Supplementary Materials:
Tracking Regret Bounds for Online Submodular Optimization

Tatsuya Matsuoka Shinji Ito Naoto Ohsaka
NEC Corporation NEC Corporation NEC Corporation
ta.matsuoka@nec.com i-shinji@nec.com ohsaka@nec.com

A DESCRIPTION OF ALGORITHM FSF* MENTIONED IN COROLLARY 1

The description of the algorithm FSF* is given in Algorithm 4. We initialize parameters .J, v, 8, w1 € Rio, ~0),

and wg D e RZ, for j =1,2,...,J as stated in Step 1 in Algorithm 4. We run J copies of fixed share forecaster

algorithms (Herbster and Warmuth, 1998) with different value of parameter yU). For each round t = 1,2,...,T,

first we normalize w; € RZ; to calculate g;, where wy; represents the weight of the j-th copy, and normalize
( ) € RZ, to calculate p§ ), which represents, for each j € [J], the weights of each action ¢ € [m]. Then, we

compute and output p; € RT, the sum of the vectors p(j) weighted by ¢;; for j =1,2,...,J. After outputting
pt, the algorithm receives feedback £;; for each i € [m], which represents a loss of choosing ¢ in round ¢.

After receiving feedback £;, we update the weights for the next round. We use different value of parameter )
for each j € [J]. For each j € [J], we calculate w§+)1 € RY,, as stated in (6) and (7). We calculate wt+1 € RZ,

by multiplicative weight update with parameter v and with loss for j-th action defined to be £ pt , e, Wt
is calculated as in Step 9 in Algorithm 4 for each j € [J].

Algorithm 4 FSF*
Require: The number 7T of rounds and the number m of actions.

1: Set J = [logT], v = log‘] , B = 7 and initialize w; = (w1, w2, ..., wey) " by wy; = 1 for j =1,2,...,J.
For j = 1,2,...,J, set 4\ = 10%_5_? and initialize w?) = (wd, WP, ... wWINT by wl?) =1 for i =
1,2,....m

2: fort=1,2,...,7T do
, )
3:  Set g == andp,gj): W for ji=12...,J.

llwell2 w@

[t-th output] Compute p; = ZJ L qip) and output py.
[t-th input] Get feedback of £; = (£i1,lsa, -, Lim) "

for j=1,2,...,J do
© Z

; (7) : .
Update w,gj) by wt(i)lvi = ﬁW# +(1- B)wg) for i =1,2,...,m where Wt(]) = vt({) -+ ’U(J)

4

5

6:

7: Compute v;; exp(ffy(j)ﬁn-) fori=1,2,....,m

8
9 Update wy; by wey1,j = wy; exp(—*yéjpij)).

10: end for

11: end for
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B OMITTED PROOFS

B.1 Proof of Corollary 1

If m =1, then Zthl (EtTpt — ﬁtiz) =0 holds. If T =1 and m > 2, since ¢, € [—1,1]™, 23:1 (EtTpt — Etz‘;) <2
On the other hand, we have

8v/T((P' + 1) log(mT) +log(1 +log T)) = 8/(P’ 4+ 1)log2 > 4.

Thus, we suppose m > 2 and T > 2. We have the following inequality (see, e.g., Cesa-Bianchi and Lugosi
(2006)):

T
i 1
> (0= Tp") ST+ ~log J = 2y/Tlog ] (16)
t=1
From Theorem 1,
- (@) 1 1
ToU) _p . () - /
;(ﬁt Di Lz ) <AVT + G ((ZP + 1) logm + log FF ﬂ)TP,l)
; 2
<A9T 4+ W(P/ + 1) log(mT) (17)

holds for each j € [J], where we utilize

1 1
log srg = gyr—p—1 = ' log T+ (T = P'—1)log (1 - T1>
T—-P —1
<PlogT+ —F—=
sel T
< PlogT +1

and log2 > 1. By the definition of {"/(j)}le, there exists j € [J] such that

? S \/(p/+1)Tlog(mT) <40 ((:) \/(p/+1)T1og(mT) <o) < 2\/(p/+1)Tlog(mT)>

holds. For such j, by (17) we have

(6] P — b)) < 4/T(P"+ 1) log(mT). (18)

[M]=

t=1

Therefore, by (16) and (18),

T
Z(Z:Pt —Lyix) <24/T'logJ + 4\/T(P/ + 1) log(mT)

t=1

=2 <\/T log J + /4T(P' + 1) 1og(mT))

<2 (2\/T log(1 + log T) + /4T (P’ + 1) log(mT)>
< 8T ((P' + 1)log(mT) +log(1 +log T))

holds, where the second inequality holds since for T' > 2,
log J = log([log, T7) < log(1 + log, T') < 2log(1 + log T

holds.
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B.2 Proof of Lemma 2

The procedure given by (10) can be expressed by

Yir1 = Tt — NGt, Tyq1 € argmin ||z — yt+1H§~ (19)
z€[0,1]™
We have
241 — 2713 < llyerr — 27115 = llwe — 27 — ngell3 = lloe — 25|13 + 0 llgell5 — 2ng)’ (e — =7),

where the inequality follows from the second part of (19) and the generalized Pythagorean theorem, and the first
equality follows from the first part of (19). By dividing both sides with 27, we obtain

1
9¢ (we — 27) < *Hgt”z o (lwe = 27113 = llwesr — 2713) -

By taking the sum for ¢ € [T'], we obtain

ng tha:t<z(||gt||2 g (o2 = ail = o = ai13) )

R x1||2 1= - 2
< Y g3+ =52 4 = ) (e — 25113 — llwers — 2713)
2 27)
t=1 t=1
n T 1 T—1
< 9 ||9tH2 o Z 2Ty — Tl — wi‘)T(m‘Z‘ — Ti4q)
t=1 =
T —1

n
<o llaeli3 + Z loF = il

t=1 =

o |

where the last inequality follows from 22441 — 27, — 27 [|oo < 2.

B.3 Proof of Lemma 3

Define §5 by

T
=D (fulX]) = fu( Xis)) (20)

t=1

for s =0,1,...,k. Then, for an arbitrary fixed s € {0,1,...,k — 1}, we have

ft ft th))

(fe(Xes U{E3}) = fe(Xis)

i€ X
(9+1
zeX*
T

%

EMﬂ IIMH ] MH

g(erl + B(s+1)

tig s41
—k (58 - 5S+1) + BYY,

where the inequality follows from submodularity of f;, the second equality follows from the definition (12), (13)

of ESH), the third equality follows from the definition (14) of B;S T and the fourth equality follows from (12),
(13), and (20).
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Thus,

1 1 o(s+1)
<|{1--— —B
5s+1 = ( k) 55 + L T

holds for each s € {0,1,...,k}, and hence, we have

1\ s+ 1 sl (NSt
Sap1 < <1—k> 8o+ (1-) BY.

Therefore,

1 k 1 k 1 k—s )
5k<1k> 50§k2(1k> B (21)

holds. On the other hand, we have
1 k 1 k T T 1 k T
5o-(1-1) d- (1 (1) ) S0 =3 Ak + (1) 3 Aw)
1 T - T
> (1 - ) SR =S R(X
t=1 t=1

= ROVIUXIE), (22)

where the first equality follows from the definition (20) of d5, the inequality follows from the nonnegativity of f;
and (1 — 7) < 1, and the second equality follows from the definition (2) of R$. By (21) and (22), we obtain

1 k k—s
(1-1/e s
A IENER (1—) BY.

B.4 Proof of Lemma 4

For proving Lemma 4, we first state Lemmas 5 and 6.
Lemma 5 (Lemma 2.1 of Buchbinder et al. (2015)). For each t € [T] and for each s € [n], ats + brs > 0 holds.
Lemma 6. It holds that

T n

" 1 s 1 s 1
E |:R§“1/2)({Xt }?:1)} S E Z 5 Z (1 - qt ))ats + 5 Z qg )bts - 1 Z(qtsats + (1 - qts)bts)

t=1 seX} s€n\X} s=1

Proof of Lemma 6. Let Zys = (X} U Xts) N Yis. Then,

= (fielZrs1) = [1(Zis)) + f1(X2) (23)
s=1
holds.

e Suppose that s € X;. If X;s = X, ,_1 U {s} (with probability q7§5))7 we have

ft(Zes—1) = fi(Zys).
Otherwise (with probability 1 — qt(s))7 by submodularity,
Jt(Zis—1) — f[e(Zis) < fe( Xt s—1 U{s}) = fe( Xt s—1) = ass
holds since Z; s—1 = (Xi5—1 U{s}) U Zys and Xy 51 = (Xps—1 U {s}) N Zys. Thus, we obtain

EfulZio-1) = fuZes)] E[(1 = g )a | (24)
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e Suppose that s ¢ X;°. If X;s = X, s—1 U {s} (with probability q7§5))7 by submodularity,

Je(Zes—1) — [e(Zis) < fr(Yes—1 \ {s}) = fe(Y2,s—1) = bys.

holds since Z; s—1 = (Yi,5-1 \ {s}) U Zis and YV, s_1 = (Yi,5-1 \ {s}) N Zis. Otherwise (with probability

1- qgs)), we have

ft(Zt,sfl) = ft(Zts)~

Thus, we obtain
E[fi(Z,s-1) — fi(Zis)] <E [q bts:| . (25)

Therefore, by combining (23), (24), and (25), we obtain

Ef(X) ~ A <E| S 0—qas+ Y 0] - (26)

seEX} sen]\X;

Here, f;(X:) can be decomposed as
Fo(X0) = fi(Xem) = > (fi(Xee) = fi(Xia1)) + fi(Xi0). (27)
s=1

From Step 6 of Algorithm 3, we have
E[fu(Xes) = fiXes1)] = E [ Xeomr U L)) = ol Xis-1)| = E [aans]

By the above equation and (27), we have

E [fe(Xt) — fie(Xt0)] lzq ats] : (28)

Similarly,

E[fi(Yy) = fi(Yio)] = E

holds. By (26), (28), and (29), we obtain

Bl Rx) =Y ﬁ(X»]

B[R} (X HL)]
E LX) — fe(X0)] = ELR) = X)) = EL(¥e) — fulYio)]

Mo .
1 s 1 s 1
S E Z (2 Z (1 - QE ))ats + 5 Z Qt( )bts - 1 Z(qtsats + (]- - qts)bts))] .

t=1 sEX] sen\X} s=1

IA
DN =

It holds from the definition of £{*) that

T n
E [Z (; Z (1 - q)azs + % Z a\ by — iZ(qtsam +(1- qts)bts))]

seXy sen\X; s=1

n n T
-5 F [ZW”” PIREHENDY fi?]—E[ZZ( 60D 4+ 20+ (- g )b@)].

te[T] te[T]:se X} te[T)]:s¢ X} s=1t=1
(30)
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Since pg) = %(4qt(s) —1) and pg) =1(3- élqts))7 by Step 5 of Algorithm 3, it holds that

1 T 1 1 ;
S0 D 4 10 0+ (0= gh) = 7 (-0 0 (al 1)~ a0 — 40) + o aws + (1~ g

S b S
= %(2%@ —1)2>0.

By the above inequality, (30), and Lemma 6, we obtain Lemma 4.
B.5 Proof of Theorem 5

To prove Theorem 5, we use the following lemma.

Lemma 7. Let X = By + By + - -+ By, where each B; € {—1,1} follows a Bernoulli distribution of parameter
1/2, independent and identically distributed for i € [m]. We then have E[|X|] > /m/3.

Proof of Lemma 7. By Holder’s inequality (E[|A||B|] < (E[|A|P))Y/?(E[|B|)Y? (p >0, ¢ >0, 1/p+1/q = 1))
with A = |X|*/3, B=|X|?/3, p=3, and ¢ = 3/2,

E[|X|*] = E[AB] = E[|A||B|] < (E[JAPD/* ([ BI*/*))** = (B[ X|*)"/* B[ X])>/*

holds, which implies

(E[IX*)*
E[|X]|] > o 1
Then, we have
E|XP)=E[X’=E|Y B}+> > BB;|=E|Y B}|=m, (32)
i=1 i=1 je[m]\{i} i=1

where the third equality follows from E[B; | B;] = 0 for j # ¢ and the fourth equality follows from B; € {—1,1}
for each ¢ € [m]. Similarly, by utilizing E[B; | B;] = 0 for j # ¢ and B; € {—1,1} for each i € [m], we obtain

2

m 4 m
E|X] =EX'=E|) B!+ () > Y BB =m+3m(m—1) < 3m”. (33)
i=1 i=1 je[m]\{i}

Therefore, by (31), (32), and (33), we have

O

Let B; € {—1,1} be a random variable which depends on a Bernoulli distribution of parameter 1/2, independent
and identically distributed for ¢ € [T]. Let n' = min{n + P,T}, T = |T/n’|, and n” = min{n’,n}. For each
i € [n"], define f;: 2"l — [0,1] by

A(X) = {(1 —B)/2 (i€X)
(L+B)/2 (i ¢ X)

fort=0G—-1)T"+1,6i—1)T"+2,...,iT". Fort =n"T' +1,n"T" +2,...,0'T', let

£(X) = {(1 ~By)/2 (1€X)

@+ By/2 (1¢X)
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Define f;(X) =0 for t > n’T". Let {X;}_; denote a (random) output sequence of an arbitrary fixed algorithm.
Then, X; is independent of f; since X; depends only on f1, fo, ..., ft—1 which are independent of f;. By combining
this fact and E[f,(X)] = 1/2 for all X C [n], we obtain

E[f¢(X¢)] =1/2 (34)
for ¢ € [n'T"], where the expectation is taken for X; and B;. Define X* C [n] so that
iT
ieEX* = > B>0
t=(i—1)T"+1

for all ¢ € [n"].
Set X; = X* for t € [n"T"]. For each j € [P], define

* n' +5)T’
o = JXTu{l} (Zt e B> o)
X*\ {1} (otherwise)

and set X; = X forallt = (n” +j—)T"+1,(n" +j - DT' +2,...,(n" + j)T'. Set X; = X(n»ypyr for
> (n” 4+ P)T'. Then, we have

T-1
Z [ XPAXTL <P
t=1
and
T n’ 3T’ W 5T’
D=3 > REN=X|5-5 > Bl (35)
t=1 J=1lt=(G—-1)T'+1 Jj=1 t=(j—1)T"+1
Then, by combining (34) and (35), we obtain
1 n’ i 1 \/F 'fl/
Rr({X} - Bil| > >0\ = =
B[R ({X7 1) 22 ;M ] 2 g5 = 2
j=1 =(j

2\[ 2\[\/Tmln{T n+ P},

where the expectation is taken over the randomness of { B;}7_; and {X;}._,. Therefore, there exists a realization
of {B;}L_, for which this inequality holds.
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