Asymptotics of Ridge (less) Regression under General Source Condition
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A Proofs for Ridge Regression

In this section we provide the calculations associated to ridge regression. Section provides the proof of
Proposition [1} Section provides the calculation for the oracle estimator presented in remark [I} Section
provides some preliminary calculations related to random matrix theory. Section [A-4] gives the proof of Theorem
[[1 Section[A5| provides the proof of Corollary [I] Section [AZ6] provides the calculations associated to the strong
and weak features model.

A.1 Proof of Proposition

In the proof of this result, it is useful to indicate dependence on the true parameter 5* by denoting the risk
Ry () = E[|SY2(- — 8*)|[3] + 0. We also denote by & (8) = Ra-(8) — Ry (8) = [SY2(8 — #%)[13 the excess
risk of 3 € R? when the true parameter is f* € R%.
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Lemma 1 Let Vi,..., Vi C R? (with k < d) denote the eigenspaces of . For j =1,...,k, let U; € O(V;) be
a linear isometry of V;, and let U € R™? be the linear isometry defined by Uv = Ujv forveV;, j=1,...,k.
Then,

Ex . [Rs(Br) — Rs(8)] = Ex.[Rus(Br) — Rus(UB)] .

Proof 1 (Proof of Lemmal [1)) Denote 8/ = UB, as well as X' = XU~ and 2/ = U 'x. Let Bﬁ\ the Ridge
estimator computed on data (X', Y), namely

Bi=(XTX' + D) ' XTY =(UX XU '+ AnI)"'UXY =UpBy.

Then, y = (B,x) + oce = (', 2') + o€, hence the best linear predictor of y based on ' is §'. In addition, x' has
distribution N'(0,U"13XU) = N(0,%), where UT'XU = ¥ comes from the fact that U is an isometry on the
eigenspaces V; of X. This implies that (X', €) has the same distribution as (X,€), and thus E. x[Es (B\'A)] =
E. x [55/(@\)]. On the other hand,

Ep(BY) = |IBY2(B5 — B3 = |SY2U (B — B)I3 = |ISY2(Bx — B)II3 = E5(Br)

(note that |2YV2U - |3 = |[USY? |3 = [|IZY2 - |2 as U commutes with /2 and is an isometry), so that
Ec x[€s (B))] = Ee x[€5(Bx)]. This proves that Be x[Es (B2)] = Ee x[E5(B))]-

We now turn to the proof of Proposition [T}

Proof 2 (Proof of Proposition Let Vi,...,V denote the eigenspaces of %, with distinct eigenvalues 11 >
<> 7. Let Uy,..., Uy be independent random isometries, where U; is distributed according to the uniform
(Haar) measure on the orthogonal group of V;. Define U to be the random isometry acting as U; on V;, and let
B =Up* and I its distribution.

Note that U is of the form of Lemma hence Ex ([Eup+ (EA)} = Ex,e[ga*(gx)] and thus

EsnEx [E5(5)] = EvEx [€us- (Br)] = Ex.c[Es+(B))] - (8)

Now, let B; € Vj be the orthogonal projection of 3* on Vj, so that UB* = Z?zl U;B5. We have E[UB*] =0 since
E[U;] = 0 for all j. In addition, the distribution of U;[* is invariant by rotation (since R;U; has the same
distribution as U; for any fized rotation R;), hence B[(U;8;)(U;8;) "] = t;ly, (with Iy, the identity on V), where
letting d; = dim(V}),

d; - t; = teE[(U;87) (U;87) "] = E[I|IU; 55113 = 185113 . (9)

hence t; = ||B;|15/d;. In addition, if j # 1, by independence of U;, Uy,
E((U;8)(UiB)) "] = E[U; 8,6/ U,"| = E[U;]5; 8 "E[U}] T =0. (10)

Hence, 11 has covariance E?Zl(HB;-HQ/dj)IVJ_, whi'ch is precisely ®(X)/d where ® is defined as in (5]). The proof
is concluded by noting that the quantity E. xEz(B) is quadratic in B, hence if I is another distribution on R?
with mean 0 and covariance ®(X)/d, then EguiEe xE3(x) = EgoniEe xEs(8)) = Ee, xEs+(5)).

A.2 Proof of Oracle Estimator (Remark

Since the risk is quadratic, the average risk (integrated over the prior) of any estimator linear in Y only
depends on the first two moments of the prior, hence one can assume that the prior is Gaussian (namely,
N(0,72®(X)/d)) without loss of generality. In this case, a standard computation shows that the posterior is
N(B,[XTX + (02d/r?)®(X)~1]~1), where 3 is the estimator defined in . Finally, since the risk is quadratic,
the Bayes-optimal estimator is the posterior mean, which corresponds to .
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A.3 Random Matrix Theory Preliminaries

We now introduce some useful properties of the Stieltjes transform as well as its companion transform. Firstly,
we know the companion transform satisfies the Silverstein equation (Silverstein and Combettes| [1992; |Silverstein

and Choil, [1995))
1 T
-7 :Z_7/71+TU(Z)dH(T). (11)

We then have for z € § := {u+iv : v # 0, or v = 0,u > 0}, the companion transform v(z) is the unique
solution to the Silverstein equation with v(z) € S such that the sign of the imaginary part is preserved
sign(Im(v(2))) — sign(Im(z)). The above can then be differentiated with respect to z to obtain a formula for v'(2)
in terms of v(2):

ag(;) = (mi)? - V/ i+ :v(z))QdH(T))l

Meanwhile from from the equality v(m(z) + 1/z) = v(z) + 1/z we note that we have the following equalities

1—79(1—=Xm(=\)) = M(=A) (12)
1- )\m( A) =711 = M(=N))
m(=A) = Am/ (=) =77 (v(=X) = A’ (=)))

which we will readily use to simplify/rewrite a number of the limiting functions.

A.4 Proof of Theorem [1]

We begin with the decomposition into bias and variance terms following (Dobriban et al.l [2018]). The difference
for the ridge parameter can be denoted

XTX _ XTX 1XTe

Br—B" = A==+ M) B +o(5==+ )

And thus taking expectation with respect to the noise in the observations e

EJ[R(B))] — R(5%) = EJ[|=Y2(Br — 8)I3]
= E[|ZV2(B) — E[BA)1Z] + [ZV2(E[BA] — 84|13
2] + sz X
=§ﬂ«ﬁ?+ﬂ>z@}“mo*€?>
1 T -1
((ﬁ*) (—+M) z(X X +M) /3*)

Taking expectation with respect to Eg+ we arrive at

=U2E€U|21/2(X X ) X

—AL) 3

T

B (B[R] - R = 2 (KX ) "o (XX ) X
((X;X + AI)AE(XTTX + AI)A@(Z))
(2 40 ") oo (2 1) )

XTX

=

r ((XTX

+)\I>712( +)\I)71<I>(E))

o
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It is now a matter of showing the asymptotic almost sure convergence of the following three functionals
XTX -1 XTx —2
w (55 ) w) (R ) )
n

and 2 (X M)*z(X;X an) ()

1
d

The limit of the first trace quantity comes directly from (Ledoit and Péchél 2011) meanwhile the limit of the
second trace quantity is proven in (Dobriban et al., |2018). The third trace quantity depends upon the source
condition ® and computing its limit is one of the main technical contributions of this work. The limits for these
objects is summarised within the following Lemma, the proof of which provides the key steps for computing the
limit involving the source function.

Lemma 2 Under the assumptions of Theoremfor any A > 0 we have almost surely as n,d — oo with d/n =~

(o) ') - s (13
T —2 m(—=A) — Am/(=\)

éTr((XnX —|—)\I> E) — (1_7(1_)\m(_>\)))2 (14)

() (S ) ) S

(1—~(1 = Am(=)))?

The result is arrived at by plugging in the above limits and noting from the definition of the Companion
Transform v that 1 — (1 — Am(=A)) = M(=A), 1 — Am(=A) = v 1(1 — Mw(=))) and, taking derivatives,
m(=X\) — Am/(=A) = vy~ H(v(=\) — Av'(=])). The proof of Lemma [2} which is the key technical step in the proof
of Theorem [I] is provided in Appendix

A.5 Proof of Corollary

In this section we provide the proof of Corollary [1} It will be broken into three parts associated to the three cases
O(x) =z, ®(z) =1 and P(x) =1/x.

A.5.1 Case: ®(z) =

The purpose of this section is to demonstrate, in the case ®(x) = z, how the functional ©F(—\) + )\8987()\/\) can be
written in terms of the Stieltjes Transform m(z). For this particular choice of ® the asymptotics were calculated
n (Chen et al., |2011)), see also Lemma 7.9 in (Dobriban et al., [2018]). We therefore repeat this calculation for
completeness. Now, in this case we have

Sy T r
© (Z)_/7(1—7(1+zm(—)\)))—de( )

Following the steps are the start of the proof for Lemma 2.2 in (Ledoit and Péché| 2011)), consider 1 4+ zm(z)

L+ 2m(z) :/1+ (1 —~(1 +sz(z))) dH(r)
B T(1 —~v(1 4 zm(z)) .
/7(1_ S0+ 2m() — 2 )
=(1—-~(1+4+zm(z ))@‘b(z)
Solving for ©%(2) we have
_ 14+ zm(z) 1 1 3
O = T ey S T Ay Y
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Picking z = —\ and differentiating with respect to A we get

00%(—\) L m(—=A) — Adm/ (=)
A (A0 - am(-N))?
This leads to the final form
OF(—AN) + AN () m(=\) — Am/(=\)

(=0 Gl —m(=AP T =0 = Am(A)?

_ A= A0(=A) THE(=A) = W)
(Ao(=A))? (Ao(=A)*

(=) 1

T NN A (e(=N))?

where on the second equality we used . Multiplying through by A2 then yields the quantity presented.

A.5.2 Case: ¢(z)=1

The functional of interest in this case aligns with that calculated within (Dobriban et al. [2018]), which we include
below for completeness. In particular we have ©®(—\) = m(—\) and as such we get
00% (-
O (=N 4+ A 2T 3 (-3) = 47 )~ ()

where on the second equality we used . Dividing by v(—\)? as well as adding the asymptotic variance we get,
from Theorem [T} the limit as n,d — oo

=02 M — r’ _ Q V(=)
= (e ) e 5 e

A.5.3 Case: (z)=1/z

The functional in the case ®(x) = 1/x takes the form

= [1 ! r
o) /TT(1—7(1+zm(z)))—de( )

Observe that we have

/%dH(T) +20%(z) = /%(1 i oA +sz(z))) —)aH ()

BN (ESIE )
T7(1=7(14 zm(2))) — 2

=1-~1+ zm(z)))/ (1 —~(

= (L =71+ 2m(2)))m(2).

dH ()

1
14+ 2z2m(z))) — =

dH (7)

Solving for ©%(z) and plugging in the definition of the companion transform v(z) we arrive at

O%(2) = 5 (1= (1 + zm(=)m(:) - [ TaH (")

z T

= —v(z)(v(z) + 1(1 -1)) - 1 /ldH(T)

T
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Fixing z = —A the quantity of interest then has the form

® v(=N)?  w(=N) 1 1 / 1
A\ = — 1 — | —dH
O*-N = -1+ BB ) + 5 [ saH()
which when differentiated with respect to A yields
00% (=) 20(=A)'(=)) 1.1 v(=N\) , 1 1
= ——(==-1 -A) — = | —dH(7).
o Y G THETT ) )\2/7' ™
Multiplying the above by A and adding ©®(—\) brings us to
00%(-\) V(=Nv(=A)  v(=\)? 1
O%(=A) + A =2\ - — (= =1V (=N).
(-3) + A0 : R

Dividing the above by v(—\)? and adding the limiting variance yields, from Theorem [I| the limit as n,d — oo

Eg. [Ec[R(B))] - R(3")]

21— (=) _ Uz”(_A)_M’/(_A) 2 v'(=A) 7&7702 1 v'(=A)
TRy T e T ey G T Vi
L VN o N R 10N
B TSy A A ooy R b oy

A.6 Strong and Weak Features Model

This section presents the calculations associated to the strong and weak features model. We begin giving the
stationary point equation of the companion transform v(t), after which we explicitly compute the limiting risk
with the particular choice of ®(x) in this case. Section there after gives explicit form for the companion
transform in the ridgeless limit. Section [A.6.2] gives the proof of Corollary 2] found within the main body of the
manuscript.

We begin by recalling the limiting spectrum of the covariance ¥ for the two Bulks Model is dH (7) = 110,, +120,,.
Recall we have 1, + 12 = 1 therefore we simply write ¥ = 1 — ¢);. Using the Silverstein equations the
companion transform must satisfy

-1, Y1p1 (1 —1)ps
ORI 7(1+p1v(lﬁ) " 1+p2v(t))’ (16)
meanwhile the derivative must satisfy
1 13 (1 —41)p3
wor = vt (T pe@r * 05 0 F) an

:>U’(t):< L (( Y103 n (1—1/)1)p§2))—1

(v(t))? 1+ p1o(t))*  (1+ pao(t))

as such given v(t) we can compute the derivative. Rearranging and denoting v(t) = v the companion
transform evaluated at t satisfies

0= (14 p19)(1 + pav) + tv(1 + p10)(1 + pav) — Y1p10(1 + p2v) — ¥(1 — P1)p2v(1 + p10)
= tp1pav® + (t(p1 + p2) + (1 = 7)p1p2)v® + (t + p1 + p2 — Y¥1p1 — ¥(1 — Y1) p2)v + 1

This cubic can then be solved computationally for different choices of ¢. In the case of the ridgeless limit ¢ — 0 in
the overparameterised setting v > 1, the above simplifies to a quadratic which can be solved, as shown in Section

A6T

Now, recall in the strong and weak features model the structure of the ground truth g* is such that ®(z) =

¢11,—p, + 21— ,,. To compute the limiting risk, specifically the bias, we must then evaluate ©%(—\) —I—/\%.
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To this end, we have plugging ®(z) into the definition of ©%(z)

o 1
0"() = [ *0) i sy O
_ d191 n $2(1 — 1)
pr(1=~v(1+2m(2)) —z  p2(l =1+ 2m(2))) — 2
P11 P2(1 — 1)

T =21+ pv(2)) | =21+ p2v(2))

where on the last equality we used to rewrite the above in terms of the companion transform. Plugging in
the regularisation parameter z = —\ we then get

P11 $1(1 — 1)
0%(-\) = :
V= X oA A+ ()
To the end of computing 862(}\_’\), we can differentiate the above to get
90 (=) 1+ p1v(=A) = Ap1v'(=)) 14 pav(=A) — Apav'(=A)
AT — (1 —
O\ b1 (Ap1v(=A) + )\)2 Pall =) (Ap2v(=X) + )\)2
which yields
. 90°(-N) prv' (=) L (=N
R S s VR 1L G A S PSR

as required. The final form for the limiting risk is then

lim Eg. [EJ[R(B))] — R(8")]

n,d— oo

1= M=) oA =M (A axs piv' (=N
PV R VT A DL oo ey v

o s VN e, piv' (=N
AR CTESY e ;M(w—x)%mv(—n+1>2'
A.6.1 Ridgeless Limit

To consider the Ridgeless limit ¢ — 0 of the companion transform v(t), some care must be taken about which
regime v < 1 or v > 1 we are in.

Underparameterised v < 1 Following the proof of Lemma 6.2 in (Dobriban et al., [2018]) we have in the
underparameterised case v < 1 the limit lim;_,q_tv(t) =1 —~.

Overparameterised v > 1 Following the proof of Lemma 6.2 in (Dobriban et al.l |2018]) when v > 1 we have
the limit lim;_o_ v(t) = v(0). From dominated convergence theorem we can take the limit in the Silverstein
equation to arrive at the quadratic

0= (1+ p19)(1 + pav) — y1p10(1 + p2v) — ¥(1 — Y1) p2v(1 + p1v)
= (1= 7)p1p20*> + (p1 + p2 — yh1p1 — Y(1 — Y1) p2)v + 1

Solving for v with the quadratic formula immediately gives

(p1+ p2 — yhip1 — ¥(1 — P1)p2) — /(p1 + p2 — vb1p1 — (1 — ¥1)p2)® — 4(1 — 7)p1p2
2(1 —v)p1p2 '

v(0) = — (18)
Recall from (Silverstein and Choi, [1995) we have that v(z) € S, as such we take the sign above which yields a
non-negative quantity. Noting we we focus on the regime where v > 1, we see for the above to be non-negative
we require the numerator to be negative, and thus, we take the negative sign.
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A.6.2 Proof of Corollary

In this section we provide the proof of Corollary 2] The proof essentially requires computing the companion
transform in this case and checking the sign of the asymptotic derivative at zero i.e. R, (0). Let us begin by
noting that when v = 2 and ¢ = ¢ = 1/2 that the companion transform at zero is v(0) = 1/,/p1p2. Let us now
compute quantities related to both the first derivative v/(0) and second derivative v”(0). Using (17)), we can, by
dividing both sides by v(t)? and taking t — 0, get

v'(0) (1 p1+p2 - /m /pz

v(0)? (Vo1 +v/p2)?

Meanwhile, recall by differentiating both sides of the silverstein equations in t we can get
2

V(1) T

o(0)? = 1+w’(t)/mdlf(r).

Therefore, if we differentiate once more we get

U"(t) U’(t)Q

v()? ()
and thus, multiplying through by v(¢)3/v'(t)? and rearranging we arrive at

v v T2u(2)? mv(z)?
S [ aenpe ] =2 o)

3

- / mdﬁr(r) — 99/ (1)? / md}l(r),

Furthermore, noting that 1 —~ [ (117”5'(22))2 dH(1) = :;S% means we get the following equality for the second
derivative
3

3u(t)3 v’
=il [ 2 (20

Taking ¢ — 0 and plugging in the defintion of v(0) yields the following, which will be required for the proof

3/2 3/2 o' 3
+ py }( (0))_

w0 =21 - G

Now, let us compute the derivative of the asymmptotic risk Ragymm(A) for the strong and weak features model.
Bringing together the Bias and Variance terms, differentiating through by A and dividing by o2 we get

Lt = (IR - HEN 1 Dy )

W(=N)P (=N
’U/( /\ 2 QSZ"/}zpz
+2(v( ) ) ; 1)

Taking A — 0 and plugging in ©¥; = ¥9 = 1/2, Y1¢1 + Yoo = 1, ¢1 + ¢d2 = 2 as well as v(0) into p;v(0) for
1= 1,2 yields

[ _ (V02 v"(0) 2 pipe v'(0)2r? 2 91V/P1 + $24/P2
) Asym(o)— (2 U(O)3 0(0)2))(1+ (f‘i’f) )+( ( )) 2([)1/)2)3/ (\/ijL \/,0>2)3 :

Let us now plug in the second derivative v”/(0). In particular, note that we can write

V(0 v"(0) _,v'(0)2 1 %40y \ ' (0)
2507 ~ o2 = 250 v (1= (- (Vo + \})3) (0)2)
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where on the second equality we have used the equality for 5;82 from above to note that

P2 4032\ v(0)
N O E T

P + 0y \/ﬁ 2 ARy o \/E \/;Tz
(\F+\f p2 p1 (V/p1+ /p2)? p1

(0P )PPz p1+ p2) — (o1 + p2) (VT P2)

NN N
_(m 22 4 032 (2y/Pipz + o1+ p2) — (p1 + p2) (V1 + /P2)°
NN TR
_ (A 4 05") = (o + p2) (V1 + v/2)
NN
1
=3

i 2
Returning to the derivative of the asymptotic risk Rgsym(O), factoring out (l;((g))) and plugging in the definition

of v(0) gives

TR0 = (S3) V| 1+ A (Gl )]

It is then clear that the sign of Rgsym(O) is governed by the quantity in the square brackets. This then yields the
result.

B Proof of Lemma [2]

In this section we provide the proof for Lemma [2, We recall that the limits and have been computed
previously. In particular, Lemma 2.2 of (Ledoit and Péché), 2011)) (the roles of d,n are swapped in their work,
and thus, one must swap v with 1/v) shows

2) = (1 (= am(—N) 1)

Meanwhile Lemma 7.4 of (Dobriban et al., 2018|) shows

1
& Tr

(55 1)

m(—=A) — Am/(=})

1
it (=1~ (V)2

d

((XTX + ) _22) N

This leaves us to show the limit , for which we build upon the techniques (Ledoit and Péché, [2011) as well as
(Chen et al.l [2011)).

We begin with the decomposition. Recall since the covariates are multivariate Gaussians, they can be rewritten
as X = ZXY2 where Z € R™? is a matrix of independent standard normal Gaussian random variables.
For i = 1,...,n the associated row in X is then denoted X; = Z;¥%/2. Assuch X'X = > XX, =

S EUQZTZ /2. Let us then define R;(z) = (XnX XiTnXi — zI)fl. Using the Sherman-Morrison formula
we then get
XTXx 1 Ri(2)2V2Z] Z;5V2R,(2)

—2)7' =R,
e & -o1 1252 R ()51 2]

R(z) = ( (19)

Moreover we have

n T T
lZEUZZJZZ-EI/%(Z):X XR(Z):(X X
n

: n n
=1

—zI)R(z) + zR(z) = I + zR(z)
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Multiplying the above on the left by ®(X)R(z), taking the trace and dividing by d yields

éTr (D(2)R(2)) + zé Tr (B()R(2)%) = é Z %ZiElﬂR(z)(I)(E)R(z)Zl/QZiT

1 ZX'V2Ri(2)®(X)Ri(2)8Y2 2]
~d Z; (1+L1z,512R,(2)51/22])?
where for ¢ = 1,...,n we have plugged in twice into for R(z) to get
Z;SY2R(2)®(X)R(2)2YV2 7]
1 ZXY2R(2)2Y2 2 2,5 2Ry (2)®(Z)R(2)2Y2 2]

= Z;XV2Ri(2)®(D)R(2)2Y2 2] — =
(2)@(X)R(2) [ 1+ LZN2R,(2)512 2]

ZX'V2Ri(2)®(2)R(2)2Y2 7]
14 1Z,512R;(2)x1/2Z]
1
L+ 2Z;512R(2)21/2 2]

1 ZXY2Ri(2)®(Z)Ri (2)2Y2 2 Z, X 2Ry (2)2Y2 2]

/2R (N2 T LA i i i Zi i i
X [le Ri(2)®(D)Ri(2)22 2] — R AE XESErA }
ZSV2R(2)®(X)Ri(2)2Y2 2]

(1+ 12,51/2R,(2)51/22] )

Choosing z = —\ we then have that
éTr (B(S)R(-N)) - Aé T (BS)R(-N)?) = éi Iy (21/23(—>\)<I>(2)R(—2)21/2)
i (14 L Tr(ZR(-N)))
where the error term § = 61 + 0o + d3 + d4 such that
LT (SV2R (- N @ () Ri(—N)EY2) — LTy (SV2R(—N)@(S)R(—N)E/?)
d Z (1+ £ T(ZR(-N)*

+6 (20)

n

_ It 125 (_ (Caysel/2 1 _ 1
& d;nmz HEAPEEDE )((HiTr(zRi(—A»)"’ (1+iTr<zR<—A>>)2)
5= 23 L (2R e R(-NE2)

@
Il
-

x ( 1751 : ™2 1 1 2)
(1+1Z,212R,(-NEV2Z1) (1+ 2 Te(SRi(—N))
" LZSV2R (N @(E) R (— NSV ZT — LTy (V2R (- M) @ (D) Ri(—N)EV?)

1
5
e Z; (1+ L2,512R,(2)51/22])?

Q. \

As shown in section the error terms |91, |d2], |d3], |04] — O almost surely as n,d — oo. It is now a matter of
computing the limits of the remaining terms. As discussed previously the limit of éTr(ZR(—)\)) is known from
(Ledoit and Péché, 2011). From the same work it is also known that

%Tr (B(D)R(-N)) — O%(—A). (21)

That leaves us to compute the limit of 3 Tr (®(Z)R(—A)?). If we are to write fq(A\) = 3 Tr (®(X)R(—A)) then
note the derivative with respect to A is fj(A) = —% Tr (®(X)R(—\)?). We wish to now study the limit of the
f5(X\) through the limit of fz(A). To do so we will follow the steps in (Dobriban et al., [2018)), which will require
some definitions and the following theorem.

Let D be a domain, i.e. a connected open set of C. A function f : D — C is called analytic on D if it is
differentiable as a function of the complex variable z on D. The following key theorem, sometimes known as
Vitali’s Theorem, ensures that the derivatives of converging analytic functions also converge.
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Theorem 2 (Lemma 2.14 in (Bai and Silverstein) [2010))) Let f1, f2,... be analytic on the domain D, sat-
isfying |fn(2)] < M for every n and z in D. Suppose that there is an analytic function f on D such that
fn(z) = f(2) for all z € D. Then it also holds that f](z) — f'(z) for all z € D

Now we have from (Ledoit and Péché, 2011])

1
H/ ST 1A )

foral A\ e S:={u+iv:v#0, or v=0,u > 0}. Checking the conditions of Theorem We have that fg(A) is an
analytic function of A on S and is bounded |fz(A)| < w. To apply Theorem [2|it suffices to show that the
limit ©®(—\) is analytical. To this end we invoke Morera’s theorem which states if

%e‘b Nd\ =0

for any closed curve 7 in the region S then ©®(—)\) is analytic. We see this is the case by applying Fubini’s
Theorem as follows

7{@‘1’(—)\)(1)\ = j{/<1>(r)T(1 i Alm(_m) +>\dH(7')d/\
1
= /@(T)ﬁ A= = A=) +)\d)\dH(7‘) =0

=0

and noting that the inner integral is zero from Cauchy Theorem as
of A in & for any 7 € [hy, ha]. By Theorem [2| we have that

7(177(14\17,1(7)\)))“\ is an analytical function
00%(=\)

L (@) REN?) = Fi-N) = N

¥ (22

The final limit ( is arrived at by considering the limit as d n — oo of . Specifically, with the fact that
&0 — 0, bringing together and (| . Noting that is applied to the square of 1+ - Ly (ZR( )) =

L4753 Tt (BR(-X) = a0 =3mry)-

B.1 Showing § — 0

To analyse these quantities we introduce the following concentration inequality from Lemma A.2 of (Paul, |2007)
with § = 1/3.

Lemma 3 Suppose y is d—dimensional Gaussian random vector y ~ N(0,1) and C € R¥*? js a symmetric
matriz such that |C|| < L. Then for all0 <t < L,

1 t2
P(g\yC'yT —Tr(0)] >t) < 2exp{ - é)?}

Furthermore, we will use the fact that the maximal eigenvalues are upper bounded
R-M <+ and 1R~ N)|2 < ~
IR(-Nll2 <5 and max [Ri(-)z < 5

We proceed to show that each of the error d1, 02, d3, 4 converge to zero almost surely.
Begin with d;. For i = 1,...,n by adding and subtracting Tr(XY/2R(2)®(Z)R;(2)X'/?) we can decompose

- (Zl/QRi(—/\)Q(Z)Ri(—/\)zl/z) Ty (21/2R(z)¢(E)R(z)21/2)
= Tr ((Ri(=2) = RN R (-NE) + T (SR-NP(E) (R (=) = R(-V))
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Using (19) and letting A = ®(X)R;(—A\)X we then get
)| = ’ 1 ZXY2Ri(—\)AR;(— )21/22”
B 1+ Zzl/ZR( Nn1/2ZT
_ 1Al 1221/21%( NRi(-NEV2Z]
n In 14+ L1Z,512R,(-\)x/2Z]

(23)

T (Ri(-)

| All2 TRi(—\)2x"
<
- n St z(—)\).’I}T‘
| All2 zRi(—\)?z"
<
n Sli :cRi(—)\)xT‘
A
< 2y x),
< ||A||2
- An
< [2E)l2[I%]l2
- A2n

An identical calculation with A = ®(X)R(—A)X yields the same bound. This then yields with the lower bound
(1+ Te(ZV2R(-N)ZV2) > 1

n [ 2(2)[|2[IZ]2
d A2n

and as such d; goes to zero as n,d — oo so that d/n — ~.

16,] < 22

Now consider the term do. Note that for two positive numbers a,b > 0 we have

1 1 (14b)?—-(1+a)?
(14+a)2 (1402 (1+a)2(1+0)?
b2+2b—a2—2a
(L +a)2(1+b)2
_blb—a)+alb—a)+2(b—a)
(14 a)2(1+0b)?
b+1)+(a+1)
(I4+a)?2(1+0)?

=(b-a)

1 1
= apaTy T araa Y
and as such |(1 +a)™2 — (1 +b)7?| < 2[b — a|. Using this with @ = +T r(SY2R;(=N)XY2) and b =
%Tr(Zl/QR(—)\)El/Q) whom are both non-negative, allows us to upper bound
1 1
‘ (1+ L Tr(ZR,(-N))? - (1+ 5 Te(ZR(=N)))

| < 20| TH(SR(-3) - TH(ER(-)|

_ 20zl

- An
where for the final inequality we used the argument with A = X. Now, since the eigenvalues in the following
trace are non-negative we can upper bound

1
Sl (SY2Ri(~N@(2)Ri(~A)SY2)] < |EV2 R (=N R (2)Ri(-A) S22
< =21 (E) I Ri(—A)13
~ IZ21B12(D)]
< v

_ IZlLl2 )l -
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Combining these two facts yields the upper bound

2[Z[312 ()]
| < ——=——"=
1921 < A3n

which goes to zero as n — oo.

We now proceed to bound 3 and d4. With the bound on the trace as well as using the bound |(1 +a)~2 —
(14 b)~2| < 2|b — a| we arrive at the bound for d3

IE[212 ()12
/\2
ZiE P R()O(D)Ri ()12 2] — Tr (SV2Ri(2)0(2) Ri(2) 212 |

03] <2

X max
1<i<n

Meanwhile using that 1+ 1 Z;SV/2R;(—A\)E1/2ZT > 1 we arrive at the bound for &,

|04 < max ’Zizl/?Ri(z)<1>(2)1&3,-(2)21/221.T —Tr (21/2Ri(z)<1>(2)Ri(z)21/2)’

We now show that maxi<;<pn

ZiXY2Ri(2)®(2)Ri(2)8V2Z — Tr (El/zRi(z)é(E)Ri(z)El/Q)‘ converges to zero
almost surely. Observe since we have the upper bound on the largest eigenvalue we have using Lemma [3] as well

as union bound for 1 < i < n we have for 0 < ¢t < w\ﬂ

1
P(lrgag{ |22 R ()0 (D) R(2) 212 2] — T (El/QRi(z)fI)(E)Ri(z)El/z)‘ > t)
- dt? X\
< 2exp{ —_———— log(n)} (25)
61312 ()(>
Let V, 4 := maxj<i<n 5 ZXV2Ri(2)®(D) R ()22 Z] — Tr (El/zRi(z)CI)(E)Ri(z)Zl/z)‘ and, for any t > 0,
let E, q(t) denote the event {V,, 4 > t} where d = d,. Then, if d = d,, satisfies d,,/n — oo, P(E, q4) <
24v4

2n exp { — GHEH?HZ%} < 2nexp { — HHE’YHT;W} where the last inequality for n large enough that d/n > ~/2.

Hence,
> P(Ena,(t) < +o0
n=1

so that, by the Borel-Cantelli lemma, almost surely, V,, 4 > t only holds for a finite number of values of n. This
implies that, almost surely, lim sup,,_, o Vy,¢ < t. Note that this is true for every ¢ > 0; letting ¢t = 1/k and taking
a union bound over k > 1 shows that limsup,, ., Vi,,a = 0 almost surely, i.e. V,, 4 — 0 almost surely.



