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A Proof of Proposition 3.1

From assumption (B2) on p. 4, we recall that h:(u; y) = he(u; g(g,v)). We write 0,0, (u; ¢(g,v)) for the partial
derivative with respect to g. We will show that px ;41 in (3.8) can be written as:

fix,i41 = VOE{yhe(Us; a(G,V))}, (A1)

= VOE {ht(Ut; Y) (E{G|U\3;2}£:TU]?}{G|Ut}) } ' 2

From (A.2), we have that

HXt+1 \/S . E{G|U;, Y} _ ]E{G|Ut}
X1 E{ht(Ut;W}E {ht(Ut’Y) ( Var{G|U} )} : (A.3)

The absolute value of the RHS is maximized when h, = ch}, for ¢ # 0 and h} is given in (3.18). To obtain
the alternative expression in (3.19) from (3.18) we recall that U; is Gaussian with zero mean and variance
(1t +O'[2]7t). Furthermore, the conditional distribution of G given U; = u is Gaussian with E{G | U; = u} = piu
and Var(G | Uy = u) = (1 — pyuwye). Therefore, with W ~ N(0, 1) we have

E{G|Up=u Y =y} = Ew{(pru+ /1 — pt pus W) py |y | pru+ /1 — pr pu,e W)}
t — W, - -
Ew{pyic(y|pru+ /1 — pt pue W)}

E{Wpya(y|pru+ /1 — prpue W)}
=pu + /1 —pipuy Yl i el ) (A.4)
Ew{pyic|piu+ /1= ps pue W)}

Substituting (A.4) in (3.18) yields (3.19).
It remains to show (A.2), which we do by first showing (A.1). Define e; : R® — R by
et(g,w,v) = he(pu,eg + ovaw; q(g,v)). (A.5)

Then, using the chain rule, the partial derivative of e;(g,w,v) with respect to g is

dger(g,w,v) = puhi(pveg + ovaws 4(9,v)) + Oghe(u; q(g,v)). (A.6)
The parameter px ¢4+1 in (3.8) can be written as

pxir1 = VO [B{G e(G, Wi, V) } = o B{ (1 G + o0, W Y)Y

9 Vs [E{0ye:(G, Wy, V) } — pu By (v 4G + ov W Y)}]
= VOE{9,h(Us; a(G, V))}, (A7)

where the last equality is due to (A.6), and (i) holds due to Stein’s lemma. Finally, we obtain (A.2) from (A.1)
as follows:

E{0yh:(Us; ¢(G,V)} = E{Eq|u, [05h(Us; ¢(G,V)) | Us] }
(i) E {]EclUt [ht(Uﬁ 9(G,V)) - (G = E{G|U¢})/Var{G|U:} | Ut]}

=E{Eqv, vy [heUs; Y) - (G —E{G|U;})/Var{G|U:} | Uy, Y]}
=E{h(UsY) - (E{G|U:, Y} — E{G|U;})/Var{G|U;})} .

(A.8)

Here step (ii) holds due to Stein’s lemma. This completes the proof of the proposition. O
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B Proof of the Main Result

B.1 The Artificial GAMP Algorithm

The state evolution parameters for the artificial GAMP are recursively defined as follows. Recall from (5.8) that
Xe=pz, X +og W, and Uy = g ,G + oy Wp ;. Using (5.4), the state evolution initialization is

pgo=0,  Oxo=1-a  fo=,[u% 0% =1 (B.1)

For 0 <t < (T — 1), the state evolution parameters are iteratively computed by using the functions defined in
(5.5) in (3.8):

-~ = 'uj(’t 0’% = O-X’t
:U/U,t \/gﬂt’ U,t 55? )
2((22,,2 2
i _ Px o2 _ 1 21 Mot UX,t)
X 41 V3B, X1~ 32 (A; — Z,)? ’
Bt = /1% i1 T 0% 1 (B.2)

Here we recall that G ~ N(0,1), Y ~ py|q(- | G), Zs = Ts(Y), and the equality in (2.6) which is used to obtain
the expression for g ;.. For ¢ > T', the state evolution parameters are:

1
Mg = %
7%, = sEUe (K% - i,
HX 41 = \/S]E{Ghth(Ut;Y)} - ]E{héfT(UﬁY)}E{Xft*ﬂj(t)}’
=E{hi—r(Uy;Y)*}. >3

E{X fi_r(X0)},

2
O%.t41

Proposition B.1 (State evolution for artificial GAMP). Consider the setting of Theorem 1, the artificial GAMP
iteration described in (5.1)-(5.7), and the corresponding state evolution parameters defined in (B.1)-(B.3).

For any PL(2) function v : R? — R, the following holds almost surely for t > 1:

Jim S, ) = E(X, X)), (B.4)
T S gy, i) = B(u(Y, ) (5.5)
=1

Here X ~ Px and Y ~ Py |, with G ~ N(0,1). The random variables Xy, U; are defined in (5.8).

The proposition follows directly from the state evolution result of (Javanmard and Montanari, 2013) since the
initialization ° of the artificial GAMP is independent of A.

B.2 Analysis of the First Phase

Lemma B.2 (Fixed point of state evolution for first phase). Consider the setting of Theorem 1. Then, the state
evolution recursion for the first phase, given by (B.1)-(B.2), converges as T — oo to the following fized point:

2
- . a 2 a s _1—a
MX—Tlgréoqu—%, 0% = lim 0% /= 5 (B.6)

where a is defined in (2.7).
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Proof. Recall that A\ denotes the unique solution of (5(\) = ¢(\) for X > 7 (also given by (2.6)), and define
Z =Zs/(Ns — Zs), where Z, = T4(Y). Note that

2 _
]E{Z(G2—1)}:E{ZS>\(;Z:)} :%, (B.7)

where the second equality follows from the equality in (2.6). Moreover, the inequality in (2.6) implies that

E{Z?} 9 72
=0Eq—— 7 <6 B.8
G R (PP A ()
Thus, by recalling that the state evolution initialization pg , = « is strictly positive, the result follows from
Lemma 5.2 in Mondelli et al. (2020). l O

Lemma B.3 (Convergence to spectral estimator). Consider the setting of Theorem 1, and consider the first
phase of the artificial GAMP iteration, given by (5.1)-(5.2) with f; and hy defined in (5.5). Then,

o Wdat - VeET|?
lim lim

T—o00 d—o0 d

=0 a.s. (B.9)

Furthermore, for any PL(2) function ¥ : R x R — R, almost surely we have:

d
lim ;z_: (z:,V/d#) = lim lim 12 (i, Vol = E{yp(X, Vi (ug X + o5 W)} (B.10)

d—oo

Here X ~ Px and W ~ N(0,1) are independent.

Proof. As in the proof of the previous result, let Z = Z,/(\; — Z,) and note that (B.7)-(B.8) hold. Also define

Z Z Z

7' & - —
Z+0E{Z(G2-1)} Z+1 X

(B.11)

Then, the assumptions of Lemma 5.4 in (Mondelli et al., 2020) are satisfied, with the only difference of the
initialization of the GAMP iteration (cf. (5.4) in this paper and (5.4) in (Mondelli et al., 2020)). However, it
is straightforward to verify that the difference in the initialization does not affect the proof of Lemma 5.4 in
(Mondelli et al., 2020). Thus, (B.9) follows from (5.87) of (Mondelli et al., 2020), and (B.10) follows by taking
k =21in (5.31) of (Mondelli et al., 2020). O

We will also need the following result on the convergence of the GAMP iterates.

Lemma B.4 (Convergence of GAMP iterates). Consider the first phase of the artificial GAMP iteration, given
by (5.1)-(5.2) with f; and hy defined in (5.5). Then, the following limits hold almost surely:

To1_ T 1, .7 T
1_ ~T—2)2 : ; - ~T—1)2
lim nhm ||u I =0, lim dhm |E '3 =0. (B.12)

Though the initialization of the GAMP in (Mondelli et al., 2020) is different from (5.4), the proof of Lemma
B.4 is the same as that of Lemma 5.3 in (Mondelli et al., 2020) since it only relies on Pgo=0Q being strictly
non-zero.

B.3 Analysis of the Second Phase

Lemma B.5. Assume the setting of Theorem 1. Consider the artificial GAMP algorithm (5.1)-(5.2) with the
related state evolution recursion (B.2)-(B.3), and the modified version of the true GAMP algorithm (5.13)-(5.14).
Fiz any € > 0. Then, fort > 0 such that Ug(’k >0 for 0 < k <t, the following statements hold:
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1.
: 2 2
hm ’MU T HUt’ 0, Tlgr; Ofar — ath‘ =0, (B.13)
. . 2 2
Jim ’“)?’THH - “Xat+1‘ =0, A ‘OX,TthJrl - 0X,t+1‘ =0. (B.14)

2. Let ¢y : R xR — R be a PL(2) function. Then, almost surely,

n 1 n
. . = ) N.T+t ot _
Jim lim n;w(yuuz ) nZw(yz, ;)| =0, (B.15)
d
lim lim lzw(x g _1 Y(xi, 2| = 0. (B.16)
T— 00 d—o00 dz:1 ¥ d =1 0¥

The limits in (B.14) and (B.16) also hold fort+1 = 0.

Proof. We will use k¢, ki, ¢t, v to denote generic positive constants which depend on ¢, but not on n,d, or . The
values of these constants may change throughout the proof.

Proof of (B.13) and (B.14). We prove the result by induction, starting from the base case |ug - — pix,0ls

|J§-( e J§,0|. From Lemma B.2, we have
_a 9 o2 — 1—a?
Th_r)n Hx T = NX—T/S» TII_Y)EOUXT T 5 (B.17)

Recalling from (3.9) that ux,o = R %0 = %, (B.17) implies that

. _ _ _ . 2 2 _
Th_r)r;O b — txo| =0, TlgnDO 0%~ 0xo| =0 (B.18)

Assume towards induction that (B.14) holds with (¢ + 1) replaced by ¢, and that O'g(,k >0 for 0 <k <t Wewil
show that (B.13) holds, and then that (B.14) holds.

For brevity, we write A, 4, A, ; for (MX,t—/J)} t+T) and (ox:—0% t+T)’ respectively. By the induction hypothesis,
given any € > 0, for T sufficiently large we have

Kt

|Apel <ree, Ao, €= Ke. (B.19)

OXt T 0% 4
Since ox 4 is strictly positive, x} is finite and bounded above.

From (3.8) we have

1 1
put = ﬁE{Xft(lix,tX +ox:Wxi)} = %E{Xft(uxjﬂx togrWxit + BupX + A8g:Wiy).  (B.20)

Recalling that f; is Lipschitz and letting L; denote its Lipschitz constant, we have

flog p X 03 pp Wit + DX + 80 Wxit) = felbg r0 X + 05 ppWaxit)| < Le|Ap s X + Do e Wi e
(B.21)

Using (B.21) in (B.20), we obtain

Vopus 2E{X filpg X + 03 0 s Wxt)} — LiBE{ X[ 120X + Ay W},

(B.22)
\/EMU,t SE{Xft(NX,T+tX + UX,T+tWX,t)} + L{E{|X]| |Au,tX + Ao Wx 4|}
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Since Wx ; 4 Wx ;47 and independent of X, we have that ]E{Xft(uj(,THX + O')‘(’T_HWX,t)} = \/Su07t+T.

Therefore, (B.22) implies
\/g’,uU,t - IU‘UJA-T’ < Lt(Au,t + An,tE{‘WXi‘})v

(B.23)

where we have used E{|X|*} < \/E{X2} = 1. Noting that E{|Wx .|} = v/2/m, from (B.19) it follows that for

sufficiently large T
L
‘NU,t - M[},HT‘ < 7%(/'% +Ki/2/m) e < ye.

Next consider o7, ,. From (3.8), we have
1
JIQJ,t = SE{ft(MX.,tX + UX,tWX,t)Q} - N%},t'
Furthermore, as Wx 4 2 W ;.7 and independent of X, we also have that
2 _lg o, X oz, Wxye)?}— 2
UU,t+T - S {ft(lu’X,iH»T +UX,t+T th) } ’uU,t+T'

Using the reverse triangle inequality, we have

ft(ﬂX,T+tX T W + By X+ Ao iWx 1)

> | felbg p e X + 05 7 Wit

> ez r X + 05 W)l — L [Ap e X + Do e W]
where the last inequality follows from (B.21). Similarly,
’ft(ﬂ;})TﬂX t 05 Wi + DX + A Wi )
< |ft(,u5(7T+tX + UX,T+tWX,t)| + Ly |AL X 4+ Do Wy
Using (B.27), we obtain the bound
E{fi(ux+X +ox:Wx+)?} > ]E{ft(ﬂx,T+tX + GX,T+tWX,t)2} — L?E{|A, X + AthX7t|2}

2L B fulix X + o W )2h B{ A0 X + A Wi ).

Similarly, using (B.28) we get
]E{ft(,uxth + O—X,tWX,t)2} g ]E{ft(,Usz7T+tX —+ O—X,T+tWX’t)2} =+ L%E{|A#7tX —+ AU’tWX,t|2}

n 2Lt\/E{ft(uX’T+tX + 0% Wx)2} B X + A W[}

Furthermore,

E{|AueX + A0 Wit} < 2180 PE{X} + 2|20 i [P E{Wx, 1} = 2(18,]" + A0 [).

From (3.8) and (B.3), we note that
E{ft(ﬂX,tX + UX,tWX,t)}z = 6(/“’%],t + Ulzj,t)v
E{ft(NX,T+tX + OX,THWX,TH)}Q = 5(“20,T+t + U?],Tth)'
Therefore, Egs. (B.29) and (B.30) imply that
E{fe(ux X +ox Wx1)*} = B{filpg 7 X + 05 7 Wx1)*}

2 2 2 2
< 2L Al + [ Boal?) + 2L 200ad, + 0B+ 42, + 0% 1 1Bl + 180 lP).

ft(NX,THX TogrpeWxe + B X + Ao iWxyt) — ft(:Ll‘X,T+tX + U)E,T+tWX,t)

(B.24)

(B.25)

(B.26)

(B.27)

(B.28)

(B.29)

(B.30)

(B.31)

(B.32)
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Using this in (B.25)-(B.26), we have

2 2 - _ . B
)UU,t - Uﬁ,t+T‘ = ‘MU,T-H Hut ‘/”LU,T+t T HU

B.33)
2 2 2 2 2 2 (
+ (JL?(|Au,t| +[Ac]) + %Lt\/Q(/ﬂU,t 001G gy TG ) (Buel” 120l ).
From (B.19), we obtain
Apl* + 180,07 < (K7 + (1)) (B.34)
Furthermore, as f; is Lipschitz, from (B.31) and the induction hypothesis we have
|ILLU’T+t| =+ |,UU,t‘ +ous + 00,74t < ¢, (B35)

for some constant ¢;. Using (B.24), (B.34) and (B.35) in (B.33), we conclude that for sufficiently large T
’0[2” - 0127,T+t‘ < V€. (B.36)
Next, we show that if (B.13) holds for some ¢ > 0 and U})k > 0 for k <, then :

. - _ _ . 2~ _ 2 _
L% e ,UX,t+1‘ =0, Tlg{1>0’0x7T+t+1 ox,t41| =0 (B.37)

We denote the Lipschitz constant of hy by Ly, and write A, ;, Ay for (uys — fig 1or) and (ous — 0 1),
respectively. Using this notation, we have

ht (/U’U,T-‘rtG + O-U',T—&-tWU’t + Ap,tG + Aa,tWU,t; Y) - ht (MU,T-&-tG + UU,T+tWU7t; Y)

o _ (B.38)
S Li [ DG+ Ao i Wyl
The induction hypothesis (B.13) implies that for sufficiently large T":
A <vie, Aoy < — e = ye. (B.39)

oUtt+ Og T

We note that oy > 0 since ox ¢ > 0. Indeed, from the discussion leading to (3.17), for a fixed px ¢, 0x ¢ the
smallest possible ratio of;,/uf;, is achieved by the Bayes-optimal choice f; = cfy, where f(X;) = E{X|X;}.
Furthermore, from (3.17), in order for oy, = 0, we need E{E{X|X;}?} = 1. From Jensen’s inequality, we also
have E{E{X|X;}?} < E{E{X?|X;}} = 1. Therefore, E{E{X|X;}?} = 1 only if X is a deterministic function of
X = px+X + oxW. But this is impossible when ox; > 0. Therefore oy > 0, and v in (B.39) is strictly
positive.

From (B.38), we obtain
E{Ghi(1iy 144G + 05 70 Wues V) — LiB{| By t| G + | Ags| - |Gl - W}
S E{Ght (/LUﬂtG + UU,tWU,t; Y)} (B40)
SEB{Ghi (b 144G + 05 ppWuis Y)Y+ LiE{| Bt | G2 + |Bgi| - 1G] - W]}
Now, using (3.8) and (B.3), we have:
1 -
% 25U E NN MX,t-i-l‘ = ‘E{G(ht(UTH? Y) - ht(Ut; Y))}
— 10 (B (063 Y)} = B (U5 Y)}) = E{b(Or65Y) (b s — h12)|

< Et( |Au,t| + |Ao,t| (2/7T)) + |,UU,t : |E{h1/5(0T+t§Y)} - E{h;(Ut;Y)H =+ Et |Au,t| .
(B.41)

For the inequality above, we used (B.40) (noting that E{|Wy,|} = E{|G|} = y/2/7 and E{G?} = 1), and the
fact that |h}| is bounded by Ly, the Lipschitz constant of h;. Now,

E{R (UG Y) = E{R(Ors Y)Y = [B{R (004G + 00 WusY)} = E{bi (g 14, + 0,00 Woas V)Y
(B.42)
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By the induction hypothesis (B.13), we have

lim lim o =oyy- B.43
G e = HU B e A Ut ( )

Thus, as T' — oo, the random variable (Mf} T+tG + og T+tWU,t) converges in distribution to py+G + oy, Wy .
Then, Lemma C.1 in Appendix C implies that

Jim [B{H (U Y) — B{R(Orei Y} = 0. (B.44)
—00

Using (B.44), (B.39) and (B.35) in (B.41) proves that the first limit in (B.37) holds.

Finally, we prove the second limit in (B.37). From (3.8), (B.3) and arguments along the same lines as (B.29)-
(B.32), we obtain the bound

0% 1 = 0% | = [ELRUGY)?} = E{h(Trars Y)Y

o i . - - (B.45)
< 2L2(| Bt | a2 + 2“\/(% e+ 0% B B )

Furthermore, as h; is Lipschitz, the formulas for 0% ,,, and 0% riee (in (3.8) and (B.3)) along with the
induction hypothesis (B.43) imply that

0% a1 T 0% < ¢,y (B.46)

X, T+t+1

for some constant ¢;. By using (B.46) and (B.39), we can upper bound the RHS of (B.45) with k;y1e, for
sufficiently large T'. This completes the proof of the second limit in (B.37).

Proof of (B.15) and (B.16).
Since ¢ € PL(2), for i € [d] we have

|¢(‘T“~7T+t+1) W@, xt+1)’ <C(1+|x |+|Q~CT+t+1|+|At+1 ‘~T+t+1 Canll (B.47)
for a universal constant C' > 0. Therefore,
1 FT+t+1y 1< a1 C < T+Ht+1 pHL|) FTHHL gt
g; N &g N Ez:: L fa| + 2] + (204 |2 A
(B.48)

<4C |1+

1 r ||~T+t+1 At+1||2
~T+t4+1)2 At+12
3 2 (el + T2 4 | |) N

where the second inequality follows from Cauchy-Schwarz. By the same argument,
Clat —ale gy

1« ~T+t ~T+t)2 L £12
- za za z 1 ( 7 )
n;:lwy ; Eiﬁy + = § lyal® + ] | + || Tn

i=1
We will show via induction that as d — oo: i) the terms inside the square brackets in (B.48) and (B.49) converge

almost surely to finite deterministic values, and i7) as T' — oo (with the limit in 7 taken after the limit in d),
&7 &5 @+ —att,
NCi and

Vvd
Base case t = 0: The result (B.16) for ¢ + 1 = 0 directly follows from Lemma B.3. Next, using (B.49), the LHS

of (B.15) for t = 0 can be bounded as
O e T P

qu yz» i *Zw(yzaa?) = n n n \/ﬁ

From the definition of the artificial GAMP (5.1)-(5.6), we have

< 4C

the terms

converge to 0 almost surely.

al = \%Afo(:izT) —Vébr Za" !, (B.51)
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where we define
Z=Z,\I—-2Z,) ", (B.52)

with Z, = diag(Ts(y1), - .., Ts(yn)). Similarly, defining

er:=a "t —al? (B.53)
we obtain @ ! = \/Eﬂlel [AﬁzT_l —Za' '+ Zel]7 or
-1
o' = \/Eﬂlzp_l <I+ \/SBIT—l Z) [Az" ! + Zey] . (B.54)

Substituting (B.54) in (B.51), we obtain

~ —1 . 1
~T _ 1 ~T _ bT 1 ~T—1 _ bT 2 1
u = —\/SAfo(a: ) Bt Z(I + 7\6571_1 Z) Ax Brs Z (I + 7\/56T—1 Z> er. (B.55)

Using (B.55) and the expression for @ from (5.12), we have

2

1 ~T ~0
Slal — a3 <3

. -1
[Afo(&") — Afo(&%)]3 br pofpy 1 5} e
5d Br—1 VB Vd
2

3 || bpV6 .0 br 1 ~T—1
43 Z,A3° — Z(I+——27| Az

dil X Br-1 ( VB >

2

= 3(31 + So + Sg) (B.56)

We now bound each of the three terms. By Cauchy-Schwarz inequality,

I fo(2") — fo(a°)
od

2 2 ~T ~0112

Sl S ||A||gp op 5 d

where Lg is the Lipschitz constant of fy. Since the entries of A are i.i.d. N(0,1/d), almost surely the operator
norm of A is bounded by a universal constant for sufficiently large d (Anderson et al., 2009). From Lemma B.3
and the definition of &° in (5.11), we also have

~T ~0112 T ~S (|12

- 1 |VoaT -V
i pim 12 20E L VeRT VAR (B.58)
T—00 d—oc0 d 1) d

8

Therefore,
lim lim S; =0 as. (B.59)

T—o0 d—oo

Next, recalling the definition of e; from (B.53) we bound S; as follows:

b

Bt

~T—1 ~T—2||%

m
Sy < 4

12°(I + 2/(V58r_0) 2, - | (B.60)

~T—1 ~T—2)2
From Lemma B.4, we know that limy_, o limg_s o Il = =@~z —  almost surely. We now show that the other

terms on the RHS of (B.60) are bounded almost surely. Recall from (5.7) that by = 1 Z?:l f5(@T). Proposition

B.1 guarantees that the empirical distribution of &' converges to the law of X; = u <X +og ,W. Since fy is
Lipschitz, Lemma C.1 in Appendix C therefore implies that almost surely:

-1
dliﬂgo br = SE{f(g(MX,TX +ox W)} (B.61)
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From Lemma B.2, we know that lim7_. ., Bz = % and lim7_, 0’?2 = 1
applying Lemma C.1 again, we obtain

Jim lim by = fE {fo(\[ Vl\f;“rzw)} a.s. (B.62)

From Lemma B.2, we have B7_1 — 1/v/0 as T — oco. Also recall from assumption (A2) on p. 3 that 7 is the
supremum of the support of Zs, and that A\j > 7. Therefore, Z = =
1Z*(I + Z/(\/SﬁT_l))_lﬂzp < C for a universal constant C' > 0. Hence,

lim lim S =0 a.s. (B.63)

T—00 d—o0

To bound S5, we first write the term inside the norm on the second line of (B.56) as

- b i1 b -1
V0 4 4a0 (bo—bT)+bTZA<\f“ m >+bT(fj—z(I+1z) )AiT‘l.
8

N S Br—1 Br-1 VB
Then, using triangle inequality and Cauchy-Schwarz, we have
30 ||Z,A&°)3 - - o 3bF o Vo0&’ —&" /B |l3
S3 < —F—=(bp—b Z,A
DS G BB+ (12,4 -
- —1]|2 (B.64)
363 [4z" |3 | 1 1
—Z, - Z|I+—Z = 3(S3q + Ss3p + Ssc).
5%71 d )\* \/5 - ( 3 3b 3)

op

Using the expression for &Y from (5.11) and applying Cauchy-Schwarz, we can bound Ss, as:

1 5
ﬁHZSH IA|12,112°(15(bo — br)?. (B.65)
(A5)

We note that Z, is bounded, [|Z°2 = 1, and ||A2, is bounded almost surely by a universal constant for
sufficiently large d. Moreover, recalling the definitions of by and Xy = px,0X 4+ ox,0Wx,o from (5.15) and (3.9),
we see that by = 5E{f0 (Xo)} is the limit of br in (B.62). Therefore limp_, o limg_ oo S3, = 0 almost surely.

S3a <

Next, we bound Ss;. Recalling that #° = v/d&®/v/35, we have

IVo& — & /8ra 3 _ |VaE — VoET + VaET - Va4 VaE T — & B3
d

d
(B.66)
o 1 Ty T—1)2
< Vit vor i, Svoe Vo I MBI — 1y

Lemmas B.3 and B.4 imply that the first two terms on the RHS of (B.66) tend to zero in the iterated limit
T — 00,d — oco. Furthermore, from Lemma B.2, we have limr_, S7_1 = 1/\/5 From Proposition B.1, we also
have

[ [ R 2 2
dl;rgo g T Hxro T3 =PBr1 as (B.67)

Therefore, limp_, o limg_, oo S3p = 0 almost surely.

To bound Ss., recalling from (B.52) that Z = , we have

—1 —1 1
1 1 1 1 (<= — Br-1)
-z, -zZl1+——27) =— 272 (xI1+2,(— — A E— .
A5 ( * VéBr_1 > Bro1 ° <>\6 * (\/gﬁT—l 1)) A3 (B.68)

Since limy_, o Br_1 = %, almost surely

-1
1 1
lim ||—2Z, — Z<I+ Z) =0. (B.69)

T—00 )\*
op



Approximate Message Passing with Spectral Initialization for Generalized Linear Models

Thus lim7_, oo limg—, o0 S3. = 0 almost surely. Using the results above in (B.64), we have shown that

lim lim S3=0 as. (B.70)

T—00 d—oo

Using (B.59), (B.63) and (B.70) in (B.56), and recalling that n/d — §, we obtain

T .0
lim lim 7”’“ gl

Jim lim =2 =0, (B.71)

To complete the proof for the base case, we show that the term inside the brackets in (B.50) is finite almost surely
as n — oo. First, by assumption (B2) on p. 4, we have lim,, . ||y||3/n = E{Y?} almost surely. Furthermore,
by Proposition B.1, we almost surely have

. ~TN2 2 2
Jim lw”[l2/n = pg r + g 1 (B.72)
Next, using the triangle inequality, we have
[@"s — [[a" =@l < @°]l2 < [la"[l2 + [[a" - a°|l2. (B.73)
Combining this with (B.71), we obtain
N [ R 5 2 >
A lim = = m pg e+ 0g g = oo ove s (B.74)
Therefore, using (B.50), we have shown that
lim lim 1 iw(y al) — 1 id)(y )| =0 as (B.75)
T—ocon—oo [N — v n — v - ’

Induction step: Assume that (B.15) holds for some ¢, and that (B.16) holds with ¢+ 1 replaced by ¢. Also assume
towards induction that almost surely

T At ~T ~t
& —&"||3 la"*" — a3

lim lim 2 -0, lim lim
T—o00 d—o0 d T— 00 n—00 n

—0. (B.76)

The limits in (B.76) hold for ¢ = 0, as established in the proof of the base case (see (B.66), (B.71)).
From (B.48), we have the bound

1 1
~T+t+1 At+1
a Zzzl xz, i E g l‘z,
1
=g 1E7HE et R] T jaTH Y — et
<4C|1 B.
<4C ] + d + d Nz (B.77)
Using (5.1), (5.6), (5.13) and the triangle inequality, we obtain:
FTHHL _ g+l ~ T+t = NI
x 2 - . c x —Cefe(@
|| y ||2 @HATht<'U:T+t;y) _ ATht(ut,y)H% +9 || T+tft( (3 tft( )||2
2 3 2|3 . gl & |2 B.78
< 57||ATht(uT+t ) ATh )”2 +4 Hft( y )||2(CT+t ) —|—4C2||ft( )d ft( )||2 ( )
= 251 +4SQ +4Sg
The term S; can be bounded as
_ At al+t _ a2
S < ||A||2 ||ht( y)(sd ht(u 7y)||2 < ||A||2 LQH 5 -—u ||2, (B79)



Marco Mondelli, Ramji Venkataramanan

where L, is the Lipschitz constant of the function h;. Since the operator norm of A is bounded almost surely as
[

d — o0, by the induction hypothesis (B.76) we have limy_, o limg— o0 = 0 almost surely. Therefore,

lim lim S; =0 as. (B.80)

T—00 d—o0

To bound S, we recall from (5.7) that ¢ryy = + >, hj(al;y;). Proposition B.1 guarantees that the joint

empirical distribution of (@’ ™, y) converges to the law of (Ur4+,Y) = (ug 714G+ o5 Wurss, Y). Since hy

is Lipschitz, Lemma C.1 in Appendix C implies that
Jim &gy = E{hi (g 010G+ 05 0 Wores, Y} as. (B.81)

From (B.13), we know that limp_,, I 1ie = Bt and limyp_, o 02 Therefore applying Lemma C.1

T+t =0ty
in Appendix C again, we obtain:

lim lim &y = B{hy(uv:G +ouvtWue, V) =¢  as. (B.82)

T— 00 n—00

Next, using the result in Proposition B.1 with the test function v (x, %) = (f;(Z))?, we almost surely have

~T+t\ (12
R G
T— 00 d—oo d

= Hm E{fi(X1+:)%} = E{f:(X:)%}, (B.83)
where the last equality follows from (B.13) since f; is Lipschitz. Combining the above with (B.82), we obtain

lim lim S5 =0 as. (B.84)

T—00 d—o0

For the third term S5 in (B.78), since f; is Lipschitz (with Lipschitz constant denoted by L), we have the bound:

272 ||$T+t z'|3
Sy <€/ L; e I (B.85)
Thus, by the induction hypothesis (B.76), we obtain
lim lim S3=0 as. (B.86)
T—o00 d—o0
We have therefore shown that
H(i’T+t+1 _ ﬁ:t+1H2
lim lim =0 as. (B.87)
T—o00 d—o0 d

Next, we show that the terms inside the brackets on the RHS of (B.77) are finite almost surely as d — oco. Using
the pseudo-Lipschitz test function ¢ (x,#) = 2% + #2, Proposition B.1 implies that almost surely

d

.1 Ti+1 2 2 2
Pl (‘m +E T ) =B 0% i TR (B.88)
i=1
Moreover, (B.14) implies that limp_, M.%?,T+t+1 +o §(T+t+1 l’l’,zX,t+1 + a‘%{’prl. Using the triangle inequality,
we have
[Z7FH o — T — &l < @ < 2Tl 4 8T - 2T (B.89)
Hence, using (B.87) and Proposition B.1, we almost surely have
[ 127113 2 2 2 2
AT T o ik = (Brien * Prien) = ke B0)
We have thus shown via (B.77) that almost surely
1 1<
i, fim 152 v a7 - 53 vl ath) =0 (B.91)
i=1 i=1
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To complete the proof via induction, we need to show that if (B.87) and (B.91) hold with (¢ + 1) replaced by ¢
for some ¢t > 0, then almost surely

n n

ES il 1S i) =0 (B9?)

i=1 i=1

& — a3

lim lim =0, lim lim
T— 00 n—00 n T— 00 n—»00

From (B.49), we have the bound

n
Zw o i) — 2 i)
=1

T+t ~ 112 aT+t _ ot

u u
lyllz a3 | ||21 Iz w2 (B.93)
n n

<4C|1
< + - 7

Using (5.2), (5.6), (5.14) and the triangle inequality, we obtain

~ T4+t ~t)|2 o ~Tt—1 - L1 2
— 2 - . briihs_ ;Yy) — behie— ;
||u u ||2 57||Af( T+t) Aft(xt)H% + 2” T+ttt 1(U y) LIt l(u y)||2
n n
. . he1 (@ )13 - _
2 an@m - ARG +4 Pea@ o)l ., — g,y (B.94)
T+t— _ ~t—1, 2
+462 ||h‘t 1( ) h’t—l(u 7y)||2 = 251 +4SQ +453

n

Using arguments along the same lines as (B.80)-(B.86) (omitted for brevity), we can show that almost surely

lim lim S; = lim lim Sy = lim lim S3 =0.
T — 00 Nn—00 T—o00 n—+0c0 T— 00 n—>00

T+t_ﬂt”2

n

= = 0 almost surely. Furthermore, using a triangle inequality argument as

T+t ~ 112
n (B.89), we obtain limp_, . lim, w = lim7_ o0 limy, oo % almost surely. By Proposition B.1 and

(B.13), the latter limit equals u;, + of;,. Using these limits in (B.93) yields the result (B.92), and completes
the proof of the lemma. O

Hence limp_ oo lim,, oo

B.4 Putting Everything Together: Proof of Theorem 1

We will first use Lemma B.5 to show that the result of the theorem holds for the GAMP iteration (&', ), ie.,
under the assumptions of Theorem 1, we almost surely have

LI
Jim -~ E 1 Yy, ;) = E{(Y, puG + oviWue)}, t>0, (B.95)
i=
L
lim — E (i, 2T = E{p(X, pxe1 X +0x 041 W a1}, t+1>0. (B.96)
d—oo d |

Consider the LHS of (B.96). Using the triangle inequality, for any T > 0, we have

d
1 .
d Z (@i, 8 = E{(X, px 41X + ox,e01 W41}

d d
1 - 1 1 T t 1 1 ~T t 1
d wa“ ) T d Z (s, & T Ty Z T ) S E{O(X g e X 0% pp W )

+ ‘]E{w(Xa bz X T ogriiaWxrae) ) — B px i1 X + ox i1 Wi ee1)}| o= T1 + 1o + Ts.

(B.97)
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We first bound T3 using the pseudo-Lipschitz property of v, noting that Wx vy and Wx s are both ~ N(0,1):
Ty <E { ‘«p(X, et X+ 05 W) — $(X, px e X + ax,t+1W)‘} . W ~N(0,1)

1/2 1/2
< CE{ (1 + [XQ + M%‘(,THHXQ +o% T+t+1w2} + [X2 + ke X7+ a?wHWQ} )

1/2
. (XQ(/‘)E’7T+t+1 - IJJX,tJrl)2 + W2(UX,T+t+1 - UX,t+1)2) }
2 2 2 2 1/2 2 1/2
<3C (3 TR e YO rre T EX e T UX¢+1) ((NX,T+t+1 — px,t41)” + (O pig1 — OXt41) ) ,
(B.98)

where we have used Cauchy-Schwarz inequality in the last line. From Lemma B.5 (Eq. (B.14)), we know that
limy_ oo ‘MX,T+t+1 — pxt4+1| =0 and limp_, o0 ‘UX’THJA - O'X,H_l‘ = 0. Therefore, limy_,, T3 = 0. Next, from

(B.16) we have that limy_, oo limg 0o 71 = 0 almost surely. Furthermore, by Proposition B.1, for any 7' > 0 we
almost surely have limg_, o, 75 = 0. Letting T, d — oo (with the limit in d taken first) and noting that the LHS
of (B.97) does not depend on T', we obtain that (B.96) holds.

The proof of (B.95) uses a bound similar to (B.97) and arguments along the same lines. It is omitted for brevity.

Next, we prove the main result by showing that under the assumptions of the theorem, almost surely

lim 1 En Y(yi,ul) — 1 5” Py, ak)| =0 lim [’ At”g =0, t>0 (B.99)
n n P y“ 7 n = y’L? 7 ) n n ) — .
d + ~t+1 12
: 1 t+1) 1 AR ol — a3
- E - E = L. — +1>0. .
dhm 2 U(xy, x; _ (@i, 2; 0, dhrn 0, t+1>0 (B.100)

Combining (B.100)-(B.99) with (B.96)-(B.95) yields the results in (3.11) and (3.12).

The proof of (B.100) and (B.99) is via induction and uses arguments very similar to those to prove (B.15)-(B.16).
To avoid repetition we only provide a few steps. Noting that ° = io, we now show (B.100), under the induction
hypothesis that (B.99) holds and also that (B.100) holds with ¢ + 1 replaced by t.

Since ¢ € PL(2), we have

d d
3 22 vl = 3wl af )
d_ 9 z ~ iy L i

Furthermore, using the definitions of z!*! and &

1
~t41 2 ~t+1
2l , =15 &3 |l - 2

- 2
) ) y o By

<4C |1+

'™ and the triangle inequality we have

Hmt+1 _ §3t+1

y ||2 < 52d||ATht(u y) ATht('ELt,y)H% +4 Hft( )H2(Ct ) + 4C2||ft( )_d ( )”2
a'||3

2L2 2 (]2 .
t HAH2 ||’LL y HQ +4 ||ft(z )||2(Ct_6t)2 + 4E?L§Hx y 2, (B.IOQ)

where Ly, I_/t are the Lipschitz constants of f;, h;, respectively. By the induction hypothesis and Lemma C.1,

t ~ 112 t
u —u x
the terms I [l

~t12
;m HZ’, and (c; — ¢;)? tend to zero. Furthermore, by the induction hypothesis, we almost

surely have M — E{f:(X;)?}, and by (B.96), w — (/‘%Qtﬂ +0’§(7t+1) as d — oo. Finally, by a triangle
inequality argument analogous to (B.89), we also have
=+ ]3

lim 2 — lim
d— o0 d— 00 d

Using these limits in (B.101) proves (B.100). The proof of (B.99) (under the induction hypothesis that (B.100)

holds with (¢4 1) replaced by t) is along the same lines: we use a bound similar to (B.101) and a decomposition
t ~t2

of w similar to (B.102). This completes the proof of the theorem. O

~ 1
I# _o

2
X1 T UX,t+1) a.8.
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State evolution - id.
¥ Spectral+GAMP - id.

1 w —*
State evolution - f;
¥ Spectral+GAMP - f;

Figure 3: Performance comparison between two different choices of f; for a binary prior Px (1) = Px(—1) = 5. The
Bayes-optimal choice f; = f; (in red) has a lower threshold compared to f; equal to identity (in blue).

C An Auxiliary Lemma

The following result is proved in (Bayati and Montanari, 2011, Lemma 6).

Lemma C.1. Let F: R? = R be a Lipschitz function, and let F'(u,v) denote its derivative with respect to the
first argument at (u,v) € R2. Assume that F'(-,v) is continuous almost everywhere in the first argument, for
each v € R. Let (Uy,, Vin) be a sequence of random vectors in R? converging in distribution to the random vector
(U, V) as m — oo. Furthermore, assume that the distribution of U is absolutely continuous with respect to the
Lebesgue measure. Then,

lim E{F'(Uy, Vn)} =E{F'(U,V)}.

D Bayes-optimal GAMP for a Binary-valued Prior

Consider the noiseless phase retrieval model, where each entry of the signal x takes value in {—1,1}, with
Px(1) =1—px(—1) = p. In Figure 3, we take p = %, and compare the performance of the GAMP algorithm
with spectral initialization for two different choices of the function f;: f; equal to identity (in blue) and f; = f;
(in red), where f;" is the Bayes-optimal choice (3.15). By computing the conditional expectation, we have

i) =2P(X =1|px X +ox:W=s)—1

2
= — D.1
1 1;p exp (_?:gl:i“) -

The rest of the setting is analogous to that of Figure 1. There is a significant performance gap between the
Bayes-optimal choice f; = f; and the choice fi(z) = x. As in the previous experiment, we observe very good
agreement between the GAMP algorithm and the state evolution prediction of Theorem 1. We remark that
for this setting, the information-theoretically optimal overlap (computed using the formula in (Barbier et al.,
2019)) is 1 for all § > 0. Since the components of = are in {—1,1}, there are 2¢ choices for . The information-
theoretically optimal estimator picks the choice that is consistent with y; = (x, a;), i € [n]. (Since A is Gaussian,
with high probability this solution is unique.)

E Complex-valued GAMP

Consider a complex sensing matrix A with rows distributed as (a;) ~iiqa. CN(0,I4/d)), for i € [n]. The
output of the GLM y € C" is generated as py|g(y | g), where g = Ax. The GAMP algorithm for the complex
setting has been studied in the context of phase retrieval by (Schniter and Rangan, 2014; Ma et al., 2019). Here,
we briefly review the complex GAMP and present some numerical results for complex GAMP with spectral
initialization.
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State evolution

¥  Spectral+ GAMP

0.8 [| = Optimal spectral (theory)
& Spectral
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R
&
&
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Figure 4: Performance comparison between complex GAMP with spectral initialization (in red) and the spectral method
alone (in black) for a Gaussian prior Px ~ CN(0,1). On the z-axis, we have the sampling ratio 6 = n/d; on the y-axis,
we have the normalized squared scalar product between the signal and the estimate. The experimental results (x and O
markers) are in excellent agreement with the theoretical predictions (solid lines) given by state evolution for GAMP and
Lemma 2.1 for the spectral method. Error bars indicate one standard deviation around the empirical mean.

As in Section 4, we take f; to be the identity function, and hy = v/dh}, where h! is given in (3.18). To obtain a
compact state evolution recursion, we initialize with a scaled version of the spectral estimator &°:

, 1
0= Vi s 0= A2’ ——— Z, A" E.1
T z°, u T sAx”. .
1—a? V6 VoA (E.1)
The iterates are then computed as:
o't = Ah (ulsy) — o fulah), (E.2)

1 L ogn L

Vs Vs

Here, the Onsager coefficient c; is given by (Schniter and Rangan, 2014):

Vo (Var{G|Ut:u,Y:y}1>.

u h (u'sy). (E.3)

Ct

T Var(G U, =) Var(G | U; = u) (E.4)

For this choice of f;, h:, the state evolution iteration can be written in terms of a single parameter p; = pix .
For ¢t > 0:
1 2 _ Mt 2

Hug = —=Ht, Oue = s Ox,t = KXt = Mt
Vo § (E.5)

e = VOE {1 (U V) }.

The recursion is initialized with o = % Moreover, the parameter p;y1 can be consistently estimated from

the iterate u' as fi11 = VO|h*(ul;y)||3/n. It can also be estimated as the positive solution of the quadratic
equation 2, + firs1 = [+ [3/d.

We now discuss some numerical results for noiseless (complex) phase retrieval, where y; = |(Az);|*, for i € [n].
For a given measurement matrix A, note that replacing « by ez leaves the measurement y unchanged. Therefore
the performance of any estimator is measured up to a constant phase rotation:

2
(z, 619.7:)‘
L E.6
i3 Tl (20
Figure 4 shows the performance of GAMP with spectral initialization when the signal x is uniform on the
d-dimensional complex sphere with radius v/d, and the sensing vectors (a;) ~iiq. CN(0,I4/d).
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¥ Spectral+GAMP

0-2 —— Optimal spectral (Gaussian) ]
7 Spectral
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0

Figure 5: Performance comparison between complex GAMP with spectral initialization (in red) and the spectral method
alone (in black) for a model of coded diffraction patterns.

Figure 5 shows the performance with coded diffraction pattern sensing vectors, given by (4.1). The signal x is
the image in Figure 2a, which is a d; x d2 x 3 array with d; = 820 and dy = 1280. The three components x; € R¢

(j € {1,2,3} and d = d; - dy) are treated separately, and the performance is measured via the average squared
3 [(&5,2)|°

. 1
normalized scalar product 5 » _, =00
P 3 251 o, 27, T2

The red points in Figure 5 are obtained by running the complex GAMP algorithm with spectral initialization,
as given in (E.1)-(E.4). We perform ngample = 5 independent trials and show error bars at 1 standard deviation.
For comparison, the black points correspond to the empirical performance of the spectral method alone, and the
black curve gives the theoretical prediction for the optimal squared correlation for Gaussian sensing vectors (see
Theorem 1 of (Luo et al., 2019)).



