Dominate or Delete: Decentralized Competing Bandits in Serial Dictatorship

A Sub-Routines used in Algorithm

Here, we provide the pseudo code, related to initial rank estimation and the communication protocol used in
Algorithm

Algorithm 2 RANK-ESTIMATION (at agent j5)

Initialization: Rank< N, Flag« FALSE
for1<t<N-1do > Rank Estimation
if t ==1 OR Flag== False then
Lit)=t > Play arm ¢ at time ¢
if Matched at time ¢, i.e., M¢(t) = j then
‘ Rank< ¢, Flag+ TRUE
end if
else
| I;(t) =Rank
end if
end for
return Rank

Algorithm 3 DOMINATED-ARM-DETECTION (O, 4, Rank) (at agent 7)

Input O € [K] - Arm to communicate, ¢ € N - the phase and Rank - the rank of the agent

C«+10

S; isi+2i7/}+1

for S; <t < S; + K max(0,Rank-2) do > The first Rank-2 sub-blocks in the Communication block of phase 4

‘ 10 (t) =0 > Play the most matched arm, which is input to this sub-routine
end for R
for S; + K max(0,Rank-2) < t < S; + K (max(0,Rank-1)) do > The Rank—1" sub-block in the
Communication block of phase i
IW(t) = ((t — (S; + K max(0,Rank-2))) mod K) + 1 > Play arms in round robin
if Collision Occurs then > Collision in (Rank-1)th sub-block
| C+Ccu{IW(t)} > Update set of arms to delete
end if
end for
return C

Observe that in the above algorithm, agent ranked 1, will only play its best arm, in all rounds of the communi-
cation block.

B Analysis of the Algorithm and Proof of Theorem

B.1 Overall Proof Architecture

The proof of Theorem [I] follows by plugging in the estimates from Corollary into Corollary The subject
matter in Appendix is to prove Corollary [11] and the subject matter in Appendix is to prove Corollary
All the notations and definitions needed for the proof are collected in Appendix

B.2 Notation and Definitions needed for the Proof

In order to implement the proof, we specify certain notations and definitions. For every i € N, denote by
S; == N+ (2" — 1) + (i — 1)NK, to be the first time slot in the regret minimization block of phase i. For

any phase i € N, agent j € [N] and arm k € [K], denote by ]\Nfi(j) [k] to be the number of times agent j was
matched to arm k in phase 7. Recall the notation that for all agents j € [IN], its stable match partner arm

was denoted as k) € [K]. Similarly the set of dominated arms for any agent j € {2,---, N} we defined as
D; = (kD kYD1 Recall that we had set AY) = [K]\ D). For any arm k € [K] and agent j € [N],
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denote by Ag) =)~ Bk

Our first definition is whether a given phase is good for a particular agent or not. We call a phase i € N Good
for Agent j if

LAY = At e, AY = [K]\ (B, VDY

2. The number of times each arm k € A \ {k,(kj )} is matched to agent j in the regret minimization block of

phase ¢ is less than or equal to ( i(()jo;i)z. Note that by definition of Agf ) and the fact that arm-means are
k

unique for an agent, for every agent j € [N] and arm k € AD \ {k£j)}, A,(j) > 0.
3. The arm that is most matched in the regret minimization block of phase i is kij ),

()

We denote by the event x,;”’ to be the indicator random variable, i.e.,

()
Xi = 1Phase i is Good for Agent j-

For every agent j € [N], denote by the random time 7)) to be the first phase index, such that all phases larger
than 70) is Good for agent j. Formally,

70):=inflieN: Hxl(j) =1,
1>i

7)) = max(T(l), e ,T(j)).

Notice that after phase i > 7(), for all agents j’ < j, AEj )= Agj ). In other words, the set of active arms of all
agents ranked j and lower are ‘frozen’ after phase 7) to the ‘correct’ set of arms.

We now, describe certain set of events. For any agent j € [N] and arm k € [K]\ {kﬁl), e ,k£j)}, denote by the
event 8,5,] ) as

G) . ) N () - ND (s, 4alog(T) V) < o
e {Nk (T) - N <ST<]>>2{(A](3))Q }}m{ < . @)

Denote by the event £ as the union, i.e.,

&= N £ (3)

N
I= e RN\ {EWD, kD)

Recall that we had defined A to be the smallest arm-gap, namely

A := min min A(j),
JE[N] kGAij)\{kij)}

and that i* € N was defined as

20NKaa ;
7" :mln{lGN Tm SQI_l}.
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B.3 Technical Preliminaries

In order to be precise in our calculations, we will need to explicitly specify a probability space. Let Y :=

(Yk(j )(t))lg k<K1<;j<N,>1, be a family of iid random variables, with each being defined uniformly in the interval
[0,1]. The interpretation being that when agent j, gets matched with arm k, for the tth time, it receives a binary

reward equal to l(Yk(j )(t) < u,i])) Thus, the dynamics of the algorithm can be constructed as a deterministic
(measurable) function of the family of random variables Y.

B.4 Regret Decomposition

Lemma 9. The regret of any agent j € [N], at time T can be decomposed as

E[RP] <ElS:0)+ 20— 1(oga(T) +1) +

Regret due to Communication

'7_1 / ,/ . . .
E[ S (V@) =N Seoppo [+E | D (M) = NP (S20))AY
j'=1kEA] keAR\ (KD}

Regret due to Collision Regret due to Sub-optimal arm pull

Proof. From the definition of regret, we have

T
E[Rr(j)] =E Z Ly 1y (5100 )y = Bp) | 5
t=1

Sz T
=B Z 116y )2k (Hiro ) = Pyp) | +E Z Loy 1 (i1 (o) = Hyp) |
T
<E[S;o]+E| > L1y (1ysen (5100 () = Pjp)
t=5.0)

The inequality follows from the assumption that, for all j € [N] and arm k € [K], p;r € [0,1]. Now, we
decompose the second term as follows

T
E Z L) (1ysen (100 () = Bjp) | <205 — 1E Z lyicr | +
t:S;(j) iZ?(j)

Communication

j_l / N . . .
E|Y > W@ =N Sy | FE | DD @) = N (S:0))A7)
j'=1kEA] keAS\ (D)}
Collision

Sub-optimal arm pull

This in-equality follows from the following facts

e During communication, agent ranked j will face exactly j — 1 collisions, in its round-robin arm search.

Additionally, during each of the top-ranked j — 1 agent’s round robin arm-search, agent j experiences one
collision.

e Agent j experiences a collision at an arm k, if and only if, exactly one agent ranked 1 through j — 1 is
matched to arm k, at the same time. This then gives that the total upper bound on the number of collisions

is the number of times agents 1 through j — 1, are matched to any arm in A This gives the regret due
to collisions.
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e Finally, each sub-optimal arm match incurs regret, which is captured in the last term.

It thus remains to bound the expected number of times, any agent j € [N], plays arm k € AY)

Proposition 10. For any agent j € [N], arm k € Agj) \ {kij)},

32alog(T) n 84 T2—da
(a2 (a2

EINI(T) — N (Sz)] <

Proof. For any agent j € [N], arm k € [K], and time ¢ > 2, denote by UCB,gj)(t) = p(t—1)+ %gt(:?), to
@ (1—

Agcy)

be the UCB index of arm k, at time ¢, by agent j. Let ¢ := —5—.

T
EIND(T) - N (S0 =E | Y o] »
[t=Sz) +1

T

Z 1UCB§§’(t)2UCB§Q(t) J
t:S;(j)+1 J

IN
&=

T

<E Z 1UCB<,”(t)2u, Gy =T (£)=k + lUCBW. M<u. y—¢
_ k iky! 69 jks’
_t—S;(j)-‘rl *

The first inequality follows by the definition of the algorithm. The second inequality follows from a standard
argument (c.f. Theorem 8.1 of [Lattimore and Szepesvéri, 2018]). By linearity of expectation, we can rewrite
the above as,

T

E Z <1UCB§j)(t)2u, (j)—s,1<a'>(t):k+1UCB<J> (D<k, )~ s> =
gk (J)
t=S;<j)+1

T T
2111» [UCB,(j)(t) > g — & T9() = k,t > Sap + 1] + ZIIP’ [UCB;@)@) < fr — &t 2 Se +1]
t= t=

Each of the two terms can be computed in a standard fashion, as outlined in Chapter 8 of
[Lattimore and Szepesvdri, 2018]. We reproduce them here for completeness. For brevity, we are quite loose
with the constants and have not optimized them.

[2alo
{N(J)( )—8 ,ujk t—]. g2 ,,U]k(J) }‘| )

Cw

P [UCB;”(t) > i — 6 19(t) = k} <P

Ls=1
rT
j ~ 2alog(T)
<P Q{Néj)(t)_s’“jk(t_l)—'_ﬁ>”jk§j>_5 ,
Ls=
rT
2alog
=P U {ﬂyks \/7>ujkm }

(r
Il
o

IN

T
N [2alog(T)
ZHD Hik,s + Sg 2 'ujkﬁj) - 5] B
—~ 20410g(T) )
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T (4)
a 2alo A
(@) ZP Tiks — Wik > — / gz
s=1
(7)
_%g)() + _’UijZ_ M_‘_l_FAik ,
(Akj )2 oo | 22l (T)J s 2
(®) 9alog(T) a . )
<L i Y Pk — 2 002580
(Ak )2 s— "9(1 log(T)-I
- (a J))2
(©) 9arlog(T) = ( (e 1
< ————+1+ exp [ —s(A))?
(AIE‘J))Q s— "Q;E(T)‘l 1600
(a 7))2
9alog(T) 1787 4«

<— 414+ —.
(AECJ))Q (A,(j))z

@)
Step (a) follows from the definition that ¢ = ASJ . In Step (b), we use that fact that for s > (90‘:(’5) )1,

)
2o IOEZ(T) < ﬁ?’j and 0.5 — g > 0.025. In step (c), we use Hoeffding’s inequality. Similarly, we bound the

other inequality as

T
ZIP’ [UCBL, (1) < p1jp0 — 2t 2 S +1] < Y P[UCBL, (1) <y — ]

From the above two propositions, we obtain the following corollary

Corollary 11. The regret of any agent j € [N], at time T can be bounded s

9o log( 17874
{R(J):| < E[S"(])} + Q(j o 1)(10g2 + E E g +1+ —~ + T2*4a Iu,,k(j)
. A(] )2 (A(J ))2 I
Regret due to Communication J =1 kE'A k

Regret due to Collision

log(T 1787 4« ;
+ D dalog(T)  y 1787 | jo—a AV
(A(J))z (A(J))z
keAT\{k)} k k

Regret due to Sub-optimal arm pull

Proof. The Corollary follows from the following facts

e For every j < j, g(j/) < 5@ almost-surely.
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e For every j/ < j, every arm in set Aij ) is sub-optimal.

e Plugging in the estimates from Proposition [I0]in Lemma [0}

Thus, it remains to bound E[Sx(;)], which is the subject of the next section.

B.5 Bound on Mean and Exponential Moment of 7

Since for all i € N, S; = N+ (20" — 1)+ (i — 1) N K, it suffices to bound the exponential moment E[Q;m} and the

mean E[F(j )] to complete the regret guarantee. In order to do so, we first start by analyzing the probability that
a phase is bad for an agent and then use that to bound the exponential moment of 7(/). We shall now bound
the probability that a phase is bad for a particular agent.

Lemma 12. For any phase i > i*, any agent j and arm k € AD \ {k£j)}, we have

, L 2\°
Py =0,i>70"D] < 2N? <e> :

Proof. The proof follows from the basic properties of the UCB algorithm, which we can bound as follows. Recall
the notation that for any agent j € [N], phase ¢ € N and arm k € [K], the quantity N, ,gj )[z] denotes the number
of times agent j was matched to arm k in the regret minimization blocks upto and including phase ¢. For any
phase i > i*, agent j and arm k € AY) \{kﬁj)}, we have

, : 10cvi .
PND[i] - NDfi—1] > [ Do W,iz?@U] <

(a2 )

S ; 10avi ; ; -

P U ~o- [ A J + N[ =1, 19(t) = ki > 707D
tzsi_1+r(;z;;i)2 (A7)
Since N,gj)[i — 1] > 0, the above can be simplified to
P{NDE - ND[G— 1] > {aﬂ i>FUD ] <
(a2
S ) 1004
J ~=(G-1)
Pl U Wz |gas)|ie )
tZSiflJr((Ags‘)z k

Now, by applying an union bound to the RHS, we obtain from the preceding display that

Si .
Dy > |20 1 Gy — ki > 76G-D
]P) Umm Nk (t)f ’V(A(j))2-‘7] (t) k7ZfT
t25i71+f(A§€j)’)2 k
S : 10cvi 4 4
< PN (t) > — | 1D @) =k,i>FUD| . (6)
A(J))2
=5y (Ag
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The classical large-deviation estimate for UCB from [Auer et al., 2002] gives that

, 10cvi . . ,
PIND@) > |22 104) = ki > 70D | < 2077, (7)
(A2
for all times t € {S;_1,---,S;}. In words, this estimate gives that UCB will play a sub-optimal arm with very

low probability, on the event that the sub-optimal arm has been played sufficiently many times. We can use that
estimate, since on the event that i > 70— we have that the set of active arms of agent j in phase i, denoted

by Al(.j ) = A&j ), Thus, arm kij ) is the best arm for agent j in phase 7. Now, combining Equations 7(EI),, we
get

. S i

j i 10 —n i ) 2

P [Né”m - NP~ 1> MCH iz T<J—1>] < 3 2eticy () . (8)
k

To conclude the proof, notice the following fact.

Proposition 13. For every i > i,

J .
B . Y Y 1 )
WW=o0izriyc ) U {[N,E] i) - Nl -1 = [Of”)i,z > %“”},

I=1 ke AP N\ (kD)

where 1* is defined in Equation .

Proof. Tt suffices to establish that

j .
M N {[N;EJ i - N i-1) < {OML > ?01)} c (X =1,i>70-D},
2

3= e AU\ (kU0 (Ag ))

This follows as, the phase ¢* is such that %NK < 2=1. Suppose all events on the LHS hold. Then, agent j is

matched at-most <i2,ﬁi) > times to any arm A \ {kfj)} (the sub-optimal arms). This in turn is upper bounded
by 122”. Since there are K — j arms in the set AP \{kfﬁ )}, the total number of sub-optimal arm pulls is at-most
(K —j)*33"

In order to bound the total number of collisions agent j will face, we make use of two simple observations. First

is that, under the events on the LHS, every agent j < j will match no more than % times with arm k, for
Ay )2

all k € .Afﬁ ), Second, is that if agent j faces a collision at an arm k € Aij ), then it must be the case that exactly

one agent ranked 1 through to j — 1 must have been matched to arm % in the same slot. These two observations

give that the total number of times agent j will face a collision at an arm k € ,Aij ) is at-most the sum of times

arm k is matched to agents ranked 1 through to j — 1, which in turn is upper bounded by (5 — 1) 1202”. Since

therer are exactly K — j + 1 arms in .Aij ), the total number of collisions incurred by agent j in phase i, when

the events on the LHS hold is upper bounded by (K—j+1)(j—1) lg%i, which in turn is upper bounded by NK%.

However, as there is at-least 20N K g—é time slots in phase i, the preceding argument yields that agent 7 must be

matched to arm kij) at-least 20N K< — NK% — K% > NK% times. Thus, agent j is matched to arm
G _ 1

i

kij) the most number of times in phase i, i.e., x

O

Thus, from Proposition and applying an union bound using Equation , we get

) L 2\ °
P\ =0,i>70"Y] < 2jK (e> :
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i
<2NK (2> .
e

We use this to now compute the mean of 7).

Proposition 14. For every j € [N], we have
EFYW] < j(i* + 3NK),
where 1* is defined in Equation .

Proof.

70 = Z]p[;(j) > 7],

x>1
- Zp[;(j) > 2,707 > 2]+ Z]p[;(j) > 2,707 < g,
r>1 r>1
— Z]p[;(j—l) > 2] + Z]p[;(j) > 2,701 < g,
z>1 z>1
<E[F (G— 1)}+Z+Z J)>z7-(J 1)<1‘]
>0
C EFD) 4 4 Soonz (2 '
a T>0* e ’

<EFYY] +i* + 3NK,
®
< j(@" +3NK).
Step (a) follows Lemma and step (b) follows from the fact that 7(®) = 0 almost-surely.

Similarly, we can compute the exponential moment of 7(7).

Proposition 15. For every j € [N], we have

E27"] <1+ 5(2 +4NK),
where 1* is defined in Equation .
Proof.
(J) Z F(
P2
z>1
= ZP ) > logy ()],
z>1
= ZP ) > logy(2), 7V > logy(w)] + ZP ) > logy(2), 797 < logy(2)),
z>1 z>1
= ZIP’ U= > log, ()] + ZIP’ 7U) > logy(z), 7U~Y < log,(z)],
z>1 x>1
=E[27" "]+ Y PFY) > logy(2), 7971 < logy(a)],

r>1

=G-1) i 2\ 082"
<EQ™ ]+27 4+ > 2NK (e5> 7

x>21"

( )
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=E27 "] +27 + 3 aNKg! e,

z>24"

=(G— 1)] n Qi* n 4NK7

<E[27
(b) o
< 1+4j(2" +4NK).

Step (a) follows from Lemma and step (b) follows from the fact that 7(°) = 0 almost-surely. O

Corollary 16. For every j € [N], we have

E[S-)] < N +j(2° +4NK)+ jNK(i* + 3NK),
=N +j(2" +i* +4(NK)*> + 3NK),

where i* is defined in Equation .

Proof. We know that for any i € N, S; := N+ (27! — 1)+ (i — 1) NK. The result then follows from Propositions
[4] and 15 O

C Incentive Compatibility - Proof of Proposition

We restate Proposition [4] for the reader’s convenience.
Proposition 17. The UCB-D8 algorithm profile is € : (sj)évzl stable where, for all j € [N|, ¢ =
Z l(ugz>u,k )5{lgE[R§£)] JrE[R(J)], where for all j € [N], E[Rg/)] is given in Equation .

min

This proposition gives that for agent ranked j, ¢; = O ( £ ‘(‘;;"]E[R((J ))]>, where uggx (ul(fu)n) is the maximum

(minimum) arm-mean for agent j. This establishes that UCB-D3 is approximately incentive compatible, namely,
even if an agent deviates from the UCB-D3 algorithm, the possible improvement in reward is O(log(T)).

Proof of Proposition[f, We bound the equilibrium property of UCB-D3; as follows. Observe that agent ranked
j will only collide with agents ranked 1 through j — 1. Now, if all agents 1 through to j — 1 are all playing arms
ED =D
be arm k£j). On the other hand, when any agent j° < 7 — 1 does not play arm kﬁj/), the maximum expected
reward collected by agent j can be at-most max(ujk<j/) , ,ujk(j)). Under the UCB—D3' strategy profile, the expected

respectively (their individual best arms), then the best arm (by definition) for agent j to play will

number of times any agent j € [N], plays an arm in the set [K]\ {k:g), e } is at-most <])E[R¥)]7 where

pld) = minge ) pjx 1S the smallest arm-gap. Notice that for all agents j, u(J) > 0, by model assumptions. This
then gives us the following decomposition

j 1221/
s%pE[Rewgf)(s,j, ] < Z 1H7,>u @ u(]l)IE[R( N+ T (9)

where E[RE},)] is given in Theorem |1} Similarly, from the definition of regret, we have
E[RewS (s)] > i, » T — E[RY], (10)

where E[R% )] is given in Theorem |1} Thus, from Equations @ and , we get that

sup (E[Rew?)(s_;, s")] — E[Rewl?)(s)]) < Z pinn ) BB+ ELRY)

s/
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D Proof of Regret Lower Bound

We will use the following notations throughout the proof of the lower bound.

1. Can assume without loss of generality (W.l.o.g.) that the rank of any agent ¢ € [N] is i.

2. Any agent related symbol is a superscript. Arm related is a sub-script. Thus, for any time ¢, the number of
times arm k € [K] is played by agent j is ngj)(t). The number of time the agent j is blocked up to time ¢
is given as CU)(t).

3. Distribution of agent ¢ € [N] and arm k € [K] is given by vjj, which has mean pj,. W.lo.g. let us assume
maxy, ftjr > 0.

4. The stable match partner of any agent j € [N] is given by B9 e [K]. The set of dominated arms for the
agent j is given as DY = {k‘fﬂ) : 1 < j' < j—1}, the set of non-dominated arms is given as AD = [K] \Dﬁj).

5. For any agent j € [N], arm k € [K], Afcj) =~ Kk the arm-gap. This can be negative.

D.1 Divergence Decomposition

We need to setup a few notations for the proof of divergence decomposition lemma. The proof generalizes the
framework in Chapter 15 of [Lattimore and Szepesvari, 2018] for the multi-agent frameworkﬁ

Canonical multi-agent bandit model: We now define the (N-agent, K-arm, T-horizon) bandit models. The
canonical bandit model (N-agent, K-arm, T-horizon) lies in a measurable space {Q, F}. Let K)(t) denotes the
arm chosen by the j-th agent on time ¢, and X ) (t) denotes the rejection or reward obtained from that arm for
agent j in round ¢. We denote the rejection by the symbol (). Therefore, KU (t) € [K], and XU)(t) € [0,1] U {0}
for all j € [N] and t € [T]. Also, KW (t), and X (¢t) for all j € [N] and t € [T] are measurable with respect
to F. Let H(t) = (KU (t'), XY (#)Vj € [N],Vt' < t) be the random variable representing the history of actions

t
taken and rewards seen up to and including round t. We have H(t) € H(t) = ([K]N x ([0,1] U {@})N) . We
may set Q = H(T) and the sigma algebra generated by the history as F = o(H(T)).

Environment: The bandit environment is specified by v = (v;,Vj € [N], k € [K]) where v}, is the distribution
of rewards obtained when arm k is matched to agent j in this environment.

Policy: A policy is a sequence of distribution of possible request to the arms from the agents (which can
assimilate any coordination among the agents) conditioned on the past events. More formally, the policy
m = {m () : t € [T} where m;(-) = {m(k,j|-) : Vk € [K],j € [N]} is the function that maps the history upto
time ¢ — 1 to the action KW (t),Vj € [N]. Further, m;(k,j|-) : H(t — 1) — [0,1] denotes the probability, as a
function of history H(t — 1) of agent j playing arm k.

Probability Measure: Each environment v and policy 7 jointly induces a probability distribution over the
measurable space {2, F} denoted by P, .. Let E, . denote the expectation induced. The density of a particular
history up to time 7', under an environment v and a policy 7, can be defined as

dP, - (k(t),x(t) : t € [T])

T
= [T mek(®)IA(t = 1) (x(t) k(1)) dA(x(t); ) dp(k(1)).

8See, [Besson and Kaufmann, 2017] for a related approach for regret lower bound proof in the colliding bandit mod-
els [Avner and Mannor, 2014].
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j=1

Here, A(x;v) = []', A;(#)) is the dominating measure over the rewards with \;(z@)) = d5 + 3, ijﬂAISO
p(k) is the counting measure on the collective action of the agents.

Lemma 18 (Divergence Decomposition). For two bandit instances v = {vji : j € [N],k € [K]}, and V' = {vj, :
j € [N],k € [K]}, and any admissible policy 7 the following divergence decomposition is true

N K
D( v, l/ ZZ]EV,TF N(J D(ij,l/]/-k).

j=1k=1

Proof. The divergence between two measures, which correspond to two different environments under a policy T,
P, » and P,/ » can be expressed as

D(Py 5, Py )
. [ ()]
Yg,, {log ((()llli((ﬁ)))ﬂ

(

(i) d I, .00 (1y220 P (29 (8) k(1))
Euﬂ— l; ] 2 () t);é@pz/ (m(])(t) k(t))
T

Z

= [os (32t <)

(t)#0

Z D (ij(j)(t)a V;'k(j)(t))

m(j)(t)

Zl(ku) (t)=k,z() (t)#£0) (ij7 ]k)]

m
)
S
S
\_/
)—‘M

=1
K
> Eur [NOUD)] D (v )

In the above series equation (i) is true because the density of the policy cancels out for the two different
environments. Equation (ii) holds because if for some set of actions k(t) agent j observes zU)(t) = () that
indicates agent j is rejected on that round. This is independent of the environment. In particular, we have
(D () k(1) = po(zD(t)|k(t)) if U)(t) = O for any k(t). In deriving equation (iii) we make use of the
definition of divergence. Equation (iv) uses the definition of N ,gj ) (t) the total number of times agent j successfully
plays arm k up to time 7. O

D.2 Proof of Regret Decomposition (Lemma @

Proof. We fix any agent j € [N] for the rest of the proof. We have the expected regret for the agent j, under a
policy m and any bandit instance v as

K K
R (w,m) =Y AP, AN (D] + Y 10 B o [CO(T).
k=1 k=1

9Here dy is the dirac measure on () denoting the rejection event. For multiple a pair environments we can define a
dominating measure as A(x;v1,v2) = >,_; 5 A(x;v;). This is used in the proof of Lemma
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This is true as for each collision the agent j obtains 1) regret (0 reward) in expectation, and for each successful

play of arm k it obtains A,(j ) regret. Therefore, a trivial regret lower bound is

R(J) (v, ) ZA Vﬂ N(J)( T)].

For an OSB instance, we know that the number of times the agents 1 to (j — 1) plays arm k,(kj ) successfully, the
agent j should either move to a sub-optimal arm (as the arm k,(f ) is the optimal arm for agent j in an OSB
instance) or it is blocked. In the best possible scenario, the agent j successfully plays its second best arm, in

©)

each of these instances. This holds as Amm

< 0 for non-negative rewards. Therefore, the regret from the
events when agents 1 to (j — 1) plays arm £ successfully, is lower bounded by

Jj—1

RPw,m) >3 Affn)nIEM[N]E{J))(T)]
j=1
Therefore, the combined regret lower bound is given as
RY (v,m) 2 max { Y APE, [N (7)), Z AL E,ANGD)]
k=1 §'=1

D.3 Proof of Regret Lower Bound (Theorem

Proof We consider any instance in the class of OSB v, universally consistent policy , agent j € [N], and arm

€ K]\ {k(] Ji1<y < j}. Let us consider the instance v’ (which is specific to the j and k pair) where
VJ,k/ = vy for all j £k #k, ij such that D (v, ]k) < Dlnf(l/jk,ujkfkj),,]?) + € and ,u;.k = u(u&k) > )
for some € > 0. Note, for P < 1 and A,(Cj) > 0, which holds by assumption, the distribution V]’-k exists by
definition of Diy¢(+). In short, for the j-th agent we make the k-th arm optimal. The optimal arm for agent j in
the instance v’ is the arm k.

For any event A (and its complement A€), due to Pinsker’s inequality we have

D(Pu,ﬂ'apu’,ﬂ') Z IOg ( (11)

1
2<PV,W<A>+PV,W<AC>>) :

Let us now consider the event A = {N lij )(T) > T/2}. Therefore, due to the regret decomposition lemma @ we
have the regrets:

1. In instance v as Ry(v,7) > RS (v, 7) > AV LP, _ ({N,gJ')(T) > T/z}) .
2. In instance v’ as Rp(v/,7) > R(Tj)(u',ﬂ) > (W, — ujk;)%ﬂj’yﬁ <{N,§j)(T) < T/Q}) .
As the only change in reward distribution happens in agent j, arm k pair, we have from Lemma

D(Py, P ix) = D Vi) Bua [N (T)] < (€4 Dine vk 1,300, P) ) B [N (T)].

The last inequality holds true by construction of I/]/- k-

Substituting the above three relations in Equation we obtain for any € > 0.

, Tmin((p«;-k*ll, (.7‘))’A(ch))
(e + Dinf(l/jkaﬂjkij)ap)> Eu,w[ngj)(T)] = log (2(Pu,w(A)J1r]P’vv"(Ac))> = log ( 4(R(Tj)(”’”)+gg)(ul’w))



Dominate or Delete: Decentralized Competing Bandits in Serial Dictatorship

Here, the final inequality hold as the policy 7 is assumed to be universally consistent. Therefore, taking the
following holds after taking the
Ey [N (T)] 1 1

lim lim inf 2T > lim = .
e—0 T—oo logT e—0 € + Dinf(l/jk, /lzjkfkj) R P) Dinf(ij-, ,ujkg‘j) R 'P)

As the above bound is true for any uniformly consistent policy 7, and for agent j, and arm k € [K]\ {ki] RRS <
j' < j}. We use the regret decomposition lemma (Lemma@ to obtain the final aysmptotic regret lower bound
for any agent j € [N] as

R(j)(l/) j—1 A(j-) A(j)
lim inf —F——~ > max min , k
T—oo  logT J,; Dint (V4,005 1,160 P) kngiJZ)\ki” Dint (Vi pjp05 P)
Here, we use the fact that k') ¢ Py {kij/)} for all j/ < j. Also note, 22,:1(-) =0 and DV = ¢ for the
highest ranked arm. O

D.4 Proof of Corollary

The above corollary follows readily from Theorem |7} Let for agent 7' from 1 to j — 1 the optimal arm be j’ with
mean 1/2 and all the other arms have mean 1/2 — A, where A > 0 is small enough. Also, let the j-th agent have
the arm means between 1/2 for the j-th arm and 1/4 for any other arm. For P the class of Bernoulli rewards,
we have Dinf(yj,kij),ﬂj,kij’),P) < A?/4 for all j/ < j —1, and AV = 1/4. Therefore, the regret of the j-th

min
; (5—=1) log(T)
agent is lower bounded as T6AT -

E Additional Simulations

In this section, we compare our algorithm to both, the ETC based decentralized algorithm and the centralized
UCB. The main conclusion is that, in both small and large systems, our algorithm outperforms the prior decen-
tralized ETC algorithm [Liu et al., 2019] and is comparable to the centralized UCB algorithm of [Liu et al., 2020].

Simulation Setup We consider 4 systems — the first two systems are the OSB systems with 10 agents and 10
arms (Figure [4]), and 10 agents, 15 arms (Figure . In both these systems, a random permutation o was first
chosen and the arm-mean of arm o(7) for agent i was set to 0.9. All other arm-means was chosen randomly
and uniformly in [0, 0.8]. We then consider two non OSB systems with 5 agents and 7 arms (Figure |3) and 10
agents and 15 arms (Figure @ In these two systems, every agent j, uniformly spaces the arm-means between
0.1 and 0.9, with each agent having a random permutations over the arms to arrange the arm-means. All plots
are averaged over 30 trials with confidence intervals of 95%. For brevity, Figures and |§| are in the Appendix.

Comparison with other Algorithms - In Figures {al, [pal [3a] and [6a] we plot the regret of all agents, for the
three algorithms. We observe that UCB-D3 outperforms ETC and is slightly poorer compared to the centralized
UCB algorithm. The centralized UCB has no collisions as a central arbiter matches agents and arms in the
centralized UCB, and thus the regret is expected to be lower than any decentralized algorithm, which incurs
some collisions. Figures [4D] [6D] highlight this, where we plot the regret incurred by all algorithms only
on account of collisions. The collisions incurred in our algorithm are lower compared to the decentralized ETC
algorithm, thereby incurring lower regret compared to ETC. Although for a few high ranked agents, ETC has
lower collisions (Fig. , the overall regret of agents is lower with UCB-D3 algorithm as opposed to ETC. The
deletion of dominant arms plays a key role, which enables our algorithm to have reduced collisions and thus
lower regret.

Equilibrium Freezing of UCB-D3 - In Figures and [6d, we plot a ‘heatmap’ of the arms recom-
mended by the agents over the 13 phases. The darker the shade, the higher the frequency (over the different
simulation runs), that a particular agent recommended a particular arm in a particular phase. We observe from
Figure [bc| that after a random phase, all agent always recommend their stable match partner arm. Moreover, the
time for an agent to settle into the ‘equilibrium’ of always recommending their estimated stable match partner
arm is larger for lower ranked agents. Nevertheless, Figure [oc|shows that after a random time, the agents delete
their dominated arms thereby “freezing the system into an equilibrium”.
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(b) A plot showing the cumulative regret only due to collisions. The centralized UCB ensures that agents never collide
and thus do not lose out on regret.
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(¢) Arms recommended by the agents across phases over different runs of the algorithm.

Figure 3: Simulations on a system with 5 agents and 7 arms. For each agent i € [5], a permutation over the
arms o; was chosen, and the arm-means are equally spaced among the 7 arms from 0.1 to 0.9 in the increasing

order of permutation. This is thus not a OSB instance. The rewards are binary. The value of H = 801 was used
for ETC.
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(b) A plot showing the cumulative regret only due to collisions. The centralized UCB ensures that agents never collide
and thus do not lose out on regret.
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(¢) Arms recommended by the agents across phases over different runs of the algorithm.

Figure 4: Simulations on a system with 10 agents and 10 arms. The arm-means for sub-optimal arms for each
agent are chosen i.i.d. uniformly over [0,0.8], while the arm-mean of agent ¢ € [10] for arm o () (its optimal
stable match arm) was set to 0.9. The rewards are binary. Here, o(-) denotes a permutation. This is thus a OSB
instance. The value of H = 1117 used for ETC.
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(b) A plot showing the cumulative regret only due to collisions. The centralized UCB ensures that agents never collide
and thus do not lose out on regret.
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(¢) Arms recommended by the agents across phases over different runs of the algorithm.

Figure 5: Simulations on a system with 10 agents and 15 arms. The arm-means for sub-optimal arms for each
agent are chosen i.i.d. uniformly over [0, 0.8], while the arm-mean for agent ¢ € [10] and arm o(¢) (stable match
partner arm) was set to 0.9. The rewards are binary. Here, o(-) denotes a permutation. This is thus a OSB
instance. The value of H = 805 was used for ETC.
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(b) A plot showing the cumulative regret only due to collisions. The centralized UCB ensures that agents never collide
and thus do not lose out on regret.
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(¢) Arms recommended by the agents across phases over different runs of the algorithm.

Figure 6: Simulations on a system with 10 agents and 15 arms. For each agent ¢ € [10], a permutation over the
arms o; was chosen, and the arm-means are equally spaced among the 7 arms from 0.1 to 0.9 in the increasing
order of permutation. This is thus not a OSB instance. The rewards are binary. The value of H = 1610 was
used for ETC.



