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Abstract

We propose a graphical model framework for
goal-conditioned reinforcement learning (RL),
with an expectation maximization (EM) al-
gorithm that operates on the lower bound
of the RL objective. The E-step provides a
natural interpretation of how ‘learning in hind-
sight’ techniques, such as hindsight experience
replay (HER), handle extremely sparse goal-
conditioned rewards. The M-step reduces pol-
icy optimization to supervised learning up-
dates, which stabilizes end-to-end training
on high-dimensional inputs such as images.
Our proposed method, called hindsight ex-
pectation maximization (hEm), significantly
outperforms model-free baselines on a wide
range of goal-conditioned benchmarks with
sparse rewards.

1 Introduction

In goal-conditioned reinforcement learning (RL), an
agent seeks to achieve a goal through interactions with
the environment. At each step, the agent receives a
reward, which ideally reflects how well it is achieving
its goal. Traditional RL methods leverage these rewards
to learn good policies. As such, the effectiveness of
these methods rely on how informative the rewards are.

This sensitivity of traditional RL algorithms has led to
a flurry of activity around reward shaping [1]. This
limits the applicability of RL, as reward shaping is
often specific to an environment and task — a prac-
tical obstacle to wider applicability. Binary rewards,
however, are trivial to specify. The agent receives a
strict indicator of success when it has achieved its goal;
until then, it receives precisely zero reward. Such a
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sparsity of reward signals renders goal-conditioned RL
extremely challenging for traditional methods [2].

How can we navigate such binary reward settings? Con-
sider an agent that explores its environment but fails
to achieve its goal. One idea is to treat, in hindsight,
its exploration as having achieved some other goal. By
relabeling a ‘failure’ relative to an original goal as a
‘success’ with respect to some other goal, we can imag-
ine an agent succeeding frequently at many goals, in
spite of failing at its original goals. This insight moti-
vates hindsight experience replay (HER) [2], an intuitive
strategy that enables off-policy RL algorithms, such as
[3, 4], to function in sparse binary reward settings.

The statistical simulation of rare events occupies a
similar setting. Consider estimating an expectation
of low-probability events using Monte Carlo sampling.
The variance of this estimator relative to its expectation
is too high to be practical [5]. A powerful approach to
reduce variance is importance sampling (1S) [6]. The
idea is to adapt the sampling procedure such that these
rare events occur frequently, and then to adjust the
final computation. Could 1s help in binary reward RL
settings too?

Main idea. We propose a probabilistic framework
for goal-conditioned RL that formalizes the intuition of
hindsight using ideas from statistical simulation. We
equate the traditional RL objective to maximizing the
evidence of our probabilistic model. This leads to a
new algorithm, hindsight expectation maximization
(hEM), which maximizes a tractable lower bound of
the original objective [7]. A central insight is that the
E-step naturally interprets hindsight replay as a special
case of Is.

Figure 1 compares hEM to HER [2] on four goal-
conditioned RL tasks with low-dimensional state and
high-dimensional images as inputs. While hEM per-
forms consistently well on both inputs, HER struggles
with image-based inputs. This is due to how HER
leverages hindsight replay within a temporal difference
(TD)-learning procedure; performance degrades sharply
with the dimensionality of the inputs (as observed pre-
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Figure 1: Training curves of hindsight expectation maximization (hEm) and HER on four goal-conditioned RL benchmark
tasks. Inputs are either state-based or image-based. The y-axis shows the success rates and the x-axis shows the training
time steps. All curves are calculated based on averages over 5 random seeds. Here, HER(—1/0) denotes HER trained on
rewards r = —I[failure], see Section 4 for details. hEM consistently performs better than or similar to HER across all tasks.
The performance gains are significant for high-dimensional image-based tasks.

viously in [8, 9]; also see Section 4). In contrast, hEM
leverages hindsight experiences through the lens of 1s,
thus enabling better performance in high dimensions.

The rest of this section presents a quick background on
goal-conditioned RL and probabilistic inference. Expert
readers may jump ahead to Section 2.

Goal-conditioned RL. Consider an agent that inter-
acts with an environment in episodes. At the beginning
of each episode, a goal g € G is fixed. At a discrete time
t > 0, an agent in state s; € S takes action a; € A,
receives a reward (s at,g) € R, and transitions to
its next state si11 ~ p(- | ¢, a¢) € S. This process is
independent of goals. A policy 7(a | s,g9) : S x G +—
P(A) defines a map from state and goal to distribu-
tions over actions. Given a distribution over goals
g ~ p(+), we consider the undiscounted episodic return

T(1) = Egrp() [Bx X2 7(50: a1, 9)]-

Probabilistic inference. Consider data as observed
random variables x € X. Each measurement z is a
discrete or continuous random variable. A likelihood
po(x | 2) relates each measurement to latent variables
z € Z and unknown, but fixed, parameters 0. The
full probabilistic generative model specifies a prior over
the latent variable p(z). Bayesian inference requires
computing the posterior p(z | ) — an intractable task
for all but a small class of simple models.

Variational inference approximates the posterior by
matching a tractable density g4 (2 | ) to the posterior.
The following calculation specifies this procedure:

logp(z) = log ., [po(z | 2)]
p(2) ]
qe(2 | =)

W)]

> Ez~q¢(~\ac) |:1ng6(55 ‘ Z) qd)(z | J})

=K., (|2) logpo(z | 2)] —KL[gy (- | 2) || p(2)]
: L(po, q). (2)

=10gE g, (|2) {Pe(x | 2)

(For a detailed derivation, please see [7].) Equation (2)
defines the evidence lower bound (ELBO) L(ps,q).
Matching the tractable density g, (2 | ) to the posterior
thus turns into maximizing the ELBO via expectation
maximization (EM) [10] or stochastic gradient ascent
[11, 12]. Figure 2(a) presents a graphical model of
the above. For a fixed set of 6 parameters, the op-
timal variational distribution ¢ is the true posterior
argmax, L(pg,q) = p(z | ) = p(z)pa(z | 2)/p(x).
From an 1S perspective, note how the variational dis-
tribution g, (z | x) serves as a proposal distribution in
place of p(z) in the derivation of Equation (1).

2 A Probabilistic Model for
Goal-conditioned Reinforcement
Learning

Probabilistic modeling and control enjoy strong connec-
tions, especially in linear systems [13, 14]. Two recent
frameworks connect probabilistic inference to general
RL: Variational RL [15, 16, 17, 18] and RL as inference
[19, 20, 21]. We situate our probabilistic model by first
presenting Variational RL below. (Appendix A presents
a detailed comparison to RL as inference.)

Variational RL. Begin by defining a trajectory ran-
dom variable 7 = (s, at);;r:_ll to encapsulate a sequence
of state and action pairs. The random variable is
generated by a factorized distribution a; ~ me(- |
st), St41 ~ (- | S¢,ar), which defines the joint distribu-
tion pg(7) == I _'mg(ar | s¢) p(si1 | 8¢, a¢). Condi-
tional on 7, define the distribution of a binary optimal-
ity variable as p(O =1 | 7) x exp(ZtT:_Ol r(s¢,ar)/a)
for some « > 0, where we assume r(s¢, a;) > 0 with-
out loss of generality. Optimizing the standard RL
objective corresponds to maximizing the evidence of
logp(O = 1), where all binary variables are treated
as observed and equal to one. Positing a variational
approximation to the posterior over trajectories gives
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Figure 2: Graphical models. Solid lines represent generative models and dashed lines represent inference models. Circles
represent random variables and squares represent parameters. Shading indicates that the random variable is observed.

the following lower bound,

log p(O = 1) = Eg(r) logp(O =1 7)] -
KL [g(7) I po(7)] = L(7a,q9)-  (3)

Figure 2(b) shows a combined graphical model for both
the generative and inference models of Variational RL.
Equation (3) is typically maximized using EM (e.g.,
[22, 17, 18]), by alternating updates between 6 and
q(7). Note that Variational RL does not model goals.

2.1 Probabilistic goal-conditioned
reinforcement learning

To extend the Variational RL framework to incorpo-
rate goals, introduce a goal variable g and a prior
distribution g ~ p(-). Conditional on a goal g, the
trajectory variable 7 = (st,at)?:])l ~ p(- | b,9) is
sampled by executing the policy mp(a | s,g) in the
Markov decision process (MDP). Similar to Variational
RL, the joint distribution factorizes as p(7 | 6,g) =
/- mg(ae | st,9)p(st41 | 8¢, at). Now, define a goal-
conditioned binary optimality variable O, such that
p(O=1|7,9) = R(r,g) = Y, (s, a1,9)/c where
a > 0 normalizes this density. Figure 2(c) shows a
graphical model of just this generative model. Treat
the optimality variables as the observations and assume
O = 1. The following proposition shows the equiva-
lence between inference in this model and traditional
goal-conditioned RL.

Proposition 1. (Proof in Appendiz B.) Maximizing
the evidence of the probabilistic model is equivalent to
maximizing returns in the goal-conditioned RL problem,
i.e.,

arg max logp(O =1) = arg max J(mg). (4)

2.2 Challenges with direct optimization

Equation (4) implies that algorithms that maximize the
evidence of such probabilistic models could be readily
applied to goal-conditioned RL. Unlike typical proba-
bilistic inference settings, the evidence here can techni-
cally be directly optimized. Indeed, p(O = 1) = J(mp)

could be maximized via traditional RL approaches e.g.,
policy gradients [23]. In particular, the REINFORCE
gradient estimator [24] of Equation (4) is given by
as Ny = ZtZO Zt’Ztr(st'vat’ag)VG logmg(at | st,9) ~
Vo J(mg), where g ~ p(-) and (s;,a:)—;" are sampled
on-policy. The direct optimization of log p(O = 1) con-
sists of a gradient ascent sequence 6 <+ 8 +mny. However,
this poses a practical challenge in goal-conditioned RL.
To see why, consider the following example.

Illustrative example. Consider a one-step MDP
with T = 1 where § = {so}, A = G, r(s,a,9) =
I[a = g]. Assume that there are a finite number of
actions and goals |A| = |G| = k.

The following theorem shows the difficulty in building
a practical estimator for Vo J(my).

Theorem 1. (Proof in Appendiz B.2.) Consider
the example above. Let the policy mg(a | s,g9) =
softmax(Lq,q) be parameterized by logits Lo g and let
Na,g be the one-sample REINFORCE gradient estima-
tor of Lg.q. Assume a uniform distribution over goals
p(g) = 1/k for all g € G. Assume that the policy
is randomly initialized (e.g. Lo = L,Va,g for some
L). Let MSE[x] be the mean squared error MSE[x] =
E[(z —E[na,g])?]. It can be shown that the relative error

of the estimate \/ MSE[nq,q]/E[na,q] = k(14+0(1)) grows
approzimately linearly with k for allVa € A, g € G.

The above theorem shows that in the simple setup
above, the relative error of the REINFORCE gradient
estimator grows linearly in k. This implies that to
reduce the error with traditional Monte Carlo sampling
would require o(k?) samples, which quickly becomes
intractable as k increases. Though variance reduc-
tion methods such as control variates [25] could be of
help, it does not change the sup-linear growth rate of
samples (see comments in Appendix B.2). The fun-
damental bottleneck is that dense gradients, where
r(s,a,9)Vglogmg(a | s,g) # 0, are rare events with
probability 1/k, which makes them difficult to estimate
with on-policy measures [5]. This example hints at
similar issues with more realistic cases and motivates
an IS approach to address the problem.
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2.3 Tractable lower bound

Consider a variational inequality similar to Equation (2)
with a variational distribution ¢(7, g)

logp(O =1) = logEy(r.q) [p(O =1 g)p(g)p(Tw’g)]

q(7,9)
T80,
2 Eq(rg) {logp(O =1 Q)W]

=Eq(r,9) [logp(O =1]|7,9)] -
KL [g(7,9) |l p(9)p(7 | 0, 9)]
=: L(mg, q).
(5)

This variational distribution corresponds to the infer-
ence model in Figure 2(d). As with typical graphi-
cal models, instead of maximizing log p(O = 1), con-
sider maximizing its ELBO L(mg,q) with respect to
both 6 and variational distribution ¢(7,g). Our key
insight lies in the following observation: the bottle-
neck of the direct optimization of logp(O = 1) lies
in the sparsity of p(O =1 | 7,9) = EtT:_Ol r(sg, ae, g),
where (7,g) are sampled with the on-policy measure
g ~p(-),7 ~p(- | 0,9). The variational distribution
q(7,g) serves as a IS proposal in place of p(7 | 0, g)p(g).
If ¢(r,g) puts more probability mass on (7,g) pairs
with high returns (high p(O =1 7,g)), the rewards
become dense and learning becomes feasible. In the
next section, we show how hindsight replay [2] provides
an intuitive and effective way to select such a ¢(7, g).

3 Hindsight Expectation
Maximization

The EM-algorithm [10] for Equation (5) alternates be-
tween an E- and M-step: at iteration t, denote the
policy parameter to be 8; and the variational distribu-
tion to be g;.

E-step: gt+1 = arg max L(mg,, q),
q

M-step: 041 = arg max L(7o, Gr+1)- (6)
This ensures a monotonic improvement in the ELBO
L(mo, .\, qe41) = L(me,, q;). We discuss these two alter-
nating steps in details below, starting with the M-step.

M-step: Optimization for my. Fixing the varia-
tional distribution ¢(7,g), to optimize L(mg,q) with
respect to € is equivalent to

maxEy(r,g) [log (7 | 0, 9)]

T-1
= meaxEq(Tyg) lz log 7o (at | st,g)l . (7)

t=0

The right hand side of Equation (7) corresponds to a
supervised learning problem where learning samples
come from ¢(7, g). Prior studies have adopted this idea
and developed policy optimization algorithms in this
direction [17, 18, 26, 27, 28]. In practice, the M-step is
carried out partially where 6 is updated with gradient
steps instead of optimizing Equation (7) fully.

E-step: Optimization for ¢(7,g). The choice of
q(T, g) should satisfy two desirable properties: (P.1)
it leads to monotonic improvements in log p(O = 1) =
J(mg) or a lower bound thereof; (P.2) it provide dense
learning signals for the M-step. The posterior distri-
bution p(7,g | O = 1) achieves (P.1) and (P.2) in a
near-optimal way, in that it is the maximizer of the E-
step in Equation (6), which monotonically improves the
ELBO. The posterior also provides dense reward signals
to the M-step because p(1,g| O =1) x p(O =1 7,9).
In practice, one chooses a variational distribution ¢(7, g)
as an alternative to the intractable posterior by max-
imizing Equation (5). Below, we show it is possible
to achieve (P.1)(P.2) even though the E-step is not
carried out fully. By plugging in p(O =1 | 1,g9) =
th:ol r(st, at, g)/«, we write the ELBO as

ZZ:?)l T(Sta Qt, g)
«

L(ﬂ-Qa Q) = IEq(ﬂg) [ +

first term

—KL[g(7,9) [ p(g)p(T | 0,9)].  (8)

second term

We now examine alternative ways to select the varia-
tional distribution ¢(7, g).

Prior work. State-of-the-art model-free algorithms
such as MPO [17, 18] applies a factorized variational
distribution gent (7, 9) = p(9)}_4 gent (as | s¢,9). The
variational distribution is defined by local distribu-
tions gens(a | s,9) = mo(a | s,9) exp(Q™ (s, a, g)/n) for
some temperature 1 > 0 and estimates of Q-functions
Qe (s,a,g). The design of gent(7,g) could be inter-
preted as initializing gent(a | s,9) with mg(a | s,9)
which effectively maximizes the second term in Equa-
tion (8), then taking one improvement step of the first
term [17]. This distribution satisfies (P.1) because
the combined EM-algorithm corresponds to entropy-
regularized policy iteration, and retains monotonic
improvements in J(mp). However, it does not satisfy
(P.2): when rewards are sparse (s, a, g) =~ 0, estimates
of Q-functions are sparse Q™ (s,a,g) ~ 0 and leads
to uninformed variational distributions gent(a | 8)
mo(a | s)exp(QT(s,a,g9)/n) = mg(a | s,g) for the M-
step. In fact, when 7 is large and the update to ¢(a | s)
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from my(a | s,g) becomes infinitesimal, the E-step is
equivalent to policy gradients [25, 23], which suffers
from the sparsity of rewards as discussed in Section 2.

Hindsight variational distribution. Maximizing
the first term of the ELBO is challenging when rewards
are sparse. This motivates choosing a ¢(7,g) which
puts more weights on maximizing the first term. Now,
we formally introduce the hindsight variational dis-
tribution gy (7, g), the sampling distribution employed
equivalently in HER [2]. Sampling from this distribution
is implicitly defined by an algorithmic procedure:

Step 1. Collect an on-policy trajectory or sample a
trajectory from a replay buffer 7 ~ D.

Step 2. Find the g such that the trajectory is reward-
ing, in that R(7, g) is high or the trial is successful.
Return the pair (7, g).

Note that Step 2 can be conveniently carried out
with access to the reward function r(s,a, g) as in [2].
Contrary to gent(7,¢), this hindsight variational dis-
tribution maximizes the first term in Equation (8) by
construction. This naturally satisfies (P.2) as g (7, 9)
provides highly rewarding samples (7,g) and hence
dense signals to the M-step. The following theorem
shows how gy, (7, g) improves the sampling performance
of our gradient estimates

Theorem 2. (Proof in Appendiz B.3.) Consider the
illustrative evample in Theorem 1. Let n"(a,g) =
7(s,0,9')VyL, logn(b]s,g')/k be the normalized one-
sample REINFORCE gradient estimator where (b,g')
are sampled from the hindsight variational distribu-
tion with an on-policy buffer. Then the relative error

\/ MSE[n2 1/E[na,g] = VE(1+0(1)) grows sub-linearly
for allVa e A,g € G.

Theorem 2 implies that to further reduce the relative er-
ror of the hindsight estimator 7" (a, g) with traditional
Monte Carlo sampling would require m ~ (vVk)? = k
samples, which scales linearly with the problem size
k. This is a sharp contrast to m = k? from using the
on-policy REINFORCE gradient estimator. The above
result shows the benefits of 1S, where under g (7, g)
rewarding trajectory-goal pairs are given high probabil-
ities and this naturally alleviates the issue with sparse
rewards. The following result shows that g (7, g) also
satisfies (P.1) under mild conditions.

Theorem 3. (Proof in Appendix B.4.) Assume p(g) to
be uniform without loss of generality and a tabular rep-
resentation of policy wg. At iteration t, assume that the
partial E-step returns q.(7,g) and the M-step objective
in Equation (7) is optimized fully. Also assume the vari-
ational distribution to be the hindsight variational dis-

tribution qi(7,g) = qn(1,9). Let pi(g) == fT qi(7,9)dr

be the marginal distribution of goals. The performance
is lower bounded as J(m,,,) > |supp(pi(9))|/IG] = L.
When the replay buffer size D increases over iterations,
the lower bound improves IiH_l > Et.

3.1 Algorithm

We now present hEM which combines the above E- and
M-steps. The algorithm maintains a policy mg(a | s, g).
At each iteration, hEM collects IV trajectory-goal pairs
by first sampling a goal g ~ p(-) and then rolling out a
trajectory 7. Our initial experiments showed that ex-
ploration is critical when collecting trajectories. Under-
exploration might drive hEM to sub-optimal solutions.
For continuous action space, we modify the agent to
execute ' = N'(0,02) + a where a ~ my(a | s,g) and
0, = 0.5. This small amount of injected noise ensures
that the algorithm has sufficient coverage of the state
and goal space, which we find to be important for learn-
ing stability [29, 30]. After this collection phase, all
trajectories are stored into a replay buffer D [3].

At training time, hEM carries out a partial E-step by
sampling (7, g) pairs from ¢, (7, g). In practice, given a
trajectory 7 uniformly sampled from the buffer, a target
goal g is sampled using the future strategy proposed
in [2]. For the partial M-step, the policy is updated
through stochastic gradient descents on Equation (7)
with the Adam optimizer [31]. Importantly, hEm is
an off-policy RL algorithm without value functions,
which also makes it agnostic to reward functions. The
pseudocode is summarized in Algorithm 1. Please refer
to Appendix C for full descriptions of the algorithm.

Algorithm 1 Hindsight Expectation Maximization
(hEM)
1: INPUT policy my(a | s,g).
2: while ¢t =0,1,2... do
3:  Sample goal g ~ p(-) and trajectory 7 ~ p(- | 6, g)
by executing 7y in the MDP. Save data (7,g) to
a replay buffer D.
4: E-step. Sample from g¢,(7,9): sample 7 =
(st,a:)i—y ~ D and find rewarding goals g.
5.  Me-step. Update the policy by a few gradient
ascents 0 < 6 + Vg log ZtTgol log mg(ay | s¢,9).
6: end while

3.2 Connections to prior work

Hindsight experience replay. The core of HER
lies in the hindsight goal replay [2]. Similar to
hEM, HER samples trajectory-goal pairs from the hind-
sight variational distribution g¢,(7,g) and minimize
the Q-learning loss E(T’g)th(.)[ZtT:_Ol(Q.g(st,at,g) -
r(st,at, g) — ymaxy Qo(si,a’,g))?]. The development
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of hEM in Section 3 formalizes this choice of the sam-
pling distribution ¢(7, g) = ¢ (7, g) as partially maxi-
mizing the ELBO during an E-step. Compared to hEM,
HER learns a critic Qy(s,a,g). We will see in the ex-
periments that such critic learning tends to be much
more unstable when rewards are sparse and inputs are
high-dimensional, as was also observed in [8, 9].

Hindsight policy gradient. In its vanilla form, the
hindsight policy gradient (HPG) considers on-policy
stochastic gradient estimators of the RL objective [23]
as Ep(g)p(r16,9) [R(7,9)Valogp(T | 0,g)]. Despite vari-
ance reduction methods such as control variates [25, 23],
the unbiased estimators of HPG do not address the
rare event issue central to sparse rewards MDP, where
R(7,9)Vglogp(r | 0, g) taking non-zero values is a rare
event under the on-policy measure p(g)p(7 | 6,¢). Con-
trast HPG to the unbiased 1S objective in Equation (5):

7|0,
Eq(r,)[R(T,9)Vologp(T | 6, 9) - %], where the

proposal ¢(7, g) ideally prioritizes the rare events [5]
to generate rich learning signals. hEM further avoids
the explicit 1S ratios with the variational approach that
leads to an ELBO |[7].

Related work on learning from hindsight. [32,
33| propose imitation learning algorithms for goal-
conditioned RL, which are similar to the M-step in Al-
gorithm 1. While their algorithms are motivated from
a purely behavior cloning perspective, we draw close
connections between goal-conditioned RL and proba-
bilistic inference based on graphical models. This new
perspective of hEM decomposes the overall algorithms
into two steps and clarifies their respective effects. Re-
cently, hindsight policy improvement (HPI) [34] propose
to model the joint distribution over trajectories and
goals p(g, 7), which leads to similar EM-based updates
as hEM. Compared to HPI, hEM interprets the hindsight
distribution (denoted as the relabeling distribution in
[34]) as 1s proposals. In addition, hEM is specialized to
sparse rewards while HPI is designed and evaluated for
generic goal-conditioned RL problems with potentially
dense reward signals.

With the E-step, hEM assigns more weights to reward-
ing (7,g) pairs. Beyond goal-conditioned RL, This
general idea of prioritizing samples with high returns
has been combined with imitation learning [35, 36, 37],
Q-learning [38] or model-based methods [39].

Supervised learning for RL. The idea of applying
supervised learning techniques in an iterative RL loop
has been shown to stabilize the algorithms. In this
space, successful examples include both model-based
[40, 41, 42, 43] and model-free algorithms [44, 17, 27,
18]. As also evidenced by our own experiments in the
next section, supervised learning is especially helpful

for problems with high-dimensional image-based inputs
(see also, e.g., [45, 46, 18, 42]).

Importance sampling in probabilistic inference.
Our work draws inspirations from the 1S views of recent
probabilistic inference models. The use of 1S is inherent
in the derivation of ELBO [7]. Notably, for variational
auto-encoders (VAE) [11], [47] reinterpret the variational
distribution g4 (2 | ) as an IS proposal in place of the
prior p(z). This leads to a tighter ELBO through the
use of multiple importance-weighted samples, which
is useful in some settings [48]. We expect such recent
developments in probabilistic inference literature to be
useful for future work in goal-conditioned RL.

4 Experiments

We evaluate the empirical performance of hEM on a
wide range of goal-conditioned RL benchmark tasks.
These tasks all have extremely sparse binary rewards
which indicate success of the trial.

Baselines. Since hEM builds on pure model-free con-
cepts, we focus on the general purpose, model-free
state-of-the-art algorithm HER [2]| as a comparison. In
some cases we also compare with the closely-related
HPG [23]. However, we find that even as HPG adopts
more dense rewards, its performance evaluated as the
success rate is inferior than HER and hEM. We do
not compare with other model-free baselines such as
HPT [34], because they adopt a formulation of dense
rewards and their code is not publicly available, making
it difficult to make meaningful comparison. We also do
not compare with algorithms which assume structured
knowledge about the task such as [49, 50|, though their
combination with hEM is an interesting future direction.
See Appendix C for more details.

Evaluations. The evaluation criterion is the success
rate at test time given a fized budget on the total
number of samples collected during training. For all
evaluations in Figure 1, Figure 4 and Figure 5, we
run 5 runs of each algorithm and plot the mean +
std curves. Note that for many cases the standard
deviations are small. We speculate this is because all
experiments are run with M > 20 parallel workers
for data collection and gradient computations, which
reduces the performance variance across seeds.

Implementation details. See Appendix C for full
details on parameterizations of the policy in discrete
and continuous action space, network architecture, data
collection and hyper-parameters on training.
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Figure 3: Summary of results for Flip bit and continuous navigation MppP. Plots (a) and (c) show the final performance
after training is completed. Plots (b) and (d) show the training curves for Flip bit K = 50 and navigation K = 40
respectively. hEM consistently outperforms HER and HPG across these tasks.

4.1 Simple examples

Flip bit. Taken from [2]|, the MDP is parameterized
by the number of bits K. The state space and goal
space S = G = {0,1}* and the action space A =
{1,2,...,K}. Given s;, the action flips the bit at
location a;. The reward function is (s, a;) = [[sp41 =
g] , the state is flipped to match the target bit string.
The environment is difficult for traditional RL methods
as the search space is of exponential size |S| = 2K. In
Figure 3(a), we present results for HER (taken from
Figure 1 of [2]), hEM and HPG. Observe that hEm
and HER consistently perform well even when K = 50
while the performance of HPG drops drastically as the
underlying spaces become enormous. See Figure 3(b)
for the training curves of hEM and HPG for K = 50;
note that HPG does not make any progress.

Continuous navigation. As a continuous analogue
of the Flip bit MDP, consider a K-dimensional navi-
gation task with a point mass. The state space and
goal space coincide with X = G = [—1,1]¥ while the
actions A = [—0.2,0.2]% specify changes in states. The
reward function is r(s¢,ar) = I[ || sg41 — g || < 0.1]
which indicates success when reaching the goal loca-
tion. Results are shown in Figure 3(c) where we see
that as K increases, the search space quickly explodes
and the performance of HER degrades drastically. The
performance of hEM is not greatly influenced by in-
creases in K. See Figure 3(d) for the comparison of
training curves between hEM and HER for K = 40. HER
already learns much more slowly compared to hEM and
degrades further when K = 80.

4.2 Goal-contitioned reaching tasks

To assess the performance of hEM in contexts with
richer transition dynamics, we consider a wide range of
goal-conditioned reaching tasks. We present details of
their state space X, goal space G and action space A
in Appendix C. These include Point mass, Reacher
goal, Fetch robot and Sawyer robot, as illustrated
in Figure 8 in Appendix C.

Across all tasks, the reward takes the sparse form
r(s,a,g) = I[success]. As a comparison, we also in-
clude a HER baseline where the rewards take the form
7(s, a,g) = —I[failure]. Such reward shaping does not
change the optimality of policies as 7 = r — 1 and is
also the default rewards employed by e.g., the Fetch
robot tasks. Surprisingly, this transformation has a big
impact on the performance of HER. We denote the HER
baseline under the reward r = I[success| as ‘HER(0/1)’
and 7 = —I[failure| as ‘HER(-1/0)’.

From the result in Figure 4, we see that hEM performs
significantly better than HER with binary rewards (HER-
sparse). The performance of hEM quickly converges
to optimality while HER struggles at learning good Q-
functions. However, when compared with HER(—1/0),
hEM does not achieve noticeable gains. Such an obser-
vation confirms that HER is sensitive to reward shaping
due to the critic learning.

4.3 Image-based tasks

We further assess the performance of hEM when policy
inputs are high-dimensional images (see Figure 9 for
illustrations). Across all tasks, the state inputs are by
default images s € R¥*%*3 where w € {48, 84} while
the goal is still low-dimensional. See Appendix C for
the network architectures.

We focus on the comparison between hEM and
HER(—1/0) in Figure 5, as the performance of HER
with binary rewards is inferior as seen Section 4.2. We
see that for image-based tasks, HER(—1/0) significantly
underperforms hEM. While HER(—1/0) makes slow
progress for most cases, hEM achieves stable learning
across all tasks. We speculate this is partly due to the
common observations [8, 9] that Tb-learning directly
from high-dimensional image inputs is challenging. For
example, prior work [49] has applied a VAE [11] to re-
duce the dimension of the image inputs for downstream
TD-learning. On the contrary, hEM only requires opti-
mization in a supervised learning style, which is much
more stable with end-to-end training on image inputs.
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success rate
E é
¥ ﬁ

(a) Point mass (b) Reacher goal

—— HER(0/1) (state)
—— HER(-1/0) (state)
—— hEM (state)

(c) Fetch robot (d) Sawyer robot

Figure 4: Training curves of hEMm and HER on four goal-conditioned RL benchmark tasks with state-based inputs and
sparse binary rewards. The y-axis shows the success rates and the x-axis shows the training time steps. All curves are
calculated based on averages over 5 random seeds. Standard deviations are small across seeds.

success rate
B
g

(a) Point mass (I) (b) Reacher goal (I)

—— HER(-1/0)-48 (image)
—— hEM-48 (image)
—— hEM-84 (image)

(c) Fetch robot (I) (d) Sawyer robot (I)

Figure 5: Training curves of hEM and HER on four goal-conditioned RL tasks with image-based inputs. Standard
deviations are small across seeds. All curves are calculated based on averages over 5 random seeds. ‘hEM-48’ refers to
image inputs with w = 48. hEM achieves stable learning regardless of the input sizes, though larger sizes in general slow

down the learning speed.

Further, image-based goals are much easier to specify
in certain contexts [49]. We evaluate hEM on image-
based goals for the Sawyer robot and achieve similar
performance as the state-based goals. See results in
Figure 10 in Appendix C.

4.4 Goal-conditioned Fetch tasks

Finally, we evaluate the performance of HER and hEM
over the full suite of Fetch robot tasks introduced in [2].
These Fetch tasks have the same transition dynamics as
the previous Fetch Reach task, but differ significantly
in the goal space. As a result, some of the tasks are
more challenging than Fetch Reach due to difficulties in
efficiently exploring the goal space. To tackle this issue,
we implement a hybrid algorithm between hEM and
HER by combining their policy updates. In particular,
we propose to update policy my by considering the
following hybrid objective,

L(G) :E(s,g)ND [Qd> (57 7T9(S)7g)] +
HER

T-1
- Eq(r.g) [Z log g (ar | stvg)‘| .

t=0

hEM

The policy is updated as 6 < 6 + VyL(6). The Q-
function Q4(s, a, g) is trained with TD-learning to ap-
proximate the true Q-function Q4 ~ Q™. We see that
the two terms echo the loss functions employed by HER

and hEM respectively. The constant coefficient nn > 0
trades-off the two loss functions. We find n = 0.1 to
perform uniformly well on all selected tasks.

Besides loss functions, the algorithm collects data using
the same procedure as HER. This allows hEM to leverage
potentially more efficient exploration schemes of HER
(e.g., correlated exploration noises). We find that the
hybrid algorithm achieves marginal improvements in
the learning speed compared to HER, see Figure 6 for
the comparison and full results in Appendix C.

Remark. Exploration is an under-explored yet crit-
ical area in goal-conditioned RL, especially for tasks
with hierarchical goal space and long horizons. Con-
sistent with the observations in recent work [2], we
find that under-exploration could lead to sub-optimal
policies. We believe when combined with recent ad-
vances in exploration for goal-conditioned RL [51, 52],
the performance of hEM could be further stabilized.

4.5 Ablation study

Recall that the hEM alternates between collecting N
trajectories and updating parameters via the EM algo-
rithm. We find the hyper-parameter N impacts the
algorithm significantly. Intuitively, the amount of col-
lected data at each iteration implicitly determines the
effective coverage of the goal space through exploration.
When N is small, the training might easily converge
to local optima. See Figure 10 in Appendix C for full
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—— HER(-1/0)
—— hEM

success rate
success rate

epochs S ) " epochs

(a) Push (b) Pick and Place

Figure 6: Fetch tasks. Training curves of hEM and HER
on two standard Fetch tasks. hEm provides marginal speed
up compared to HER. All curves are calculated based on 5
random seeds. The x-axis shows the training epochs.

results. Both tasks in the ablation are challenging, due
to an enormous state space or the high dimensionality
of the inputs. In general, we find that larger N leads to
better performance (note that here the performance is
always measured with a fixed budget on the total time
steps). Similar observations have been made for HER
[2], where increasing the number of parallel workers
generally improves training performance.

5 Conclusion

We present a probabilistic framework for goal-
conditioned RL. This framework motivates the de-
velopment of hEM, a simple and effective off-policy RL
algorithm. Our formulation draws formal connections
between hindsight goal replay [2] and 1s for rare event
simulation. hEM combines the stability of supervised
learning updates via the M-step and the hindsight re-
play technique via the E-step. We show improvements
over a variety of benchmark RL tasks, especially in high-
dimensional input settings with sparse binary rewards.

Acknowledgements. The authors would like to ac-
knowledge the computation support of Google Cloud
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