Optimal Quantisation of Probability Measures Using Maximum Mean Discrepancy

Supplementary Material

This supplement is structured as follows: In Appendix A we present proofs for all novel theoretical results stated
in Section 5 of the main text. In Appendices B and C we provide additional experimental results to support the

discussion in Section 4 of the main text.

A Proof of Theoretical Results

In what follows we let H denote the reproducing kernel Hilbert space H (k) reproduced by the kernel k and let

I - [[2 denote the induced norm in H.

A.1 Proof of Theorem 1

To start the proof, define
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and note immediately that a,, = || fi||3,. Then we can write a recursive relation
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We will first derive an upper bound for (x), then one for ().

Bounding (x): Noting that the algorithm chooses the S € {1,...,n}® that minimises

S
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we therefore have that
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SG{I{l’a%n}s Z Z k(xj, x +2SZ |k (z;, - HH /Hk ||H (z) e{I1I,un,n}<me 1(zj)

jeSj’es jes
< sgjegﬁ?%fn}k(%fcj) +252jef?f‘f‘,n} m /\//f(%w) du(z) +2, min me 1(z)
1/2
< 2+ 220 ( [ Moau)  +2,_win 5 s (10)
= 5%C2 . +25°Cr 1 Cr +2 oei n}m)n}g Z Fni1(x) (11)

In (8) we used the reproducing property, while in (9) we used the Cauchy—Schwarz inequality and in (10) we
used Jensen’s inequality. To bound the third term in (11), we write

e min Y fn () = §<fm 1Y k( xj>
e{1,...,n} ics 1,. ,n} jes "

Define M as the convex hull in H of {s‘l djesk(xy),S € {1,...,n}5}. Since the extreme points of M

correspond to the vertices (z;,...,x;) we have that

{Zcz L) e >0, Zcz = 1}

Then we have, for any h € M,
(fm—1,h)n = <fm1,zcik(',$i)> = Zcz'fmq(xi).
i=1 u o i=1

This linear combination is clearly minimised by taking each of the z; equal to a candidate point x; that
minimises fp,—1(x;), and taking the corresponding ¢; = 1, and all other ¢; = 0. Now consider an element
hy = Y1 wik(-,z;) for which the weights w = (w1,...,w,)" minimise MMD,, (37", w;6(z;)) subject to
1Tw =1 and w; > 0. Clearly h,, € M. Thus

Se{l n} me 1 x] =S hiélL<fm_1,h>H S S <fm—1ahw>7-£

Combining this with (11) provides an overall bound on (x).

Bounding (xx): To upper bound (x%) we can in fact just use an equality;

1 s
Z/ Lr(s,5)s L d/u'( +S 71 // xx d/l, d/u‘( )
1 j=1

+ 52 / k(z,z") du(z) du(z")

m—

1=

= =25(Fm—1, hu)r + 5 5
where hy, = [k(-,z)du(z)
Bound on the Iterates: Combining our bounds on (%) and (*x*), we obtain
(0759 S A —1 + 520727,’]@ + 252Cn,kc,u,k + 2s<fm717 hw>7—£ - 25<fm717 h/t>’H + SQHhu”’QH
= Gm-1+ 52027]@ + 2520n,k0u,k + 23<fm—17 how — hu>?—[ =+ 52”}7%“3-[

S Omo1 + 520721,19 + 2520n,kcu,k + 28| frn—1ll - hw — hplln + 32||hu||§-t
< @p_1+ (32072% + ZSQCMCC’MC + 52027,6) +25y/m—1 - ||hw — hpulln
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The last line arises because

Il = [ [ koo duto) dnta) = [ [ (). bla' ) dus) dute) (12)

< [ Vot ke ) dnte) dita)

< [ Wtz (', e i) ' (13)
= (/ Vk(z, ) du(w))
< /k(:r,x) du(z) = Cﬁ,l« (14)

In (12) we used the reproducing property, while in (13) we used the Cauchy—Schwarz inequality and in (14) we

used Jensen’s inequality.

‘We now note that

th - hu||’2H = <hw -

n

1=

HM=

2

which gives

1

hmhw - hu>“r¢

Zwik(-,xi)—/k(-,x)du(x),Zwi/k(-,xi/ —/k( ') dp(z ’)>

/=1

waz (@, i —2Zwl/ zi,x) dp(x // z,z") dp(z) dp(z’)
i'=1

n 2
MD,, 1 (Zwﬂ(xﬁ) =: 32,

=1

am < Am_1 + SQ(Cn,k + Cu,k)Q + 25\/ Am—1- P

as an overall bound on the iterates a,,.

Inductive Argument: Next we follow a similar argument to Theorem 1 in Riabiz et al. (2020) to establish an

induction in a,,. Defining C? :=

we assert

am < (s

(Cpi + Cpu1)? for brevity and noting that C? is a constant satisfying C? > 0,

) 1 1
m)3(®* + K,,),  with K, = E(CQ - 9?) Z -

For m = 1, we have a1 < s (02 +2C, 1kCui + C ) s2C?, so the root of the induction holds. We now

assume that a,, 1 < s%(m

- 1)?

(<I>2+Km 1). Then

Am < Am_1 + $2C? + 2s\/am_1 - @
< s*(m

<s

—1)?(®% + K1) +5°C% +25%(m — 1) 0/ P2 + K,

2 [(m = 1)*(® 4 K1) + C? + (m — 1)(20° + K, _1)) (15)
=" [(m* = 1)®* + m(m — 1)K,,—1 + C?]

r m—1
1
282 (m2—1)¢’2+m(02—<1>2) Z —,+CQ:|
L j=1
I | 1
= s%|(m? —1)®% + m(C? — ®?) i m(C? — ®?)— + 02]
L j=1
_ m
= 5% |m*®* + m(C? — ¢?) Z —}
L = J
= (sm)Q((I)Q + Km)v

which proves the induction. Here (15) follows from the fact that for any a, b > 0, it holds that 2av/a? + b < 2a%+b.
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Overall Bound: To complete the proof, we first show that ®2 < C? by writing

©? = [|hw — hyull3 < hll3; + 2l haolla - gllae + 1Bl

and noting that, since k(z;, zy) < /k(z;,2;)\/k(zi, z) and 3 w; = 1, it holds that

|h HH - Z szwz .Z'z,l'z ) < 0721,19'

i=14'=1

We have already shown that ||k, |* < C?

> 1 thus it follows that ®* < C7 | 4 2C,, xCpx + C} , = C? as required.

Using this bound in conjunction with the elementary series inequality >3, 7~ < (1 +logm), we have K,, >0
and

1 1 1 oxal 1+1
Kp=—-a)3 L < L2yl o <+0gm> c?
m L j m m
j=1 j=1
Finally, the theorem follows by noting
2
I g a 1+ logm
MMD,, ;. | — §(Triify) | = 5 <O+ K, =q>2+(7> c?,
B ms ;; (0.9) (sm)2 m

as claimed. (]

Remark: We observe that, in the myopic case only (s = 1), one can alternatively recover Theorem 1 as a
consequence of Theorem 1 in Riabiz et al. (2020) (refer also to Theorem 5 of Chen et al., 2019). This can be
seen by noting that MMD,, i, (v) = MMD,, 1(v) for all v € P(X), where kg is the kernel

boler) = (og) — [ Geaduta) — [ Kao)ut) + [[ Kt )auts), (16)

which satisfies the precondition /kzo(x, y")du(y’) = 0 for all z € X in Theorem 1 of Riabiz et al. (2020). Indeed,

MMDN ko H/ko dV /k‘o
-1/ tol )ty
H(ko)

-/ [m,y) [reiaut) - [k pane) + [[ Ky dutint ﬂ dv(z)dv(y)
// (z,y)du(x)du(y // (z,y)du(x)dv(y // (x,y)dv(z)dv(y)

+ / k(x,y)dv(z)dv(y)

7i(k0)

= MMD,, (v)?.

A.2 Proof of Theorem 2

First note that the preconditions of Theorem 1 are satisfied. We may therefore take expectations of the bound
obtained in Theorem 1, to obtain that:

1 A— 1Tw=1
=1 j=1 w; >0 =1

2
I o - 1+logm
E |MMD — (T i <E MMD 0(x; E[C? ( ———=—, @7
i [ 303 bl min uk<2w > Y (S an
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To bound the first expectation we proceed as follows:

2 M 2
1 n
E | min MMD, <Zw x) <E |MMD,, s (525(xi)> (18)

1Tw=1
w; >0 i=1

=E nQZkal,xj Z/ (2, 2;) dp(x // (z,y) du(z) du(y)

i=1 j=1

=E n2 sz T, T5) | = // k(z,y) dp(z) du(y) (since x; ~ u)

i=1 j=1

=F mZk(xi,xi)—i— ﬁZZk(mi,mj) —//k(my) dp(z) du(y)

i=1 j#i

=FE = Zk Tiy T ] / k(z,y) du(z) dp(y) (since x; ~ p)
] o2,

= Lo, a) -

2
= i]E |:10g e'Yk?(Ii,a:i):| _ Ciu”k
ny n

2

< N logE [ewk(fﬂnm)] _ ik
ony n

1 cr
< —log(Cy) — —&

ny n

1
< log(C1). (19)

To bound the second expectation we use the fact that C? = (Cup +Cy x)? < QCi,k + Qthk where C), i is
independent of the set {x;} ; to focus only on the term C,, ;. Here we have that

1
]E[thk] =E { max k:(xl,xl)} =E {; log max e'yk(‘”"’mi)} (20)

i=1,...,n i=1,...,n

1 n
~log vk (zi,zi)
1 - 1
< ;log (ZE {é%(m,:m)}) = M_ (21)

i=1 v

Thus we arrive at the overall bound

2

m S 1 1 1 1
E |MMD,, k ZZ(S Tr(ig) < %701)4_2 <Cﬁ,k+ Og(ncl)) < + ogm>’

B m
7,131 v

as claimed. O

Remark: We observe that, in the myopic case only (s = 1), one can alternatively recover Theorem 2 as a
consequence of Theorem 2 in Riabiz et al. (2020), once again using the observation that the kernel in (16)
satisfies the preconditions of Theorem 2 in Riabiz et al. (2020).
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A.3 Proof of Theorem 3

The following proof combines parts of the arguments used to establish Theorem 1 and Theorem 2, with additional
notation required to deal with the mini-batching involved.

In a natural extension to the proof of Theorem 1, we define

2
am = (ms)> MMD),, x % ZZ o(xt
i=1 j=1
PN NEINEIETS 3 oy [P ITER N LETIOT
i=11i'=1j=1j'=1 i=1 j=1

and note immediately that a,, = || fm||3,- Then, similarly to Theorem 1, we write a recursive relation

s s m—1 s s
DEORED 3 MU INELIAEED 35 3) SUTCNEINIELYS) o) EMBLIE

Jj=1j'=1 i=1 j=1j'=1
L 1

(*)
2 [ kot 2)dnta) + 22m =) [ boa') o) ')

(%)

1 s
=1

We will first derive an upper bound for (*), then one for (*x).

Bounding (x): Noting that at iteration m the algorithm chooses the S € {1,...,b}® that minimises

S Haa) 4230 3 3 Kk ) 2 3 [ b ) dno)

jeSj'es jES =1 i=1 jES

=33 k(af, a2l QSZ/kJ, )dp(x) + 23 fmoa(@f),

JjeES F'ES j€ES JjES
we have that

= gl | 3 3 M) 203 [ e ) aue) +2 5 fe)

jeES F'ES JjES jeS

< k 72 d 9 . - m
= e > 7T SZ/ o' @) dp(z) | + SE{IE}.I}Vb}.ngf V(27

jesjes jes

=  max k(x?,z, 7252/ ,«)>H dp(z) +2Sem?n &me—l(%n) (22)

Se{l,....,b}s |4 ‘
{ 4 _JGSJ’GS jeES

IN

o ZS k@ o) +25 3 [k, )|, / kG, )y, dule) +zsegggb}gjzfm_1<z;n>

j'€s jes
(23)

<s* max k(27

jellonpy a0 JE{L,. b}

) + 25 max 2l /\/ z,x) dp(z mlnb}Sme,l(x;”)
J
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1/2
< szCimyk + 2sng,m7k (/k(m,x)du(x)) mm me 1( (24)

Se{l,..

= 5202, 1o + 25°Chm i Cpte + 2 gefmin, > fmoala))
mP jes

In (22) we used the reproducing property. In (23) we used the Cauchy—Schwarz inequality. In (24) we used
Jensen’s inequality.

To bound the third term, we write

SG{I{nnb}st:fm_l(xj) SE{I{HH <fm SDBLCE >
H

..... jes

Define M,,, as the convex hull in H of {s ! djesk(al), S e{l,.. .,b}s}. Since the extreme points of M,,

correspond to the vertices (zI,...,z") we have that

{Zcz L) e >0, ch_1}

Then we have for any h € M,,
(. >H_<fm 3 ek > D L
=1 H

This linear combination is clearly minimised by taking the z'" € {z*}?_, that minimises f,_ 1(x ), and taking

the corresponding ¢; = 1, and all other ¢; = 0. Now consider the element A} = Z?:l wk (-, ™) for which the

weights are equal to the optimal weight vector w™. Clearly h]' € M,,. Thus

min Sz.fm—l(l'}n): : lnf <fm 1, >’H§5'<fm—17h$>?-[
JjES

Se{l,....b}

Bounding (xx): Our bound on () is actually just an equality:

ZZ/k 2l ) du(z) + s(m —1/ k(z, ") dp(z) du(z)

i=1 j=1
+ 52 // k(z,2") du(z) du(z")
= —25(fm—1, hyu)a + 5[ hull3
where hy, = [k(-,2)d
Bound on the Iterates: Combining our bounds on (x) and (xx) leads to the following bound on the iterates:

A, < Q1 + 32C§m et 25201; mkChuke + 25(fm—1, hiy )1 — 25(frm—1, hp)n + S2HhHH3_[
=Gm-1+ 520b mk Tt 25 Co,m kCuk + 28(fm—1, ey — hy)w + 52”’%”%
< am—1 4 5°Cf e T 25°Com kCpuke + 28| frn |20 - |1l — Byulla + 52|l
< ame1 4 (5°Ch i + 25°ComkCup + $°Ch 1) + 25/@m—1 - 1Ay — hylln

The last line arises because

Il = [ bGo.o') dute) dua’) = [ [t bla' ) o) ) (25)
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< [ Vot ke ) dnte) dita)

< [ Wtz k(' e i) ' (20
= (/ Vk(z, ) du(m))
< [ blavz) duta) = €2, (27)

In (25) we used the reproducing property. In (26) we used the Cauchy-Schwarz inequality. In (27) we used
Jensen’s inequality.
We now note that

b

b
= wi k(s 2i") = [ k(G 2) du(e), p wilk(, i) — k(nfﬂ')dﬂ(x')>
AR D)

i=1 i'=1
b

b b
= S ek ) <23 e [kl o) duta) + [ kea!) duto) dute)
b 2
= MMD, (Z w%(xz”)) = @2,

which gives
Qm S am—1+ SQ(Cb,m,k + C,u,k)z + 25\/ Qm—1 ° ém

We then follow a similar argument to Theorem 1 in Riabiz et al. (2020) to establish an induction in a,.

Inductive Argument: Let 2 := (Cp i + C’M,k)Q. We assert

m

1
Elam) < (sm)*E[®2, + K,,],  with K, = —(c — &2, -
[am] < (sm)°E[ ] — )jZ:;]

For m = 1, the induction holds since a; < s%c;. We now assume that Ela,,—1] < s?(m — 1)2E[®2, | + Kp,_1].
Then

E[am] am—1) + s°E[c2,] + 25E[\/am—1 - P

E[ [
Elam_1] + s°E[c2] + 2sE[\/am_1] - E[®,,] (independence of a,,—1 and ®,,)
Elam_1] + s°E[c2] + 25/ E[am_1] - E[®,,] (Jensen’s inequality)

IN

IN

IN

s2(m — 1)2E[®2, | + K1) + s°E[c2,] + 25%( D\ JE[92, , + K]

s2(m — 1)2E[®2, + K1) + $*E[c2 ] + 25%(m — DE[®]VE[®2, + Kp_1]  (since &1 < D,y,)
s2(m — 1)°E[®2, + K1) + s°E[c2)] + 25%(m — 1)E[®2]Y/2\/E[®2, + K,,_1] (Jensen’s inequality)
s? [(m — 1)’E[®}, + Ky—1] + Elc;,] + (m — 1) (2E[@},] + E[K,,1])] (28)
= $’E [(m® — 1)®@2, + m(m — 1) K,,,_1 + 2]

IN

IN A

m—1

[ 1
= B (0 = )8, 4l - 85 3 S
L j=1 ]
2 [ 2 2 % 1 2 2 1 2
=sE (m 1)(b'm+m( -1 _(I)m—l)Z; _m(cm—l _‘bm—l)E +Cm
L J=1
[ 1 1 . d d
= s’E (m - 1)@2 + m( zn 1 (I)En—l) Z; - m(cfn - ‘bzn)g + Cfn:| (Slnce Cm—1= Cmy Pm—1 = (I)m)
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1
= PE[m?82, t m(c,, — 22 )Y __]
= (sm)*E[®2, + K,,]

which proves the induction. The line (28) follows from the second by the fact that for any a,b > 0, it holds that

2ava? + b < 2a2 +b.
Overall Bound: We now show that ®2, < ¢2,, by writing

@5, = by — b3 < P15+ 2005 o llae + a3,
and noting that since Y., w™ = 1, it holds that

IIhZ’II%:ZZwmw o, 27) < Cp e

i=11=1

We have already shown that [|h,[|* < C? ., thus it follows that ®2 < Cf, , + 20, mxCpur + Ch ) = b, as
required. Using this bound in conjunction w1th the elementary series inequality Z i< (1+1og m) we have

K,, > 0 and
1 1 1, -1 1+logm
K’m:_ _(1)2 - - - It = R 2
S N e e

An identical argument to that used between (20) and (21) shows that

log(nC'
B[C2,,,] = 220G

and therefore -
E[2)] < 202, + 2E[CE,, 4] < 202, + 21080,

An identical argument to (18)-(19) gives that

1
by
From this the theorem follows by noting
2
1 = ; E[am) 5 1+ logm 5
R v — < - =2
E MMD#»k ms ;;5($ﬂ(1,j)) (sm)2 = E[@m] + < m E[Cm]
1 1 141
< log(C) +2(C,3k+ og(bCl)> ( + ogm)_
by : vy m

O

This argument relied on independence between mini-batches and therefore it may not easily generalise to the
MCMC context.

Remarks: We observe that, in the myopic case only (s = 1), one can alternatively recover Theorem 3 as a
consequence of Theorem 6 in Chen et al. (2019), once again using the observation that the kernel in (16) satisfies
the preconditions of Theorem 6 in Chen et al. (2019).

The argument used to prove Theorem 3 relies on independence between mini-batches and therefore it may not
easily generalise to the MCMC context, in which this is unlikely to be true. Theorem 7 in Chen et al. (2019)
considered a particular form of dependence between mini-batches (once again, only for the case s = 1), but this
result does not directly apply to mini-batches sampled from MCMC output.



Teymur, Gorham, Riabiz, Oates

A.4 Proof of Theorem 4

The argument below is almost identical to that used in Theorem 2 of Riabiz et al. (2020), with most of the effort
required to handle the non-myopic optimisation having already been performed in Theorem 1. In particular, it
relies on the following technical result:

Lemma 1 (Lemma 3 in Riabiz et al. (2020)). Let X' be a measurable space and let j1 be a probability distribution
on X. Let k: X x X — R be a reproducing kernel with [ k(z,-)du(z) =0 for allz € X. Consider a p-invariant,
time-homogeneous reversible Markov chain (x;);en C X generated using a V-uniformly ergodic transition kernel,
such that V(x) > v/k(z,z) for all x € X, with parameters R € [0,00) and p € (0,1) as in (7). Then we have
that

n n—1

> Y Efk(wne)] < GYE [\/k(xi,xi)V(Xi)}
=1 re{l,...,n}\{i} =1

with C3 1= 235 O

The proof starts in a similar manner to the proof of Theorem 2, taking expectations of the bound obtained in
Theorem 1 to arrive at (17).

An identical argument to that used in the proof of Theorem 2 allows us to bound

E[C?] <2 (037,6 + %) )

Thus it remains to bound the first term in (17) under the assumptions that we have made on the Markov chain
(2;)ien. To this end, we have that

2 M 2
1 n

E | min MMDM<ZwZ x) <E |MMD,, s (525(3:1-))
w; >0 L =1

=E n2 22:1]{} T, ;) Z/ (x,2;) du(x //k(&y)du(m)dﬂ@)

=E % Z Z k(x;, ;) (since [k(z,-)du(z) =0)

i=1 j=1

1
The first term in (29) is handled as follows:

1 — N
;ZEUc(wm:nQZE[ log @ »]
=1

< W;log (]E [ak(mi,mD < log(C)

yn

2 S k) | (29)

i=1 j#i

The second term in (29) can be controlled using Lemma 1:

%izk(%%) < ZE[\/WV }—Sm—l)@ < G205

i=1 j#i

Thus we arrive at the overall bound

m S 1
1 log(CY) N CyC3 42 (Cz,k; N log(nCl)> ( —Hogm) 7

E | MMD — (X i i <
pok ms ;; (:13 (’j)) ny n ol m

as claimed. 0
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B Semidefinite Relaxation

In this supplement we briefly explain how to construct a relaxation of the discrete optimisation problem (5).
The standard technique for relaxation of a quadratic programme of this form is to construct an approximating
semidefinite programme (SDP). This not only convexifies the problem but also replaces a quadratic problem in
v with a linear problem in a semidefinite matrix M. To simplify the presentation we consider® the BQP setting
of Remark 1, so that v € {0,1}". We also employ a change of variable ; := 2v; — 1, so that v € {—1,1}". By
analogy with (4) we recast an optimal subset 7 as the solution to the following BQP.

argmin o' Ko+ 2(1TK +¢:')d, st. 170 =25 —n. (30)
ve{—-1,1}n
The relaxation treats © as a continuous variable whose feasible set is the entire convex hull of {—1,1}". Define
V = 90" and then relax this non-convex equality, so that V' — 0" > 0 rather than the V — 99" = 0. Then
rewrite this as a Schur complement, using the relation:

1 o - T
M = o~ 0 <= V-—-ov >0
vV

Consider now the two (n 4+ 1) x (n 4 1) matrices constructed as follows

1TK1+2¢7 1TK +¢47 0 317
= o J i — 2
A ( K1+ K B={11 oo7

The SDP relaxation of (30) is then

minimise M ¢ A s.t. diag(M) =1
BeM=2s—n (31)
M>=0

(X oY =337, Xi;Yij). Note that (31) collapses to (30) when V = 00" and o € {—1,1}" are enforced.
Note that if the cardinality constraint B ¢ M = 2s — n is omitted, then (31) is equivalent to the classical graph
partitioning problem MAX-CUT (Goemans and Williamson, 1995).

The SDP (31) is linear in M and is soluble to within any € > 0 of the true optimum in polynomial time. Its
solution M*, however, only solves the BQP (30) if V* = #*3* T, or equivalently rank(M*) = 1. This will not be
true in general and the second part of a relaxation procedure is to round the output o* € [—1,1]™ to a feasible
vector v € {—1,1}" for the BQP. Goemans and Williamson (1995) introduced a popular randomised rounding
approach for MAX-CUT, and for the following exploratory simulations we adopted a similar approach. This
starts by performing an incomplete Cholesky decomposition V* = UU " with rank(U) = r. Since diag(V*) = 1,
the columns of U all lie on the unit r-sphere.

To select exactly m points we draw a random hyperplane through the origin of this sphere and translate it affinely
until exactly m points are separated from the rest (it is this translation that is a modification of the original
approach for non-cardinality constrained problems, and which means the analysis of Goemans and Williamson
(1995) is not directly applicable). The resulting approximations are presented only as an empirical benchmark
for Algorithms 1-3 and the detailed analysis of rounding procedures is well beyond the scope of this work.

We also find improved output by drawing R > 1 points on the r-sphere and choosing the one for which the
points separated off are best, in the sense of lowest cumulative KSD. This process imposes trivial additional
computational cost. The semi-definite optimisations are performed using the Python optimisation package MOSEK.

Figure 5 shows that the semi-definite relaxation approach can be competitive in time-adjusted KSD. Each line
in left pane represents the drawing of 1000 samples. The non-relaxed and best-of-50 SDR. approaches closely
mirror each other in time-adjusted KSD, though the non-relaxed approach is more efficient in that it achieves the
same KSD in the same time with fewer samples chosen. Choosing R > 1 imposes little additional computation
time, leading to a performance improvement for R = 50 over R = 10, though past a certain point (visible here
for R = 200) this additional computation does become significant and harms performance.

5The more general IQP setting, in which candidate points can be repeatedly selected, can similarly be cast as an SDP
by proceeding with s copies of the candidate set and v € {0,1}"°.
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Figure 5: KSD vs. wall-clock time, and time-adjusted KSD vs. number of selected samples, for the 4-dim
Lotka—Volterra model also used in Section 4, and with the same kernel specification. We draw 1000 samples
using batch-size b = 100 and choosing s = 10 points simultaneously at each iteration. The four lines refer to
the non-relaxed method (generated using the same code as in Figure 3), as well as the approach employing
semi-definite relaxation (taking the best of 10, 50 and 200 point selections, determined by drawing that many
points on the sphere).

C Choice of Kernel

As with all kernel-based methods, the specification of the kernel itself is of key importance. For the MMD
experiments in Section 4.1, we employed the squared-exponential kernel k(x,y;£) = exp(—%€_2||$ —yl|?), and
for the KSD experiments in Section 4.2 we followed Chen et al. (2018, 2019) and Riabiz et al. (2020) and used
the inverse multi-quadric kernel k(z,y;¢) = (1+ £72|z — y[|?) 7/ as the ‘base kernel’ k in (3) from which the
compound Stein kernel £, is built up. The latter choice ensures that, under suitable conditions on u, KSD
controls weak convergence to u in P(R?), meaning that if MMD,, 1, (v) — 0 then v = p (Gorham and Mackey,
2017, Thm. 8).

The next consideration is the length scale ¢. There are several possible approaches. For the simulations in
Sections 4.1 and 4.2, we use the median heuristic (Garreau et al., 2017). The length-scale ¢ is calculated from

the dataset themselves, using the formula ¢ = \/%Med{Hxi — x]|?}. The indices 4,j can run over the entire

dataset, or more commonly in practice, a uniformly-sampled subset of it. For the large datasets in Section 4, we
use 1000 points to calculate £.

To explore the impact of the choice of length scale on the approximations that our methods produce, in Figure
6 we start with £ = 0.25 (the value used to produce Figure 1 in the main text) and now vary this parameter,
considering 0.1¢ and 10¢. The difference in the quality of the approximation of v to p is immediately visually
evident, even for such a simple model. It appears that, at least in this instance, the median heuristic is helpful
in avoiding pathologies that can occur when an inappropriate length-scale is used.
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Figure 6: Investigating the role of the length-scale parameter ¢ in the squared-exponential kernel k(z,y;¢) =
exp(—3¢2|lz — y||?). Model and simulation set-up as in Figure 1. Here 12 representative points were selected
using the myopic method (left column), a non-myopic method (centre column), and by simultaneous selection
of all 12 points (right column). The kernel length-scale parameter £ set to 0.025 (top row), 0.25 (middle row; as
Figure 1) and 2.5 (bottom row).



