Explicit Regularization of Stochastic Gradient Methods

Appendix

A Primal-Dual Structure
Apart from the notations discussed in the main paper, we would further use the following notation for data matrix

X € R™*? such that X = [xl R n] We consider the following general primal and its corresponding dual
problem which appear very frequently in machine learning domain.

min [op(e Z bi(x; 0 ] (15)

feRd

ma [o]x p— < );igb:(ai)]. (16)

Here, we assume that ¢ : R — R and 9 : R? — R are smooth convex function for all i. We have the following
first order optimality conditions for the equivalent problems given in Equations and :

x;l'e € 8¢;‘k<ai)7 o; € 8¢Z(xj9)7
1 and 1 17
0 € 0p* (—XToz) : —=XTa e ). (17)
n n
From the duality, 8(«) = 9¢* ( 1 alzz) We can recall Fenchel’s Inequality: For any convex function f,

the inequality f(z) + f*(0) > 270 holds for all x € dom(f) and 6 € dom(f*). Equality holds if the following is
satisfied 0 € 0f (x).

From Fenchel’s inequality, we have:
Proposition 2 Consider the general primal dual problem given in equations and , dual sub-optimlaity

gap gap(a) = [Op(a*) — Op(a)] at some a provides the upper bound on the Bregman divergence of ¢ between 6*
and 6(a) i.e. Dg(0*,0(c)) < gap(a).

Proof The Bregman divergence with respect to mirror map 1 is

Dy(z,y) = ¥(x) —P(y) — (VY (y),z — ).

Now, we have:

n

gnn(e) = 0" (<3 X7 ) v (<x70) < 23 D)+ Dt (1)

i=1

In the proof we would again use Fenchel’s inequality which we used in the proof of previous theorem. From the
optimality condition, we know that —1 X "o € 91)(6(cx)). Hence,

Hence,

wan(e) = 0 (—2x7at) ot (<2xTa) - L3 gi(an) + 1 3 dila
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= (6%) —p(B(a)) + <iXToz*,9*> + <iXTa,9*> — <:LXTa,9*> — <:LXTa,9(a)>

n

D MRS SroACY
i=1

i=1

= (0°) = 0(0(@) - (X Ta.0(@) 0" )+ (X Ta" = TxTa,0t) < 1S gi(ad) + 1 - i(a)

n

= 5(6°) — 6(B(@) — (V(0(@)) 6" b)) + (L XTe — LXTa0")

=Dy (0*,0(a))

i=1 i=1
Da(6*,0(e) + (2o = Lo, X0%) = 13 6(a1) + 1+ 3 si (e
i=1 i=1
(6°,0()) + - > "(af — i) o] 0 = 2 3 gi(ad) + i)

=Dy(0 ZD¢ (o, %) > Dy (6%, 0(c)). (19)

After we provide the general result in Proposition [2, we now provide the proof for proposition [I] below. The
result in statement is a useful result and can be useful in several ways. For example, the guarantees for
SDCA (Shalev-Shwartz & Zhang, [2013, [2014). We provide the details in the Appendix

Proof [Proof of Proposition [1] We can just use the result in Proposition [2| to prove Proposition [I} Let’s recall
once again the primal dual formulation of the problem which we have in Equation (3) and Equation (4.

Hmi&g Dy (0, 9(0)) such that Vi € {1,...,n}, z; 0 € Y, (20)
€
= min ¢ li max {a /0 —o (a)}

GER" n P OCLERk ‘d K2

1 n

- - i i) = - 1 21

vz',rrflx?gw n ;a%(a ( Zx i ) (21
= G s

LD, Ge)

Let K; represents that set for all § such that :ciTH € Y, and the indicator function ¢x, for a convex set K; for all
€ {1,...,n} is defined as vy, (x] 0) = 0if 20 € Y; and 1, (2, 6) = +00, otherwise for all € {1,...,n}. We can
write Equation in the form of generalized equation given in Equation considering ¢;(x] 0) = 5, (z,] 0).
It is easy to see that ¢} (a;) = oy, (e;). Hence, now the statement follows from Proposition ]

A.1 Coordinate Descent Update: Proof of Lemma

We have:

1 1o 1 ST 1y, Lig 1
O‘z(‘l(tg) = argmax— oy, (i) + ~Vi (— p inagt )> Ty [y — agft) |- ( ) 5 |l — (t )Hg
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1 1 T (t—1); Liw (t=1) 12
= arggliif—ga‘am(%) + 59(04( NTaimlaie - ] — on? o — oy Ml

. Li(t) (t—1) no T -
_ ‘ ) ot 2T ety 2. 22
= arggl;(lgaym (o) + m [|evi Fi) Li(t) Zi(t) (a )2 (22)

The minimization problem in Equation can be written as follows:

. L -1 n _
min o, (00 + 5l (5 = 0l ]

Qi(t) 2n Li

=min {U% (av;) — sup {(ai — a(f*l) _ Lth Q(Q(t_l)))TZ n n||2||2” 23)
Qi(t) i(t) > i(t) Li(t) i(t) 2Li(t)

_ n 2 T n T (t—1) (t—1)

= sup |- l|2]|* + = (xz 6(a() + af )}
2€Y4(1) |: 2Li(t) Li(t) (t) (t)

The above maximization problem has a solution at z* = Ily, , (ac;'zt)G(a(t_l)) + %a%;l)). However, z* is also
the solution of the following optimization formulation:

(t—1) n

* _ n
2" = arg max [(ai — L_—(t):c;t)ﬂ(a(t D)z + 2L(t)|z||2]

Comparing both the value of 2*, we get the following update in a;(;) in alternative form

—at T - n Liwy (t-1) , T ~
i = S +T@)z““0(a(t 1))—?”“3@( el NG 1))>7

where Ily, is the orthogonal projection on Y;.

A.2 Mirror Descent: [Proof of Theorem

The convergence rate does depend on 1 (6*) but this is not an explicit regularization. The proof goes as follows:

Mirror descent with the mirror map 1 selects i(¢) at random and the iteration is
W(OM) = ¢ (V) — VTi(r) (H‘di(l”:(t)ﬁ(t_l)) _ wiT(t)9(t_1)).
Following the proof of Flammarion & Bach| (2017), we have for any § € R%:
Dy(0.0) = Dy(0.0") = Dy(6©,0¢70) +4f{(0" )T (0 — 0)
< Dy (8,00) — g”a(t) D2 Ay f1 DT (9D )
(| £1 @D |04 — 9@

2
Dy(6,61) =7 f{(64"D) T (047D = 6) + - | 102
7

N

For 0 = ¢* and using E[|| f;(6“~V)[12] < sup; [|zll3 .

—

f(8) — f(6*)], we get and taking expectations, we get:

(1 . ’y||xl||g_>*)E[f(0(t71)) _ f(@*)] <

¥ (BIDw(6,69)] ~B[Dy(9,60"~1)] ).

=~

Thus, with v = u/sup; ||7;]]3_,,, we get

E[f(g(tfl)) _ f(9*)] < %(]E[Dw(e*,g(t))] _ E[Dw(ﬂ*,ﬂ(tfl))]).

This leads to

E[f(8) - 1(67)] < %wate@).
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B /,-perceptron

In this section, we provide proofs for the claims made in Section [3}
We start with the proof of Lemma [3]
Proof For all 4, x?&* > 1. Hence,
0=/ 0, —x] 0" 420" =2 0" —a] (0" —0))
>1—af (0"~ 0r) 21— ||zl 4|6 — 6",
> 1—R|6; — 67|,

Assuming ag = 0, from Equation , we have

. 2v2max; ||z, [G(a*) —G(0) 1
E[l6: - 0", < ‘ a2
(p—1)t max; [|zillq 2
Now for on average for no mis-classification for all i € {1,--- ,n},
2v2R? [G(a*) —G(0) 1
1> RE|[6, 0], = 1> = [l 2. 24
= ” t ”p AVV@;:TT R +'2Ha ” ( )
|
Mistake Bound /,-primal perceptron. If we apply mirror descent with the mirror map ¢ = || - |2 to the
minimization of 2 3" | (1 —6"x;) ., then the iteration is
V' (0:) = ¥ (0r-1) = Y1167 ) >0Ti(t)s
and we have
IR : 10117 max; [|a]|3
=N 1-6]z), < 4 a
n;( b Ti)+ 21 + 2p—1)
The best v is equal to v = %—Vf’;l, which does depend on too many things, and leads to a proportion of

mistakes on the training set less than
10l max; ||zi|q

N

B.1 Update for Random Coordinate Descent

We have:
min *HGH such that X6 >
€R
= min mauxf”@H2 a’(1-X6)
fcRd a€R™ 2
= max —f||XTa||2 +a'l,
acR”™

where, at optimality, # can be obtained from X T« as
T, 12-q/ v T a1
0; =X allg7UX )],

where we define u?~1 = |u|9"sign(u).
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The function §||X " a2 is smooth, and the regular smoothness constant with respect to the i-th variable which is
less than

1 2

A dual coordinate ascent step corresponds to choosing i(t) and replacing (a;—1);) by

d

1 — —
0 (1 - ||XTat—1||§ ! Z[(XT%A)J‘]‘I lXi(t)j}7
7 J=1

(at)i = max {0, (Oétfl)i(t) —+
which can be interpreted as:

1
(o); = max {0, (at—1)ir) + T(t)(l - 9:_13%(15))}-

B.2 /s-perceptron

The primal problem has the following dual form under the interpolation regime
1
max o' l— =||Xal?
a>0,a€R™ 2
We denote S,, as the set of support vectors i.e. S, is the set of indices where ozj* # 0. Hence, we also have
#10* =1 for j € S,. ag, denotes the vector of non-zero entries in .. Correspondingly, X, denotes the feature
matrix for support vectors. From the first order suboptimality condition we have,
0(a) = L x
a)=—Xa.
n
We also know that for support vectors, y; - ] 0* = 7] 0* =1 for all i € S,,. Also §* = 1 +Xs,a% . Hence,

1
—Xg Xg, 05 =1=a% :n(Xg XS,U)_ll.
n v K v v

From Lemma we should have ¢ > 2\/@ G(a*)PjG(O) + 1{|a*||2, for no training mistakes.

We now use Corollary 2] to get mistake bound on the perceptron. To have no mistakes on average, the proportion
of mistakes should be less than 1/n. Hence,

Rllomll

=tz R?||6*|°n>. 25
e |6 (25)
We already have oy =n(X{ Xg,)7!
* 1 * 1 * T -1
0= —Xa* = *XSUO‘SU = XSU(XSUXSU)
n n
Finally we have the following:
of|| = |lak || = nl|(X3 Xg,) 1
e[l = lles, | = nll(Xs, Xs,) 1 (26)

16°]12 = |1, (X3, X5,) 7117 = 17 (X], X5,)
Hence, one can compare the number of minimum iteration required by both the approaches.
C (Accelerated) Stochastic Dual Coordinate Descent
Stochastic dual coordinate ascent (Shalev-Shwartz & Zhang, [2013) is a popular approach to optimize regularized

empirical risk minimize problem. For this section, let ¢1,--- , ¢, be a sequence of +-smooth convex losses and let
A > 0 be a regularization parameter then consider following regularized empirical risk minimization problem:

min |8p(0) := *||9H2+ Zdh X;'0) (27)



Anant Raj, Francis Bach

Corresponding dual problem of the minimization problem given in equation can be written similarly as:

.Y S I
meax Sp(a) = _5”%)( of _ﬁ;@(—ai) (28)

There is one to one relation between the smoothness constant and strong convexity parameter of primal and
corresponding dual function. We prove the following result from [Kakade et al.| (2009).

Theorem 2 (Theorem 6, (Kakade et al., |2009)) Assume that f is a closed and convex function. Then f is

B-strongly conver w.r.t. a norm || -|| if and only if f* is %—smooth w.r.t. the dual norm || - ||«.

From the above theorem it is clear that ¢ are -strongly convex. Hence the term % Yo o (—ay) is 1 strongly

convex. Similary coordinate wise smoothness L; = %

Now, just as a direct implication of the result provided in Proposition [2] we have the convergence result for
SDCA (Shalev-Shwartz & Zhang), [2013) and accelerated stochastic dual coordinate ascent (Shalev-Shwartz &
Zhang), 2014)) which we provide in Corollary and Corollary For the next two results, we denote 6; as

H(Oék).

Corollary C.1 (Stochastic Dual Coordinate Ascent) Consider the reqularized empirical risk minimization
problem given in equation , then if we run SDCA (Shalev-Shwartz € Zhang, |2013) algorithm starting from

ap € R™ with a fix step size 1/ max; L; where L; = %, primal iterate after k iterations converges as following:
A A\ k
O —0*P <D <|l1l—-————= S —8p(a™)).
160~ < Dlawsn) < (1= T ) (Solen) - Sp(a®)

Proof From Allen-Zhu et al.| (2016]), it is clear that for p-strongly convex and L;-coordinate wise smooth convex
function Sp(«) where a € R™, randomized coordinate descent has the following convergence guarantee:

k
Dias) < <1 - “L) (Sp(an) — Sp(a*)).

nmax;

Here, p = 1. First part of the inequality directly comes from Proposition [2| by the observation that here

¢(-) = 3| - ||* and bregman divergence are always positive. ]

Corollary C.2 (Accelerated Stochastic Dual Coordinate Ascent) Consider the reqularized empirical risk
minimization problem given in equation , then if we run Accelerated SDCA (Shalev-Shwartz € Zhang, |2014})
algorithm starting from ag € R™, we have following convergence rate for the primal iterates:

VA

k
M) (8p(ao) — SD(CY*))-

A
§||‘9k+1 — 0"[|> < D(agt1) <2 <1 -

Proof From |Allen-Zhu et al.| (2016)), it is clear that for u-strongly convex and L;-coordinate wise smooth
convex function 8p(«) where a € R™, accelerated randomized coordinate descent has the following convergence
guarantee:

k
Dlani) <2 <1 - Wfﬁ) (5p(a0) - Sp(a®)).

First part of the inequality directly comes from Proposition [2| by the observation that here ¢(-) = 5| - |* and

N2
bregman divergence are always positive. Here p = 1 and L; = % u
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Discussion. Let us denote duality gap at dual variable a as A(«). From the definition of the duality gap
A(a) = 8p(8(a)) — 8p(«). However, A(a) is an upper bound on the primal sub-optimality gap as well on dual
sub-optimality gap. The main difference in the analysis presented in our work with the works of
& Zhang| (2013) and Shalev-Shwartz & Zhang (2014) is that the we provide the guarantee in term of the iterate.
However Shalev-Shwartz & Zhang| (2013) and Shalev-Shwartz & Zhang| (2014) provide convergence in terms of
duality gap A(a). Another main difference is that we use constant step size in each step and the output of our
algorithm doesn’t need averaging of the past iterates. Our analysis holds for the last iterate.




