Regression Discontinuity Design under Self-selection:
Supplementary Materials

1 Additional Results

When E(Z;(1)|X; = ¢) # E(Z;(0)|X; = ¢) (i-e., the covariates are unbalanced at the cutoff) and v # 0, we
extend the weighted average treatment effect (WATE) using the framework below.

T$rp = E{Y (Dw:1(Z(1))|X = ¢}
—E{Y (0)wo(2(0))|X = c}

~ [ [BrOIX =.20) = D@zl
—EY(0)|X =¢,Z(1) = z)wo(z)fz(0)|x(z|c)} dz, (1.1)

where w1 (-) and wy(-) denote different choices of weights to form the estimand, and fz(1)x (-|-) and fz oy x (-[-)
are the conditional density of Z(1) and Z(0) given X. In order to interpret (1.1) as the WATE, we require
the following normalization condition for wq () and wo(-):

/wl(z)fz(l)‘x(ﬂc)dz = /wo(z)fz(o)‘x(zk)dz =1

In particular, by choosing appropriate w1 (-) and wq(+), (1.1) can be interpreted as the average of the difference
of the conditional mean functions corresponding to a target population. It is easy to see that WATE defined
in (1.1) recovers 7¢4,, by taking

wi(z) = fz(2)

N _ fz(»)
= 7fz(1)‘x(z|c)’ and wo(z)

= 7fz(o)|x(2\c). (1.2)

e Average treatment effect over locally untreated population:

r%D:/A@aﬁ@mw@m

In this causal parameter, we average the conditional mean difference over the untreated population right
below the threshold whose covariates follow from the conditional distribution fz(o)x (z|c). Similarly, we
obtain Tg’}%D by taking

_ fz)x(2lo)

= d =1.
fzayx (zle) and wo(z) =1

w1 (2)



e Average treatment effect over locally randomized population:

TéhD = /A(c, 2) fz0ix (=) ; fzmix(zle) dz.

This is the estimand studied by Frolich and Huber (2018) in the sharp RD case. Under the proposed
WATE framework, Tg’é’ p can be viewed as the average treatment effect over the population around the
threshold which is randomized so that their covariates follow from fz (o) x(2[c) and fz(1)x(z|c) with
equal probability. Similarly, we obtain 7¥3 , by taking

fzayx (2le) + fzoyx (2lc)

_ Tz x (zle) + fz(0)x (2]c)
2fzq)x(2le) .

and wo(z) 2fz0)x (2lc)

wi(z) =

e Average treatment effect via classical RD estimand: We note that the proposed WATE reduces to
the classical RD estimand 7grp (2.1) by taking wy(z) = wo(z) = 1. However, we note that unlike
the previous three examples, Tsgp may not be written as the average treatment effect over one well
defined population. To see this, recall that when there exists self-selection, the conditional distributions
fzyx(z]c) and fz (o) x (2|c) usually differ from each other. Then 7srp in (2.1) can be written as the
difference of the average of E(Y;(¢)|X; = ¢, Z;(t) = z) over two populations (i.e., the population right
below and above the threshold) with covariate distributions fz 1y x(z|c) and fz ) x (z|c) respectively.
This is the reason for which 7srp is confounded by the unbalanced covariates.
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2 Additional Simulation and Empirical Results
In this setting, consider the following data generating process:

yi(1) =2+ z; + B2i + €,

yz(O) =1+ x; + 622 + €,

where z;, z;, and ¢; are generated independently from N(0, 1) distribution. The treatment 7} is assigned at
the cutoff 0: T; = 1(z; > 0). In this case, there is no discontinuity of the conditional distribution of z; given
z; = 0. Thus, our estimaind Tg}é p equals the standard RD estimand 7sgp (both are equal to 1). We vary
B from 0 to 5 and compare weighted local linear (WLL) estimator with the standard RD estimator (Imbens
and Lemieux (2008)) in terms of bias, variance, root-mean-squared error (MSE), coverage probability of 95%
confidence intervals (Coverage) and its length (CI length). When implementing both methods, we set the
bandwidth parameter for standard RD estimator using cross-validation and then use the same bandwidth for
WLL. The results based on 500 simulations are shown in Table 2. When 8 = 0, there is no covariates involved
in the outcome function. Standard RD estimator performs neck to neck with our estimator. When 5 # 0,
the standard RD estimator performs slightly better in terms of bias, however, our estimator consistently has
smaller variance and MSE.

bias variance MSE Coverage CI length

n B RD WLL RD WLL RD WLL RD WLL RD WLL
0 -0.0106 -0.0102 0.3731 0.3767 0.3733 0.3768 0.9650 0.9750 1.6666 1.6853

1 0.0236 0.0226  0.6090 0.5423 0.6094, 0.5427 0.9250 0.9400 2.2335 2.1753

500 2 -0.0583 -0.0548 0.9004 0.7886 0.9023 0.7905 0.9600 0.9600 3.6103 3.2369
5 -0.0522 -0.0423 2.1757 1.8264 2.1763 1.8268 0.8800 0.9000 7.1005 6.1439

0 0.0021 0.0034  0.2853 0.2841 0.2854 0.2841 0.9900 0.9900 1.3447 1.4083

1 -0.0088 -0.0118 0.4379 0.4387 0.4740 0.4388 0.9200 0.9450 1.6833 1.6661

1000 2 0.0380 0.0431  0.6046 0.5118 0.6058 0.5136 0.9400 0.9550 2.2516 2.2635
5 0.1106 0.1129  1.4676 1.2770 1.4718 1.2820 0.9600 0.9850 6.3293 6.9139

0 -0.0107 -0.0111 0.2098 0.2096 0.2101 0.2099 0.9300 0.9200 0.7400 0.7229

1 -0.0320 -0.0225 0.3151 0.2920 0.3167 0.2929 0.9850 0.9850 1.3572 1.3237

2000 2 -0.0177 -0.0151 0.5234 0.4595 0.5237 0.4598 0.9500 0.9650 2.0911 1.9680
5 0.1331 0.1360  1.1707 1.0019 1.1783 1.0111 0.9150 0.9200 4.2082 3.7723

0 -0.0149 -0.0136 0.1606 0.1616 0.1613 0.1622 0.9200 0.9250 0.5699 0.5725

1 0.0034 0.0049 0.2451 0.2275 0.2451 0.2275 0.9350 0.9400 0.9012 0.8793

5000 2 -0.0130 -0.0137 0.3301 0.2940 0.3304 0.2943 0.9450 0.9600 1.3654 1.2931

5 0.0053  0.0139 0.8355 0.7016 0.8355 0.7018 0.9250 0.9750 3.1578 3.1535

Table 2: Comparison of the standard RD estimator and the proposed weighted local linear estimator (WLL)
in the first setting.

Figure 1 compares the MSE of the standard RD estimator with our WLL estimator across different bandwidth
choices. The figure is consistent with corollary 1 as our estimator is asymptotically more efficient through
including additional covariates into the estimation. Moreover, the advantage of WLL estimator is greater
when perform under-smoothing and the difference of the two estimators becomes smaller as the bandwidth
increases. 4
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Figure 1: Comparing MSE of WLL and RD estimator under the same bandwidth choices

Figure 2 plots the connection between search score and click-ability for the second position in the sponsored
advertisement area. Once the score passed the cut-off at 15.17, the customers’ links will be placed at the
sponsored advertisement area and a significant increase in the click traffic can be observed. Figure 3 plots
the conditional density of the covariate before and after the cut-off. This indicates a violation of the standard
RD assumption. Figure 2 plots the connection between search score and click-ability for the second position
in the sponsored advertisement area.

3 Proofs

Figure 3 plots the conditional density of the covariate before and after the cut-off.

In the proof, we use C' to denote a generic constant which may change from line to line. Define the following
notations:

K, = / K(u)u'du and kg, = / K(u)*u‘du, for.=0,1,2,--
u>0 u>0

For the ease of presentation, we introduce the following notations. Let f3(|z(1)(c+|zi)a f;g‘z(l)(cﬂzi) and

. Denote

Ofx1zy(cz) 9 fx1z)(ct|zi) d *fx1z) (e 2)
927 and —=F5——

ox ’

f%’l Z(l)(ch |z;) denote the right derivatives

mi(z,z) = E(Y(lHX =ux,7Z(1) =2),
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Figure 2: Plot of search score and click-ability. If the search score is above 15.17, the bidder’s advertisement
will be displayed at the second position. Otherwise, the advertisement will be displayed based on its regular
search orders.
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Figure 3: Density plot for bids before and after the cut-off

C+ z
a1 = BV Qun(Z)IX = et = [P 05 7y )

and
fng(l)(cﬂz) Ixiza(ctz)
= [ =2 etz z dz—i—/#m' ¢tz 2)dz,
B~ [ (et ) (o) O (e 2) o ()
where m} (¢, 2) = %j’z). Define R; = y; — a1 — B1(x; — ¢),
N Ti—cC
A, = L K(= —¢)?
n Z 71'1(21‘) ( h )(.’El C) ’

Since A,,, By, Cy, D,, all depend on 7(z), we denote the corresponding version with 71 (z) as A\n, ﬁn, én, ﬁn

3.1 Proof of Lemma 3
Proof. By the continuity assumption on E(Z;(¢)|X; = z),
E(Z;(1)|X; = c) = lim E(Z;(1)|X; = 2) = lim E(Z]X; =),
r—rC

z—ct

and similarly E(Z;(0)|X; = ¢) = lim,_,.- E(Z;|X; = x? The lemma holds. O



3.2 Proof of Theorem 5

. . . . 2 3
We proof an extension version of theorem 5, which includes 7¢5 and 7§53 -

Theorem 6 (Nonparametric Identification). Under Assumption 4, 7&4, is identifiable:
Tg)éD = / [E(Y|X =ct Z=2)-EY|X=c",Z= z)}fz(z)dz,

where E(Y|X = ¢",Z) = lim,_,+ E(Y|X = z,Z) and E(Y|X = ¢, Z) = lim,_,.- EY|X = 2,Z). In
addition, if fz(o)x (z]®) is left continuous in x at x = ¢ for any z € Z, then 747, is identifiable:

ﬂ%p:/ﬁWﬂX:wﬂZ:ZVJMHX:wiZZZH&m@kWW7

where f7x(z]c7) = lim,_,.~ fz1x(2|x). Furthermore, if fz(1yx(2|x) is right continuous in = at x = ¢ for
any z € Z, then 743, is identifiable:

fzix(2lc™) + fz1x (2]c)
2

rg;;D:/[]E(Y|X:c+,zzz)—E(Y|X:cjzzz)] dz.

Proof. To show the identifiability of 744, we note that Assumption 4 implies
/E(Y(1)|X =c¢,Z(1) =2)fz(2)dz = /511%1+ EY()|X =c+6,Z(1) = 2)fz(2)dz,
—

By the definition of the potential outcome, we have E(Y(1)|X =c+9,Z(1) =2) =E{Y|X =c+0,Z = 2)
for any § > 0. Thus,

/E(Y(l)|X =c¢,Z(1)=2)fz(z)dz = /(slir(r)l+ EY|X =c+6,Z =2)fz(2)dz.
—
Following the same step, we can show that
/E(Y(O)\X =¢,7(0) = 2)fz(2)dz = /6111%1 EY|X =c+6,Z =2)fz(z)dz.
o

This implies 7¥4,, is identifiable. To show 7%3,, is identifiable, similarly we have E(Y (1)|X = ¢, Z(1) =
z) =E(Y|X = ¢, Z = 2). In addition, by the left continuity of fz o) x (z|x), we further have fz(g)x (z|c) =
lims_o- fz(0)x (2]c +6) = fz1x(2]c™). Thus, we have

JECIX = e.20) = ) fzxGlads = [EBVIX =t 2 = ) fx(cle)de

This implies Tgf’]% p is identifiable. The identifiability of TéU}% p follows from the same argument. This completes
the proof.

Finally, we show that an alternative identification for 7%, can be written as

. YT _ Y(1-T)
wl — _ a = c —
Tsrp = i, E(m(Z) (X =+ 5) S, E( o) X 5)’

Notice that

E(Wi:;) X =c+ 5) - /]E(Y(l)|X =t Z = 2)fp(2)dz

and

E(wz/é) X=c—d)= /E(Y(O)\X o 7 = ) f(2)d

By taking the limit and with the assumption 4, the result holds.

8



Lemma 7. Under assumption 4, 6 and 7, we have

™ (2 nl/2

A, 13 ctlz ho/?
‘7 — h3ko — RE (Xlz(l)( ] 1) 1433‘ =0 (h5 +rh? + —),

B, I3 ctlz h3/2
‘7+h2/€1+h3E M ng‘:O(h4+rh2+ﬁ),
n 7T1(Zi) n /
h1/2
)44——-h/2’ Op(h? +7h + ), (3.1)
h7/2
’h4<n2m)‘ O +rh* + 25,

where r satisfies sup,¢ z |71 (2) — m1(2)| = Op (7).

Proof. We will focus on the proof of (3.1). The remain results can be shown following the similar steps. By
triangle inequality,

Co

n 2
1< T,
< |—
- ‘n ; m1(2;)
For term I, we further decompose it into two terms,
T; T;—C T; T; —C T; T;—cC
I }— : K(l )—E( i K(’ )N ‘E( i K(z ))—hzsz s, (3.2
L= e\ P e R G ) A il e Sy ol G /2= Tat Lo (32)
The bias term I15 is computed as
Iy = ’//x>c —g h )fX z() (%, z)dxdz — f‘
—h‘// 1 u)f y(uh + ¢, z)dudz—ll
u>0 T1 (Z x.2) 2

! 1

<h‘ dud f,’

/[L>0 7T1(z fX Z(l)( Z) uaz 2

Jrh‘// (W) x|z (@z)uhfz1)(2)dudz|,
u>0 7T1

KO sl MR K =

where the last step follows from the mean value theorem for some intermediate value u. Our assumption
implies that |fy ;) (ulz)| is bounded. In addition, by assumption mi(2) is bounded away from 0 by a

constant, thus the second term is of order h2. For the first term, by the choice of 7 (2) we get

1
/fozu)(cﬂz)fzu)(z)dz =1, (3.3)

which implies

//u>0 71_1 fX\Z(l)( |z)fz(1)(z)dudz = é71'1](-Z)fX|Z(1)(C+|Z)fZ(1)(Z)dZ /u>0 K(u)du = —




Thus, we have I;s = O(h?). Now we consider I1;. By the Markov inequality, I, < (EI7)Y/2. Thus, it
suffices to compute EI%;,

Bt = 5 (e < h_c)) B O
//z>c lz ; )fXZ 1)( z)dxdz

i(2)

1
n//>0 ﬁ%(z (u) fx,z)(uh + ¢, z)dudz
—o(h,

where the last step follows from the same argument in Iy;. Putting them together into (3.2), we have

I = 0,(h* + Zlg) For the last term I, we have

n

~ 1 Ti T;—C

=1

<

13

0)r) >0 (TC)ZOPW”’

=1 m (Zl

where the last step holds by the bound for the I; term. This implies (3.1). O

Lemma 8. Under assumption 4, 6 and 7, we have

B () K ()

2

) = F2(20) + Oy(h2),

5fX,Z 1 (C+7 Zl)
202 | o, 08)

E(2n2) 1K, (=20 2%
<<1> e

Ziaxi) - fX,Z(l) <C+, Zi) + thlil

1
sup (nha)™ — fz2(z)| = 0, (\/%4_]12)
- Lz logn
sup 2k D TR = T3 — Sz (e )] = 0y ( nhE “”) |
Zi _: ]

In case when Z = Z(1) = Z(0),

E h2 71T-K C—l'j Zi—Zj
(e

x> = fxzle,5) + Op(h2),
_0 logn 2
=0, (/77 +1 )

P(Z=2)=P(Z=2T=1)+P(Z=2T=0)=P(Z(1)=2X >c)+P(Z(0) =2, X < c).

Then, we have

n
— X Zi — Zj
(nh?)" > K(° Ja%)*fX,Z(C,Zi)
j=1

Proof. First, note that

=/ Ix,zq)(z, 2)dx + Ix,z(0)(x, 2)dx,
z>c 10

x<c



which implies that fz(z) is second order continuously differentiable by the continuously differentiable prop-
erty of fx zay(x,2) and fx z(0)(z,2) in assumption 6. Thus, the standard calculation in nonparametric

density estimation yields
1 Zi — Zj
zi|=— | K fz(z)dz; = [ K (u) fz(2 + uha)du
hso ha

= fz(z) + Op(h3).

— %

E () K 2)

To show the second result, following the similar argument, we get

2 c—xj 2 — 2
T ) = T,K i AT o deed
Z’x> hi1hio // i ( b o Vfx,zq) (w5, 25)dzdx;

(75, 2i + vhio)dvdz;

C—.’Ej Zi—Zj

hi1 ' hao

)

E <2(h11h12)1TjK1(

2
T;K
hn/ (

2
/T K( ) (fx,z() (x5, z) + Chm) dx;
hll hll

= 2/ K(u) (fx,z(1)(c+ uhi1, z;) + Chiy) du
0

an,Z(l)(CJra %)
Ba:i

= fx,z(c, z) + 2hi1 Ky + O(hiy + hiy),

where C' is a generic constant. The last two results follow from Fan (1993) together with the above bias
calculation. O

3.3 Proof of Theorem 1

Since the local linear estimator is invariant to the scale of 71(z), we can simply take ml( ;= 7= J;Z(l()z()c 5 in

the rest of the proof. It can be estimated by the following kernel estimator:

1 fz22) (nho) ™ 300, K(52)

FE)  Trzmlen) 2 0R)T L, K5, 52

Start with the following minimization problem:

(al,ﬁl) —alrgmlnzﬂ_1 o) ( —a—(xi_c)ﬁ)QK(xih—C) (3.4)

Recall that for any kernel estimates f: f(ac) and g = g(x), if f is bounded away from 0, then

where Hf— flloo = Op(r) and ||g — glloc = Op(s). Thus, if g is bounded from above, then

%gﬂfe 9) g+(;12 g)(f ) +0,(r?)
? %(f f)+gT+O(r2—|—rs)
z% in f+O(I +7s).



Following the above discussion, we can show that
1

2 (nh3)~1 YT TR (S, 2

1 o1 cC—Tj Z— %
:*m 2(nhy) ZTjKl( hljaTj)*fx,zu)(CJr,Zi)

j=1

1
40, (r?),
fx,z(1)(C+,Zi) p( )

where Lemma 8 implies

The gradient of (3.4) can be written as the following U-statistic:

n Fo(z T — n nhy) =t YN K(FH T —c
EZATJZ( ))K( : )R_lz Ti(nho) ™' 305 K(=757) )K( - )Ri

n

=t Izo(es 02 (nhd) T D TG (G, 2

D e R e (o SR | ()
_Jm 2.(nh§)_1jz:;TjKl(C;1xj’Zii;zj) K(xih_c)Ri—FOp (r* +rs)
JZZ{fX()T()(“ D (SR
_Q'W(h%>_lKl(C;1xj K (T )Rl—'—fX,ii({f(iﬁ?zi)K(mi;C)Ri}+Op (% +rs),

where

llogn

implied by Lemma 8. Define

T; 1 % 7 Ti—c¢
i =————(h K K R;
(Z) 2] fX,Z(l)(CJr; Z’L) ( 2) ( h2 ) ( h )
T:T; f7(2) o1 C—T; Zi— % Ti—cC T f7(2;) T;—cC
—2. I _(p K z K R; + K R;.
fX,Z(l)(CJraZi)z( ) i hi h1 ) ( h ) fXVZ(l)(CJr,Zi) ( h )
Thus,
n

1

Tifz(z) T; —C B 1
= (c,z)K( h )Ri_rﬂzi:zj:¢ivj+0p(7‘2+7‘s)

ne= fxiza)
1
=52 Z Z(@,j +¢j:) + Op (r? +1s) (3.6)

Qz¢z,j+¢jz QZ¢12+O (r +’I’S)

1<j

where the first (leading) term is a U-statistic after rescaling. By lemma 12 and Theorem 12.3 in Van der
Vaart (2000), we have

nl/2

72 (g Do+ 600) = 812 = 1 By + 03li) = 53) = 0,1, (37)

1<J 12 i=1



where 0 = E(¢; j + ¢;), and we use E(-|¢) to denote the conditional expectation given the ith sample. In
the following, we approximate E(¢; ; + ¢;;|i). Define d(z;, z;) = m(x;, 2z;) — aq. By Lemma 10, we have

E(¢i ;) = Op(h?).
The central limit theorem implies

nl/2

TONE Do B(0ss + 03l = 8} + Oyl 7z (1) = NO.E /1) (38)

where § = O,(h%) and &2 = E{(E(i; + ¢;.li) — 6)*} = E{E(¢y;)* + E(¢;:0)* + 2E (i) E(¢y:li) } — 6.
We now calculate the asymptotic variance as follows. Since E(¢;;|i) = E(¢; ;|7), from lemma 10, we have

h — fz(z))

h
E(bii]§) = ~di(ct,2:) — Ti—K
(¢ J|J) 2 1(C ) J hl ( hl fX,Z(l) (C+7Zj)

d1(C+, Zj) + Op(h2 + hhy + hhg)

Similarly, we can show that

Tifz(2)
fX,Z(l)(C+aZi>

E((rbi,j

. Tr; —C
i) = K( - >R¢+Op(h§+h1).

Recall that 02 = E(Y (1) —m1(X, Z(1)))2. Since h < /h1 < ha, after some tedious calculation we can show
that

1 1 h? 2)? h?
( (¢jil) / / TK " fz(2) Qd(C+’Zi)2fX7z(1)(xi;Zi)d«xidzi + O <n>

fX Z(1) (C+ Zi)

_ hil‘ﬁzo fz(z:)? <h2)
hi n )., fx,zq)(ct, Zz)d( )'dzi+0 n
h2 K20 fZ(Zl) h2
T hin Pl (fX zy(ct, Zz)d(CJr’ 2) <n>

€2ZK20EZ( fZ(ZZ) >+O

Ix Z(1)(C+ 2)

Combining (3.7) and (3.9),
nl/z(il > (605 + d3a) — /2) + O(n'/207) —a N(0,€)
n(n —1) — i T i d §7)

Finally, note that in (3.6),

and therefore we obtain that

1 & Tifz(2)

nt/2 =1 fX,Z(l) (¢, 2)

K(TE) Rit 6 —a Nn'/25/2,6%),
where

o =0, (nl/Q(h?’ +r? + rs))
Following the similar argument, we can show the joint convergence

i TfZ T, —cC O,(h?) K hk
Y e (ol e (o () (0, 1))




By the least squared formulation, the estimator &y satisfies

/(nh))l 1 & T
(

n1/2 i=1 fX,Z(l)(Caz

Vnh2(6y — o) = —€T ( Cn/(nh) iZBn

“Bu/(nh)  A,/(nh) K () Rt @ =

where ef' = (1,0). From lemma 7 and the matrix inversion formula,

Cy/(nh) =B, /(nh) _J:: 1 A,/(nh)  By/(nh) 1 (iﬂm2 —hm1>.
( B,/ Cn/

% e —
P W)z — ) \hw b
Thus, the asymptotic bias of vVnh2(a; — ay) is

T (h%g }i’ﬂ) /2 (gp(h3)> = 0(n'?h?) = o(1).

h2(ka/2 — k%) \—hk1 5

Similarly, the asymptotic variance of vVnh?(a; — «aq) is

w T hzlﬂig —hlil K20 hlﬁ:gl h21€2 —h/il
1 23261 | _ 1 2 _ 1 ]e
h (H2/2 — '%1) h/i1 2 hl<621 h K29 hlil 3

—E, <JCZ(md(c+, zi)2> - Cly,

fX,Z(1)(C+7 )

where ) )
Hzﬁgo —+ K)llﬁlgz — 2%1&2/{21

2\2

Cy =
(352 = )

This completes the proof.

Lemma 9. Under the same condition as in Theorem 1,

1 xr; — ¢
M(c,z) := h/TiK( W )E<Ri|$i>Zi)fX,Z(l)(xiaZi>d-Ti

! om C+, Zi 6f C+, Zi
= —ma (C+, Zi)fxyz(l)(c—i_, Zl> + hﬁlyfx’z(l)(c-i_, ZZ‘) + hlﬁml(c"', Zl)w
1 of ct,z
- §a1fX,Z(1)(C+, z;) — i1 Brfx 7y (ct, 2) — hmm% + 0y (h?),
where O), terms are valid uniformly over i.
Proof. Following the standard Taylor expansion, we can show that

1 T;—c¢
M(c,z) = m /TJ( ( - ) E(R;|zs, zi) fx,z(1) (@i, 2i)d;
= / K(u) (mi(c+uh, z;) — ar —uhpi) fx zq)(c+uh, z)du

u>0
Imy(ct, z) O*my(ct, z) u?h?  93my (62, z) uPh?
_ Jr . bad b ad 2 b ad 2 _ _
— /u>0 K(u) <m1(c ,2i) + oz, uh + 227 5 + 923 a0 a1 — uhf
fx,z(1)(ct, z) Pfxzmy (et z)w®h® 0% fx 20)(@%, z) uh?

+ ) s 9 h s ) s I} d

<fX,Z(1)(C ) 2i) + o, uh + 3%2 2 + 8:6? 31 u
1 Omi(cT, z
= §(m1(0+, zi) — o) fx zn (et zi) + hisy (1('()x) - 51) fx.zay(ch, z)
0 ct, z

+ hiy(ma(ct, z) — 01)%(2) +0,(h?),

8:@
where O, terms are valid uniformly over i as the (mixed) third derivatives of fx, z(1)(2i, ;) are all bounded.

14 =



Lemma 10. Recall that
T; 2z — 7z T, — ¢
fX7Z(1)(C+aZi)( ha ) ( h )

T;T; f7(2) o1 C— X % —%j T; —C T fz(2:) T, —C
_LglZE) -1 , K Ri + K R..
fx,z(1)(C+,Zi)2( ) i h1 hi ) ( h ) Ix,z)(ct, 2) ( h )

Under the same condition as in Theorem 1, and when h; = h?

ho) LK (2

bij =

—9.

= et hoec=aiy  f2(2) v 2
E(¢; ;j) = 2d(c zj) —Tj— T K( I fx,z(1)(6+,zj)d1(c ,2;) + Op(h® + hhy + hhy),
T fz(%) T —c\ o, 9
(¢’L,] ) fX Z(l)(ch Zl)K( h )Rz + Op(h2 + hl)a

E(¢14) = Op(h?)
where O, terms are valid uniformly over ¢ or j.

Proof.

Zi — Zj

E<¢i,j|j>:E(m<h2> KK (55 )

(Part.BI)

Tifz(z:)
fX,Z(l)(C+7 2;)?

ij Zi —Zj

ov_1,. C— Ti—c\ o,
hl) Kl( hy ) hy )K< h )Rz

(Part.BII)

Zj,l‘j) .

—2Tj~E<

4 E ( Tifz(2) )K(%h— C)Ri

Ix,zay(ct, zi

(Part.BIII)

From lemma 9,

T,
Part BD=E( —— "+
( ) <fx,z(1)( +

(1) KR (M) R

c 7Zi)

1

) K M )
=h .. fx. 2) (C+ Zi) (h2)™ " K( YM (¢, z;)dz;

ha
h/ (ha) K (7 );( 1(ct, 2) — ar)dz; + Op(h?)

2(m1(6+7’zj) ar) + Op(h* + hah),

where O, terms are valid uniformly over j. Similarly, for Part.BII and Part.BIII, we can show that

Zj, l‘j)

(Part.BII) = E (W(h%)_lKl(c - xj, Z — % )K(xih_ C)Ri

Ix,z)(ct, z)? hy ha
( ) 1 — T R — Zj
- _JZ\E) K ZCT BN M el 2\ das
h 5 fX Z(1)(C+ Zz)2 (h ) 1( hy ) hy ) (C7 Zz)de
RS2 gy (CTT BT ) — g )de 4+ O, (B2)
% Ix,zy(cT, 2) ! hy 7 ’ P

- ey )
2h1 hi 7 fx,zy(ct, z5)

Tifz(2) Ti— ¢
(Part.BIII) = E ( N e (7B

(m1(c*, z;) — a1) + Op (hha) + Oy (R?),

) =5 [ (e 20 e fated + 0,) = 0,007



where the last step follows from the definition of a;. Define d;(z;, 2;) = m1(x;, 2;) — @1. Combining the Part
BI, BII and BIII, we obtain

. lq —ﬁ h '1:' fZ(ZJ) -+ . 2
E(pi;1j) = 2d1(c 1 25) — Tjth( h )fx,z(l)(6+,2j)d1(c :%j) + Op(h” + hhy + hhy).

Following the similar calculation, by lemma 8 we have
Zj

T 2 —
7t E( (k) K (221
Ix,z@)(et, z) <( 2) ( ha

E(¢s,41i) = )

2 K

C*Zj zifzj)
)
hy ha

Part. AII

Part. Al

_9.__“va\m)
fX,Z(1)(C+,Zi)2

Tifz(2) T —cC
+ K R;
Ix,za)(c, 2) ( h )

Part. AIII

T’LfZ(ZZ) xT; —C ' )
- fXaZ(l)(C+7zi)K( h )R’ + Op(h1 + h3).

Finally, we calculate E(¢; ;) using Lemma 9,

E( Part.AIII :h/AM ¢, z;)dz;
( ) Ix Z(1)(C+7Zz') ( )
h

8 C+7 Zi 7
=3 /(ml(CJraZi) — o) fz(z)dz — BPK1 By — hzmal/ fX’ZS)x(i )fX,Z]:i((i3_72i)dZi

+h21{1/<aqnl(C+’Zl)fz(Zz)+m1(c+,zz)afxz(1)(c+721) fZ(Zz) )d21+0p(h3)

ox; Ox; Ix,z)(ct, z)

Ofx Z(l)(c+vzi) fz(z:)
_ _ 12 ) ° ) 3
=—h mm/ oy fx,z(1)(6+,zi)dzz + O, (h°)

where the O, terms are valid uniformly over ¢ and the last equality follows as

ar = [ (et pa(a)d

omy (¢t / afX zy(ctz)  fz(z)
= 7 d 7 7 z : d 7+
A / 3951 (z0)dz me 0x; fx.za)(ct, i) :

and

From Lemma 8, some tedious calculation implies

E(Part.Al) = E(Part.AIIl) 4+ O, (hh3),

and

B Tifz(z)  Ofxzu(ct z) rmi—cy 9
E(Part.AIl) = E(Part.AIIl) + 2k 5, E (fX,Z(l)(C+7Zi)2 o K( - )RZ + 0, (hh2).

From Lemma 8 and Lemma 9,

hik1E < Tle(Zl) an’Z(l)(c+7Zi)K(xifL_ C>Ri>

Ix,z(1)(ct, z)? Ox;
Tifz(zi)  Ofxza(ct z) rxi—c
= h1f€1// Fxzm(ct2)? oz, K( W )]E(Ri|xi»zi)fX,Z(1)(xiaZi)dmidzi
_ hhiky fz(z) Ofx.z1)(ct, z)

mi(¢*, z) — ar)dz; + Op(hih?).
2 Ix,z)(ct, 2) r; 1(6 1( ) —a1) p(h1h?)



Thus when hq =< h?

E(¢i5) (n%)
This completes the proof.
3.4 Proof of Corollary 1
In the case when Z = Z(1) = Z(0), we can estimate W fxfzzi((i)z) by the following kernel estimator:
1 falz) _ (mha) P3O K(5E)
m1(2) J/C\X,Z(C, z)  (nh)=1y00 K (55, Zhlzi).
Similar as in theorem 1,
1
(nh3)=' 370 K (5, =57)
1 - —T; 2z — 2§
= | (nh})” —2 =) C, %
fx.z(c, zi)? z:: h1 )~ xzlew)
I S
fx z(c,2i) P ’
where Lemma 8 implies
logn 9
r nh2 + hi.

The gradient in (3.4) can be written as the following U-statistic:

T (s L "o Ti(nhy) ST K(E A L
l /Z\Z—‘ZfZ(ZZ) K(‘:Uz C)Rl _ l 2(” 2) _ ijlc_i‘ hzgv_)zy. K(xz C)Rz
nio Ix.z(e %) h ni= (nhi)! Zj:1 Kl(il]’ ZTJ) h
- TfZZ’L Z; —C Tz 1 - Zi — Zj T; —C
— g+ h K K f
ZfXZ (¢, 2) ( h )R + fx,z(c, z) (nhs) Jz::l ( ho ) ( h )R
TfZ(Zz 2\ —1 LE] Zi — Zj Z; C
——— | (nhY) Kq( K i
" Fas(e ) ( Z » ) ( 7 )R + Oy (r* +1s)
= iii{iT (he) K (=K () R
o on? = Uxzle ) ? ha h '
Tifz(2i) 2\—1 C—Tj Zj—Zj T;—¢C Tifz(2) Ty —C 2
— h K K K f ,
fX7z(C, 1)2( 1) ( hl ’ hl ) ( h )R ']cA)(,Z(C7 Zi) ( h )R } T Op (T +7”S)
where
logn 9
= h
S nhQ + 2
Define
T; 2 — 2 T; —C
= () 'K ()K= ;
Y fxz (e, Zz)( 2 ha ) ( h )R
T fz(2) o1 C—xj % — % T; —C Tifz(2) T; —C
— 2 ()T K i K
Ix.z(c 22)2( v il hy 7 ) ( h >R * Ix,z(c, %) ( h >R
By Lemma 11, we have
E(67) 5 0p(h°).




The central limit theorem implies

n 1/
(a7 DB + 95200 = 57+ Oyl (1 4 °ha)) —va N(O.E/), (3.9)
i=1

where §7% = Op(h3) and &2 = E{(E( ;"c]l + (é;‘f i)—0)?} =E {E(qbwh)z + E(¢jili )2 + 2E(¢ij|1)E(pjili } 52
We now calculate the asymptotic variance as follows. Since E(¢; ;|¢) = E(¢; ;]j), from lemma 10, we have

h h
B(0ul1) = gehle”2) = Ty K () 28 e ) 4 0,0 + by + ko),

Similarly, we can show that

C>R¢+Op(h§+h1).

~_ Tifz(z) Ti —
E(dusli) = fx,z(c, Zz)K< h

Recall that 02 = E(Y (1) — m;(X, Z))2. Since h < hy X< ha, after some tedious calculation we can show that

n (sl /z /m fiJ;ZCZ;Z (xih_cny,Z(xi’Zi)d%dzi
/ / fz J;ZCZ;Z)Z (mih_C)QfX,Z(xiazi)(ml(wi,zi) —o)?daidz + O (f:)

fZ(Zl)2 h fZ(Zi)2 + 2 h2
= 7h N el Y 5y~ % -
" K20 5 fX’Z(C, 22) dZ nligo N fx,Z(Q Zi) d1 (C Z. ) dZ + O n

ot () i e ) 0(5)

fx.z(c, z) Ix,z(c, 2 n

n h3 fx,z(ct, z)

)2 2
h F20 Md1(0+’ 2)2dz + O <h>
n

" hn . Ixz(c 2

- %%Ez (fxfigii)zi)dl(ﬁ i) ) +0 (}:>

2 c—x; zi)? 2
LE (B(g5110)%) = l}L/ /‘TiK( L J2Ci)" g (% 2 2 (s, z)dmidz; + O (2)

2B (B l)B@19) - / [ G A s st s 0 (1)
~2 ka0 %J%dl( 2 )dzz—i—O(}:)

- h Fa(z) h2
=-2- HQOZEZ (Wd1(0+72i)2) + 0 (n) .

Thus, choosing hi; = h, we have

&% = hrigo 0°Ey (fz(zi) ) +0(h?).

Ifx,z(c, )

w

Combining (3.7) and (3.9),

nl/2

nl/2
e (ﬁ > (i +65i) - 6/2) + O(h1/2 (h® + h2h1)) —a N(0,€2/h).

hl/2
1<j

Finally, note that in (3.6),
h2

=Y oS 1En) =0, (L),



and therefore we obtain that

1 " Tifz(z)
(nh)1/2 i=1 ]/C\X,Z(C7 Z)

where
1/2

=0 (hl/z(h?’-i-r +rs))

Following the similar argument, we can show the joint convergence

n T, i — 1/2
1/2 Z fZ (m n C)Ri[lv (z;i — )] =4 N (21/2 <

fxzcz

By the least squared formulation, the estimator & satisfies

1/2

Op(1?)
Op(h?)

Ti—¢C n’sd o
K( A )Ri+¢_>dN<Wa§/h)a

)<

K20
hligl

\/ﬁ(&l - 041) = —61 < n/(

h)
By/(nh)  An/(nh) | (nh)'/2

i=1 fX,Z

where el = (1,0). From lemma 7 and the matrix inversion formula,

u/nh)  ~Bu/uh)) _ 1 (Aj@h) B,
“Bo/(nh)  An/(nh) B,/(nh) C,

Thus, the asymptotic bias of vnh(Q; — aq) is

—én/(nh)> R % 3 Tifz(z)

/(nh)
/(nh >> R

(1)(07 z

1

M(—

—eT 2 1/2 3

| h ka  —hki\ n Op(h?) 1/215/2
720, /9 _ .2\ 71 /0 = = 1 .
h2(ko/2 — K2) ( hk1 1 ) h1/2 (Op(h4) O(n'/"h*7) = o(1)

2

Similarly, the asymptotic variance of vnh(ay — aq) is

W Wk —hr fa0 - hrizy
h4(;‘£2/2 — R%)z ! —h/i1 3 hKJ21 h K29
2 fZ(Zi)2
=0 ———dz; - C,,
Ix,z(c, z) LY

where ) )
K5K20 + K{K22 — 2K1K2K21

hzlig
—hky 1

hHQl
h2 K22

hQIig
hl€1

)

—hKl
1

2

C, = T 5
(3r2 = K7)
This completes the proof.
Lemma 11. Recall that
T; Zi — Zj Ti—¢C

rd 2 —1 7 j i

A — 7} K K R;

©J fX,Z(C, Zz)( 2) ( hg ) ( h )

Tifz(2) ,,0v1 C—T; 2;— Zzj Ti —C Tifz(2) T —cC
—————(h K K R; K R;.
fxﬁz(c, Z,)2< 1) 1( hl ’ hl ) ( h ) * fX,Z(C, Zi) ( h )

Under the same condition as in Theorem 1, and choose h; =< h

hoe—x o f2(%)
2h1K( hi 7 fx,z(c z;5)

. h
E(d):j |j) = §d1 (C+7 zj) - dy (C+a

vdy o Lifz(zi) rwi—cy\ o, 9, 2
E((Z)i,j Z) - fX,Z(Ca ZZ)K( h )Rl + Op(h‘2 + h’l)a
E(¢7%) = Oy(h?),

where O,, terms are valid uniformly over 7 or j.
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Zj) + Op(h2 + hhl + hhg),

).



Proof.

T; 2 — 2 T; —C
E(o™|)=E( —=* (b)) L K(Z Ay |z
(@2319) <fX,Z(C7Z¢)(2) ( ho ) ( h )R Z]>
(Part.EI)
T‘ZfZ(Zz) 2\ —1 C—Tj 2z —Zj T; —C
~E( 8T (02K K Ao
(fX,Z(C,Zi)z( 1) 1( hl ) h1 ) ( h )R Zj, Xj
(Part.EII)
Tifz(2) Ty —C
E K Ao i ).
* (fX,Z(C»Zi) ( h )Rl A
(Part.EIII)
From lemma 9,
(Part.El) = E (Ti(h )R (Z _ZJ)K(”” _C>R- z)
' Fx.zle,z) h h R
h [ ) K M e, ) d

2 fX,Z(C; Z’L) h2

1

_ h/(@)*%(%)i(ml(cﬁ 2) — a1)dzi + Oy (h)
h

= §(m1(c+7zj) —aq) + O, (h* + hah),

where O, terms are valid uniformly over j. Similarly, for Part.EII and Part.EIII, we can show that

= M 2\—-1 C—Tj Zi —Zj Ti—Cc\p |
(Part.EIT) = E (fX,Z(C, )7 (h1) ™ Ky ( . )K( - )Rz 2,
fZ(ZZ) 2N —1 cC—T; 2 —Zj
= 3 K(—, =— M Nz
" 2 fxyz(c,zi)2(h1) 1( hy | Iy JM (e, z;)dz;
Ty (T B () — )zt O,(12)
2 2 fX,Z(Cin) 1 hl ’ hl s <1 i D

_ h oe—x fz(z)
B K h1 fX,Z(QZj)(

2h m1(6+,2}j) 70‘1)4»010 (hh1)+op(h2)7
1

_ Tifz(zi) (%i—c\,
(Part.EIIL) = E <fx,z(c, Zi)K( - )Rl

Zjv%') = g/z (m1(c™, 2;) — a1) fz(2:)dzi + Op(R?) = Oy (h?),

i

where the last step follows from the definition of ;. Define d;(z;, z;) = mi(x;, 2;) — @1. Combining the Part
EI, EIT and EIII, we obtain

rdl - h h c—x;
E(@ﬂ]) = §d1(0+a2j) - Tth( :

fz(z))

+ . 2
™ )é@,Z(c,zj)dl(C ,2;) + Op(h® + hhy + hhy).




Following the similar calculation, by lemma 8 we have

T; z; — 2 T, —c¢
E(¢j4]i) = —————E ( (he) 'K(&=—2) |z | K (= ;
(97510 Ix,z(c, 2) <( 2) ( ho )Z) ( h )R
Part. FI
T fz(z) o1 C—T; Z— % Ti—cC
- 2 g Ky (S A K )
Ix.z(c,2;)? (k1) i hi ' )|2ir i ( h )R
Part. FII
Tifz(2) x;—c
K i
+f)gZ(C,Zi) ( h >R
Part. FIII
Tifz(2)

Xr; —C
= K(= . 2 2y
fx.z(c, z) ( h )Rl + Op(hi + h3)

Finally, we calculate E( :‘;) using Lemma 9,

fz(z)

E( Part.FIII) = h
( ) Ix,z(c, z)

M(e,z;)dz;

= g/(ml(ﬁ,zi) —a1)fz(z)dz — hzﬂlﬂl - / 8fX§3§ic’ ) fijjE:)Zl)

+ : ; :
oty [ (PEE) g et 2L Y o,

_ Ofx,z(c,z) fz(z)
= —h%k104 / oz, Fxz(e ) dz; + Op(h3)

le'

where the O, terms are valid uniformly over ¢ and the last equality follows as

o :/m1(0+72)fz(2)d27

and

a +7 7 8 ) 21 7
B1 :/7m1{()§:i Z)fZ(Zi)dZi+/ml(C+aZi) fxggic Z)fxfjgz,)zz)dzl

From Lemma 8, some tedious calculation implies

E(Part.FI) = E(Part.FIIT) + O, (hh3),
and

E(Part.FII) = E(Part.FIII) + O, (hh?).

Thus when h; < h
E(¢i,5) = Op(h®).

This completes the proof.

O

Lemma 12. When either h < hy; < hg or h < \/h; =< hsg, the condition in Theorem 12.3 in Van der Vaart

(2000) holds, such that E(¢;) < oo 91



Proof. E( 22]) is a linear combination of the following quantities:

E (W(hQ)—QKQ(Zi};Zj )K2<xlh_c)R12> (3.10)
fZ(Zi)2 _ C—T; Z; —Z4 T;—c¢

E<W(m) YK( e J)KQ( - )R?) (3.11)
f5(z) o (Ti = C\ o

" (f?(’z(l)(CJr,Zi)K ( h )Rz> (3.12)
fZ(Zt) _ _ C—XT; Zj— Z; 2 — % xi—c

E(W(M) Lh) 72K ( W i - LYK ( T J)KQ( : )Rf) (3.13)

. A(MPK(%_%)K%%_C>R2 (3.14)

FX 2otz h no )

722 oy ey g

E(W(h2) (5 j)KQ( o )R?> (3.15)

e From Lemma 13, equation 3.10 can be written as

_92,-2,%% Zj o (X; —C 9
(hs) 2K (2 K2 (27 ) B

)

1
Ef——
(fX,Z(l)(C+aZi)2

1 I
)R EN (g, ) d v L (207
2 fX,Z(l)(C+7Zi)2( 2) ( ) )J( ) (2 L ( )
1 I
—" 5 (he) KA (F—)(0% + di (e, 2i)?)dzi + Oy (h
20 .. fX,Z(l)(CJrazi)( 2) ( hy )( 1( )?) p( )
2
K
2 (0 + di(ct,2)%) + Op(h)

 fxzolct %)
Thus

E(fxz(l)ly(h) 2K2( };ZJ)KQ(Z’ih_C)R?)

@0( /fXZ(l) ct Zg)dzj /dl(c %) fX,Z(l)(CJr,Zj)dZJ T Op(h) <00

e When h < h; < hg, by law of iterated expectation and Lemma 13, equation 3.11 can be written as

xjvzj>

fZ(Zi)2 —43-2,C— X5 25— Zj 9Ty —C 2
E(wn K (5 PR () B

fx,za)y(et, zi)* hy
fz(z)? 30, C— T Z— %

=[| ————F——h)7°K , ——=)J(c, z;)dz;

2 fX,Z(l)(C+7Zi)4( ) il hy ha J7e %)

fz(2:)? 332/ CTXj Zi T Zj\ 9 + 2

= e K —_— i i h

20 z; fX,Z(l)(C+7Zi)3 (hl) 1( hl ’ hl )(O- +d1(c ’Z) )dZ +Op( )
_ 2 fZ(Zj)2 2 dilet 20 (R 1K2 0
= Kyt (0? + di(c, 2)?) (hy) T K (—— U 4 0,(h)

fX,Z(l)(C+7 ;) hi

22



Thus

fZ(ZZ)2 4 — X5 Zi— Zj o (Ti—C 2
E<M<h> (L S () e )

1
2 + o, 32 —1p2C T Ty o N
HQO//fXZ(l) e ZJ)3(U +di(c ’Zj) )(hl) K=( Iy )fX,Z(l)(mj’Zj)dZdej+Op(h)
Z 2 2
=y [ L ;02<a Fdi(e”, %))z + Oy(h)

n20< B 1) s + /dl(c , )2fZ(ZJ)22dzj) +0,(h) < 5

Ix,z)(ct, 2 fx,zm)(ct, 2;)

When A = \/hl = hg

l’j,Zj)

fx,zqy(et, zi)* hq hy h
A fX,ZJ:ff(Zcif,zz')‘l () PR S 0
= sz{ i((ch ) PR 2 0 () + O,
o2 (e R 4 0,0)

Thus

fZ(Zz)z —4 XTi Zi — Zj o(Zi —C 2
E(fX()(“ KGR ()’

c

1
2 + 22/ 6% o
Kzo//fxzu) p= zj)3(0 +di(cT,25)7) K*( I Vfx,z) (x5, 2;) + Op(h)

= Op(

e From Lemma 13, equation 3.12 can be written as

fz(2)? 2(Ti —C\ p2
. <fX,Z(1)2(C+7Zi)K ( h >RZ>
fz(z)?
Zi fX,Z(l)(C, Zz')2
fz(2)?
= Ixza)(e zi)
=0p(h) <

=h J(e, z)dz;

= hkog (0'2 +d; (C+, Zj)Q)dZi + Op(hQ)

e From Lemma 13, and using the fact that the kernel is bounded by a constant IC, equation 3.13 can be
written as 23



fz(2i — - — L5 Z—Zj i Zj i~
E <fxz1z)gj+)2’z)3(h2) 1(h1) 2K1(C hlx]’ z hIZ])K(Z h2ZJ )Kz(f - c)R22

h 2K C—xy Zi_zjKZi—Zj iz
/ sz(1 c+ 21)3( 1)K Iy K ( I )J (e, z;)dz
,FLQ()K / Z (hl)*zK(Zi*Zj)K(Zi*Zj)(U2+dl(c+ 24)2)dz-+0 (h)
fXZ C+ ,2i)? hq By  Zi i+ 0,
fz(2))

< IC@OK( e i Y(hy)! (% +dyi(ct, 25)%) + O, (h)

fX,Z(1) (C+, Zj)2

Thus

fZ(Zz) — — C—T; 25— %25 Zi — Zj xT; —C
E(W(h2) Yhy) 2K ( h 0 Iy VK ( " )Kz( . )R?)

<o [ [ (G0 T 0 et ) )+ 0,0

;) 2 + N2\ 9.
—’Cfizo/gfx Z(l) e z])(a +di(c", z5)7)dz; + Op(h)

= Kkog | 02 —fZ( %) 25 2 Q—fz(zj) Z; 00
=K 20( )d]—‘r/dl( ,J) )dj)+0p(h)<

Ix,z(ct, z; Ix,zay(ct, z;

e From Lemma 13, equation 3.14 can be written as

o( 2t e (B

Ix Z(1)(C+ Zi)2

l’j, Zj)

(2;) 2 — 25
= 1{20/ Z T K( ‘7)(0—2 +d1(c+,zi)2)d2’i +Op(h)
Ix,z) ;) ho

= Op(h)

fz(z) Zi = % N
/fXZ K( i ) (¢, z;)dz;

(ct,2)?

Thus

f2(z) o mi—aim—c
E<fx<><><h> HCER (P ) <o

e From Lemma 13, equation 3.15 can be written as

fZ(Zi)2 2N —1 C—2j 2z — % 9/ Ti—C\ o
E| ——————=(h K K 2
(fxz (et Zi)3( ) i hi 7 h ) ( h )RZ

fZ Zz — T z— %5
_h/fx z (e, z) 3<h> 1K1( hy J7TJ)J(c,zi)dzi

{ITj, Zj)

(2:)°

B —x fz _ Zi — % , 4
= hrgo K (© " J)/fx,zu)(c"' Zi)2(hf) Hr((Tl L) (0% + di(ct, z)%)dzi + Op(h)

C= T fz(2)?

hi 7 fx,zay(cT, z5)?

= hhl_lligoK( (0'2 + d1(0+, Zj)2)d2’i + Op(h)



Thus when h < hy < ho

fxz(l) (et Zz)2 oy hq h !
2 + 2 (E Y o Vdzdrs
iy [ / fXZ(l) T 0 e IR 2 + O,(0)

= 0,(h)

and when h < v/hy < ho

)2 — T p— R
E (fXVZ{T)((’Zgl’ZZ)2K12(C 13_7’ Zi hlz] )KZ(ZEzh C)R?) _ Op(\/ﬁ) < o

Lemma 13. Under the same condition as in Theorem 1,

c ZZ = /K2 (xZ _ ) E(R?|xi,zi)fX,Z(l)(a:i,zi)dxi
= (U + dl(C azi) ) : fX,Z(l) (C+7 Zi)K’QO + Op(h)a )

where O, terms are valid uniformly over i.

Proof. Recall R; = €; + my(x;,2;) — o1 — (x; — ¢)B1 = €; + di (i, 2;) — (x; — ¢) By, thus

E(Rf|xz,zl) = dl(xi, Zi)z + E(Gﬂiﬂz, Zz) + (LCZ — C)2ﬁ%
+ 2dy (24, 20)E(€|wi, 25) + 2(x5 — ) BiE(es| 24, 23) + 2d1 (24, 23) (25 — ) Ba
= 0? +di(zi,2)* + (x; — ¢)?BF + 2d1 (24, 21) - (xi — ) B

Following the standard Taylor expansion, we can show that

J(e, z) = /K2 (xz_ )E(Rﬂxiyzi)fX,Z(l)(xiaZi)dxi
:02/K2(u)fX7Z(1)(c+uh,zi)du—i—/Kg(u)dl(c+uh,zi)2fX7Z(1)(c+uh,zi)du
+B%h2/K2(u)u2fxyz(1)(c+uh,zi)du+2h51-/K2(u)ud1(c+uh,zi)fxyz(l)(c—&—uh,zi)du
= (0" + di(c", 2)*) - fxz (et /K2 Ydu + O,(h),

where O, terms are valid uniformly over i as the (mixed) third derivatives of fx 7(1)(%s, 2;) are all bounded.
O
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