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Abstract

Motivated by an application to drug repur-
posing, we propose the first algorithms to
tackle the identification of the m ≥ 1 arms
with largest means in a linear bandit model,
in the fixed-confidence setting. These algo-
rithms belong to the generic family of Gap-
Index Focused Algorithms (GIFA) that we
introduce for Top-m identification in linear
bandits. We propose a unified analysis of
these algorithms, which shows how the use
of features might decrease the sample com-
plexity. We further validate these algorithms
empirically on simulated data and on a sim-
ple drug repurposing task.

1 INTRODUCTION

The multi-armed bandit setting, in which an agent se-
quentially gathers samples from K unknown proba-
bility distributions called arms, is a powerful frame-
work for sequential resource allocation tasks. While
a large part of the literature focuses on the reinforce-
ment learning problem in which the samples are viewed
as reward that the agent seeks to maximize (Bubeck
and Cesa-Bianchi, 2012), pure-exploration objectives
have also received a lot of attention (Bubeck et al.,
2009; Degenne and Koolen, 2019). In this paper, we
focus on Top-m identification in which the goal is to
identify the m < K arms with the largest expected re-
wards. While several Top-m identification algorithms
have been given, no algorithm has been specifically
designed to tackle the challenging linear bandit set-
ting (Auer, 2003). This paper aims at filling this gap.

Proceedings of the 24th International Conference on Artifi-
cial Intelligence and Statistics (AISTATS) 2021, San Diego,
California, USA. PMLR: Volume 130. Copyright 2021 by
the author(s).

In a linear bandit model, the mean µa of each arm a is
assumed to depend linearly on a known feature vector
xa ∈ RN associated to the arm: µa = θ>xa for some
vector θ ∈ RN . In contrast, the so-called classical ban-
dit model does not make any assumption on the means
(µa)a∈[K]

1. A Top-m identification algorithm outputs
a subset of size m as a guess for the m arms with
largest means. Several objectives exist: in the fixed-
budget setting, the goal is to minimize the probability
that the guess is wrong after a pre-specified total num-
ber of samples from the arms (Bubeck et al., 2013). In
this paper, we focus on the fixed-confidence setting,
in which the error probability should be guaranteed
to be smaller than a given risk parameter δ ∈ (0, 1)
while minimizing the sample complexity, that is, the
total number of samples needed to output the guess.
This choice is motivated by a real-life application to
drug repurposing, in which we would like to control
the failure rate in our predictions.

Drug repurposing is a field of research aimed at dis-
covering new indications for drugs which are already
approved for marketing, and may contribute to solve
the problem of ever increasing research budget need
for drug discovery (Hwang et al., 2016). For a given
disease, we are interested in identifying a subset of
drugs that may have a therapeutic interest. Provid-
ing a group of 5 or 10 drugs, rather than a single
one, can ease the decision of further investigation, as
many leads are provided. We believe sequential meth-
ods could be of interest, when considering a drug re-
purposing method called “signature reversion” (Musa
et al., 2018). In this context, drugs recommended for
repurposing are the ones minimizing the difference in
gene activity between treated patients and healthy in-
dividuals. A possible way to measure this difference
is to build a simulator that evaluates the genewise im-
pact of a given drug on patients. However, this sim-
ulator may be stochastic and computationally expen-

1For n ∈ N∗ we use the shorthand [n] = {1, . . . , n}.
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sive hence the need for sequential queries, that can be
modeled as sampling of arms. As the arms (drugs) can
be characterized by a real-valued feature vector which
represents genewise activity change due to treatment,
we resort to linear bandits to tackle this Top-m iden-
tification problem.

Related work Two types of fixed-confidence algo-
rithms have been proposed for Top-m identification
in a classical bandit: those based on adaptive sam-
pling such as LUCB (Kalyanakrishnan et al., 2012)
or UGapE (Gabillon et al., 2012) or those based on
uniform sampling and eliminations (Kaufmann and
Kalyanakrishnan, 2013; Chen et al., 2017). For linear
bandits, to the best of our knowledge, the only efficient
algorithms have been proposed for the best arm identi-
fication (BAI) problem, which corresponds to m = 1.
This setting, first investigated by Soare et al. (2014),
recently received a lot of attention: an efficient adap-
tive sampling algorithm called LinGapE was proposed
by Xu et al. (2018) and subsequent work such as Fiez
et al. (2019) sought to achieve the minimal sample
complexity. In particular, the LinGame algorithm of
Degenne et al. (2020) is proved to exactly achieve the
problem-dependent sample complexity lower bound for
linear BAI in a regime in which δ goes to zero.

We note that, in principle, LinGame can be used for
any pure exploration problem in a linear bandit, which
includes Top-m identification for m > 1. However,
this algorithm uses a game theoretic formalism which
needs the computation of a best response for Nature
in response to the player’s selection; a computable ex-
pression of this strategy is not available to our knowl-
edge for Top-m (m > 1). Besides, computing the
information-theoretic lower bound for Top-m identi-
fication is also computationally hard. These remarks
led us to investigate efficient adaptive sampling algo-
rithms for general Top-m identification (m ≥ 1) in
linear bandit, which are still missing in the literature,
instead of trying to propose asymptotically optimal
algorithms, as done in linear BAI.

Contributions First, by carefully looking at known
adaptive sampling bandits for classical Top-m, we pro-
pose a generic algorithm structure based on Gap In-
dices, called GIFA, which encompasses existing adap-
tive algorithms for classical Top-m identification and
linear BAI. This structure allows a higher order and
modular understanding of the learning process, and
correctness properties can readily be inferred from a
partially specified bandit algorithm. It allows us to de-
fine two interesting new algorithms, called m-LinGapE
and LinGIFA. In Section 4, we present a unified sample
complexity analysis of a subclass of GIFA algorithms
which comprises existing methods, which shows that
the use of features can help decreasing the sample com-

plexity in some cases. Finally, we show in Section 5
that m-LinGapE and LinGIFA perform better than
their counterparts for classical bandits, both on artifi-
cially generated linear bandit instances and on a sim-
ple instance of our drug repurposing application, that
is described in detail in Appendix B.

Notation We let
[m]

max,
m

max (resp.
[m]

min,
m

min) be the
operator returning the m, mth greatest (resp. small-

est) value(s), ‖x‖M =
√
x>Mx where M is positive

definite, and ‖x‖ =
√
x>x.

2 SETTING

In this section, we introduce the probably approxi-
mately correct (PAC) fixed-confidence linear Top-m
problem. From now on, we identify each arm by an
integer in [K] such that µ1 ≥ µ2 ≥ · · · ≥ µm >
µm+1 ≥ µm+2 ≥ · · · ≥ µK . This ordering is of
course unknown to the learner. In the PAC formal-
ism, we are willing to relax the optimality constraint
on arms using slack variable ε > 0 and we denote
by S∗,εm , {a ∈ [K] : µa ≥ µm − ε} the set of best
arms up to ε. Since µm > µm+1, we use the short-
hand S?m , S∗,0m = [m] for the set of m arms with
largest means. The set of K −m arms worst arms is
its complementary (S?m)c = [K]\S?m. A linear bandit
model is parameterized by an unknown vector θ ∈ RN ,
such that there are constants L, S > 0 which satisfy
‖θ‖ ≤ S ∈ R∗+ and such that the mean of arm a
is µa = θ>xa, where the feature vector xa satisfies
‖xa‖ ≤ L ∈ R∗+. In each round t ≥ 1, a learner
selects an arm at ∈ [K] and observes a sample

rt = θ>xat + ηt,

where ηt is a zero-mean sub-Gaussian noise with vari-
ance σ2 –that is, E[eληt ] ≤ exp

(
(λ2σ2)/2

)
for all λ ∈ R

– which is independent from past observations.

For m ∈ [K], an algorithm for Top-m identification
consists of a sampling rule (at)t∈N∗ , where at is Ft−1-
measurable, and Ft = σ(a1, r1, . . . , at, rt) is the σ-
algebra generated by the observations up to round t ;
a stopping rule τ , which is a stopping time with re-
spect to Ft that indicates when the learning process
is over; and a recommendation rule Ŝτm, which is a
Fτ -measurable set of size m that provides a guess for
the m arms with the largest means. Then, given a
slack variable ε ≥ 0 and the failure rate δ ∈ (0, 1), an
(ε,m, δ)-PAC algorithm is such that

P
(
Ŝτm ⊆ S∗,εm

)
≥ 1− δ.

In the fixed confidence setting, the goal is to design a
(ε,m, δ)-PAC algorithm with a small sample complex-
ity τ . In order to do so, the learner needs to estimate
the unknown parameter θ ∈ RN , which can be done
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with a (regularized) least-squares estimator. For any
arm a ∈ [K], we let Na(t) ,

∑t
s=1 1(as = a) be the

number of times that arm a is sampled up to time t,
and define the λ-regularized design matrix and least-
squares estimate:

V̂ λt , λIN +

K∑
a=1

Na(t)xax
>
a

and θ̂λt ,
(
V̂ λt

)−1
(

t∑
s=1

rsxas

)
.

We let Σ̂λt , σ2
(
V̂ λt

)−1

, which can be interpreted as

the posterior covariance in a Bayesian linear regression
model in which the covariance of the prior is (σ2/λ)IN .

The algorithms that we present in the next section
crucially rely on estimating the gaps ∆i,j , µi − µj
between pairs of arms (i, j), and building upper con-
fidence bounds (UCBs) on these quantities. For this
purpose, we introduce the empirical mean of each
arm a, µ̂a(t) , (θ̂λt )>xa and define the empirical gap
∆̂i,j(t) , µ̂i(t) − µ̂j(t). A first option to build UCBs
on ∆i,j consists in building individual confidence in-
tervals on the mean of each arm a, that are of the form
La(t) = µ̂a(t)−Wt(a) for the lower-confidence bound,
and Ua(t) = µ̂a(t) + Wt(a) for the upper confidence
bound, where Wt(a) , Ct,δ‖xa‖Σ̂λt for some threshold

function Ct,δ to be specified later. Clearly,

Bind
i,j (t) = Ui(t)− Lj(t) = ∆̂i,j(t) +Wt(i) +Wt(j)

is an upper bound on ∆i,j if Lj(t) ≤ µj and µi ≤ Ui(t).
Yet, using the linear model, one can also directly build
an UCB on the difference via

Bpair
i,j (t) = ∆̂i,j(t) + Ct,δ‖xi − xj‖Σ̂λt .

Both constructions lead to symmetrical bounds2 of the
form Bi,j(t) = ∆̂i,j(t) + Wt(i, j), where Wt(i, j) =
Ct,δ‖xi − xj‖Σ̂λt for paired UCBs and Wt(i, j) =

Ct,δ

(
‖xi‖Σ̂λt + ‖xj‖Σ̂λt

)
for individual UCBs. In both

cases, Wt(i, j) = Wt(j, i) ≥ 0. The fact that these
quantities are indeed upper confidence bounds (for
some pairs (i, j) ∈ [K]2) will be justified in Section 3.

Remark 1. Observe that the linear bandit setting sub-
sumes the classical bandit model, choosing arm features
(xa)a∈[K] to be vectors of the canonical basis of RK
(N = K) and θ = µ = [µ1, µ2, . . . , µK ]>. Then, λ = 0
yields standard UCBs in this model: µ̂a(t) reduces to
the empirical average of the rewards gathered from arm
a and ‖xa‖Σ̂λt = σ/

√
Na(t).

2Note also that there exist algorithms with non sym-
metrical bounds, such the KL version of LUCB (Kaufmann
and Kalyanakrishnan, 2013).

3 GAP-INDEX FOCUSED
ALGORITHMS (GIFA)

3.1 Generic GIFA Algorithms

Looking at the literature for Top-m identification and
BAI in (linear) bandits, existing adaptive sampling de-
signs (Kalyanakrishnan et al., 2012; Gabillon et al.,
2012; Xu et al., 2018) have many ingredients in com-
mon. We formalize in this section a generic structure
that encompasses these algorithms, and under which
we propose two new algorithms. We introduce the
notion of “Gap-Index Focused” Algorithms (GIFA),
which associates to each pair of arm (i, j) an index
Bi,j(t) at time t (called “gap index”).

The idea in GIFA is to estimate in each round t a set
of candidate m best arms, denoted by J(t), and to se-
lect the two most ambiguous arms: bt ∈ J(t), which
can be viewed as a guess for the m-best arm, and a
challenger ct 6∈ J(t). ct is defined as a potentially mis-
assessed m-best arm, with largest possible gap to bt:
ct = arg maxc∈[K]Bc,bt(t). The idea of using two am-
biguous arms goes back to LUCB (Kalyanakrishnan
et al., 2012) for Top-m identification in classical ban-
dits. Then the final arm at selected by the algorithm
should help discriminate between bt and ct. A naive
idea is to either draw bt or ct, but alternative selec-
tion rules will be discussed later. At the end of the
learning phase, at stopping time τ , the final set J(τ)
is recommended.

Algorithm 1 GIFA for (ε, δ)-PAC Top-m

Input: K arms of means µ1, . . . , µK ; ε ≥ 0;
m ≤ K; δ ∈ (0, 1).
Output: Ŝτδm estimated m ε-optimal arms at final
time τδ
t← 1
initialization()
while ¬ stopping rule((Bi,j(t))i,j∈[K]; ε, t) do

// J(t): estimated m best arms at t
J(t)← compute Jt((Bi,j(t))i,j∈[K], (µ̂i(t))i∈[K])
// bt: estimated m-best arm at t
bt ← compute bt(J(t), (Bi,j(t))i,j∈[K])
// ct: challenger to bt at t
ct ← arg maxa6∈J(t)Ba,bt(t)
// selecting and pulling arms
at ← selection rule(bt, ct; V̂

λ
t−1)

rt ← pulling(at)
Update design matrix V̂ λt , means (µ̂i(t))i∈[K]

Update gap indices (Bi,j(t+ 1))i,j∈[K]

t← t+ 1
end while
Ŝτδm← J(τδ)
return Ŝτδm
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Table 1: Adaptive samplings for Top-m (our proposals are in bold type ; except for LUCB and UGapE, all
algorithms use indices B = Bpair instead of individual indices Bind).

Algorithm compute Jt compute bt selection rule stopping rule

LUCB
[m]

arg max
j∈[K]

µ̂j(t) arg max
j∈J(t)

max
i6∈J(t)

Bi,j(t) largest variance Bct,bt(t) ≤ ε

UGapE
[m]

arg min
j∈[K]

m
max
i 6=j

Bi,j(t) arg max
j∈J(t)

max
i6∈J(t)

Bi,j(t) largest variance max
j∈J(t)

m
max
i6=j

Bi,j(t) ≤ ε

LinGapE arg max
j∈[K]

µ̂j(t) J(t) (|J(t)| = m = 1) greedy, optimized Bct,bt(t) ≤ ε

m-LinGapE
[m]

arg max
j∈[K]

µ̂j(t) arg max
j∈J(t)

max
i6∈J(t)

Bi,j(t) largest variance, Bct,bt(t) ≤ ε

(m ≥ 1) greedy, optimized

LinGIFA
[m]

arg min
j∈[K]

m
max
i 6=j

Bi,j(t) arg max
j∈J(t)

m
max
i 6=j

Bi,j(t) largest variance, max
j∈J(t)

m
max
i6=j

Bi,j(t) ≤ ε

greedy

The GIFA structure is presented in Algorithm 1.
initialization is an optional phase where all arms
are sampled once. We assume that ties are randomly
broken. Degrees of freedom in designing the bandit
algorithm lie in the choice of the rules compute Jt,
compute bt, selection rule and stopping rule,
some of which may also rely on the gap indices. For ex-
ample, for the stopping rule, we restrict our attention
to two stopping rules already proposed for the LUCB
and UGapE algorithms, respectively:

τLUCB , inf {t ∈ N∗ : Bct,bt(t) ≤ ε} ,

τUGapE , inf

{
t ∈ N∗ : max

j∈J(t)

m
max
i 6=j

Bi,j(t) ≤ ε
}
.

3.2 Existing GIFA algorithms

We summarize in Table 1 existing and new algorithms
that fit the GIFA framework.

LUCB and UGapE The only algorithms for Top-
m identification in the fixed-confidence setting using
adaptive sampling –namely, LUCB (Kalyanakrishnan
et al., 2012) and UGapE (Gabillon et al., 2012)– were
proposed for classical bandits. Both can be cast in
the GIFA framework with the individual gap indices
Bind
i,j (t) = Ui(t) − Lj(t) presented in Section 2. In-

deed, with this choice of indices, it can be shown that
the ambiguous arms bt = arg minj∈J(t) Lj(t) and ct =
arg maxi 6∈J(t) Ui(t) used by both LUCB and UGapE
can be rewritten as arg maxj∈J(t) mini 6∈J(t)Bi,j(t) and
arg maxi 6∈J(t)Bi,bt(t), respectively. This rewriting is
crucial to propose extensions for the linear case. How-
ever, LUCB and UGapE differ by the set J(t) they
use and their stopping rule, as can be seen in Table 1.

LUCB uses the m arms with largest empirical means
for the set J(t) while UGapE uses the m arms with

smallest values of
m

max
i 6=j

Bi,j(t). This choice is moti-

vated by Gabillon et al. (2012) by the fact that, with

high probability, the quantity
m

max
i 6=j

Bi,j(t) is an upper

bound on µm − µj . This is also true for more general
gap indices, see Lemma 9 in Appendix D.

This observation also justifies the UGapE stopping

rule: when maxj∈J(t)
m

max
i 6=j

Bi,j(t) ≤ ε, with high

probability µm − µj ≤ ε for all j ∈ J(t), hence this
set is likely to be included in S∗,εm . LUCB stops when
maxj∈J(t) maxi/∈J(t)Bi,j(t) ≤ ε. Interestingly, it fol-
lows from Lemma 1 below that, for fixed gap indices
(Bi,j(t))i,j∈[K]2,t>0, UGapE will always stop before
LUCB. Still, we chose to investigate the two stopping
rules, as the sample complexity analysis of UGapE
uses the upper bound τLUCB ≥ τUGapE . We pro-
vide correctness guarantees for both stopping rules in
Section 4.1 and investigate their practical impact in
Section 5.

Lemma 1. For all t > 0, for any subset J of size m,

for all j ∈ J ,
m

max
i 6=j

Bi,j(t) ≤ maxi/∈J Bi,j(t).

(proof in Appendix D)

Regarding the selection rule, UGapE selects the least
sampled arm among bt and ct, which coincides with the
largest variance rule that we propose for the general
linear setting:

• “largest variance”: arg maxa∈{bt,ct}Wt(a).

In the original version of LUCB, both arms bt and ct
are sampled at time t, but the analysis that we propose
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in this paper obtains similar guarantees for LUCB us-
ing the largest variance rule, so we only consider this
selection rule in the remainder of the paper.

LinGapE A striking example of adaptive sampling
in linear BAI (thus, only for m = 1) is LinGapE (Xu
et al., 2018). The first novelty in LinGapE compared
to UGapE and LUCB is the use of paired gap indices
Bpair
i,j (t) exploiting the arm features. Paired indices

may indeed increase performance. First, it follows
from the triangular inequality for the Mahalanobis
norm ‖ · ‖Σ̂λt that ||xi − xj ||Σ̂λt ≤ ||xi||Σ̂λt + ||xj ||Σ̂λt
for all pairs of arms (i, j) ; therefore, if both types
of gap indices use the same threshold Ct,δ, paired

indices are smaller: Bpair
i,j (t) ≤ Bind

i,j (t). Moreover,
Lemma 2 below (proved in Appendix D) implies that
paired or individual indices using arm features always
yield smaller bounds on the gaps than individual in-
dices without arm features, that take the form

∆̂i,j(t) + Ct,δ

[
1√
Ni(t)

+
1√
Nj(t)

]
.

Lemma 2. ∀t > 0,∀a ∈ [K],∀y ∈ RN ,

||y||(V̂ λt )−1 ≤ ||y||/
(√

Na(t)||xa||2 + λ
)
.

The second novelty in LinGapE is the proposed selec-
tion rules. Let X be the matrix which columns are the
arm contexts, and ‖·‖1 : v 7→

∑
i |vi|. Instead of select-

ing either bt or ct, Xu et al. (2018) propose two selec-
tion rules to possibly sample another arm that would
reduce the variance of the estimate θ>(xbt − xct):

• “greedy”: arg mina∈[K] ||xbt − xct ||(V̂ λt−1+xax>a )−1 ,

• “optimized”: if w∗(bt, ct) = arg min
w∈RK :xbt−xct=wXT

‖w‖1 ,

arg max
a∈[K]:w∗a(bt,ct)>0

Na(t)
||w∗(bt, ct)||1
|w∗a(bt, ct)|

. (1)

As explained by Xu et al. (2018), these two rules are
meant to bring the empirical proportions of selections
close to an optimal design (λ1, . . . , λK) asymptotically
minimizing ‖xbt − xct‖(∑a λaxax

>
a )
−1 .

3.3 m-LinGapE and LinGIFA

Building on the interesting features of existing algo-
rithms, we now propose two new algorithms for Top-m
identification in linear bandits, called m-LinGapE and
LinGIFA and described in Table 1.

m-LinGapE is an extension of LinGapE (Xu et al.,
2018) to linear Top-m, which coincides with the origi-
nal algorithm for m = 1. It may also be viewed as an

extension of LUCB using paired indices. We investi-
gate three possible selection rules for this algorithm:
largest variance, greedy and optimized. LinGIFA is in-
spired by UGapE (Gabillon et al., 2012), and also uses
paired gap indices. Note that LinGIFA has a unique

compute bt rule bt = arg maxj∈J(t)
m

max
i 6=j

Bi,j(t), which

does not coincide with any of the previously mentioned
rules. In Table 1, we considered the stopping rules
of the original algorithms they derive from. As Lin-
GapE is one of the most performant algorithms for
linear BAI (see for instance experiments in Degenne
et al. (2020)), we expect m-LinGapE to work well for
Top-m. However, the strength of LinGIFA is that it
is completely defined in terms of gap indices, and, as
such, can easily be tuned for performance by deriving
tighter bounds on the gaps. Moreover, LinGIFA relies
on a stopping rule that is more aggressive than that
used by m-LinGapE, as discussed above.

We emphasize that provided that the regularizing
constant λ in the design matrix is positive, both
m−LinGapE and LinGIFA can be run without an
initialization phase (as done in the experiments for
LinGIFA). This permits to avoid the initial sampling
cost when the number of arms is large that was noticed
by Fiez et al. (2019).

4 THEORETICAL GUARANTEES

In this section, we present an analysis of m-LinGapE
and LinGIFA. The fact that these algorithms are
(ε,m, δ)-PAC is a consequence of generic correctness
guarantees that can be obtained for GIFA algorithms
(even not fully specified) and is presented in Sec-
tion 4.1. We further analyze in Section 4.2 the sample
complexity of LUCB-like algorithms, which comprise
m-LinGapE.

4.1 Correctness of GIFA instances

We justify that the two stopping rules introduced
above lead to (ε,m, δ)-PAC algorithms, provided a
condition on the gap indices given in Definition 1.

Definition 1 (Good gap indices). Let us denote

EGIFAm ,
⋂
t>0

⋂
j∈(S∗,εm )c

⋂
k∈S?m

(Bk,j(t) ≥ µk − µj) .

A good choice of gap indices (Bi,j(t))i,j∈[K],t>0 satisfies
P(EGIFAm ) ≥ 1− δ.

First, we observe that on the event EGIFAm introduced
in Definition 1 both stopping rules τUGapE and τLUCB

output an (ε, δ) correct answer.

Theorem 1. On the event EGIFAm : (i) any GIFA al-
gorithm using bt = arg maxj∈J(t) maxi 6∈J(t)Bi,j(t) sat-
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isfies J(τLUCB) ⊆ S∗,εm and (ii) any GIFA algorithm
using bt ∈ J(t) satisfies J(τUGapE) ⊆ S∗,εm .

Proof. Let us assume by contradiction that there is
an arm b ∈ J(t)∩(S∗,εm )c at stopping time t. We first
prove that in both cases there exists c ∈ S?m such that
Bc,b(t) ≤ ε (*). Assuming that (*) does not hold,
observe that S?m ⊆ {a 6= b, Ba,b(t) > ε} (a) and then

m
arg max
a 6=b

Ba,b(t) ∈ {a 6= b, Ba,b(t) > ε} (b) since b 6∈

S?m and |S?m| = m. Depending on the definition of bt
and on the stopping rule, we now split the proof into
two parts:

(i). Using the definition of τLUCB , ct and bt, it holds
that ∀b ∈ J(t),∀c 6∈ J(t), Bc,b(t) ≤ ε. Then, us-
ing (a), J(t)c ⊆ {a 6= b, Ba,b(t) ≤ ε}, which means
S?m ∩(J(t))c = ∅. Thus S?m = J(t) (because |S?m| =
|J(t)| = m) whereas b ∈ J(t) ∩ (S?m)c, which is a con-
tradiction. Hence (*) holds.

(ii). Using the definition of τUGapE , for any b ∈
J(t),

m
max
a 6=b

Ba,b(t) ≤ ε holds. However, (b) means

m
max
a 6=b

Ba,b(t) > ε, which is a contradiction: (*) holds.

Then, at stopping time t, there exists b ∈ J(t)∩(S∗,εm )c

and c ∈ S?m such that Bc,b(t) ≤ ε. Using successively
the definition of the event EGIFAm , and the fact that
c ∈ S?m, this means that there exists b ∈ J(t)c ∩(S?m)c

such that µb ≥ µm − ε. Then b ∈ (S∗,εm )c ∩S∗,εm , which
is absurd. Hence this proves that J(t) ⊆ S∗,εm on the
event EGIFAm at stopping time t.

It easily follows from Theorem 1 that if m-LinGapE
or LinGIFA are based on good gap indices in the sense
of Definition 1, both algorithms are (ε,m, δ)-PAC. We
exhibit below a threshold for which the corresponding
paired indices Bpair

i,j (t) and individual indices Bind
i,j (t)

(defined in Section 2) are good gap indices.

Lemma 3. For indices of the form Bi,j(t) = ∆̂i,j(t)+
Cδ,tWt(i, j) with Wt(i, j) = ‖xi − xj‖Σ̂λt (paired) or

Wt(i, j) = ||xi||Σ̂λt + ||xj ||Σ̂λt (individual) with

Cδ,t =

√
2 ln

(
1

δ

)
+N ln

(
1 +

(t+ 1)L2

λ2N

)
+

√
λ

σ
S,

(2)
where we recall that maxa∈[K] ‖xa‖ ≤ L and ‖θ‖ ≤ S,
we have P(EGIFAm ) ≥ 1− δ.

Proof. The proof follows from the fact that{
∀t ∈ N∗ : ‖θ̂λt − θ‖(Σ̂λt )−1 ≤ Cδ,t

}
⊆ EGIFAm

together with Lemma 4.1 in Kaufmann (2014) which

yields P
(
∀t ∈ N∗ : ‖θ̂λt − θ‖(Σ̂λt )−1 ≤ Cδ,t

)
≥ 1−δ. For

paired indices, the inclusion follows from the fact that

|(µ̂i(t)− µ̂j(t))− (µi − µj)| ≤ ‖θ̂λt −θ‖(Σ̂λt )−1‖xi−xj‖Σ̂λt ,

where we use that x>y ≤ ‖x‖Σ−1‖y‖Σ for any x, y ∈
RN and positive definite Σ ∈ RN×N . For individual
indices, we further need the triangular inequality ‖xi−
xj‖Σ̂λt ≤ ‖xi‖Σ̂λt + ‖xj‖Σ̂λt to prove the inclusion.

4.2 Sample complexity results

We derive below a high-probability upper bound on
the sample complexity of a subclass of GIFA algo-
rithms which comprise m-LinGapE, combined with
different selection rules. More precisely, we upper
bound the sample complexity on

E ,
⋂
t>0

⋂
i,j∈[K]

(
µi − µj ∈ [−Bj,i(t), Bi,j(t)]

)
,

an event which is trivially included in EGIFA and which
holds therefore with probability larger than 1− δ with
the choice of threshold (2). To state our results, we
define the true gap of an arm k as ∆k , µk − µm+1 if
k ∈ S?m, µm − µk otherwise (∆k ≥ 0 for any k ∈ [K]).

Theorem 2. For m-LinGapE, on event E on which
algorithm A is (ε,m, δ)-PAC, stopping time τδ satisfies
τδ ≤ inf{u ∈ R∗+ : u > 1 + Hε(A, µ)C2

δ,u + O(K)},
where:

(i). for A = m-LinGapE with the largest variance
selection rule3 :

Hε(A, µ) , 4σ2
∑
a∈[K]

max

(
ε,
ε+ ∆a

3

)−2

,

(ii). for A = m-LinGapE with the optimized selec-
tion rule in Xu et al. (2018) :

Hε(A, µ) , σ2
∑
a∈[K]

max
i,j∈[K]

|w∗a(i, j)|

max
(
ε, ε+∆i

3 ,
ε+∆j

3

)2 ,

where w∗(i, j) satisfies Equation 1 applied to the arm
pair (i, j).

Upper bounds for all analyzed algorithms and classical
counterparts are shown in Table 2.

4.3 Sketch of proof

The proof of Theorem 2 generalizes and extends the
proofs for classical Top-m and linear BAI (Xu et al.,
2018), with paired or individual gap indices. We sketch
below the sample complexity analysis of a specific sub-
class of GIFA algorithms, postponing the proof of some

3or pulling both arms in {bt, ct} at time t
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Table 2: Sample complexity results for linear and classical Top-m algorithms. w∗ is defined as in Equation (1).
The additive term in K is due to the initialization phase. Our proposal is in bold type.

Algorithm Complexity constant Hε(·, µ) Upper bound on τδ

LUCB 2
∑
a∈[K]

max
(ε

2
,∆a

)−2

infu>0

{
u > 1 + Hε(LUCB, µ)C2

δ,u +K
}

UGapE 2
∑
a∈[K]

max

(
ε,
ε+ ∆a

2

)−2

infu>0

{
u > 1 + Hε(UGapE, µ)C2

δ,u +K
}

m-LinGapE (1) 4σ2
∑
a∈[K]

max

(
ε,
ε+ ∆a

3

)−2

infu>0

{
u > 1 + Hε(m-LinGapE(1), µ)C2

δ,u

}
(largest variance)

m-LinGapE (2) σ2
∑
a∈[K]

max
i,j∈[K]

|w∗a(i, j)|

max
(
ε, ε+∆i

3 ,
ε+∆j

3

)2 infu>0

{
u > 1 + Hε(m-LinGapE(2), µ)C2

δ,u

}
(optimized)

auxiliary lemmas to Appendix C. We focus on GIFA
algorithms that use

J(t) ,
[m]

arg max
i∈[K]

µ̂i(t) and bt , arg max
j∈J(t)

max
i/∈J(t)

Bi,j(t) .

This includes LinGapE, m-LinGapE, but also LUCB.
The key ingredient in the proof is the following lemma,
which holds for any gap indices of the form Bi,j(t) ,
µ̂i(t)− µ̂j(t) +Wt(i, j) for i, j ∈ [K]2.

Lemma 4. On the event E, for all t > 0,

Bct,bt(t) ≤ min(−(∆bt∨∆ct)+2Wt(bt, ct), 0)+Wt(bt, ct).

This result is a counterpart of Lemma 4 in Xu et al.
(2018), but does not require |J(t)| = 1 at a given time
t > 0, notably by noticing that, by definition of bt and
ct, Bct,bt(t) = maxj∈J(t) maxi 6∈J(t)Bi,j(t). In order to
get the upper bound in Theorem 2 for m-LinGapE us-
ing the optimized rule, one can straightforwardly apply
Lemma 1 in Xu et al. (2018) to the inequality stem-
ming from Lemma 4. For the selection rules which
either select both bt and ct, or the arm in {bt, ct} with
the largest variance term, by combining Lemma 4 with
the definition of the stopping rule τLUCB , we obtain
the following upper bound on Nat(t), where at is (one
of) the pulled arm(s) at time t < τδ.

Lemma 5. ∀t > 0, τδ > t,Nat(t) ≤ T ∗(at, δ, t), where
at is a pulled arm at time t, and

T ∗(at, δ, t) = 4σ2C2
δ,t max

(
ε,
ε+ ∆at

3

)−2

.

Finally, the upper bound in Theorem 2 is a conse-
quence of the following result.

Lemma 6. Let T ∗ : [K] × (0, 1) × N∗ → R∗+ be a
function that is nondecreasing in t, and It the set of
pulled arms at time t. Let E be an event such that for
all t < τδ, δ ∈ (0, 1), ∃at ∈ It, Nat(t) ≤ T ∗(at, δ, t).
Then it holds on the event E that τδ ≤ T (µ, δ) where

T (µ, δ) , inf

{
u ∈ R∗+ : u > 1 +

K∑
a=1

T ∗(a, δ, u)

}
.

4.4 Discussion

If Hε(A, µ) is the complexity constant associated with
bandit algorithm A and bandit instance µ ∈ RK , then,
by looking at Table 2, we can first notice that

Hε(LUCB, µ) ≥ Hε(m-LinGapE(1), µ) ≥ Hε(UGapE, µ).

Note that the quantity w∗a(i, j) featured in the com-
plexity quantity associated to m-LinGapE with the
optimized selection rule (m-LinGapE(2)) is not a pri-
ori bounded by a constant – see Equation (1). Au-
thors in (Xu et al., 2018) have shown that in specific
instances, Hε(m-LinGapE(2), µ) ≤ 9

8Hε(UGapE, µ).
To further compare these two complexity quantities,
we designed the following experiment to estimate how
many times Hε(m-LinGapE(2), µ) ≤ Hε(UGapE, µ):
K × N values are randomly sampled from a Gaus-
sian distribution N(0, D). From these we build ma-
trix X ′ ∈ RN×K , which is then column-normalized
(norm ‖ · ‖) to yield feature matrix X. We use θ = e1,
where e1 = [1, 0, . . . , 0]> ∈ RK and ‖θ‖ = 1. Then
we compute both constants Hε(m-LinGapE(2), µ) and
Hε(UGapE, µ) where µ = Xθ and m =

[
K
3

]
, check

whether Hε(m-LinGapE(2), µ) ≤ Hε(UGapE, µ). We
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perform this experiment 1, 000 times and report in Ta-
ble 4 (in Appendix A) the fraction of times this condi-
tion holds, for multiple values of K (number of arms),
N (dimension) and D (variance of the Gaussian distri-
bution). We observe that, in these artificially gener-
ated instances, the condition Hε(m-LinGapE(2), µ) ≤
Hε(UGapE, µ) is seldom verified.

Hence, our theoretical analysis suggests that, in these
cases –which usually turn out to be really hard lin-
ear instances– LinGIFA, which structure is similar to
that of UGapE, may perform better than m-LinGapE.
However, as we will see below, the practical story is
different and m-LinGapE with the optimized selection
rule can be as efficient, and often better than LinGIFA
using the “largest variance” selection rule.

5 EXPERIMENTAL STUDY

In this section, we report the results of experiments
on simulated data and on a simple drug repurpos-
ing instance. In all experiments, we use σ = 1/2,
ε = 0, δ = 5%. For all artificially generated exper-
imental settings, we use Gaussian arms, that is, at
time t, rt ∼ N(µat , σ

2). For the tuning of our algo-
rithm we set the regularization parameter to λ = σ/20,
following Hoffman et al. (2014). In an effort to respect
the trade-off between identification performance and
speed, we set Cδ,t =

√
2 ln ((ln(t) + 1)/δ) (“heuristic”

value) if the empirical error remained below δ instead
of the theoretically valid threshold (2) that guarantees
all algorithms to be (ε,m, δ)−PAC. Otherwise, we use
(2), and for classical bandits, we use the threshold used
in Kalyanakrishnan et al. (2012). We consider the fol-
lowing experimental settings.

Classic instances We consider K arms such that,
for a ∈ [m], xa = e1 + ea, xm+1 = cos(ω)e1 +
sin(ω)em+1, and for any a > m + 1, xa = ea−1, and
θ = e1, where (ei)i∈[K−1] are the canonical basis of
RK−1. This construction extends the usual “hard”
instance for BAI in linear bandits (m = 1), origi-
nally proposed by Soare et al. (2014) where one con-
siders three arms, of respective feature vectors x1 =
[1, 0]>, x2 = [0, 1]> and x3 = [cos(ω), sin(ω)]>, and
θ = e1, where ω ∈ (0, π2 ). Arm 1 is the best arm, and
as ω decreases, it becomes harder to discriminate be-
tween arms 1 and 3, and as such, pulling suboptimal
arm 2 might be useful.

Drug repurposing instance Our drug-scoring
function relies on the simulation of the treatment ef-
fect on gene activity via a Boolean network (Kauffman,
1969). The details are laid out in Appendix B. When
a drug is selected, a reward is generated by applying
the simulator to the gene activity profile of a patient

chosen at random, and computing the cosine score be-
tween the post-treatment gene activity profile and the
healthy gene activity profile. The higher this score is,
the most similar the final treated patient and healthy
samples are. We consider as drug features the treated
gene activity profiles, which belong to R71.

Results Each figure reports the empirical distribu-
tion of the sample complexity (estimated over 500
runs) for different algorithms. In all the experiments,
the empirical error is always below 5%, and is reported
in Table 3.

Figure 1(a) reports the results for a classic problem
with m = 2,K = 4 and N = 3. We compare two algo-
rithms that are not using the arm features, LUCB and
UGapE, with GIFA algorithms based on contextual in-
dices. We investigate the use of individual and paired
gap indices, different selection rules, and the two stop-
ping rules τLUCB and τUGapE in both m-LinGapE and
LinGIFA. We observe that there is almost no difference
in the use of either stopping rules, but using paired
indices leads to noticeably better sample complexity
than individual ones. As noticed in Xu et al. (2018) for
m = 1, m-LinGapE with the optimized and the greedy
sampling rules have similar performance. In addition,
using the greedy or optimized rules leads to slightly
better performance compared to the largest variance
rule. More importantly, we observe that linear bandit
algorithms largely outperform their classical counter-
parts, even on a rather easy instance (ω = π

6 , hence
µm − µm+1 ≈ 0.13).

Figure 1(b) shows the empirical sample complexity on
a hard Top-1 classic problem (ω = 0.1, µ1 − µ2 ≈
0.005) which allows to compare our algorithms to the
state-of-the-art LinGame algorithm. m−LinGapE and
LinGIFA have a better performance than LinGame,
which is encouraging, even if our algorithms do not
have any optimality guarantees in theory.

Figure 1(c) displays the result for a drug repurposing
instance for epilepsy, including K = 10 arms (drugs)
with 5 anti-epileptic and 5 pro-convulsant drugs, hence
the choice m = 5 (a close-up is shown in Appendix B
without LUCB). Although the linear dependency be-
tween rewards and features may be violated in this
real-world example, taking into account features still
helps in considerably reducing the sample complexity
(approximately by a factor 1

2 ).

6 DISCUSSION

To our knowledge, we have provided the first uni-
fied framework and fully adaptive algorithms for lin-
ear Top-m. Our theoretical analysis shows our al-
gorithms do not perform any worse than their clas-
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Table 3: Error frequencies rounded to 5 decimal places,
for each Top-m and BAI algorithm (averaged across
500 runs). Proposed algorithms’ names are in bold
type. Each column corresponds to one figure.
Algorithm (1)a (1)b (1)c
m-LinGapE (greedy) 0.0 0.044 0.0
m-LinGapE (optimized) 0.0 - 0.0
LinGIFA (largest var.) 0.0 - 0.0
LinGIFA
(τLUCB, largest var.) 0.0 - -
LinGIFA (τLUCB, greedy) 0.0 - -
LinGIFA (greedy) 0.0 0.0 0.0
LinGIFA
(individual indices) 0.0 - -
LUCB (largest var.) 0.0 - 0.0
LUCB (sampling both arms) - - 0.0
UGapE 0.0 - -
LinGame - 0.0 -

sical counterparts. Code is publicly available at
https://github.com/clreda/linear-top-m. How-
ever, in real life and in our drug repurposing instance,
the linear dependency between features and rewards
does not hold. A future direction of our work would
be dealing with such model misspecification. Another
perspective would be the analysis of the greedy sam-
pling rule. Indeed, this sampling rule leads to more
efficient algorithms in our linear experiments.

ACKNOWLEDGEMENTS

The authors thank the anonymous reviewers for their
feedback, Xuedong Shang for his valuable input for
the implementation of LinGame, and Baptiste Porte
for his help on building the drug repurposing instance
applied to epilepsy. This work was supported by
the Institut National pour la Santé et la Recherche
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Séastian Bubeck and Nicolò Cesa-Bianchi. Regret
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