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A OTHER VARIANCE BOUNDS FOR RISK

We provide two different bounds for variance V(x̂γ) that are not strictly comparable with the one provided in
Lemma 3.

Lemma 6. Considering the data generation model and the risk described in Lemma 3. The variance of the
approximate solution x̂γ = (C>C + γI)−1A>b satisfy

V(x̂γ) ≤
(

1 +
1

γ
‖A‖22‖A>A−C>C‖22‖A†‖22

)
V(xγ)

Proof.

V(x̂γ) =EZ

[
‖A (x̂γ − EZ [x̂γ ]) ‖2

]
=EZ

[
‖A
(
(C>C + γI)−1A>sZ

)
‖2
]

=s2‖A(C>C + γI)−1A>‖2F
=s2‖A

(
(K̂ + γI)−1 − (K + γI)−1 + (K + γI)−1

)
A>‖2F

=s2‖A
(

(K̂ + γI)−1(K− K̂)(K + γI)−1 + (K + γI)−1
)

A>‖2F

=s2‖A
(

(K̂ + γI)−1(K− K̂) + I
)

(K + γI)−1A>‖2F

=s2‖A
(

(K̂ + γI)−1(K− K̂) + I
)

A+A(K + γI)−1A>‖2F

≤s2‖A
(

(K̂ + γI)−1(K− K̂) + I
)

A+‖22‖A(K + γI)−1A>‖2F
=‖A(K̂ + γI)−1(A>A−C>C)A+ + I‖22V(xγ)

≤
(

1 +
1

γ
‖A‖22‖A>A−C>C‖22‖A†‖22

)
V(xγ)

Lemma 7. Considering the data generation model and the risk described in Lemma 3. The variance of the
approximate solution x̂γ = (C>C + γI)−1A>b satisfy

V(x̂γ) ≤ 1

1− ‖A+‖2‖(C>C−A>A)‖2
V(xγ)
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Proof. The proof Follows the strategy used by Wang et al. (2018) for the Hessian Sketch variance bound.

V(x̂γ) =EZ

[
‖A (x̂γ − EZ [x̂γ ]) ‖2

]
=EZ

[
‖A
(
(C>C + γI)−1A>sZ

)
‖2
]

=s2‖A(C>C + γI)−1A>‖2F
=s2‖(A+>C>CA+ + γ(A>A)−1)−1‖2F
≤ 1

1− ‖A+‖2‖(C>C−A>A)‖2
s2‖(I + γ(A>A)−1)−1‖2F

=
1

1− ‖A+‖2‖(C>C−A>A)‖2
s2‖A(A>A + γI)−1A>‖2F

=
1

1− ‖A+‖2‖(C>C−A>A)‖2
V(xγ).

The inequality follows

‖A+>C>CA+ − I‖2
=‖A+>C>CA+ −A+>A>AA+‖2
=‖A+>(C>C−A>A)A+‖2
≤‖A+‖2‖(C>C−A>A)‖2.




