same as those in the proof for Theorem C.2 (i.e., (27)).
We show 7, — 1 by performing change of variables f — f; on the numerator, and then analyze the
asymptotic behavior of the resulting expression. Similar to the proof for Theorem C.1, by noticing

the conditional prior II( f|W) is a Gaussian process prior with kernel matrix Ky, = ®y @)Tv + ogo I

for ®,,x = X(HZL:1 W;S;), we see that given observations {y;,x;}? , the conditional prior

distribution for f = [f(x1),..., f(x,)]T € R" is a multivariate Gaussian with covariance matrix
Kwi

dII(EWV) o [Kyy| ze2f Kwf,

To perform change of variable, we denote f; € R™ as f; in (36) evaluated at {y;,x;},, we can
write f; = By ,f — ﬁan such that

TH(E W) ox [K | =36 30T Ko (B4 )

1 1 -1 1 a K 1 1 al
:dH(f|W)*exp{—2log< ) 5 Kw)f—i—\f n f——n K
where By, =1 — \}Ht,an—Ht(fOW—&-wW) forH;, =Y _, t,H,, and
1 1
K, = B, KwB;, = K ——[K H, + H,K Bn]zK CdKyy,
W tn 8w B¢, W\/HWt‘i‘tWt, W\/EW
where we have denoted dKyy = KyyH; + H/ K,y By ;..
Consequently, the expression of 7,, after the change of variable becomes:
7 [ etnF)=tnlfow)  e=Lem gTI( f,|W)
n feln(f)_ln(fO,W)dH(f|W) ’
where
1 Ko wl S —1 A K- T
n = 5log(T) 4+ DET (KD — Kb - Kf—K AURNCY
Con =510y ) 2" (B = Kow) K palK el @D

Therefore in order to show 7, — 1, it is sufficient to show that all terms in L; ,, are asymptotically
vanishing toward zero as n — oo. Now only left to show that all the four terms in (37) are asymp-
totically vanishing toward zero. However, notice that the only difference between (37) and its coun-

terpart (25) in the proof of Theorem C.2 is that H,, is replaced by H; = 211;1 t,H,,. Furthermore,

for fixed ¢, the asymptotic behavior of H,, and H, are similar in the sense that tr(H;) = O,(K)
and ||H,||2 = Op(1) since P = O(1). Therefore we can follow exactly the same arguments as
those in the proof for Theorem C.2 to show all the four terms asymptotically vanishing towards
feln(ft)_ln(foyw)'*'op(l) dII(f|WV)

feln(f)fln(fo,w)dn(f‘w) — 1.

zero. Consequently, we have that 7,, =

It then follows by the semi-parametric BvM theorem (Theorem C.1) that the posterior distribution
of v/n(¢5y,(f) — 1%,,) converge toward a normal law with mean zero and variance Vj, i.e.

(VAW () = d50) | {xi 3k iy ) = N(O, Vo), (39)
where Vj is the P x P matrix that takes value ¢ Vg ,t = 4 * ||tTHWf07WH$L for any t € RP.

Specifically, the matrix Vo whose (p1, p2)™" entry defined as 4(H,, fo.w, Hp, fow)n Will satisfy
this choice. O
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E Lemmas and Propositions

We first show the posterior concentration rate for a deep Bayesian neural network (BNN) with
moderate level of sparsity (Proposition 1). This is an assumption that can hold even for a BNN
without an explicit sparse-inducing prior. For example, for a convolutional neural network using
separable convolutional layers, its convolutional kernels are in fact banded Toeplitz matrices with
the higher off-diagonal entries set to zero, whose number of parameters is only proportional to the
number of the output channels [9, 20]. For this case, we show that for a network with sparsity
level (i.e., the number of unique non-zero weights) O(L x K), the model can achieve an optimal,
parametric rate of O(n~'/2) up to a logarithm factor.

For completeness, in Proposition 2, we also study the case where no sparsity is assumed. This
corresponds to the case of a naive densely-connected network without any type of regularization.
We show that in this case, for the model to achieve a optimal rate of O(n‘l/ 2), it in fact needs to
be narrower (i.e., K = O(n'/*) rather than O(n'/?)), hence restricting the space of true functions
it can reliably approximate in the finite data. The difference between these two cases highlights
the importance of choosing a parameter-efficient architecture to ensure the effectiveness of variable
selection in the finite sample. Finally, notice that the BvM theorem still applies in this second case,
since the Assumption 1 still holds.

Proposition 1 (Posterior Concentration for fy € F). For the space of ReLU network F =
F(L, K, B). Assuming

e The model architecture satisfies:

L =0(log(N)), K=0(N), S=O0(Nlog(N)).

where S = Elel [IWillo is the number of non-zero parameters in the model, and N € N is a
Sunction of sample size n such that log(N) > +/log(n).

o The prior distribution IL(W) is an i.i.d. product of Gaussian distributions.

Then, for fo € F, the posterior distribution I1,,(f) = TI(f|{x;,y:}"_,) contracts toward fq in a
rate of at least €, = O((N/n) = log(N)?), i.e., for any M, — oo

Eolly(||f = foll7 > Myen) — 0

In particular, if N = o,(n'/?) (i.e. Assumption 1), we then have €, = O(n~'/2 xlog(n)?).

Proof. We show posterior consistency by checking if the stated convergence rate € satisfy the classic
posterior convergence theorem (i.e., Theorem 1 of [11]). Since we consider a well-specified case
where fy € F, one of the theorem’s three conditions regarding expressiveness of the prior model
trivially holds (i.e., TI(F/F,,) < e~ "(C+4) for F the true function space and F,, the model space).
However, even in this well-specified case, it is still important to understand if neural network can
achieve the desired convergence rate €, in the face of the prior stochasticity in its large number of
hidden weight parameters. Therefore, we would like to check the below two conditions about the
neural network prior distribution:

logN (€, F, ||.]lo0) < Cney (39)
(17 = follZs < en) = e Cmer (40)

where C' > 1 is an universal constant. The first condition (39) ensures the model size, which is
measured by the covering number of F (i.e., the minimal number of ||.||-balls with radius ¢ that
covers F) is not too large. The second condition (40) ensures the model ’s prior distribution places
sufficient prior mass around the target function fy. For the rest of this proof, we show the statement
of interest by showing these two conditions.

e Entropy Condition: logN (e, F, ||.||n) < ne,
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We show this condition by invoking the classic result on the covering number of neural network
approximation spaces (Lemma 2 [1]). Specifically, by setting § = €,, in Lemma 2, we have

logN (e, F, ||-l|oc) < Slog(e, ' LKF)
< Slog(efll) + S Llog(K)

< Nlog(N) log(m) + Nlog(N)3
< Nlog(N) (log(n) + log(N)?)
< Nlog(N)? = ne,
where the third line follows by the definition of ¢, and the last line follows from the assumption
that log(N') > +/log(n) and the definition of €,.

e Prior Mass Condition: H<||f = folln < en) > e~ Cnen,

We show this using the classic concentration inequality for the centered Gaussian measure II
(Lemma 1). Denote W = {W,}£ | U {3} the set of all parameters for a neural network f. By the
proof of Lemma 2 below, we can bound the difference between a model f and the true function f
as |f — fo| < LKL||W — Wp|| o, therefore

{1 = ol < e} < Wi -l < s }
Then by Lemma 1:
(1 = folle < en) 2 (W = Woll% < 7s)
e L LI(ER
> eap - %)m(_ (L;L)z)

> exp(—Cney)

for some constant C' > 1. In the above expression, the second inequality follows from Lemma 1,
and the third inequality follows from the Borell’s inequality [22].

Proposition 2 (Posterior Concentration for f, € F, No Sparsity). For the space of ReLU network
F =F(L,K,B) . Assuming

e The model architecture satisfies:
L=0(log(N)), K=O(VN).
Since we assume no sparsity, we set S = O(L * K?) = O(N log(N)).

e The prior distribution IL(W) is an i.i.d. product of Gaussian distributions.

Then, for fo € F, the posterior distribution I1,,(f) = II(f|{x;,y:}}_1) contracts toward fq in a
rate of at least €, = O ((N?/n) * log(N)?), i.e., for any M,, — oo

EolL,(||f = fol|2 > Mye,) — 0

In particular, if N = o,(n'/?) (i.e. Assumption 1), we then have €, = O(n~'/2 x log(n)?).

Proof. The proof is similar to Proposition 1. The only difference is K is changed from O(N) to

O(v/'N) (and the order of the sparsity in fact stays the same). Specifically, we re-check the entropy
condition and the prior mass condition below:
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¢ Entropy Condition: logN (e, F,||.||) < ne,

By setting 6 = ¢, in Lemma 2, we have

logN (€n, F, || |]oo) < Slog(eleLKM)

< Slog(e, ) + S Llog(K)

W) + N2l0g(N)3

< Nlog(N)log(

< Nlog(N) (log(n) + log(N)?)
3

< Nlog(N)” = ne,

e Prior Mass Condition: H<||f — folln < en) > e~ Cnen,

Similar to proof for Proposition 1, by the proof of Lemma 2, we can bound the difference between
amodel f and the true function fy as | f — fo| < LKE||W — Wp||co» therefore

LA = oll2e < en} < {V]IIW = W2 <

Then by Lemma 1:

H(Ilf — foll% < en) > H(||W—Wo||2 <

T )

i)

> cap(— D) (e, < o)

zexp(_ IIWoH%)exp(_

2
> exp(—Cney,)

for some constant C' > 1.
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Proposition 3. Recall that a ReLU network f € F(L, K, B) adopts basis function representation
fx) = Zi{zl Bror(x) = ¢(x) T B at the output layer. Denote ® and 9,® the n x K matrices of
& and %d) evaluated at observations {X;, y; }1_,, such that ®,,« x = XW1S; (]_[lL:2 W;S,) and

8y ®x e = W1 ,81(IT1~, WiS)). Denote
H,=(®")70,#"0,2®"
where ®7.... is the generalized inverse of ®,,x k. Then:

‘|Hp||2 = 010(1)7 tr(Hp) = OP(K)v

Proof. Notice that ||H,||2 = O,(1) implies ¢tr(H,) = Op(K) since
tr(H,) < rank(H,) * ||H||2 = Op(rank(H,)) = Op(K).
Therefore we only need to show ||H||2 = O,(1).

Show ||H,||2 = O,(1) by showing that it is upper bounded by certain constant that does not depend

on n. Recall that H, = (®7)T(9,®'9,®)®™, by the fact that 2-norm is invariant under cyclic
permutations, we then have

HHPH2 = ||(ap(I)‘I)+)T(ap(I)‘I)+)||2 = ||8p(1)(‘1)+q)+—r)apq)—r”2 = ||3pq)(q)—r¢’)_18pq)—r”2
= [[(@" @) (9,27 0,®)]|2

Denote M = Sl(]_[lL:2 W,S;), then we have & = XW M and 9,® = W; ,M. Denote X, =
diag(x1,p, T2,p, - . -, Tn,p) and notice that XW = Zp X, Wi p, so we see that ® is related to 9, P
through the expression & = 3 X,,0,®, and

= (Z Xpap(l’)—r(z X, 0p®) = Z aplq’TXmszapz‘I’~
p p

P1,p2
Using the inversion formula (A + B)~! = (I+ A~'B)~ 1A~ [12], we can write (® ' ®)~" as:

(@)1 = (apqﬁxgapcb + Y am@TXplxmapz@f
P1,P27#D
- (1+ @2 x2,2) " Y apléTxplxpzam@) (0,8 X20,%)"!
P1,P27#P

Consequently, we can bound ||H, || as:
[Hyllz = [|(2" @)~ (8,20 ‘I>)H2
_ H (1+0,2TX20,2) " > 0,,@7X,,X,,0,,@) (apqﬁxiap@)*l(apiﬁap@)"2
P1,P2#P

<[+ @eTx " Y 587X, X,0,2) || -

P1,P2#D

(apéTxga@)-l(apqﬁap@)‘]2

Notice in the last line of the above expression, the first term can be bounded as:

—1
H(I+ 0,27 X20,8)"" Y aplrbTXplxmapz@) H2 <1 41)
P1,P2#D

This is because Amin (I + (8p<I>TXf,8p<I>)71 > b1 patp 8p1<I’TXp1Xp28p2<I>) > 1 due to the fact

that 8,71‘I>TXplXp2 Op, ® is full column rank for all py, p2, which implies that Apax of (41) is no
larger than 1.
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The second term can be bounded as:
||(8pq’TX12)ap'I’)7l(ap(I’Tap‘I’)‘|2 = ‘|(8P‘I’+X;28P‘I’+T)(3p¢’T8p¢’)||2
= 10,27 X, 20,2
= HX;Qap(I’apq)ﬂlZ
< 1X5%112/10, 20,27 |2
= [1%; 113, (42)
where we have denoted @ = VD~ 'UT for & = UDV ". In above expression, the third equality

follows from the fact that the eigenvalue of the product of square matrices is invariant under cyclic
permutation of the product order [14].

Combining (41) and (42), we have:
IHyl2 = [[(@7 @) (9,@ " 0,®)]|

= H (I + (ap(I’TXzz)ap(I’)il Z 61’1’1)TX7’1X”28”¢)71H2 *

(0, X20,8) (9,87 9, ®) ‘ ’2

P1,P2#P
< [1X5 113
Recall that since X, = diag(X1,p,2,p,.-.,%n,p) is a diagonal matrix, we have || X ![[; =
max(l/x;,) = 1/min(z;,) < 1/cg, ie. bounded by a constant that does not depend on n.
Therefore ||H,||2 = O,(1). O
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Lemma 1 (Gaussian Shift-ball Inequality). Let II( f) be a centered Gaussian measure and Hry the
Hilbert space induced by 11 with norm ||.||n. For fo € Hn, it holds that

2
(1f  folloo <) > exp(~ ) 11, < 0

Proof. [13], Theorem 2

Lemma 2 (Covering Number for F (L, K, B)). For the space of ReLU network F = F(L, K, B)

as defined in (2), define S = Zle [IWil|o, then the covering number of F as N(8, F,||.||cc), i.€.,
the minimal number of ||.||o-balls with radius 0 that covers F, can be bounded as:

logN (6, F, ||.||os) < Slog(6~'LK?")

Proof. The proof is an adaptation of the classic entropy number result for neural networks [1] to our
current setting.

Consider two networks f, f' € F(L,K,B) where f(x) = BoWr...oW;x and f'(x) =
B'oW) ...oWix. Note that ||3 — f|loc < KB and [|[W, — W/||l.« < KB. Also denote

Ai(f) = oW,_1 ... cW;x the hidden activation before the I*" layer, and B;(f) = BoWro ... Wio
the hidden mapping at and after the [*" layer. Then for bounded input ||x||o, < 1:

1A (P)llso < IWimr A (F)loo < KBl A1 (f)lloe < (KB)',
and similarly ||B;(f)||eo < (K B)*~!*+1. Then it holds that:

169 = /6| < | 3 [Bra (WA @) = Brsa (F)WA(S) )]

1

(KB) [IWiAI(f)(@) = W A(F)(@)]l

M- 70
Il ~

<

N
Il
—

M=

<) (KB '« W, = W/||oo ¥ (KB)""' < L (KB)!"!x (KB)  (KB)!™*

1
= L« (KB)*

Thus for ||.|| balls with radius ¢, the covering number for a single sparsity configuration is bounded
L
by (W)_S . Now, since the number of possible sparsity patterns is bounded by () < K5,

then the covering number of the whole space is bounded as K1 « (W)*S = (ﬁ)’s .
Taking log on both sides and recall we have B < 1 due to assumption in (2), then:

logN (8, F,||.]|ec) < Slog(6 'LK*'BY) < Slog(6~*LK?F)
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