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A TIllustrations and examples

A.1 Fully connected shallow model

In this section, we illustrate linear region calculations for simple examples in the plane.

In the two-dimensional plane, "general position" means that two lines always intersect and three lines never are concurrent.
Let us see an example in the case ng = 2, n; = 4, i.e., four lines in the plan.

r—y—1=0 : Hy

1 .
JJ=§ .H4.

This arrangement is not in general position because H; and Hs are parallel or Hy, H3 and H,4 are concurrent. Its number
of chambers is 9 (Figure 1)

Let us modify H» to make the arrangement being general position. Now we have:

r—y+1=0 : H;

y=1 . Hy
r+y—2=0 : Hs
l':% IH4.

9

Now the number of chambers is 11 = Y% (™). It is maximal for a 4-line arrangement in the real plane (Figure 2).

A.2 Permutation invariant shallow model

Let us consider an example of a permutation-invariant shallow model with m = n = 2, i.e., this model also implements a
function from R? to R*. We have the two pairs of lines (Figure 3):

20+3y—3=0 : Hy
%x+2y—3:0 : Hyo
—x+6y=0 : Hoyp
6xr—y =0 : Hos.

‘We also count 11 chambers.
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Figure 1: The line arrangement not in general position.  Figure 2: The line arrangement in general position. The

The number of chambers is 9. number of chambers is 11 and is maximal
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Figure 3: The 4 lines arrangement in the plane of a permutation invariant model. We count 11 linear regions.

A.3 Measure of complexity as the number of equivalent classes

Let us consider again the last invariant model example:

204+3y—3=0 : Hp
%x+2y—3:0 : Hyo
—z+6y=0 : Hop
6x —y=0 : Has.

In this case, S has a single element which is the permutation o = (1 2). Here, the action of o on R? is exactly the action

. . . . 1
of the reflection symmetry through the line z = y. Then, the corresponding Euclidean transformation ¢ is ¢ = <(1) 0>

and the underlying group is & = {I, ¢}
In Figure 4, we identify regions belonging to the same equivalent classes. In this case, a region is identified by its symmetry

through the line x = y. Therefore, we count 7 equivalent classes of linear regions: {R1}, {R2,R6}, {R3,R7}, {R4,R8},
{R5,R10}, {R9}, {R11}.
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Figure 4: The dashed line is the line of equation x = y. We identify the equivalent regions with respect to the symmetry
through the line = y. The number of orbits is 7.

B Proof of Proposition 1

In this section, we prove Proposition 1. To show this, we use the Deletion-Restriction theorem (Orlik and Terao, 2013,
Theorem 2.56 and Theorem 2.68).

Theorem 1 (Brylawsky, Zaslavsky). For a hyperplane arrangement A in R™ and a fixed hyperplane X € A, let (A, A’, A”)
be the triple defined as A’ = A\{X } and

A'"={HNX | Hec A{X},HNX # 0}.

Then, the following holds:
|Ch(A)| = [Ch(A")| + |[Ch(A")].

By apply Theorem 1 to our hyperplane arrangement, we obtain a recurrence relation and calculate the number of linear
regions for permutation invariant models.

Proof of Proposition 1. Let By, , = {H;; CR" |i=1,...,m, j =1,...,n} be the hyperplane arrangement defined by
(2.6). We recall that hyperplanes of this arrangement 13,, ,, satisfy the following equations:

Hil;j n Hiz,j n HiSv.j = [Z)’ (B.1)
Hi1,j1 N Hi1=j2 N Hiz,j1 = Hihjl N Hil,jz N Hi27j2 = Hihjl N Hi27j1 N Hi2,j2 (B.2)
forii,io,i3=1,...,mand 5,751,752 = 1,...,n.

We apply Theorem 1 to B,,, ,, and H,, ,, € B, . Then, we have

B”rnﬂq, = {Hl].) . '7H1n) . 'aHmla . -aHm,n—l}a
By ={HuNHpn,....Hin N\Hypn,y ... . Hot VHppy ooy Hiynet O Hi o}

and |Bp.n| = |B}, | + |B)), .| Here, because H., , is a hyperplane bijective to R"~!, H;; N H,y, ,, can be regarded as a
hyperplane in H,, , = R" 1.

Next, we consider deletion and restriction for 8]/, ,, and H,,_1 ,, N Hy, ». Then, we have

)

50 = {
" = {

HiiNHpn, o s Hp—on VHpn, Hy—11 N Hpny - o, Hn—1,n—1 N Hip s }
H,1NHyp,o oo Hyn1 N Hyy

HiiNHy1nNHppyo oo Hiy N Hypo 1 N Hppy - }

HoyiNHpy1n N Hpny oo s Hpnet N Hope1p N Hpp )
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Then, in the above (B}, ,,)", by the relation (B.3), we have
Hi,n N Hmfl,n N Hm,n = @

forany i = 1,...,m — 2. Hence, any hyperplane of the form H; ,, N Hy, 1,5, N Hpp , vanishes from (B, ,)". Moreover,
by the relation (B.4), forany j =1,...,n — 1,

Hm,j N Hm—l,n N Hm,n = dIm—1,5 N Hm—l,n N HnL,n

holds. By this relation, we can unify the hyperplanes of forms of H,, ; N\ Hy,—1,n, N Hyp o and Hyy—1 5 NV Hypp— 1.0 N Hopy .-
By these arguments, (B, ,,)" can be written by

(Bimo)" ={Hij NHp1nNHpn CR"?[i=1...m—-1j=1,....,n—1}

Once, we set H;; = H;j N Hp15, N Hpyp € (By,.»)". Then, it is easy to show that the obtained arrangement
(B"Y'={H;; CR" 2 |i=1,...,m—1,j=1,...,n — 1} satisfies the following relations:

Hi N Hiyj N Hiyj =0,
Hihjl ﬂHil,jz ﬂHiz;jl = Hil;.jl ﬂHil,jz ﬂHiné = Hihjl mHinl nH

12,72

for iy1,i2,493 = 1,...,m — 1 and j, 41,52 = 1,...,n — 1. This means that the hyperplane arrangement (5”)" can be
regarded as an arrangement “B,,, 1 ,,—1 in R"~2”. We will subsequently justify this argument more precisely.

Before we do it, we shall observe the deletion and restriction for 3’

[~ with Hy;, 1, € B] Then, we have the following
arrangements:

m,n*

/ /
(Bm’n) = {Hl,la ey Hm72,na Hm71,17 ey Hmfl,nflv ey Hm,la R Hm,nfl}v

(B/ )// . {Hll N Hm—l,na s 7H1,1’L N Hm—l,nv s 7Hm—1,1 N Hm—l,nv s 7}
e Hmfl,nfl N Hmfl,na Hm,l N Hmfl,na ey Hm,n N Hmfl,n

Then, we remark that (B;, ,,)" is same as (B}, ,,)" if we exchange H,, 1 ; and H,, ;. By these relations, we have the
following diagram:

NHpm n N(Hm—1,nNHup n)

Bm,n BZz,n (sz,n)//
J/\H'ln,n i\(H'm.fl,an'nL,n)
NHm—1,n
Bl ~ (B)" =T (B
J/\H'nzfl,n
(Br,n)’
To extract a recurrence relation from this diagram, we introduce another notation: Let
B, ={Xi; CR [i=1,....mj=1,...,n}
be a hyperplane arrangement in R’ satisfying the following relations:
Xiy g N Xy 5 N Xy 5 =0, (B.3)

Xilvjl n Xihjz N X’iz,jl = Xi17j1 n X’i17j2 N Xiz,jz = Xi17j1 N Xi?ajl nX; (B.4)

2,72

for 71,402,713 = 1,...,m and j, j1,j2 = 1,...,n. Then, by the above arguments and a simple consideration, we have the
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following diagram:

NXm,n N(Xm—1,nNXm,n)
n i m " : » n—2
Bm,n (Bm,n) Bmfl,nfl
i\X'm.,n \L\(X'm,fl,nmxnhn)
NXm—1,n N(Xm—2,nNXm—1,n)

By ) —————= (B, ) ————= B,

i/\mel,n \L\(Xm,flnmxm—l,n)
(B.5)
l\Xln l\(Xl,nmXZ,n)
NX1 0
B - By
i\Xl,n
n
m,n—1
Here, B is the hyperplane arrangement in R™ defined by
B = Bgz,n—l U {XL"}'
Let bf, ,, = |Ch(BY, ,,)|. Then, by Theorem 1 with the diagram (B.5), we have the recurrence relation
m(m-—1) ,_
b?mn = bgb,n—l + mb::L_,nl—l + %bfn}l,n—l'
Moreover, by considering recursively, we can show that the following holds for £, m,n > 1:
m(m —1
bﬁ%,n = bfn,nq + mbfnivlz—l + (#)bﬁz—%,n—l- (B.6)
Here, b), ,, = bf,, = b', o = 1forany £,m,n > 0 and we set bf,, , = 0 for £ < 0. Then, for example, by (B.6), we have
by, n = mn+1forany m,n >0,b%, | =m?/2+m/2+ 1forany £ > 2 and m. In particular, b, ,, is a polynomial with
respect to m.
By this recurrence relation (B.6), we can represent by, ,, as
n/2 n n/2 n
bran =D _ D des(m)br 0" =D > duw(m),
k=0 £=0 k=0 £=0
where dg ;(m) is a non-negative integer. Here, the last equation follows from b"m_jfge = 1 for any k, ¢, m such that

m—k > 0and n — 2k — ¢ > 0. Then, it is easy to show that dp ;(m) is obtained as a sum of multiples of & times
“m(m — 1)/2”, ¢ times “m”, and n — k — ¢ times 1. Here, these double quotation means that these vary in accordance
with the order of the operations. Indeed, the iteration relation (B.6) can be represented as a higher-dimensional analogue
of Pascal’s triangle as Figure 5. However, because we will calculate only the coefficient of leading term of by, ,, as a
polynomial of variable m, we may not take care of the orders. Then, the degree of dy ;(m) as a polynomial of variable m
is equal to 2k + ¢. This means that the leading term of by, ,, as a polynomial of variable m is equal to the sum of terms
d¢ (m) for 2k + ¢ = n. Moreover, by the fact d; ,(m) > 0, we have

n/2 n n/2
bn = Z Z dei(m) > Z dpn—2k1(m) = (the leading term of by, ,, as a polynomial of variable m).
k=0 £=0 k=0

We calculate a lower bound of the leading term. Then, the leading term of d,,_ o, 1, (m) as a polynomial of m can be written
as

n 1 n n—
A2k (m) = (k k n—2k> gE/" 0",
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Figure 5: A higher dimensional analogue of Pascal’s triangle representing the iteration relation (B.6).

" & ) for positive integers ki, . . ., k,,, such thatn = k; + - - - + k,,, is the multinomial coefficient defined by

n n! k’l k1+k2 k1+k2++km
— - . B.7

Indeed, as mentioned before, d,, 2 1, (m) is obtained as a sum of multiples of & times of “m(m — 1)/2”, n — 2k times of
“m”, and k times of 1. Although the terms in the double quotations varies in accordance with the orders of the operations,
the leading term is independent of the orders. Hence, the leading term of d,,_ oy, , (m) is the sum of multiples of  times of
1/2, n — 2k times of 1, and k times of 1. The number of such multiples in the sum is same as ( k. kﬁ_%). Hence, we have

n 1 n n—
=2k () = (k k n—2kz> " O,

By the form of RHS of equation (B.7) and the estimate in (2.4), we have

(k, k, . 2k> N @ (2: ) <n N %) - (2:) (n . 2k>

2k:H(1/2) 2nH((n—2k:)/n)

& V8k(1 —1/2) \/8k(n —2k)(1 — (n — 2k)/n)

92k 2nH((n72k:)/n)

8k+/(n —2k)/n

In the last inequality follows from H(1/2) = 1.

We evaluate the coefficient of the leading term at k = n/4. Then, we have

925/4\n
dn/2 n/4(m) > ( ) m’ + O(m"_l).
, nﬁ

In particular, the coefficient of leading term of b . is bounded from below by (2°/4)"/(ny/2). This concludes the

m,n

proof. O

C Proof of Proposition 2

Proof of Proposition 2. Let A € A,x € Dy and¢ € ®. We assume that ¢ satisfies (1) ¢(Dy) = Dy and (2) f\ = frod|p, -
Then, we have
f(@(x)) = fx(d(x)) = (fx © ¢lp,)(T)
= frlz) = f(). (C.1)



Yuuki Takai, Akiyoshi Sannai, Matthieu Cordonnier

This equation holds for any = and any ¢ € ®. Because ¢ € ® is a Euclidean transformation, ¢ is an isomorphism. In
particular, the inverse of ¢ exists. As for any y € R”, there is a « such that y = ¢(«), by the equation (C.1), we have

Fo7 (W) = f(x) = f(¢(x)) = f(y)- (C2)
Hence, f is invariant by the action of ¢! for any ¢ € ®. Now, let & be the subgroup of the group of Euclidean transforma-
tions generated by . This means that any element ¢ € ® is a composition of finite elements of {¢1, . . ., ¢r, ¢f1, RN ! }.
Hence, by combining this fact and equations (C.1) and (C.2), f is invariant by the action of the group ®. O
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