A Parameter-Free Algorithm for Misspecified Linear Contextual Bandits

A KNOWN RESULTS

Our proofs depend on the following result.

Lemma 9 (Lemma 11 of Abbasi-Yadkori et al. (2011)). Let {z;};c[r] be any sequence such that z, € R? and
|z¢[2 < L for all t € [T]. Let V be a positive definite matrix and V, =V + 3 1y z,x] . Then, we have

Y min (1, Jel2 - ) < 2(dlog((trace(V) + L2T) /d) — log det(V)).
te(T]

B MISSING PROOFS

B.1 Proof of Lemma 1

Proof of Lemma 1. We fix t € [T] and s > 1 arbitrarily. For all ' € W, we have |zy(i¢)[|,~» > ¢™* by

definition of iy. Thus, from ¢ > 1 and Lemma 9, we obtain

[Ty sle™2 < Z min <1,||1't/(it/)||%//—1 >
t—1,s

t,e\yt,s

< 2dlog(1 + L2|W,.|/(dN).

B.2 Proof of Lemma 3

To prove Lemma 3, we use the following concentration inequality.

Lemma 10. Let {F;}2, be a filtration. Let {n:}$2; be a real-valued stochastic process such that 7, is F-
measurable. Assume that 7, is conditionally R;-sub-Gaussian for all . Then, for any ¢ > 0 and a > 0,

(l2
P : < ——s |-
Zm>a _eXp< QZse[t]R§>

sE(t]

Proof. Using Markov’s inequality, for any A > 0, we have

P Zns>a =P | exp )\Zn5>exp()\a)
s€lt] s€ft]

<exp(—Aa)E | exp | A Z s

s€(t]
For the second term on the right-hand side, we have
E |exp )\Zns =E |E |exp )\Zns | Fio1
s€t] L s€(t]

=E |E H exp (Ans) | Fio1
L s€lt]
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Since 75 is measurable with respect to F;_; for all ¢ > 0 and s € [t — 1], we have

E |E H exp (A\ns) | Fi—1| | = E |E[exp (Ane) | Fr—1] H exp (A7)

se(t] se[t—1]

<exp (NR}/2)E| [[ exp ()

se[t—1]

<exp [ A? Z R%/2

s€E[t]

Thus, we obtain

P Z ns >a | <exp(—Xa)exp | A2 Z R2/2
sEt] sEt]

Choosing A = a/ 3"y Rf, we have the desired result. O

Proof of Lemma 3. Recall that 6, , = Vt:11,s dorew, . 0Tz, (ir) + 1, )2, (i7). We arbitrarily fix s € [S], t € [T],
and i € I; 5. From the definition of étﬁs, we have

T

(Or,s — 0) " wi(i) = Vt:11,s Z (07 2 (ir) + nr)ar(in) — 0 | @(i)

TE‘I’t,s

ZUt(i)—rv;fill,s Z nTxT(iT) + L]ct(z‘)—l—‘/%:ll,s Z zT(iT)xT(iT)T - V;:ll,s 0

TEV, o TEWV, s

= xt(i)—rv;;ll,s Z Ny (ir) — )‘xt(i)TVt:ﬁ,se' (10)
TEW: s

Let @ = Ry/2log(2/§). For the first term on the right-hand side of (10), from Lemma 14 of Auer (2002) and
Lemma 10, we have

P lee@ Vit 3 neaein)| > allwi)lys
TEV, s

P (| @)V > allo @)y
TEV, o

el s
2R?Y oy, (2:(0) VD] g2 (ir))?
2 N
i o2 s
2R?2,(0) TV, 21 (Cr e, , @ (in)2r(in) T)ViTy g (i) T
o2
S QGXP (2R2)
=.
Thus, replacing ¢ with §/(KST), we have

<2exp | —

= 2exp

(i) ViZhs Y mewr(ic)| < Ry/210g(2KST/6)||2e(0)]]y,-1

Teq’t,s
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with probability at least 1 — §/(KST). For the second term on the right-hand side of (3), we have
ATk 0 S A0l )l
< VAl ey
< VAM[lai (@)l -

B.3 Proof of Lemma 7

Proof of Lemma 7. We arbitrarily fix t € ¥y and i € I; 5,. By the same line of calculation in the proof for
Lemma 2, we obtain

-
(02,5 — Q)th(i)‘ < <‘/tll,st Z rr(ir)zr(ir) — 9) (1)

TEY,

-
< <thl,s,s Z (9T;U7(i,r) + 7))z (ir) — 9) 4(1) (11)
S
T
+ ( e €r(ir)$r(ir)> z(1)] - (12)
7€V

Applying Lemma 3 to the term (11), we have

-
<Vt:11,st Z (0" 2 (ir) + 7)) (ir) — 9) 2 (i) < Be(0) || (@)l

t—1,s¢
SV

with probability at least 1 —¢/(K ST). Taking the union bound over the rounds and arms, the above inequality
holds with probability at least 1 — ¢/S for all ¢ € ¥ and ¢ € I; 5,. For the term (12), from the same line of
calculation in the proof for Lemma 2, we have

-
(‘/;—Lst Z E‘r(i‘r)xv'(if)> ry(i)| < 5\/|‘I]0|xt(i)—rv;;i,st$t(i)'

TEW)

From the definition of ¥y, we have ||:E,5(i)||vt__11 < /d/T. Since |¥g| < T, we have

ey/[Wolze(D)TVih L i (0) < eV

B.4 Proof of Lemma 8

Proof of Lemma 8. We arbitrarily fix t € ¥y. From Assumption 2, we have
pe(iy o) — pe(ie) < 07 (we(if ) — we(ie)) + 2¢.

Using Lemma 7, we have

0T (wi(if s,) — welie)) + 22 < 0] (7 5,) + BO) e (i 5,y Lt eVd — 07 z,(iy) + 2.

From the fact that i; € argmax;c;, (t,s(7) + we (7)), we obtain

Op.o,w2(if o)) + BOze(if oy <0/ we(ie) + BOzeCe)lly,- -

t—1,s¢
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Since ||xt(it)\|v—11 < /d/T, we have
t—1,8¢

0T, oalie) + BONwelio)ly-y, < 0T, ulie) + BO)V/A/T.
Therefore, we obtain
0T oulit o)+ BO)ealif -y +eVd — 0T olie) +2¢
< (Brsr — 0) x4 (i) + B(O)NVA/T + £(2 + Vd).
Using Lemma 7 again, we have

(Br,s, — 0) T4 (i0) + B(6)/d/T + (2 + Vd) < 28(8)\/d/T + 2¢(1 + Vd).



