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Abstract

Continuum-armed bandits (a.k.a., black-box
or 0th-order optimization) involves optimiz-
ing an unknown objective function given an
oracle that evaluates the function at a query
point, with the goal of using as few query
points as possible. In the most well-studied
case, the objective function is assumed to be
Lipschitz continuous and minimax rates of
simple and cumulative regrets are known in
both noiseless and noisy settings. This paper
studies continuum-armed bandits under more
general smoothness conditions, namely Besov
smoothness conditions, on the objective func-
tion. In both noiseless and noisy conditions,
we derive minimax rates under simple and cu-
mulative regrets. Our results show that mini-
max rates over objective functions in a Besov
space are identical to minimax rates over ob-
jective functions in the smallest Hölder space
into which the Besov space embeds.

1 Introduction

Many computational problems involve optimizing an
unknown function of continuous inputs given only the
ability to evaluate the function at a point. In settings
where the function is expensive (in terms of compu-
tation, time, money, or another resource) to evalu-
ate, it is desirable to estimate the global optimum
of the function using as few evaluations as possible.
This problem, which we refer to as continuum-armed
bandits (following Agrawal (1995)), is also known as
black-box (Golovin et al., 2017), derivative-free (Lar-
son et al., 2019), or 0th-order (Golovin et al., 2019)
optimization, due to the unavailability of analytic in-
formation, including gradients, about the function.
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Recent interest in continuum-armed bandits has been
fueled by a need to tune hyperparameters of machine
learning models and other complex algorithms (Li
et al., 2017; Kandasamy, 2018; Feurer and Hutter,
2019). However, the problem is a natural framework
for improving many scientific and engineering pro-
cesses as diverse as scientific experimentation (Naka-
mura et al., 2017), taxonomy matching (Pandey et al.,
2007), and baking cookies (Kochanski et al., 2017).

To make continuum-armed bandits tractable, most
work assumes the “arms” (i.e., values being optimized
over) lie in a compact set X ⊂ Rd and makes smooth-
ness assumptions on the objective function. For ex-
ample, much work has focused on the case where the
objective function lies in a Lipschitz or Hölder space
over X . However, compared to our understanding of
closely related estimation problems such as nonpara-
metric regression, our understanding of the relation-
ship between the assumptions made on the objective
function and the difficulty of optimization is limited.

This paper considers a large family of function spaces,
called Besov spaces, which include previously con-
sidered function spaces, such as Hölder and Sobolev
spaces, as special cases. Classical results for non-
parametric regression shown that convergence rates
over Besov spaces can sometimes be improved by
used special “spatially adaptive” methods, such as
certain wavelet or spline methods, instead of com-
monly used “linear” methods, such as most kernel
methods (Donoho et al., 1995; Donoho and John-
stone, 1998). Our primary motivation is to inves-
tigate whether such an improvement is possible for
continuum-armed bandits. To understand this, we
prove new lower bounds on minimax convergence rates
for continuum-armed bandits over Besov spaces un-
der a variety of conditions. Our lower bounds im-
ply that minimax rates over Besov spaces are iden-
tical to those obtained by embedding the Besov space
in a Hölder space, and we conclude that, unlike in
regression, Besov smoothness provides no advantage
over Hölder smoothness, clarifying the nature of the
smoothness properties of a function that determine the
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difficulty of its optimization. Additionally, as we dis-
cuss in Section 3, our results generalize, unify, and
strengthen several prior results.

Organization The remainder of this paper is orga-
nized as follows: Section 2 provides necessary nota-
tion, defines relevant function spaces, and formalizes
the optimization problem we study. Section 3 reviews
related work, primarily work in the Hölder and repro-
ducing kernel Hilbert space (RKHS) cases. Sections 4
and 5 state and prove our main results, for the noiseless
and noisy cases, respectively, and Section 6 concludes
with some discussion.

2 Notation, Problem Setup, and
Technical Background

Notation For non-negative real sequences {an}n∈N,
{bn}n∈N, an . bn indicates lim supn→∞

an
bn

< ∞, and
an � bn indicates an . bn and bn . an. For a real
number σ, bσc := max{s ∈ Z : s < σ} denotes the
greatest integer strictly less than σ. For non-negative
integers k ∈ N, [k] := {1, ..., k} denotes the set of
positive integers ≤ k. For the remainder of this paper,
we fix the domain of the optimization problem to be
the d-dimensional unit cube, denoted X := [0, 1]d.

2.1 Hölder and Besov Spaces

We now define the main function spaces and norms
discussed in this paper, and review basic relationships
between these spaces. We begin with Hölder spaces:

Definition 1 (Hölder Seminorm, Space, and Ball).
Fix s ∈ [0,∞). When s is an integer, Cs(X ) denotes
the class of s-times differentiable functions in L∞(X ).
Otherwise, the Hölder seminorm ‖ · ‖Cs(X ) : Cbsc →
[0,∞] is defined by

‖f‖Cs(X ) = sup
β∈Nd:‖β‖=bsc

sup
x 6=y∈X

∣∣fβ(x)− fβ(y)
∣∣

‖x− y‖s−bsc2

,

for all f ∈ Cbsc(X ), where fβ denotes the βth mixed
derivative of f . The Hölder space Cs(X ) is defined by

Cs(X ) := {f ∈ L∞ : ‖f‖Cs(X ) <∞}

and, for L > 0, the Hölder ball Cs(X , L) is defined by

C(X , L) := {f ∈ L∞ : ‖f‖Cs(X ) ≤ L}.

We now turn to defining Besov spaces. While many
equivalent definitions of Besov spaces exist, we use a
definition in terms of orthonormal wavelet bases that
has classically been used in the context of nonparamet-
ric statistics (Donoho et al., 1995). This wavelet basis

can be constructed from a “father” wavelet φ ∈ L∞(X )
by defining, for each j ∈ N and λ ∈ [2j ]d (i.e., λ is a
d-tuple of integers between 1 and 2j),

φj,λ(x) :=

{
2dj/2φ(2djx− λ) : if 2djx− λ ∈ X

0 : else.

for all x ∈ X . In particular, the set {φj,λ}j∈N,λ∈[2j ]d

is a basis of L2(X ). We will additionally require the
basis to be orthonormal and to satisfy a certain reg-
ularity condition called “r-regularity”, for which the
father wavelet must be carefully constructed; we re-
fer the reader to Meyer (1992) or Daubechies (1992)
for standard constructions. For this paper, the exact
wavelet construction is not crucial as it affects only
constant factors in our rates, and it suffices to note
that (a) such an orthonormal basis exists, (b) it can
be indexed as {φj,λ}j∈N,λ∈[2j ]d , and (c), for each j ∈ N,

λ 6= λ′ ∈ [2j ]d, φj,λ and φj,λ′ have disjoint supports.
Given such a wavelet basis, we can define Besov spaces
and norms as follows:

Definition 2 (Besov Norm, Space, and Ball). Fix
σ ∈ (0,∞) and p, q ∈ [1,∞]. Given a wavelet basis
{φj,λ}j∈N,λ∈[2j ]d of L2(X ), the Besov norm ‖·‖Bσp,q(X ) :

L2(X )→ [0,∞] is defined by

‖f‖Bσp,q(X ) =

∑
j∈N

2jq(σ+d p−2
2p )

 ∑
λ∈[2j ]d

fpj,λ


q
p


1
q

,

(1)
for all f ∈ L2(X ), where fj,λ := 〈f, φj,λ〉L2(X ) denotes

the (j, λ)th coefficient in the wavelet expansion of f .
The Besov space Bσp,q(X ) is defined by

Bσp,q(X ) := {f ∈ L2 : ‖f‖Bσp,q(X ) <∞}

and, for L > 0, the Besov ball Bσp,q(X , L) is defined by

Bσp,q(X , L) := {f ∈ L2 : ‖f‖Bσp,q(X ) ≤ L}.

Besov spaces are appealing to work with in part be-
cause they provide a unified representation of many
commonly used function spaces. Examples include
Hölder spaces Cs(X ) = Bs∞,∞(X ), Hilbert-Sobolev
spaces Bs2,2(X ) (which also correspond to the Matérn
kernel RKHS of order s − d/2), and the space BV of
functions of bounded variation, which satisfies B1

1,1 ⊆
BV ⊆ B1

1,∞
1. For standard references on Besov

spaces, see Sawano (2018) or Chapter 14 of Leoni
(2017).

1As will become clear from our main results, the pa-
rameter q of the Besov space does not affect minimax con-
vergence rates, and so an inclusion of the form Bσp,1 ⊆ S ⊆
Bσp,∞ is effectively an equivalence for our purposes.
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Figure 1: Three example functions, f, g, h : X = [−2.5, 2.5] → [0, 1] with maxima at x = 0. f and g have the
same Lipschitz norm (‖f‖C1(X ) = ‖g‖C1(X )), but g has a larger Besov B1

p,q norm (‖f‖B1
p,p(X ) < ‖g‖B1

p,p(X )) for

p <∞. The function h has infinite Lipschitz norm (‖h‖C1(X ) =∞), but has finite 1
2 -Hölder and 1-Sobolev norms

(‖h‖C1/2(X ), ‖h‖B1
2,2(X ) <∞).

To illustrate the relative behaviors of Hölder and other
Besov smoothness conditions, Figure 1 shows an exam-
ple of two functions with identical Lipschitz norm and
different Besov norms. Compared to Hölder smooth-
ness, which is determined only by the least smooth
part of a function, Besov smoothness is determined
by a function’s integrated smoothness over the en-
tire domain. For example, for a differentiable func-
tion, the total variation norm is equivalent to the av-
erage magnitude of the gradient of the function (Leoni,
2017). However, since both norms ultimately measure
smoothness, Besov norms also exhibit certain relation-
ships with Hölder norms, exemplified by the follow-
ing continuous embedding of Besov spaces into Hölder
spaces, which will be utilized later in this paper:

Theorem 3 (Special Case of Theorem 1.15, Haroske
and Schneider (2009)). Let σ ∈ (d/p,∞), p, q ∈ [1,∞].
Then, Bσp,q(X ) ⊆ Cσ−d/p(X ) and

sup
f∈Bσp,q(X ):f 6=0

‖f‖Cσ−d/p(X )

‖f‖Bσp,q(X )
<∞.

Moreover, for any s > σ − d/p, Bσp,q(X ) 6⊆ Cs(X ).

2.2 Problem Setup

Fix real values p, q ∈ [1,∞] and s ∈ (0,∞), and fix a
Besov class Bσp,q(X , L) over X := [0, 1]d. Fix an un-
known function f ∈ Bσp,q(X , L). To allow randomized
optimization algorithms, also fix a random variable Z
taking values in a set Z. Finally, fix an evaluation time
horizon T ∈ N (which may be known or unknown).

Formally, for t ∈ [T ], a sequential 0th-order optimiza-

tion procedure X̂ = (X̂1, ..., X̂T ) can be characterized

as a sequence of queries X̂n+1 : Z × X t × Rd → X
mapping the previous queries (X1, ..., Xt) and their
observed costs Y1 = f(X1), ..., Yt = f(Xt) to a new
query point. For notational compactness, we will sim-
ply write X̂t+1 = X̂t+1(Z,X1, ..., Xt, Y1, ..., Yt), with

the understanding that X̂t+1 may depend on algorith-
mic randomness Z, previous queries X1, ..., Xt, and
observations Y1, ..., Yt.

In this paper, we will separately consider two problem
settings, namely the noiseless case, in which we query
the objective f directly, and the noisy case, in which
observations are corrupted by IID additive noise.

In the noiseless case, the goal is to minimize either the
expected simple regret

RS(X̂, f) := E
Z

[
sup
x∈X

f(x)− f(XT )

]
or the expected cumulative regret

RC(X̂, f) := E
Z

[
T∑
n=1

sup
x∈X

f(x)− f(Xn)

]
.

Specifically, we are interested in bounding (up to con-
stant factors) the minimax risk

MS,T (F) := inf
x̂,Z

sup
f∈F

RS(x̂T , f)

or MC,T (F) := inf
x̂,Z

sup
f∈F

RC(X̂T , f),
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where the infima are taken over all optimization pro-
cedures X̂ and randomness sources Z.

In the noisy case, we additionally fix a noise proba-
bility distribution P , and, rather than observing the
true value of f at the query point, our observations
are corrupted by additive noise sampled IID from P ;

i.e., Yt = f(Xt) + εt, where ε1, ..., εT
IID∼ P . Our goal

is again to minimize either the expected simple regret

RS(X̂, f, P ) := E
Z,ε

[
sup
x∈X

f(x)− f(XT )

]
or the expected cumulative regret

RC(X̂, f, P ) := E
Z,ε

[
T∑
n=1

sup
x∈X

f(x)− f(Xn)

]
,

where the expectations are now additionally taken
with respect to the noise ε. Assuming further that the
unknown distribution P lies in some regularity class P,
we are interested in characterizing the minimax risk

MS,T (F ,P) := inf
x̂,Z

sup
f∈F,P∈P

RS(X̂T , f, P )

or MC,T (F ,P) := inf
x̂,Z

sup
f∈F,P∈P

RC(X̂T , f, P ).

In particular, we shall consider the case when P =
subG(η2) is the class of sub-Gaussian random variables
with variance proxy η2.

3 Related Work

Bandit optimization of smooth functions is a well-
studied problem with a number of theoretical and
practical results, with perhaps the earliest results due
to Kiefer and Wolfowitz (1952), who proposed a pre-
decessor of stochastic gradient descent based on finite-
differences. Here, we review the most relevant modern
work, consisting primarily of work on the cases of ob-
jective functions lying in a Hölder space or RKHS.

First, we note that, under simple regret, upper
bounds can be obtained using “pure exploration” al-
gorithms that randomly sample X , apply standard
(e.g., local polynomial (Fan and Gijbels, 1996) or
wavelet (Donoho and Johnstone, 1998)) nonparamet-
ric regression methods, and then compute the opti-
mum of the estimated regression function. In the
Hölder case, it has long been known that pure ex-
ploration algorithms can achieve the minimax optimal
rate, and recent work has therefore focused on showing
that more sophisticated adaptive algorithms strictly
outperform pure exploration under stronger assump-
tions (e.g., local convexity or other shape constraints
near the optimum) on the objective function (Minsker,

2012, 2013; Grill et al., 2015; Wang et al., 2018a). Our
lower bounds confirm that, in both noiseless and noisy
conditions, in terms of simple regret, pure exploration
continues to be minimax rate-optimal under more gen-
eral Besov smoothness assumptions, at least in the ab-
sence of further shape constraints.

Under cumulative regret, a number of papers have
studied the case when the objective function lies in
the Hölder class Cs (Kleinberg, 2005; Kleinberg et al.,
2008; Bubeck et al., 2011a,b) (see Chapter 4 of Slivkins
(2019) for further review). For example, in the s-
Hölder case with s ∈ (0, 1], if P is any class of
uniformly bounded noise distributions, Bubeck et al.
(2011a) showed upper bounds on cumulative regret of
order

MC,T (Cs(X , L),P) . T
s+d
2s+d (log T )

1
2s+d . (2)

This rate matches lower bounds such as ours in T ,
which, together with the embedding Theorem 3, im-
plies that the rates are minimax-optimal. Our lower
bounds for the noisy case match (2) when s ∈ (0, 1],
showing that this rate is optimal not only for Hölder
classes but also for more general Besov classes. We
note that Bubeck et al. (2011a) additionally showed
that, for the upper bound (2), Lipschitz smoothness
(i.e., with s = 1) is needed only in weak local form,
near the global optimum.

To the best of our knowledge, under cumulative re-
gret, the s-Hölder case with s > 1 is open, in that a
gap remains existing lower and upper bounds2. Our
lower bounds extend smoothly from s ∈ (0, 1] to s > 1,
and we conjecture that our lower bounds are tight for
all s > 0. However, existing upper bounds for s > 1
are polynomially larger in T . In particular, Grant and
Leslie (2020) consider the Hölder case when s is an in-
teger (i.e., when the (s−1)st derivative of the objective
function is Lipschitz). Under a particular prior on the
objective function, they upper bounded the Bayesian
cumulative risk of a Thompson Sampling (Thompson,

1933) algorithm by order T
2s2+7s+1

4s2+6s+2 . To the best of our
knowledge, these are the only known upper bounds
on cumulative regret that improve with s > 1, and
they approach the parametric rate of T 1/2 as s→∞.
However these rates are polynomially worse than the
minimax rate for all finite s, and, moreover, they are
proven for Bayesian risk, a weaker notion of risk than
worst-case/minimax risk (Wasserman, 2013). 3

2For the significantly different setting where the ob-
jective function is strongly convex, Akhavan et al. (2020)
recently derived a dimension-independent minimax cumu-
lative regret rate of � T 1/s that applies for s > 1, in the
presence of noise.

3Concurrent with the present article, Liu et al. (2020)
provide an algorithm, based on running a UCB meta-
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Beyond the Hölder setting, work has largely focused on
the setting in which F is an RKHS. Due to the equiv-
alence between RKHSs of Matérn kernels and Hilbert-
Sobolev spaces (see, e.g., Example 2.6 of Kanagawa
et al. (2018)) this intersects with our results in the
special case p = q = 2. In particular, for σ > d/2,
in the absence of noise, Bull (2011) obtained a simple
regret rate

MS,T

(
Bσ2,2(X , L)

)
� T 1/2−σ/d, (3)

while, in the presence of noise, Scarlett et al. (2017)
proved lower bounds of orders

MS,T

(
Bσ2,2(X , L), subG(η2)

)
&

(
η2

T

)σ−d/2
2σ

and

MC,T

(
Bσ2,2(X , L), subG(η2)

)
& η

σ−d/2
σ T

σ+d/2
2σ ,

under simple and cumulative regrets, respectively. Our
results generalize these lower bounds to other Besov
classes with p, q 6= 2, and, in the noisy case, tighten
these bounds (by polylogarithmic factors in T and η)
to the correct minimax rate. Moreover, although this
was less apparent in the context of RKHSs (and ap-
pears to have been missed by Scarlett et al. (2017)), ex-
pressing this problem in the language of Besov spaces
makes it clear that these rates can be directly com-
pared to those for the Hölder case. Prior to this, the
best known upper bound appears to have been a rate

of T
σ+d2+d/2

2σ+d2 due to Srinivas et al. (2010) based on
a Gaussian Process UCB algorithm; this rate is sub-
optimal by polynomial factors in T .

On a more historical note, one of the primary moti-
vators for this work is a series of classical results due
to Nemirovski (1985), Donoho and Johnstone (1998),
and others, who investigated nonparametric estima-
tion problems, such as regression and density estima-
tion, over Besov spaces. They showed that minimax
rates for nonparametric estimation over Bσp,q(X ) are

significantly faster than over Cσ−d/p(X ). However, in
contrast to minimax optimality over Cσ−d/p(X ), for
which simpler methods (e.g., kernel, basis, or spline
regression) are optimal, leveraging accelerated conver-
gence rates over Bσp,q(X ) requires relatively complex
methods (such as thresholding wavelet methods or spa-
tially adaptive smoothing splines) that are “spatially
adaptive”, in the sense of devoting selectively greater

algorithm over a collection of local polynomial bandit algo-
rithms, and bound the worst-case risk of this algorithm in
the presence of noise for all Hölder exponents s > 0. Their
upper bound exceeds our lower bound by a multiplicative

factor of (log T )
5s+2d
2s+d , providing the minimax rate, up to

polylogarithmic factors in T , for all s > 0.

representational power to less smooth parts of the esti-
mand. The equivalence we show for optimization over
Besov and Hölder spaces shows that this phenomenon
fails to carry over from estimation; in particular, spa-
tial adaptivity confers no asymptotic benefit for bandit
optimization over Besov spaces. This may be related
to the finding of Bubeck et al. (2011a) that Lipschitz
smoothness may be needed only in a weak sense, lo-
cally near the global optimum; i.e., allocation of repre-
sentational power to the function near a point x should
correspond to the plausibility of that point being a
global optimum, rather than to relative smoothness of
f near that point.

Finally, we note that many papers have also consid-
ered stronger shape assumptions such as convexity of
the objective function, either globally or near an op-
timum Auer et al. (2007); Cope (2009); Bubeck et al.
(2018); Wang et al. (2018b); Golovin et al. (2019). In
contrast to the rates discussed above and elsewhere in
this paper, which scale exponentially with the number
d of optimization variables, rates in these cases scale
much more favorably (polynomially) with d. However,
convexity and related shape assumptions may be too
strong for many black-box optimization settings.

To summarize, our main contributions are:

1. We identify upper bounds on the regret of existing
algorithms under Besov smoothness conditions by
embedding the Besov space in a Hölder space of
lower smoothness. For many Besov spaces, these
bounds are the first available, while, for others,
such as Hilbert-Sobolev spaces, they improve on
state-of-the-art results.

2. We derive novel information-theoretic lower
bounds on minimax regret under Besov smooth-
ness conditions, generalizing and tightening a
number of existing lower bounds. These lower
bounds match the above upper bounds, thereby
identifying the minimax rate for these problems.

These results are provided in both noiseless and noisy
conditions, under both simple and cumulative losses,
providing a comprehensive picture for this class of
problems. Moreover, as discussed in Section 6, a num-
ber of big-picture conclusions follow from our results.

4 Noiseless Case

Here, we state and prove our main results, identifying
minimax rates of simple and cumulative regret over
Besov spaces, for the noiseless case.

Theorem 4 (Minimax Rates, Noiseless Case). For
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σ > d/p,

MS,T

(
Bσp,q(X , L)

)
�MS,T

(
Cσ−d/p(X , L)

)
� T 1/p−σ/d,

and, for σ ∈ (d/p, d/p+ 1],

MC,T

(
Bσp,q(X , L)

)
�MC,T

(
Cσ−d/p(X , L)

)
� T 1+1/p−σ/d.

Before proving this result, we make a few remarks:

Remark 5. When σ ≤ d/p, the picture is quite
simple, as Bσp,q (X , L) contains functions with un-
bounded singularities, and it is easy to show that
MS,T

(
Bσp,q (X , L)

)
= MC,T

(
Bσp,q (X , L)

)
= ∞. When

σ > d/p+1, under cumulative regret, our lower bounds
continue to hold, and we conjecture that they are
tight, while upper bounds are either non-existent or
loose. We leave it to future work to tighten these up-
per bounds.

Remark 6. Since the instantaneous regret at time
t of any algorithm for minimizing cumulative regret
will always be at least the instantaneous regret of the
the minimax-optimal procedure for minimizing sim-
ple regret at time t, one can check that, for any T ,
MC,T ≥

∑T
t=1MS,t. Also, given an algorithm X̂ with

expected cumulative regret R, one can construct an al-
gorithm with expected simple regret R

T−1 by sampling
XT uniformly at random from the first T−1 queries of
X̂. Thus, in what follows, we prove lower bounds on
simple regret and upper bounds on cumulative regret,
while lower bounds on cumulative regret and upper
bounds on simple regret follow via these inequalities.

We now turn to proving Theorem 4. We begin by
constructing a “worst-case” subset of Besov functions:

Lemma 7 (Construction of Θj). For any positive in-
teger j ∈ N, there exists a subset Θj ⊆ Bσp,q(X , L) of
Besov functions with the following properties:

(a) |Θj | = 2d·j.

(b) For f 6= g ∈ Θj, f and g have disjoint supports.

(c) For all f ∈ Θj, supx∈X f(x) = Lφ∗2j(d/p−σ),
where φ∗ = supx∈X φ(x) is a constant depending
only on the choice of father wavelet.

(d) For all f ∈ Θj,

max
f∈Θj

‖f‖∞ = L‖φ‖∞2j(d/p−σ).

Proof. Let Θj := {L2−j(σ+d(1/2−1/p))φj,λ : λ ∈ [2j ]d}
be a rescaling of the wavelet basis functions at resolu-
tion j by the constant L2−j(σ+d(1/2−1/p)). Properties
(a) and (b) are immediate from the construction of the
wavelet basis. For property (c), note that, for f ∈ Θj ,

max
x∈X

f(x) = Lφ∗j,λ2−j(σ+d(1/2−1/p))

= L(φ∗2dj/2)2−j(σ+d(1/2−1/p))

= Lφ∗2j(d/p−σ).

Checking property (d) is nearly identical, replacing φ∗

with ‖φ‖∞. Finally, to verify Θj ⊆ Bσp,q(X , L), Eq. (1)

gives, for λ ∈ [2j ]d:

‖L2−j(σ+d(1/2−1/p))φj,λ‖Bσp,q(X )

= 2j(σ+d(1/2−1/p))〈L2−j(σ+d(1/2−1/p))φj,λ, φj,λ〉 = L.

Lemma 7 constructed a large family Θj of objective
functions with disjoint supports. We now use this
lemma to prove the main Theorem 4. The strategy
is to show, based on the size of Θj , that, for any op-
timization strategy x̂, there is some objective function
f ∈ Θj such that none of the first T points sampled
by x̂ lies in the support of f . Thus, when the true
objective function is f , the simple regret incurred by
x̂ is supx∈X f(x).

Proof of Theorem 4. For s ∈ (0, 1], existing results
(e.g., Munos (2011); Malherbe and Vayatis (2017)) im-
ply the upper bound MC,T (Cs(X , L)) . T 1−s/d for the
Hölder case. Our upper bound on MC,T

(
Bσp,q(X , L)

)
follows from the continuous embedding Bσp,q(X ) ↪→
Cσ−d/p(X ) (Theorem 3). We now turn to lower bounds
on expected simple regret.

Fix any optimization procedure x̂ and any random
variable Z, and let Θ = Θj denote the set of func-
tions constructed in Lemma 7 with j =

⌈
1
d log2(2T )

⌉
,

so that 2T ≤ |Θ| ≤ 2d+1T and

min
f∈Θj

max
x∈X

f(x) ≥ Lφ∗2(d+1)(1/p−σ/d)T 1/p−σ/d.

For each f ∈ Θ, let Ef denote the event that f(X1) =
· · · = f(XT ) = 0. Since the elements of Θ have disjoint
support,

∑
f∈Θ 1Ef ≥ |Θ|−T ≥ T , and so, since |Θ| ≤

2d+1T ,

2d+1T ·max
f∈Θ

Pr
Z

[Ef ] ≥
∑
f∈Θ

Pr
Z

[Ef ] = E
Z

∑
f∈Θ

1Ef

 ≥ T.
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In particular, there exists a function4 fx̂,µZ ∈ Θ such
that PrZ [Efx̂,µZ ] ≥ 2−(d+1). It follows that

MT

(
Bσp,q(X , L)

)
= inf
x̂,Z

sup
f∈Bσp,q(X ,L)

E
Z

[
max
x∈X

f(x)− f(xT )

]
≥ inf
x̂,Z

E
Z

[
max
x∈X

fx̂,µZ (x)− fx̂,µZ (xT )

]
≥ inf
x̂,Z

Pr
Z

[Efx̂,µZ ] ·max
x∈X

fx̂,µZ (x)

≥ 2−(d+1) · Lφ∗2(d+1)(1/p−σ/d)T 1/p−σ/d.

5 Noisy Case

In this section, we state and prove lower bounds on
the minimax simple and cumulative regrets in the case
where the observed rewards are noisy. Our approach
will utilize the following version of Fano’s lemma:

Lemma 8. (Fano’s Lemma; Simplified Form of The-
orem 2.5 of Tsybakov (2008)) Fix a family P of distri-
butions over a sample space X and fix a pseudo-metric
ρ : P×P → [0,∞] over P. Suppose there exist P0 ∈ P
and a set Θ ⊆ P such that

1

|Θ|
∑
P∈Θ

DKL(P0, P ) ≤ log |Θ|
16

,

where DKL : P ×P → [0,∞] denotes Kullback-Leibler
divergence. Then,

inf
P̂

sup
P∈P

Pr

[
ρ(P, P̂ ) ≥ 1

2
inf

Q,R∈Θ
ρ(Q,R)

]
≥ 1/8,

where the first inf is taken over all estimators P̂ .

Theorem 9 (Minimax Rates, Noisy Case). For σ >
d/p,

MS,T

(
Bσp,q(X , L), subG(η2)

)
�MS,T

(
Cσ−d/p(X , L), subG(η2)

)
� max


(
η2 log T

η2

T

) σ−d/p
2(σ−d/p)+d

,MS,T

(
Bσp,q(X , L)

) ,

4Note that fx̂,µZ depends only on the distribution µZ
of Z, not on any particular instance of Z.

and, for σ ∈ (d/p, d/p+ 1],

MC,T

(
Bσp,q(X , L), subG(η2)

)
�MC,T

(
Cσ−d/p(X , L), subG(η2)

)
� max

{
T

d+σ−d/p
2(σ−d/p)+d

(
η2 log

T

η2

) σ−d/p
2(σ−d/p)+d

,

MC,T

(
Bσp,q(X , L)

)}
.

As in the noiseless case, consistent optimization is pos-
sible only for σ > d/p, and, while our lower bounds
hold for σ > d/p + 1, existing upper bounds under
cumulative regret appear loose (see Remark 5 and Re-
lated Work in Section 3). Also, as noted in Remark 6,
lower bounds on minimax cumulative regret and up-
per bounds on minimax simple regret follow from lower
bounds on minimax simple regret and upper bounds
on minimax cumulative regret, respectively.

Proof. For s ∈ (0, 1], Corollary 1 of Auer et al. (2007)
implies the upper bound

MC,T

(
Cs(X , L), subG(η2)

)
. T

s+d
2s+d

(
η2 log

T

η2

)− s
2s+d

for the Hölder case. Our upper bound on
MC,T

(
Bσp,q(X , L), subG(η2)

)
follows from the contin-

uous embedding Bσp,q(X ) ↪→ Cσ−d/p(X ) (Theorem 3).

For proving a minimax lower bound over sub-Gaussian
noise distributions with variance parameter at most
η2, we may assume homoskedastic Gaussian noise with
variance η2. Let Θj be as given in Lemma 7 with j
specified in Eq. (5). Let P0 denote the distribution
of the observations (Y1, ..., YT ) when the true func-
tion is constant 0 on X , and, for each f ∈ Θj , let
Pf denote the distribution of (Y1, ..., YT ) when the
true function is f . For f ∈ Θj ∪ {0} and each
t ∈ [T ], let P0,t denote the conditional distribution
of (Yi, ..., YT )|(Y1, ..., Yt−1). By a standard formula for
KL divergence between two Gaussians and the con-
struction of Θj (specifically part (d) of Lemma 7), the
maximum information gain D∗j of a single query is:

D∗j := sup
x∈X ,t∈[T ],f∈Θj

DKL (P0,t‖Pf,t)

= max
f∈Θj

‖f‖2∞
2η2

=
L2‖φ‖2∞22j(d/p−σ)

2η2
(4)

Then, by the chain rule for KL divergence, for any
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f ∈ Θj ∪ {0},

DKL(P0‖Pf )

=

T∑
t=1

E
P0

[D(P0,t‖Pf,t)|Y1, ..., Yt−1]

=

T∑
t=1

E
P0

[D(P0,t‖Pf,t)|Y1, ..., Yt−1, f(Xt) > 0]

· Pr
P0

[f(Xt) > 0|Y1, ..., Yt−1]

≤ D∗j
T∑
t=1

Pr
P0

[f(Xi) > 0|Y1, ..., Yt−1].

Since the elements of Θj have disjoint support,∑
f∈Θj

Pr
P0

[f(XT ) > 0|Y1, ..., YT ]

= E
P0

∑
f∈Θj

1{f(XT )>0}|Y1, ..., YT

 ≤ 1,

and so, since |Θj | = 2dj (by part (a) of Lemma 7),

1

|Θj |
∑
f∈Θj

DKL(P0‖Pf )

≤ 1

|Θj |
∑
f∈Θj

D∗j

T∑
i=1

Pr
0

[f(Xi) > 0|Y1, ..., Yi−1]

≤
D∗jT

|Θj |
=
L2‖φ‖2∞22j(d/p−σ)T

2η22dj
.

Defining r := d+ 2(σ − d/p) > 0 and z :=
L2‖φ‖2∞

2
T
η2 ,

1

|Θj |
∑
f∈Θj

DKL(P0‖Pf ) ≤ z2−rj .

Let

j =
1

r
log2

8rz

d log2 8rz
. (5)

Since z → ∞ as T
η2 → ∞, for sufficiently large T

η2 , we

have log2(8rz) ≥ 2d log2 log2(8rz). Therefore,

1

|Θj |
∑
f∈Θj

DKL(P0‖Pf ) ≤ z2−rj

=
d

8r
log2(8rz)

≤ d

16r
(log2(8rz)− d log2 log2(8rz))

=
d

16r
log2

8rz

d log2(8rz)
=
dj

16
=

log2 |Θj |
16

.

Therefore, we can apply Fano’s Lemma (Lemma 8) to
the class {Pf : f ∈ Θj} equipped with the discrete

metric ρ(P,Q) = 1{P 6=Q}, giving

inf
x̂,Z

sup
f∈Θj

Pr

[
ρ(Pf , Px̂,Z) ≥ 1

2
inf

f,g∈Θj
ρ(Pf , Pg)

]
≥ 1

8
,

where Px̂,Z is any distribution “estimate” (i.e., any
distribution computed as a function of the data
{(Xt, Yt)}t∈[T ] and Z). In particular, since the ele-
ments of Θj have disjoint support, we can construct
a distribution estimate Px̂,Z := Pf , where f is the
unique element of Θj with f(XT ) > 0 (if f(XT ) = 0
for all f ∈ Θj , then f can be selected at random). For
this particular estimate, we have

inf
x̂,Z

sup
f∈Θj

Pr [Pf 6= Px̂,Z ]

= inf
x̂,Z

sup
f∈Θj

Pr

[
ρ(Pf , Px̂,Z) ≥ 1

2
inf

f,g∈Θj
ρ(Pf , Pg)

]
≥ 1

8
.

Therefore, since Θj ⊆ Bσp,q(X , L),

MS,T

(
Bσp,q(X , L)

)
≥MS,T (Θj)

= inf
x̂,Z

sup
f∈Θj

E
f

[
sup
x∈X

f(x)− f(Xn)

]
≥ inf
x̂,Z

sup
f∈Θj

E
f

[
Lφ∗2j(d/p−σ)1{f(Xn)=0}

]
= Lφ∗2j(d/p−σ) inf

x̂,Z
sup
f∈Θj

Pr [Pf 6= Px̂,Z ]

≥ Lφ∗2j(d/p−σ)

8

Plugging in j from Equation 5 gives the desired result:

MS,T

(
Bσp,q(X , L)

)
≥ Lφ∗

8

 4rL2‖φ‖2∞ T
η2

d log2

(
4rL2‖φ‖2∞ T

η2

)


d/p−σ
2(σ−d/p)+d

,

where r = d+ 2σ − 2d/p > 0 is a constant.

To illustrate results of Theorem 9, Figure 2 shows a
phase diagram of minimax simple regret rates, as a
function of parameters σ and p of the Besov space in
which the objective function is assumed to lie. The fig-
ure highlights the main conclusion of our paper: min-
imax rates of bandit optimization over a Besov space
correspond precisely to rates over the smallest Hölder
space within which that Besov space embeds.

Comparing with the noiseless simple regret rate
T 1/p−σ/d from Theorem 4, up to logarithmic factors,
the noiseless rate dominates for η . T 1/p−σ/d, while
the noisy rate dominates for η & T 1/p−σ/d. This
threshold matches the convergence rate in the noiseless
case; a natural interpretation is that the optimal error
decreases at the fast noiseless rate T 1/p−σ/d until it is
of the same order as the noise η, at which point conver-

gence slows to the noisy rate T
d+σ−d/p

2(σ−d/p)+d η
2σ−2d/p

2(σ−d/p)+d .
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Figure 2: Phase diagram showing exponent of mini-
max simple regret rate in the noisy case (i.e., α such
that MS,T

(
Bσp,q(X , L)

)
� T−α), plotted as a function

of the Besov space parameters σ and 1/p, in dimen-
sion d = 1. Dashed lines indicate Hölder (p = ∞)
and (Hilbert-)Sobolev (p = 2) special cases studied in
prior work. The contours, corresponding to level sets
of σ−d/p, demonstrate the relationship between Besov
spaces and the embedding Hölder space.

6 Conclusion

In this paper, we derived novel lower bounds on mini-
max simple and cumulative regrets over general Besov
spaces, in both the presence and absence of noise.
Via continuous embedding of Besov spaces in Hölder
spaces, these rates match existing upper bounds, im-
plying optimality of existing proposed algorithms and
identifying optimal rates over all Besov spaces.

Our results suggest that, up to constant factors, 0th-
order methods cannot benefit from the additional
d/p orders of smoothness in Bs+d/pp,q (X ) over Cs(X ).
From a theoretical perspective, this suggests that
Hölder spaces are “natual” spaces over which to study
continuum-armed bandit optimization, since, optimal
algorithms over Hölder spaces are automatically opti-
mal over other Besov spaces, while the converse may
not hold. From a practical perspective, our results sug-
gest there may be little (at most constant-factor) bene-
fit to employing spatially adaptive methods (i.e., those
that more finely represent areas of the search space
where the objective is less smooth), contrasting from
results in regression and other nonparametric estima-
tion problems, where spatial adaptivity is needed to
obtain minimax rates (Donoho and Johnstone, 1998).

Finally, to the best of our knowledge, the results of this
paper are the first to consider modeling continuum-

armed bandits using wavelets. Future work should ex-
plore efficient bandit algorithms based on fast wavelet
methods, which can provide significant computational
advantages over kernel methods (Mallat, 2008).
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arXiv preprint arXiv:2012.06076, 2020.

Cedric Malherbe and Nicolas Vayatis. Global op-
timization of lipschitz functions. In Proceedings
of the 34th International Conference on Machine
Learning-Volume 70, pages 2314–2323, 2017.
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