On Multilevel Monte Carlo Unbiased Gradient Estimation
For Deep Latent Variable Models: Supplementary Material

1 Preliminary Lemmas

In this section we first establish some preliminary results which we use to prove Theorems 2, 3 and 7.

Lemma 1. The following inequalities hold.
(i) Y0 < p < 1,3¢, > 0 such that Vo > 0,log (1 + z) < cpa®.
(ii) ¥p > 1,Vj, k > 0,3cp jx > 0 such that Yz > 0,|logz|” < ¢p ik (xj + I%)

Proof. (i) For p = 1 we have the standard inequality log (1 + z) < z. For 0 < p < 1, we have lim,_, »

log(1+x) _ 1. log(1+x)
= hm —

log(14+x
g(z:‘):o

and lim,_,q+ attains its maximum and is bounded

above on (0, c0).

1 1 . .
z—0+ mwﬁ =0. By Contlnulty,

k

(i) Similarly, this is due to |[logz|" increasing slower than 27 as x — oo and slower than =% as x — 0. More

rigorously, we have by standard results 0 < limg_, o Sj’f;ﬁ < limg oo (105;5-)? =0and 0 < lim, ,o+ (;lj%?f <
lim, o+ P;)fgf)p = 0. Hence by continuity J‘Elffifﬁ attains its maximum and is bounded above on (0, c0). O
Lemma 2. Let Xq,...,X, bei.i.d. zero mean random variables, whose p-th moments are finite for some p > 2.
Then there exists a constant C,, independent of n and the distribution of X;, such that
1 [
Bl 2o | <G R (X )
1=

Proof. This follows from a direct application of Marcienkiewicz-Zygmund inequality then Jensen inequality. [

Lemma 3. Let Xq,...,X, be positive i.i.d. random variables, then E {(% Z?:l Xi)fp} <E [Xfp} forallp > 0.

Proof. By Jensen’s inequality,
1) T g
, sl -p
(frx) =iz
i=1 =1
Taking expectation over both sides yields the result. O

Lemma 4. Suppose {Xy}roy, {Yi}ie, are two sequences of random variables satisfying E[|Xx|"] = O (2"3}‘3),
E[[Yi|"] = O (27*), where p > 1, then E[| X, + Yi|] = O (27).

Proof. By the Cp-inequality, we have for p > 1

E[| Xk + Yil] <2071 - (E[| X" + E[|YV[7)) -
=0 (27)
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2 Proof of Theorem 2

We now give a proof of Theorem 2. We note that concurrently with our work, Goda and Ishikawa| (2019));
Ishikawa and Goda, (2020) independently proposed the estimator ¢-%5(0) and a related theoretical result under
slightly different assumptions (requiring finite moments for log w(z) when z ~ gg).

Theorem. Assume there exists €,6 > 0 such that Eq, [w(2)*T +w(z)~°] < co. Then (M(0) satisfies Theorem

Jforre(%,l—ﬁ),wherea—mm( )>0

Proof. To prove this Theorem, we are going to check that the assumptions of Theorem 1 hold. We first start

proving Assumption (a) and Assumption (¢) and then finally Assumption (b) whose proof is more involved.

Assumption (a): We first show that /(*)(@) is uniformly bounded in L2. Observe that by Lemma
. 2 —s

E [\ﬁ(k)(a)ﬂ =F Ulog (% Zf;lwi) } <c-E [(i Zle wi) + (% Zle wi) } But now E[jw;|]] < oo, and

-5 .
E [(1 Zle wi) ] is bounded for all k& by Lemma It follows that sup, E [|€(k)(0)\2} < 0o. Therefore

k

E[IO]+§::0[ +§:E[ (M> ;(logOk-i-logEk)]

k=0

W +Y el { (Mﬂ ~ 5 (Ellog Og] + Eflog By))

k=0

=[] + 3 (5[ 0] - 0]

— lim E [ﬂ?"“)(e)}

k— o0
—E | lim (@) (9)
k— oo
= log pe ().

Here the integrability requirements of the second equality follow from boundedness of f(k)(G) in L2. The second
last equality holds due to uniform integrability, which likewise follows from boundedness in L?. Finally, the last

equality holds because /(*)(8) = log (% Zle wi> — log pg(x) almost surely by the SLLN (which is applicable
due to our moment conditions, which entail E[|w;|] < co) and the continuous mapping theorem. This shows that
Assumption (a) in Theorem 1 is satisfied.

Assumption (c¢): This trivially holds.

Assumption (b): We divide our analysis into two cases where Oy F), is large and Oy Ey, is small, specifically into
OrE) > 27272 and Oy E), < 27272, where E [Oy] = E[EL] = Z = po(x), and £ > 0 is a constant, independent
of k, taken such that 277 < 1.

1. Case O E}, large, i.e. Oy E;, > 272722

_ Op+ER) _ 1 _ Op+Er \ _ (Ok—Ew)?
We have Ay, = log (“4£2%) — 1 (log Oy, + log Ey,) = log (zm) = log (1 + 3 GrBr (VOu+ Ek)Q) By Lemma
V0 < p <1,3¢, > 0 such that
(01 — E) ’ (01 — B) ’
§cp< b k 2) and Ai§c§< b i 4> . (2)
2/ O E} (\/ Oy + \/Ek) 40 E}, (\/ Or + v Ek)

The denominator in is clearly bounded from below in this case, since (\/Ok + \/Ek) > ORE, > 2728272,

For the numerator, we can take p = min (21", 1). Hence by Lemma

E [\Ok - Ekrﬂ =0 (272F) |



since E {|O;€ — Z|4p} JE [|E;€ — Z|4p} are both O (27%7%) by Lemma Hence E [AZI (OxE), > 272 22)] =
O (27(4)F)  where v = min (§,1).

2. Case O, E), small, i.e. OpE;, < 272¢2Z2: In this case, we must have either O, < 27%Z < lor E;, <277 < 1.
Suppose that O < 27%Z < 1, then since log (1 + z) < max (1 + logz, 1), we have

(VOr — VE)®
24/ OkEk

< max (1 + log <(\/? ﬁ@) ,1)

1
= max (1+210g‘\/0 — \/Ek‘ — g(logOk-l—logEk) —log271) .

Ay = log <1+

For 2log |v/Or — V/Ey|, we know that if Oy < Ej, then 2log |v/Or — VE;| < logEj, < log B}l (E, >1). If
Oy, > FEy, then 2log |\/O - \/Ek| <logOr < 0 <logExl(E; > 1). Hence we have

1
Aj < max (1 +log Ex1(Ex > 1) — 5 (log Oy, + log Ey,) , 1) :
We also have f% log By, < f% log Ex I (Ey < 1), and f% log Oy > 0. Overall, we thus have
1 1
A < max <1 +log ExI(E, > 1) — ilogEkH(E;C <1)- B log Oy, 1)

1 1
=1+logEyl(Er > 1) — 3 log ExI1(E, < 1) — 5 log Oy,.
Let Yy =1+ 1log ExI(E, > 1) — %log EiI(Ey < 1). Then we have

1
A2 <Y? — Y log Oy + 1 (log Or)?,

1
Yk2 =1+ ((log Ek)2 + 2log Ek) I (Ek > 1) + <4 (log .Ek)2 — log Ek>]1 (Ek < 1) .
By independence of O and Ej, we have

E [AZI(O) < 27%2)] <E[Y?] - P(O) < 2772) —E[Yi] E [log O4I (Of < 27%2)] + EE (1og 01)* T (0p < 2777)] .

We first prove that E[Y;] and E[Y?] are O(1). By Hélder’s inequality, we have for any event A
1

E[[log Ex['I(A4)] < E [|10gEk|2p]2. However, Vp > 1,3¢c, > 0 s.t. [logz|” < ¢, (z7° + ) by Lemma

By Lemma E [E,;‘s] is bounded above. Therefore, E [Y;] and E [V}?] are both O(1).

Next, we prove that P(Or <27%Z) and E[|logOx[’T(Oy <2 "Z)] are both arbitrarily close
to the convergence speed O(2- (1)) By Hoélder’s inequality, E[llogOx[’I(O <27%Z)] <

E[|log0k\pqﬁ?’(0k < 2*”Z)(17%). We have shown above that E[|log0k|pq]% is O(1) for fixed p,q, and

E[|O)—2Z|*T¢ . .
PO, <27"Z) <P(|Ox—Z|>1-2"%)2) < w = O (27 (+</2k) by Markov’s inequality and

Lemma Take ¢ to be sufficiently large to obtain P (O < 2_”Z)(17%) =0 (2_(1+0‘)k), where a can be

arbitrarily close to 5.

Hence P (O, < 27%Z) and E [|log O |’ 1 (O, < 27"Z)] are both O (2-(17)*) ' where a can be arbitrarily close to
£. Therefore, E [AZI(O < 27"Z)] = O (2_(1+0‘)k), and by symmetry the case is similar for Fj < 27"Z.

Combining all the results, since E[A?] < E[AI(OvE, >27222)] + E[AII(Or <27"2)] +
E [AZI(E), < 27%Z)], we obtain E [AZ] = O (2_(1‘*“")’7“)7 where a can be taken arbitrarily close to min (§,1).

Therefore, all values of r strictly in (3,1 — =) admit finite variance for /(9) by Theorem 1, where
a = min (%, 1). O
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3 Proof of Theorem 3

We first provide here a general result for the SNIS estimator

k
7K [yp] = 0;(24), 0; = 0
A 4] Zw z 0 Z?lej

introduced in Section 2.1. We will use the following notation for the standard Monte Carlo estimator of the

expectation of a function ¢ with respect to a measure y, u&%[ Y] =g ZZ 1 ¥(z;) for z; i L

Lemma 5. Assume that the SNIS estimator #(*) [¢], with unnormalized target density v(z), normalizing constant
Z, normalized density w(z), proposal density q(z) and importance weight w(z) = %, satisfies Eq[w(z)?F] < oo

for some p > 1. Then for any bounded test function v, E [’fr(k)[z/}] - ﬂ'[wHQp} =O0(kP).

Proof. We note that

B 1 N ' IRV R ie| )
YT T2 Y i)

We have the following decomposition

70 y] — mf] = O[] — Zal2w] + L] 7]
1

=~ [ (alw] — 482101) A ® 1] + (45 wv] — gl

By the Cp-inequality, we have for p > 1/2

#0] —rlyl|” < o (| (alwd — a8hl]) 7O 11| + [alE2lwy] - afwd]) "
< () (ab] — 52 ) 7 )| + |5 ] - q[ww](2p> : 3)
For || < B,
#01) — alul|” < 2 (5% Jtul - fbtul] "+ |8l — atwul|”).
Hence we can conclude by by Lemma g} 0

Lemma 6. With the same notation as in Lemma@ suppose instead Eq[w(z)?P*] < oo and Eq [|1(2)]|?P!] < oo,
where s,t > 1 and 2 + 1 =1, then E [ B[] — w[z/z]‘zp} = O(k—P+1/t),

2p
Proof. Following , it is sufficient to study the term E U (q[w] — cjl(\jf)c [w}) 7 k) [1/)]‘ } By Holder’s inequality,

we have y "
(k . 2p Ak 2ps s R 2pt
B [| (ol - i tw)) #90 ] < [l - il ] & [Jr0opu
1,1 (2] -
where s,t > 1 such that < + ; = 1. The first term E ‘q[w} — gy lw] decays at O (k~P) by Lemma |2
opt] 1/t X opt] 1/t A opt11/t
For the second term E[ﬁ )WH } = E Uzi_l Wit (2;) } , we have E “Zi—l Wi (2;) ] <

k _ 2pt 1t 2pt 1/t 1/t 2pt 1/t . .
E ‘Zi:l w5 |Y(z;)] <E {ZZ 1 1(2:)] } < KYV'E [W(zl)\ } where the second inequality follows

2p
from @; > 0,5, @; = 1. Hence E U (q[w] - @1(\/];)0 [w]) 7?('“)[1/)]‘ } converges to 0 at a O(k~P+1/?) rate. O




We recall below the statement of Theorem 3 and give its proof.

Theorem. Assume there exists a > 4, b > azf such that Eq, [w(2)® + [¢(2)|’] < co. Then #™[¢)] satisfies
Theorem 1 forr € (3,1 — 5 ), wherea =1—2 > 0.

Alternatively, if2 <a<4,b> Qaaf4 ora > 4 Q“f; < b < 2% then #M[¢] satisfies Theorem 1 for

27 7 a a—47

2
-2 —1>0.

(1 1- 21+a),10h67‘6a:%

Proof. We check that the assumptions of Theorem 1 are satisfied.

Assumption (a): #)[¢)] — w[)] in L9 by Lemma |§| (choice of g, s,t established later), so #(*)[¢] is uniformly
integrable, hence similarly to the proof of Theorem 2 #*“[¢)] is an unbiased estimator of 7[t)].

Assumption (c¢): This trivially holds.
Assumption (b): We have

o(k+1) 1 /. ok (2
A= ibog W) -5 (76 Wl + 75 [w])
2k 2k 1 2k 2k
_O/OUE _E/OUE _ _
= Yl () + 3w 0P - 5 | Yo el + Y wfe(=)
i=1 i=1 i=1 i=1
where

SO/OUE _ wf SB/OUE _ wF

% i

ok ok ) ok ok :
Ej:l wjo +Zj:1 ng Zj:l wjo +Zj:1 ng

Consider the coefficients ¢, cF for each 1(2¢) and 1 (zF). Rearranging the terms gives that

Z

0 1 o

o ooue 1 _o w; wi
Ci = §w7, = 2k 1o} 2k E 2
D1 Wi D Wy Zg L wf
o) 2 o0 2 B
Wy (ijl Wy = X W ) w? (O, — Ex)

k k k
2 (Z?ZI wjo) (25:1 w + Z?:l wf) 2 Z] L w§ (Ok + Ey)

and similarly ¢ = % Hence,
A = co —|— cf S AL 0 (22) — o (zF
Consequently, we have
1/p

0k — B3|

E[AZ2] =E I ] B
[ k} 4P (Ok+Ek>2p

(O — E'k)2 ﬁ_(zk) - ﬁ-(Qk) 2
T B o W=7 W) ] <E

for % + % =1 by Hélder’s inequality.

By LemmaH E [

% + % =1. By Lemma we conclude that if a > 2¢s, b > 2qt, E [

o ] — ﬂ[w]‘zq} decays at rate O(2-(@~V/DF) if B [w(2)27°] < oo, B [|1(2)[*1"] < oo, and

] Yoo (20,

O] — 427 )

O —Ei|?? . .
For E {W} , we can similarly consider two cases.
k k

1. Case O, Ey large, i.e. O > 27%Z and Ey > 27"Z, where k > 0 is a constant:
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Since w; has finite « moments, if we choose 2p < a, we have for the numerator E [\Ok — Ek|2p} = O(27P") using

Lemma [2[ and and the denominator is bounded below. Hence E {%H {Op, >27"Z B, >27"Z}| =
0(2*”’“).

If we choose 2p > a, we have that

Ok — B[ < 10k — Bl
(Or + E)* ~ (Ok + Ep)"

since 12:=El” s 1ounded above by 1, and similarly E MH{O > 2707 By > 2757} = O(27%/2)
(On+ER)?? Yy 1, y (Ok+E)*? k= y Mk — = :

2. Case O or By, small, i.e. O <27 "Z or B, < 27"7:

2
We have that % is bounded above by 1. Hence, we have

|0k — Ex|**

- <P(Op <27 "Z
(Ok + Ep)* <P(O )

1(0), <27"2)

_ 0(2—(zk/2)7

where the last line is by the proof of Theorem 2. The case is similar for Fj < 27%Z.

}1/17

Therefore, we have that if we choose 2p < a, E {%} is O(27P%), hence E {% is O (Z*k).

Aggregating the results, we have that E [Aﬂ =0 (2*’“ . 2_(1_$)k> =0 (2_(2_$)k>. Collecting together the
conditions, we must have that
2qs < a
2qt < b
2p<a

.. . . 1,1 _ 1 1 ,1_
as well as the Holder conjugate conditions st = Ls+:=1Lpqgst>1

Let u = qt, which we would like to maximize. Then solving the equation we have equivalently that

a a
u< —t——
2 2
b
u < —
-2
a
u > t.
a—2
In order for this set to be valid, one can check that we must have “T“’ < W, ie. a>4,b> %. Solving
for the maximum wu, we have that u = g, and the rest can be taken as t = W, s = t_il, p=;45 =45 and
2
q = % = -*5. Thus we have overall a convergence rate O (27(273)}“). For multilevel Monte Carlo to work, we

must have the strict inequality that % <1,ie. b>2,s0thata=1— % > 0, but this is implied by b > %.

}1/1)

If we choose 2p > a, E [M} is O(279%/2) hence E [ |0 — B |7 is 0(2_%). Aggregating the results,

47 (O +Ey)?? 47 (O +Ey)??
1

we have that E [Ai} =0 (2_% : 2_(1_$)k> =0 (2_(1"’%_3)]“). Collecting together the conditions, we must
have that

2qs < a
2qt < b
2p>a
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Figure 1: Empirical confirmation of the convergence rate of E[AZ] for (a) M(0); (b) FME[] with (z) =
Vo logpe(x, z); and (c) #™"[¢p] with ¢(z) :== =V log g¢(z]x). For all three estimators, the convergence rate of
E[A2] is close to the theoretical upper bound O(272F).

as well as the Holder conjugate conditions % + % =1, % + % =1, p,q,s,t > 1. Notice here that o- < 1 by our
assumption, and that 2¢t < b, so the overall convergence rate O ( (-5 )k is slower than O 9-(2 7%)’“)

Therefore, when a > 4, b > % holds, we already have the best convergence rate O (27(27%)’“).

We would like to maximize 1 + = g T =1+3- 2(171 — %, so we would like to minimize 2‘1—(1 + é = “2’5;;2. Again
letting u = qt, we have equivalently that
<@ a
u < é
2
< — ¢
T a—2
u > t.

(In the case a < 4 or a > 4,b < 2“ , the third inequality is slack.) Solving again, the minimum %+2 =1+ “—” is

2qt
t= a+b s = a+b
a )

i =0 u o __ab —u
attained at u = 3, D=5 = e and g =7 = (a+b) Hence the overall convergence rate

0] (2*(1+ﬁ7ﬁ)k) =0 (2_(%_ )k ) For multilevel Monte Carlo to work, we must have the strict inequality

thatf—w>1 ie. a> 2, b>2a+4 sothata—%—%—1>0. O

Corollary 7. Assume there exists €,6 > 0 such that Eq, [w(z)?** +w(z)7°] < co. Then #“[logw] satisfies
Theorem 1 forr € ( 1-— QHQ), where o = mln( ) > 0

Proof. By Lemma |I|, all moments of log w are finite under q4. Therefore, taking b arbitrarily large in Theorem
3 gives us the result. O

4 Empirical Confirmation of the Convergence Rate of E[A}]

We confirm our theoretical results and verify the convergence rate of E[A?] using the same example as in
Section 7.1 for the three estimators: (), #M[¢)] with 1(z) := Vglogpe(x, z), and #M-[¢)] with ¢(z) :=
—V¢logge(z|x). The experiments are conducted with 10 random perturbations and 1000 estimator samples per
each perturbation, and the values of E[{A?] are taken as the mean of the 10 trials. We observe that E[A?] for all
estimators converges much faster than O (2_1"%) (corresponding to o = 0.5) and very close to our theoretical
limit O(272%) (corresponding to a = 1) when Fk is large. Therefore, Theorem 1 justifies the use of our approach
with approximately r € (0.5,0.75).
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5 Comparing Single Sample (ss) and Russian Roulette (RR) Estimators

For simplicity, we consider the first term Iy and the telescoping part Ss = p( K) RR = ch{:() % in ss and
RR separately. If I is sampled independently, the variance of $S or RR is simply the sum of the variance of the
two parts.

5.1 Variance of Single Sample (ss) Estimator

It is straightforward to show that

2] _ ~~E[A7]
> E[Ax E [ss } = 1;) p(kf (4)
Hence we have
Var (ss) = E [S~ 2] E [s5]? ®)
C E A2
-2 (See) "
0o 00 2
Z Var ( Ak ZEZEék)] Z Ak _9 Z E[A Al (7)
_ y k=0 1,5:1<]
)

5.2 Variance of Russian Roulette (RR) Estimator
Var (KR) = E [p:RQ] — E[RR]?

=E |E (ZIP’(I?I;k)> K —(Z]E[Ak])

L k=0 k=0
- ;:) P EEK[AEZLF * 2;: P (K IE%%A(;]{ >l 21@ (A - 2i§<jE [AJE[A]
- ,i PI?KAZI% }k> QZ ; ([ﬁf 2}) - kioE [Ax)” -2 Z< E[A]E[A]
“Y R X e
o
+ ki:o m + 2;] m - g;)E [Ag)* - 21-,;jE (A E[A,]
4

5.3 Proof of Theorem 1 for Russian Roulette (RR)

In Blanchet et al.| (2019), only Theorem 1 for ss is mentioned. Here we show that the theorem similarly holds
for RR.

Theorem. If the following conditions hold:

(a) B[Io] + 3520 B[Ak] = Ino;



b) Iy has finite variance, and there exists o, c > 0 such that E [A2] < ¢- 20+ for qll k;
k

(c) E[Cy] < -2F for some ¢ > 0, where Cy, is the sampling cost of Ay;

then for K ~ Geom(r) where r € (3,1 — 57+=), RR is an unbiased estimator of I, whose variance and expected
sampling cost are both finite.

Proof. The unbiasedness of RR is standard. Finite expected sampling cost follows directly from Theorem 1 for
ss, since the sampling cost of SS and RR are the same. To show finite variance, we show that

B [rn’] - ZPK>k 2 Y FRsy
i,5:i<j
is finite. Since E [Af] <c- 2~ (+a)k for fixed i

1

A L9 3(ta)i | /o 9=3(14a)(i+1)
DIE[AA]] < Ve 2T e omh =Ty

j>i

_ 0(27(1+a)i).

Now P (K > k) = (1 —r)", where 1 —r € (2-(+) 1) Therefore E [R~R2} < 00, and RR has finite variance. 0O

6 Using Thermodynamic Integration

6.1 Proof of Proposition 5

Proposition. The following identity holds

1
19(6) = [ 7 log wids. ©
0
It follows that (™-(0 fo PM(9)dB, i.e. () is a Rao-Blackwellized version of () and thus Var({*-(0)) >
Var((8)).
Proof. We have that
k B
ﬁék) [logw] = d log w. (9)
i=1 Z] 1w
By directly differentiating 5 — F(8) = log (l Zle w?) with respect to /3, we have that F'(8) =
DO > =1 log w;. Hence fo 7Tﬁ Jlogw]dB = F(1) — F(0) = log (% S wl> = () (0).
For (),
2k o\ B E\B
(w‘ ) (wi’) 5
Ay = Z 1 logw + Z L log w;
B 2k B g
112 (go) +Z ( ) 112 (;j) +Zj:1(wf
1 2k ( ) 5
- = Z logw +Z logwf
2\ 123 1(“’;0) (wj)

Directly integrating gives that fol Ak (B)dB =log (3(Ok + Ex)) — 3(log Ok +1log Ex ), which corresponds to Ay,
for £(8). Hence £M(9) = [} 215(6)dB. O
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6.2 Proof of Proposition 6

Proposition. Ezl:k[lf,(lif,)(,(e)] < K., [0")(0)], regardless of the placement of all f, i.e. EE%,Z)(O) is less tight than
IWAE due to the SNIS bias.

Proof. Egi)o( 0) = t o (ﬁt+1 — ﬁt)ﬂ'ﬁ )[log w] can be viewed as a left Riemann sum approximation of the integral

f (k)[log wldf = /) (0), where the equality is due to Proposition 5. However,

0 . (Zf 1 Wy (long)2> (Z§=1 wf) - (Zle wiﬁ logwi) (Z?Zl w]@ logwj)

— 7y [logw] = >0
™" ko8
(i)
by the Cauchy-Schwarz inequality. Therefore, the integrand 7r( )[log w] is non-decreasing in S, and the left
Riemann sum approximation é&’?o(e) < {%)(8), hence E[K(Tlf,)o (0)] <E[{®)(0)] = ffv]f,lE(B) O

6.3 Proof of Theorem 7

By the propositions, it is thus not favorable to unbiasedly estimate the log-likelihood via the thermodynamic
identity, or use SNIS to biasedly estimate £ (6). However, it is possible to unbiasedly estimate 1o (), and an
advantage is that the moment conditions in Theorem 1 can be relaxed for multilevel Monte Carlo to have finite
variance:

Theorem. Assume there exists €,0 > 0 such that Eq, [w(z)ﬁT—l(HE) +w(2)7°] < co. Then M (0) satisfies
Theorem 1 for r € (%, 1-— 21%), where o = mln(2, 1).

Proof. This is a direct application of Corollary [7] Unbiasedness and finite expected computation follows directly

from the unbiasedness and finite expected computation of frgf) [log w] for each S;.

Finite variance follows directly from Corollary [7] as well, since in order for the tempered importance weights
w(z)Pt in 7r( )[log w] to have finite 2 + € moments, equivalently w(z) only needs to have finite 5;(2 4 €) moments.
Since we require this for all 3; in 0 = 8y < 81 <--- < fr_1 < 1, we require that E,, [w(z)ﬁpl(%e)] <oo. O

6.4 SNIS Bias in the Covariance Gradient Estimator for 6
We note that [Masrani et al.| (2019) directly consider the gradient via the covariance gradient estimator
Vamgllogw] = mg[Valogw] 4 Covy, [V log g, log w]
for A = {0, ¢}, where
Covr,[Valog@g,logw] = Er, [(Valog7s — Er, [Valog7s]) (logw — Er, [logw])] .

However, Masrani et al.| (2019)) use SNIS for the RHS, and in particular for the 8 gradients the SNIS estimator
for the covariance gradient estimator is precisely

ko B k k
Z wiﬁVg log w; + Z wiﬂ Vo logs(zi) Z ng log 75(2;) log w; — Zw]ﬁ log w;
; ; = =
ko o kE ___ ko
= zwng log w; + szﬁ log w; Vg log s (z;) — (Z wf log wi> <Z wfVe logfrﬁ(zi)>
i=1 i=1 i=1 i=1

k ___
= ZwﬂVQ log w; +ﬁZwﬁ log w; Vg log pe(x, 2;) (Z wﬁ logwl> <5wavg logpg(a:,zi)>

=1 =1 1=1
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Figure 2: Empirical bias squared, variance and signal-to-noise ratio (SNR) of estimators of

VsKL(po(z|x)||gs(2|x)), plotted against expected computational cost.

This is the identical to differentiating the SNIS estimator frék) [log w] directly, since

k
ng [log w] Z log w;

=1 :1 wj

L k (Zle w! log wz) (ﬁ 2?21 wng log wj)
:Zwiﬁv‘glogwi—i—ﬁZwiﬁ log w; Vg logw; — . 5
i=1 i=1 (ijl wf)

— k —
= Z ng log w; +BZw5 log w; Vg logpe(x, z;) (Z wﬁ long> <ﬂ2wfV€ logpg(a:,zi)> .
1=1

= =1 1=1

x>

Therefore, using the covariance gradient estimator for 8 is the same as ngrék) [log w], so the SNIS bias in f&]f,)o(ﬂ)
carries over to the covariance estimator.

We note that this analysis applies to the 8 objective and its gradients, when viewing TVO as an estimator of
£(0), but not the use of TVO for the ¢ gradients.

7 Further Experiment Details

We provide some further experiment details and results in this section.

7.1 Linear Gaussian Experiment

With the same linear Gaussian example, we further analyze different estimators of the gradient of the forward KL
VsKL(pe(z|x)||qe(z]x)). We compare the ML-SS, ML-RR and SUMO estimators of 7[¢)], ¥(z) := —V ¢ log ¢¢(2|)
against the ¢ gradient in Reweighted Wake-Sleep (RwS), which uses a biased SNIS estimator.

From Figure 2] we observe that ss and RR achieve the lowest bias squared again compared to RWs and SUMO at
the same computational cost, while obtaining higher variance than Rws but lower variance than SUMO. As IWAE
suffers from the vanishing gradient problem, ss and RR also achieve higher SNR than the IWAE estimator, even
at a low computational cost.

7.2 2D Density Modeling Experiment

For the second example, we compare VAE training using different estimators with the Figure-8 dataset proposed
by [Yacoby et al. (2020). We use the same flexible VAE architecture, with the encoder and decoder both
parameterized by a neural network with 3 hidden layers and 50 leaky ReLU units in each layer, so that the
model is flexible enough to learn the ground truth model. We use the Adam optimizer with a learning rate of
2.5-107% and train for a maximum of 2000 epochs with early stopping applied based on the validation set.
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Table 1: Test negative log-likelihood of the trained models for the Figure-8 dataset when trained using different
estimators and gg objectives. All estimators have an expected sampling cost of 5 terms (except for SUMO which
has a expected sampling cost of 6 terms).

(a) (b)
g objectives

Baselines Estimators ELBO IWAE Unbiased RWS-STL Var

ELBO  0.9659+0.0046 SUMO  0.9836+0.0107 0.927840.0058 0.9222+0.0036 0.922610.0091

IWAE  0.9325+0.0054 ML-SS  0.98434+0.0029 0.92634+0.0019 0.9216+0.0041 0.922840.0076

RWS-STL 0.9387+0.0074 ML-RR  0.97274£0.0057 0.9258+0.0027 0.920240.0048 0.9222+0.0071

Table 2: Other test metrics of the trained models for the Figure-8 dataset when trained with the ML-SS log-
likelihood estimator and different ¢ objectives.

g objectives

ELBO IWAE Unbiased RWS-STL Var
KL(gs || po) 0.157040.0114  0.7390+0.2292 1.006640.2469 1.368440.0663
E[w?*]'/* 3.66674+0.4088  2.16124:0.7074 1.7557+0.1921 1.75344-0.2612

k 1.0122+0.2337  0.2475+0.1783 0.325940.1668 -0.7768+0.1823

We provide a further study of suitable training objectives for g4 here. Although the suMO, ML-SS, and ML-RR
log-likelihood estimators are unbiased estimators under reasonable conditions, we observe from Table [I] that
the choice of the g4 objective can still have a large impact on training. Maximizing the ELBO (or equivalently
minimizing the reverse KL) resulted in the worst test log-likelihood among all tested gg training objectives due
to the mode-seaking property of the reverse KL. In particular, an important quantity we considered is E[w4]1/ 4
which is an essential quantity in our proofs of finite variance. We also compute the Pareto-smoothed importance
sampling dlagnostlc k (Vehtari et al., |2016)), whose inverse gives an estimate of the number of existing moments
of w when k > 0. Finite variance of KML(O) can be achieved approximately when k < 0.5. From Table [2| we see
that maximizing the ELBO for g4 resulted in the lowest reverse KL but the highest sample 4th moment and k>1,
which confirms that g4 (z|x) does not cover the true posterior pg (z|x) well and can lead to infinite variance even
biased estimators. On the contrary, using the variance or the unbiased RWS-STL objective (both reuse samples
and do not require generating new samples) achieved the best test log-likelihood, and in particular the variance
objective achieves the lowest value of k< 0, which justifies our approach and indicates finite variance of EML( )
for all » € (0.5,0.75).

7.3 Image Modeling Experiment

For the image modeling experiment, we follow the training scheme proposed by [Luo et al.| (2020, Appendix A.8)
with batch size 100, the Amsgrad optimizer (Reddi et al., 2018) and the same gradient norm clipping scheme
for pg. However, in order to accurately compare different estimators under same budget, we fix the number of
training epochs to 3280 for all estimators and use a linear learning rate decay from 1073 to 10%. We also only
modify the pg objective for this experiment, with different estimators in place of IWAE for pg, which provides a
fair comparison to the IWAE baseline. IWAE is used to train g4 and new samples are drawn for all estimators.

For this example, we find that the convergence rate of E[AZ?] at initialization is O( 1+O‘)k) with a ~ 0.5,
which justifies the use of r € (0.5,0.6464), but the value of « decays to less than 0 as training progresses. To
solve this, similar to [Luo et al.| (2020), we propose to modify the tail of the sampling distribution of K as
described in Section 5.4. We set kn.x so that ML-RR is an unbiased estimator of IWAE with k = 128, while
having a much smaller expected computational cost (5 or 15 terms in our experiments)ﬂ This can also lower the

Luo et al.| (2020) propose to softly truncates the tail of K after & = 80 terms, so our modification is in line with



computational cost and limit the computation/memory usage to be less than 2¥max+1 samples. For ML-TVO-RR ,
we use 5 intermediate 3; values and follow Masrani et al.| (2019) for their placement. By applying thermodynamic
integration, faster convergence rate of E[A?] can be established. This shows that the relaxation of the moment
condition from E,, [w(2)*"¢] < oo in Theorem 2 of main text to E,, [w(z)?7-1*+9] < oo in Theorem 7 is
crucial to the convergence speed of E[Ai], at the cost of an approximation error in the numerical integration of
the 1D integral.

existing methods.
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Figure 3: Empirical confirmation of the convergence rate of E[A%] for {M:(6), evaluated on the models trained
with pg objective £M""%5(0) and ¢4 objective (a) ELBO; and (b) unbiased RWs-STL; (c) Var £M""%5(0) on the Figure-8
dataset. Clearly training with ELBO as the g4 objective results in much slower convergence speed of E[Ai]
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Figure 4: Empirical confirmation of the convergence rate of E[A2] for /*(8), evaluated on (a) model at ini-
tialization; (b) model trained with £(@) on the MNIST dataset. (c) Convergence rate of E[A?] for £ (8),

evaluated on model trained with /% (0). T =5 and 8 = 0.01, 87_1 ~ 0.3162 is taken using the log-uniform
spacing as in Masrani et al.| (2019).
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Figure 5: Empirical confirmation of the convergence rate of E[AZ?] for VelM(6), evaluated on (a) model at
initialization; (b) model trained with /*(8) on the MNIST dataset. (c) Convergence rate of E[A?] for Vgl (8),

TVO
evaluated on model trained with £¥% (0).
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