Supplement: A Statistical Perspective on Coreset Density
Estimation

1 PROOFS FROM SECTION 2

1.1 Proof of Lemma 1

Here we prove Lemma 1, restated below for convenience.

Lemma. Let K~ = c(logn)/n for ¢ > 0 a sufficiently large absolute constant, and let A = Ag.L,k denote a
sufficiently small constant. Then for all f € Py (B,L) and X1, ..., X, e P, the event that for everyj =1,..., K

there exists some x; in bin B; holds with probability at least 1 — O(n™?2).

Proof. Note that f1(z1) € Px(8, L) as a univariate density because f(x) € Py(8,L). Hence, f; satisfies

|fi(z) = fr(y)| < Llz —y|*

for some absolute constants L > 0 and a € (0,1). If By, = Bji + s for s < A, then

P(Bu) ~ BB < [ [f(n) = flaor +9)dan < LETAM, 1
Bk
Thus for all 4, 7,
1/A
IP(B;) — P(B;)| < > [P(Bix) — P(Bji)| < LKA, (2)
k=1
It follows that for alli =1,..., K,
lim P(B;) = K. (3)
A—0

Let £ denote the event that every bin B; contains at least one observation z;. By the union bound,

P(E°) <Y P(X11 ¢ B;)" < ijax(l —P(B;))".

By (3)), choosing A small enough ensures that P[B;] > (1/2)K~! for all j. In fact, by one may take

A= (ﬁ)l/a. Hence, setting K~* = c(logn)/n for c sufficiently large, we have

P(£°) = O(n"2).

1.2 Proof of the lower bound in Theorem 1

In this section, X = Xi,...,X, € R% denotes the sample. It is convenient to consider a more general
family of decorated coreset-based estimators. A decorated coreset consists of a coreset Xg along with a data-
dependent binary string o of length R. A decorated coreset-based estimator is then given by f [Xs, o], where
fo R {0,138 — L2([—1/2,1/2]) is a measurable function. As with coreset-based estimators, we require
that f[acl, <., Tm,0] is invariant under permutation of the vectors 1, ..., z,, € R We slightly abuse notation
and refer to the channel S : X — Yg = (Xg,0) as a decorated coreset scheme and fs as the decorated coreset-
based estimator. The next proposition implies the lower bound in Theorem 1 on setting R = 0, in which case a
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decorated coreset-based estimator is just a coreset-based estimator. This more general framework allows us to
prove Theorem 4 on lower bounds for weighted coreset KDEs.

Proposition 2. Let fs denote a decorated coreset-based estimator with decorated coreset scheme S such that

o €{0,1}. Then
8
a

sup  Ef|lfs — fll2 > cpar ((mlognJrR)’ +n_2ﬁﬁﬁ> .

fE€P«(B,L)
1.2.1 Choice of function class

Fix h € (0,1) such that 1/h¢ is integral to be chosen later. Let zi,.. ., 21/pa label the points in {%h g+
hZ%} N [—1/2,1/2]%, where 14 denotes the all-ones vector of R?. We consider a class of functions of the form

fulz) =14 Zjlihld w;g;(x) indexed by w € {0, 1}1/hd. Here, g;(z) is defined to be

(o) =10 (252

where ¢ : R? — R is L-Holder smooth of order 8, has ||¢[|c = 1, and has [ ¢(z)dz = 0.

Informally, f,, puts a bump on the uniform distribution with amplitude h® over z; if and only if w; = 1. Using
a standard argument (Tsybakovl 2009, Chapter 2) we can construct a packing V of {0, 1}1/ " which results
G = {f. : w € V} of the function class {f, : w € {0, 1}1/hd} such that

) If = gll2 = caarh” forall fg € G, f+# g and,

(ii) G is large in the sense that M := |G| > 9cs.a./h?

1.2.2 Minimax lower bound

Using standard reductions from estimation to testing, we obtain that

_inf sup Ef|fs—fll2> inf maxEy|fs— fll2
fi181=m, fePy(B,L) fi18|1=m, f€9
0e{0,1}7 oe{0,1}"
1
B inf -
> cpan b - inf 2 ST P [hs(X) # @) (@)

weVY

where the infimum in the last line is over all tests 15 : R?*™ — [M] of the form 1s(X) = 1 (Ys) for a decorated
coreset scheme S and a measurable function ¢ : R4*™ x {0, 1}% — [M].

Let V' denote a random variable that is distributed uniformly over V and observe that
1
17 O Pr¥s(X) # W] = Ps(X) £ V]
weVY

where PP denotes the joint distribution of (X, V') characterized by the conditional distribution X |V = w which is
assumed to have density f,, for all w € V.

Next, by Fano’s inequality (Cover & Thomas|, 2006, Theorem 2.10.1) and the chain rule, we have

CI(Viys(X)) +1

PIYs(X) # V] 21— =

()

where I(V;19s(X)) denotes the mutual information between V and 1g(X) and we used the fact that the entropy
of V is log M. Therefore, it remains to control I(V;¢g(X)). To that end, note that it follows from the data
processing inequality that

I(Viys(X)) < I(V;(Xs,0)) = 1(V;Ys) = KL(Pv,ys || Pv @ Pyg),

where Py yg, Py and Py, denote the distributions of (V,Ys), V' and Yg respectively and observe that Py, is
the mixture distribution given by Py (A,t) = MY |, P; (Xs € A,o0 =t) for A C R™™ and ¢ € {0,1}".



Denote by f. v, the mixed density of Py (Xgs € -,0 = -), where the continuous component is with respect to the

Lebesgue measure on [—1/2,1/2]4%™. Denote by fy, the mixed density of the uniform mixture of these:

s :ﬁsz’YS'

weV

By a standard information-theoretic inequality, for all measures Q it holds that

KL(Pv,ys | Pv ® Pyg) = ZKL Pyglwll Prg) < Z KL( Py, Q). (6)
In fact, we have equality precisely when Q = Py, and @ follows immediately from the nonnegativity of the
KL-divergence. Setting Q = Unif[—1, 1]¢ ® Unif{0, 1}, for all w we have
w K t
KL(Pyy, Q) = Y / Forve(z, 1) log f;%(lf) dz
tefoyr 7 =22l
Z / fw vs (z,t)log fo ve(x,t) de + R. (7)
tE{O 138 23]

Our next goal is to bound the first term on the right-hand-side above.
Lemma 2. For any w € V, we have

/[ o fuvs(z,t)1og fu v (x,t) de < 3mlogn.
te{0,1} 1 —3:3

Proof. Let Px, denote the distribution of the (undecorated) coreset Xg, and note that the density of this
distribution is given by f, x¢(z) = Zte{o 137 fuw,vs(2,t). Then because the logarithm is increasing,

Z / fw vs (@, t)log fu vy (x,t) do < Z / f%ys (z,t)log fu xs(x)dx

te{0,1}R te{0,1} £

By the union bound,

n
Pxt)s 3 Fx.()= ()Pr )
56([n])
It follows readily that f,, x4 () < (1) fu,Xpm (1) - Next, let Z € [-1/2, 1/2]4*™ be a random variable with density
fuw,xs and note that

n
/fw’XS log fu,xs = Elog fu.xs(Z) <log (m) + Elog fu,x,,(Z) < mlog( ) +mlog2,
where in the last inequality, we use the fact that f, x,, = fJ' <2™. The lemma follows. O
Since log M > Cﬁydthid, it follows from f@ and Lemma that

3mlogn+ R+1
P X)£V]>1- >05
[Vs(X) £ V] 2 L

on setting h = ¢g 4, (mlogn + R)’l/d. Plugging this value back into yields

_inf sup  Ef||fs — fll2 > cgar(mlogn + R)=#/¢.
fi|S|l=m feP(8,L)

Moreover, it follows from standard minimax theory (see e.g. [Tsybakov, 2009, Chapter 2) that

A B8
_inf sup By fs — fll2 > cgaLn” 257,
FIS|=m fePs(8,L)

Combined together, the above two displays give the lower bound of Proposition [2}
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2 PROOFS FROM SECTION 3

2.1 Proof of Proposition 1

We restate the result below.

Proposition. Let k(z) = H;i:l k(z;) denote a kernel with k € S(v,L") such that |k(z)| < cgalz|™" for some

v>fB+d, and the KDE
N 1 n
f() n;kh( i —Y)

with bandwidth h = n~ 77 satisfies

£ __B
sup EHf - fH2 <cgqrn 2P+,
fE€Pu(B,L)

~ d/24B+
Then the Carathéodory coreset estimator §s(y) constructed from f with T = cq 1 1 G satisfies

~ __B
sup  Ellgs — fll2 < cgaLn 2.
fePn(B,L)

Let ¢ : R? — [0, 1] denote a cutoff function that has the following properties: ¢ € C>, <p|[_1 e = 1, and ¢ is
compactly supported on [—2,2]¢.
Lemma 3. Let ky(x) = kn(z)p(x) where |k(z)| < cgalz|™". Then

lkn = knllz < cpah™"F".
Proof.

Ik — Fnll2 = (1 = @)kall2
< =Ty qga) knll2
=h 2| (1 - Lo 1)kl
< A1y bl

< cgd h—/2 / K2(x1) daq
|@1|> %

<c¢g,d e

The triangle inequality and the previous lemma yield the next result.

Lemma 4. Let k denote a kernel such that |(x)| < cg,q x|, ". Recall the definition of ky from Lemma @ Let
{X;:j € S} CRY denote an arbitrary set of points (not necessarily from a sample), and let

gs(y) = Z Ajkn (X5 —y)
j€s
denote a weighted KDE on the points labeled by S where A\; > 0 and 17X =1. Let
gs(y) = > _ Nikn(X; —y).
JjES
Then
s — gsllz < cpah™ 4.



Next we show that kp, is well approximated by its Fourier expansion on [—2,2]%. Since kj, is a smooth periodic
function on [—2, 2]d, it is expressed in L? as a Fourier series on %Zd. Thus we bound the tail of this expansion.
In what follows, a € Z‘éo is a multi-index and

FUN) = gz [ Fa)e ) do

denotes the (rescaled) Fourier transform on [—2,2]%, where w € ZZ.
Lemma 5. Suppose that k € S(B3,L'). Let A= {w € ZZ%: |w|, < T}, and define

= Z Flkn](w)et

w€eA

Then N )
| (kn — kg)ﬂ[—z,z}dnz < c¢ya,r T Yh=4/2=

Proof. Observe that for w ¢ A, it holds that

!
>0 Lol = (ol 4+ fwal)? 2 17

lafy =~

Therefore,

| F[En) (@) Lugalle, < T Z |w| Flkn) (@) Twgalle,
lal,= 'Y
_ 1
<77 Y D Fll) e,
|0“1:’Y
=caT™ 7| > 7”8?1% z)|2, (8)
al vy

where in the last line we used Parseval’s identity. For any multi-index o with |a|; =7,

oY - 604*77
sl ||2—HZ(.9 () 5 (@)

Y ey k@) 9)

na

where we used that the derivatives of ¢ are bounded. Next by Parseval’s identity,

I k(@) = cdHuwm Jwr)3 (10
For 0 < a <, we have
[l PR do < el + [ Flr@) do < 20l + L (1)
w|=1

By (®)-(11),
| F k) (@) Logalle, < canp T 7H™E77,

as desired.
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Applying the previous lemma and linearity of the Fourier transform, we have the next corollary that gives an

expansion for a general KDE on the smaller domain [—5, %]d.
Corollary 2. Let gs denote the weighted KDE built from ky, from Lemma where {X; : j € S} C [-4, 3] is an
arbitrary set of points (not necessarily from a sample) and moreover s € S(B,L'). Let A ={w € FZ%: |w|, < T},

and define

= 3 Flgsl(@e

wEA
Then
Il(gs = gigT)]l[—l 11ell2 < capy,r T~ Yh~Y2L.

Now we have all the ingredients needed to prove Proposition 1.

Proof of Proposition 1 . Let
1=
-1 k-
n :

and

y) =Y Aikn(X; -

JES

where the coreset {X; : j € S} is constructed by Carathéodory’s theorem as in Section 3 of the main text and kr,
is defined as in Lemma Also consider their Fourier expansions f7 and g}g as defined in Corollary [2| Observe
that, by construction of the Carathéodory coreset,

~ . 11
T =05 Yel-5.5"
In what follows, ||-||2 is computed on [f%, %]d. By the triangle inequality,

lgs = fll2 < lgs — Gsll2 + lgs — 38 12 + 1g& — £l
+ 1" = Flla + 115 = Fll2
<c¢g,d RV 4 Cd,~,L' T-7h=4/2=7 +0
+ amp TR 277 g g ™Y (12)

On the right-hand-side of the first line, the first and last terms are bounded via Lemma [ The second and
fourth terms are bounded via Lemma |5} and the third term is 0 by Carathéodory. By our choice of T' and the
decay properties of k, we have

Js — f 2<c dLhﬂgc dLn_B/(2*8+d),
B.d, B.d,

The conclusion follows by the hypothesis on k, the previous display, and the triangle inequality. O

2.2 Proof of Theorem 2

We restate Theorem 2 here for convenience.
Theorem. Let € > 0. The Carathéodory coreset estimator Gs(y) built using the kernel ks and setting T =
Cd.B.e XA satisfies

a __B8
sup Ef”gS - f||2 < cga,Lmn 2.
feEPH(B,L)

The corresponding coreset has cardinality

m=cqpe nEEFate,



Proof. Our goal is to apply Proposition 1 to ks. First we show that the standard KDE built from &, attains the
minimax rate on Py (8, L). The Fourier condition

1-— Flk
ess Supw¢0||w[|of](w” <1, Vaz=xp,

implies that ks is a kernel of order 3 (Tsybakov, [2009, Definition 1.3). Since Flks](0) = 1 = [ ky(z)dz, it
remains to show that the ‘moments’ of order at most 3 of ks vanish. In fact all of the moments vanish. We have,
expanding the exponential and using the multinomial formula,

—i/@mWﬁde
— ilcgt;‘wo‘ {/ks(x)x dx}

Since ¥ (w) = 1 in a neighborhood near the origin, it follows that all of the terms [ ky(z)z*dz = 0. Thus k; is a
kernel of order j for all 8 € Z>¢, and the standard KDE on all of the dataset with bandwidth h = n~1/(28+d)
attains the rate of estimation n=?/(8+d) over Py, (B, L) (see e.g. Tsybakovl 2009, Theorem 1.2).

Next, |ks(x)| < cgal|z|” for v = [B + d]. This is because

dV
dzv

xmmmzﬂﬂwm=f[“¢h@<n bl < cpa

dav
Moreover for all v € Z, ks € S(7,¢y). By Parseval’s identity,

1S halle = = IFLEhlll = o=l ()2 <

Ks = Rs = w w S C
dar " T ar da” ? V2T ? K
because 1 has compact support (see e.g. Katznelson, 2004, Chapter VI).

All of the hypotheses of Proposition 1 are satisfied, so we apply the result with

_4d
7T 9

to derive Theorem 2.

2.3 Proof of Corollary 1

d
Corollary. Let £ > 0 and m < cB,d’6n2ﬁ+d+€.

1/d

The Carathéodory coreset estimator gs(y) built using the kernel

ks, setting h = m~ a5 and T = cam ', satisfies

£}
sup ]E”gs — f”2 S CB.d,e,L (m_g‘ﬁ‘&" +n_2/3+d+6> ,
fEPH(B,L)

and the corresponding coreset has cardinality m.

Proof. Recall from the proof of Theorem 2 that k; is a kernel of all orders. By a standard bias-variance trade-off
(see e.g. Tsybakov, 2009, Section 1.2), it holds for the KDE f with bandwidth A built on the entire dataset that

EMf—ﬂhS%@LOf+ ! ). (13)

nhd
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Moreover, from applied to k; , setting T = cqm!/¢, we get

||gs - f||2 S Cﬂ,d hﬁ + Cd7’Y miw/dh*d/foy. (14)
Choosing
d ﬁ 7l+£
= —)(——-1 = dT 3
vy=(B+ 2>(d5 ), h=m

(assuming without loss of generality that e > 0 is sufficiently small so that v > 0), then the triangle inequality,
(113), (14), and the upper bound on m yield the conclusion of Corollary 1.

O

2.4 Proof of Theorem 4

For convenience, we restate Theorem 4 here.

Theorem. Let A,B > 1. Let k denote a kernel with ||k||2 < n. Let gs denote a weighted coreset KDE with
bandwidth h > n=* built from k with weights {\;};cs satisfying maxjes |\;| < nP. Then

B
d

alw

sup  Ejllgs — fl2 = coar [(A+B)”
fE€P#(B,L)

(mlogn)~d + n‘ﬁ} .

Proof. Let A= Aq,..., A\, and let A= ;\17 ...y Am. Observe that
I3 Akn (X5 = ) = 3 N (X5 =l < D7y = | 1 (X5 = )l
jes jes jes

< ’/\—;\Loth_d/Q. (15)

Using this we develop a decorated coreset-based estimator fs (see Section of this Supplement) that approxi-
mates gs well. Set § = cg g n *h¥/? for cg 41, sufficiently small and to be chosen later. Order the points of the
coreset Xg according to their first coordinate. This gives rise to an ordering =< so that

X{jXéj”'jX’fn

denote the elements of Xg. Let A € R™ denote the correspondingly reordered collection of weights so that

m

gs(y) = Z/\jkh(Xgl‘ - y).

Construct a 6-net N with respect to the sup-norm |-|__ on the set {v € R™ : |v|__ < n®}. Observe that
log NG| = log(nP6 )™ = cg.q.c (B + Aymlogn (16)

Define R to be the smallest integer larger than the right-hand-side above. Then we can construct a surjection
¢ : {0,137 — Nj. Note that ¢ is constructed before observing any data: it simply labels the elements of the
d-net N by strings of length R.

Given gs(y) = >_ e Ajkn(X; —y), define fs as follows:

1. Let A € R™ denote the closest element in N to A € R™.
Choose o € {0,1}7 such that ¢(0) = A.

Define the decorated coreset Ys = (Xg, 0).

L

Order the points of Xg by their first coordinate. Pair the i-th element of A with the i-th element X ! of Xg,
and define

fsly) = ZS\jkh(XJ" —y)



We see that fs is a decorated-coreset based estimator because in step 4 this estimator is constructed only by
looking at the coreset Xg and the bit string 0. Moreover, by and the setting of 9,

I fs — gsll2 < cparn > (17)

By Proposition [2| and our choice of R,

sup  Ef|lfs — flla > csar ((A + B)_g(mlogn)_g +n72ﬁ%) .
fePn(B,L)
Applying the triangle inequality and yields Theorem 4. O

3 PROOFS FROM SECTION 4

Notation: Given a set of points X = x1,..., 2z, € [—1/2,1/2] (not necessarily a sample), we let
Fe) = 3 k(X - )
x\y) = m A —Y

denote the uniformly weighted KDE on X.

3.1 Proof of Theorem 5
Theorem. Let k denote a nonnegative kernel satisfying

k(t) = 0(t]” "), and  Flk](w) = O(lw| ™)
for some £ >0, k > 1. Suppose that 0 < o < 1/3. If

n3—2(a(-3)+3)

m < ,
- logn
then )
inf E||f" — flla = (n—§+a>
m sup — 2 = Vi
h,S:|S|<m fepy, (1,L) S logn

The infimum above is over all possible choices of bandwidth h and all coreset schemes S of cardinality at most
m.

The proof of Theorem 5 follows directly from Propositions [3] and [4] which are presented in Sections and
[B:1:2] respectively, of this Supplement.

3.1.1 Small bandwidth

First we show that uniformly weighted coreset KDEs on m points poorly approximate densities that are very
close to 0 everywhere.

Lemma 6. Let fX denote a uniformly weighted coreset KDE built from an even kernel k : R — R with bandwidth
h on m points X = x1,...,2, € R. Suppose that quantiles 0 < q1 < qo satisfy

q1
k(t)dt > 0.9, and (18)

—q1

q2
E(t)dt > 1 — . (19)

—q2

Let U denote an interval [0, u] where
u > 8qsh, (20)
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and suppose that f : U — R satisfies

To0a < 7@ < 3 oo (21)
forallz e U.
Then
cnt = Dol > g =9

Proof. Let N denote the number of x; € X such that [x; — ¢1h, x; + ¢1h] C [0, u]. The argument proceeds in two
cases. With foresight, we set o = 1/(44¢1). Also let C1; = 1/(100g;1) and Cy = 45/(4400¢q;).

Case 1: N > 5*. Then by and the nonnegativity of k,

o 09N _ 0.9au
Ifx1ulh =2 —— = :
m mh
By (21),
CQU
< ==
I < =2
Hence,

u 45 U

A u
— > — (0. — = _—=
I1(fx = Hlwll = mh(o 9a = C2) Cth 4400 qymh

Thus Lemma@ holds in Case 1 where N > au/h.

Case 2: N < 5. Let

V = [2hqa, u — 2hga] \ U [z; —qih,z; + q1h]
JeT

where T is the set of indices j so that [z; — ¢1h, z; + ¢1h] C U. Observe that if j ¢ T', then by ,

1 r: —t

iy P st )dt<7.
Jae (s

1 Ti—t

iy dt <0.1.
Ah( h> =0

A 0.1N a0.1u
[fxlv|i < —— 47 < +
m mh

If j € T, then by (18),

Thus,

By the union bound, observe that the Lebesgue measure of V' is at least
U 1
u — 4hqo — 2Nhq > 3~ 2Nhq, > u(§ —2aq).

Next, by ,

u 1
1 >C1—(=—-2 .
Iyl 2 G (5 = 200)

Therefore,
u

T Mogmh | (22)

I(fx — Hivlh > %(01(1/2 —2aq) — 0.1a) — v



Proposition 3. Let L > 2. Let 0 < § < 1/3 denote an absolute constant. Let fX denote a uniformly weighted
coreset KDE with bandwidth h built from a kernel k on X = x1,...,&,,. Suppose that k(t) < Alt|~*+D for
some absolute constants A >0,k > 1. If h < n‘1/3+5, then for

n2/3-26
logn
it holds that A s
S im k= fl =0 (1“) | o3

Proof. Let
Ft) = (e € [~1/2,0) + e V000(t € 0,1/2))),

where A is a normalizing constant so that [ f = 1. Observe that f € Py(1,L). Our first goal is to show that
I == ()
X ! mhlog?(mh)

holds for all 7/h <m < h=2 and for all h < n’1/3+5, where 7 is an absolute constant to be determined.

We apply Lemma |§| to the density f. Let ¢; be defined as in Lemma |§|, and set C; = 1/(100¢;) and Cy =
45/(4400¢1 ). Set 7 = 10C2/A. Let

1 1
U= [tl,tQ} = [1og()\mh/01)7 log()\mh/CZ)] '

The function f|y satisfies the bounds from Lemma[6] Observe that the length of U is

1
u:i=ty —t; = Q—5——).
2 (logQ(mh))
We set the parameter v in Lemma [f] to be
B 1
7 800qumh log? (mh)’
By the decay assumption on k, we may set
oA\ LV/E
e=(5)
Therefore,
1 2AN\
u—8qph=Q———)—8h| — 24
h =00z - () (24)
1
= Q(—5——) — O(h(mhlog®(mh))*/* 25
o)~ Olmn 1082 (mi)) /4 (25)
1
=0 —O(h=Y*1og?(h™1)) > 0 26
oy~ O™/ log? (™) (20)

for n sufficiently large, because we assume 7/h < m < h™2, h < n~1/3+0 and k > 1. Hence, condition
is satisfied for m, h in the specified range, so we apply Cauchy—Schwarz and Lemma [f] to conclude that for all
7/h<m < h™?and h < n~1/3+9

R N 1 1
|fX—f2>||fX—f|1:Q(mthg2<mh>> :Q<mh10g2(h—1)>' (27)
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Suppose first that log®(1/h) > n'/3=%. Then clearly the right-hand side of is Q(1) for m < n. Otherwise,
we have for all h < n~=1/3%9 that if m is in the range

1/3—61
T < m < min (nzogn —2) — N,
h hlog>(1/h)
then implies
. n—1/3+6
IFs = 112 = ("o ) (29)
ogmn

Moreover, a uniformly weighted coreset KDE on m = O(1/h) points can be expressed as a uniformly weighted
coreset KDE on ©(1/h) points by setting some of the x;’s to be duplicates. Hence holds for all 1 < m < Np,.
Since Nj, is a decreasing function of h, it follows that holds for all m < nz/g_z/logn and h < n~ /319 a9
desired.

O

3.1.2 Large bandwidth

Lemma 7. Let e = e(n) > 0, and let fX denote the uniformly weighted coreset KDE on X with bandwidth h.
Suppose that ¢ : R — R is an odd C* function supported on [—1/4,1/4]. Let f(t) : [-1/2,1/2] — R denote
the density

ft) = %(1 — %) + ep(t) cos (i) )
Then
175~ 1B > 5 (1613 ~ | Fle?)(2= ™))
b s FHE) -2 [ Felde 09

Proof. Let g(t) = (12/11)(1 — t2) and (t) = eé(t) cos(t/e). Observe that
Ifx = £I5 > llg = £115 = 2(fx, 9 = £) + 29, ¥(1)
=llg = fII3 = 2(fx.9 — f) (30)
because g(t)(t) is an odd function. Next, using cos?(0) = (1/2)(cos(20) + 1),

1/2
lg— fI2 =& / cos? (/)62 (1)t

—1/2
> Sz - £ P2 (31)
= oWz 9 :

By the triangle inequality and Parseval’s formula,

(fx,9—F) w
O L () ) o

= A =:B
Moreover,
1
A< ol s [FH@), (32)
€ |w|>he—1/2
B < [lk| - / F[6)(w)] dew. (33)
|w|>e—1/2

Then follows from ||k||; = 1 and equations (30), (31)), (32), and (33). O



Proposition 4. Let ¢ = n= /347 for some absolute constant v > 0. Let fX denote a uniformly weighted
coreset KDE with bandwidth h built from a kernel k on X = z1,...,2m,. Suppose that |F[k|(w)| < |w|~¢ If
h > ce'=2/t = en(CV/3MA=2/0 for ¢ sufficiently large, then for all m it holds that

sup inf f —fllz = Qe) = Q (n~ V37 34
s it fle =90 = 0 (w0 /0) (34)

Proof. The proof is a direct application of Lemma [7} Let f(t) = g(t) + ep(t) cos(t/e), where we set

o(t) = —e T L (2 € [~1/4,0]) + e~ 77T 1(z € [0, 1/4]).

Observe that ¢ is odd and ¢ € C*°. Thus, ¢ € C*°, so by the Riemann-Lebesgue lemma (see e.g. Katznelson,
2004, Chapter VI), F[#?](e~!) < 10e. Using a similar argument and noting that F[¢](w) = w™2F[¢"](w) <
10w™3, we obtain

/ 6] ()] dw < 10022,
|w|>2e~1

Also ||¢||2 > ¢ for a small absolute constant, and [|¢]|; < 2.

Thus Lemma the hypothesis on k, and h > ¢/e'=2/¢ imply that

3

4
_ 3 _ (2
h) 200% = Q(c2).

? 5o o
Ifx = fI3 = Se? =2
Since f € Py(1, L), the statement of the lemma follows. O

3.2 Proof of Theorem 6

Theorem. Fix 8 > 0 and a nonnegative kernel k on R satisfying the following fast decay and smoothness
conditions:

1 1
lim -log

M S8 T >0, (35)

1
lim — log > 0, (36)

b
w=oo fw| 7 | F[k](w)]

where we recall that F[k| denotes the Fourier transform. Let fgf”f be the uniformly weighted coreset KDE. Then
there exists Lg > 0 such that for L > Lg and any m and h > 0, we have

_ B
inf su E|| funif =0 m 18 )
hSHUSISm fen (5,1) 17 =l = Qo Cmp

Proof. We follow a similar strategy to the proof of Theorem 5 by handling the cases of small and large bandwidth
separately.

Let ¢1 = ¢1(k) > 0 be the minimum number such that f| k(t)dt < 0.1. By the assumption in the theorem,

there exists a > 0 such that

t>q

1
/ k(t)dt < —exp(—as), Vs>0.
[t|>s a

Note that we can set Lg) large such that for any ¢ € [0, 1], there exists f € PH(B,LS)) such that f(xz) = ¢ for
x € ]0,1/2]. We first show that for any given m and h, we have

. 1 0.02a
inf sup K funf — 20.2(1/\>1 hs— 20 A1y, 37
S:S|<m FeP(B.LY) Ifs ull 100gymh log (o.olgia Vv 17?) (37)
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Let f be an arbitrary function in f € Py(f, L(ﬁl)) such that

1

N— A 0,1/2].
100g, i’ z€(0,1/2]

flx) =1
Let T be the set of i € S for which z; € [(1h,1/2 — q1h].

Case 1: |T| >m (1 A . Since k > 0, we have

1
100g1 mh )

A 0.9|7T] 1
1 > >09(1A ——m .
Ifx [0’1/2]H1 - m ( 100q1mh)

On the other hand,

1 1
1 <IN —
£ 10,1721l < 5 ( 100q1mh> ’

therefore,

A 1
-1 >04 (1N — .
(7 = Dloaah 204 (1A o)

Case 2: |[T| <m (1 A ) Define

1
100g; mh

1
=01 (1A —
7 < 100q1mh)

and

~0.02

g2 : h

Note that to verify we only need to consider the event of h < % A1, in which case

0.001a a
exp(—aqa)
. <0.001a A 0.1a)
mqi
. <0.001a A O.la)
qmh
1
/\ P
100q1mh)

/ k(t)dt <
[t|>q2

IN
Q= Q= Q|

Il
=
=

pay
f

:’7.

Moreover since v < 0.1 we see that g2 > ¢;. Now define

V = [2hg2,1/2 = 2hgo) \ | [2; — a1h, x5 — auh).
jEr

1 ;i —1

Zk J)dtgfy
/vh ( h

1 r;i —t

—k (= dt <0.1.
I ( B ) =0

Then for j ¢ T, we have

while for j € T' we have




Thus,

O'1|T|+ <02(1n—1
m T=E 100g1mh )

On the other hand, by the union bound we see that the Lebesgue measure of V is at least

I fx1v: <

1
5~ 4a2h — 2q1h|T| 2 0.5 — 4g2h —0.02 > 0.4

where we used the fact that goh = 0.02. Then

1
1 >04 1IN —
11wl 2 0 (1A o)

and hence
. A 1
— f)l > — )l >0211N —).
I = Dioaalh 2 1 = vl 2 02 (1A o)

This concludes the proof of .

The second step is to show that for given m and h, we have

. i 1 /bhAD)\’ 1
inf  sup BT ] > ( ( )) -~ (39)
S:|S|<m fepy, (B,L) 4 logm bm

sufficiently large m and L to be determined later, and 0 < b < oo is such that

Flkl(w) < %exp(—bw)7 Yw e R

whose existence is guaranteed by the assumption of the theorem. Let ¢ be a smooth, even, nonnegative function
supported on [—1/2,1/2] satisfying [;_, 5, 5 ¢ = 1. Define

fo(1) = (1) ( s t)

€

where ¢, > 0 is chosen so that f[_1/271/2] fe = 1. Then lim. g c. = 1, and in particular f. > 0 when € < ¢(¢, 5)
for some €(¢, 8). Moreover we can find L(ﬁz) < oo such that f. € Py(8, L(;)) for all € < €(¢, 8). Now

e = fxlh = [FIfI(1/€) = Flfx](1/e)]

2| et —‘Hk](h)‘
[-1/2,1/2] €
[ gtsntar —\f{k](”)
[-1/2,1/2] € €
_ / 6(t) sin? Lt —‘]—‘[k:](h)‘ (39)
[-1/2,1/2] € €

where used the fact that ¢ is even. Since limeo [i_; /5 4 /5 $(¢) sin® Ldt = 1, there exists ¢/(¢) such that

t 1
/ P(t)sin? =dt > =
[~1/2.1/2] e 4

for any € < €/'(¢). Now define

b(h A1)
2logm

€'(h,m) =
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There exists m(¢, 5,b) < oo such that sup,-€’(h,m) < €(¢,B) A €(¢) whenever m > m(¢,5,b). With the
choice of € = €’(h, m), we can continue lower bounding as (for m > m(¢,3,0)):

1oAY 1
4\ logm bm?’

Finally, we collect the results for step 1 and step 2. First observe that the main term in the risk in step 1 can

be simplified as
1 0.02a
IN———)1h< ————— - A1
( IOOqlmh> { = log (5id- v 10) }

1
= 100q,mh AN1{A} (40)

where A denotes the event in the left side of .

Thus up to multiplicative constant depending on k, 3, we can lower bound the risk by taking the max of the

risks in the two steps:
1 bh A\ 1
— A1 - — 41
(mh " {A}> v (( logm ) bm2> (41)

whenever L > Lg := L/(Bl) \/LE;). We can use the distributive law to open up the parentheses in . By checking

-

1 bh A\ 1 m”F
—V —— | =Q .
mh logm bm? ]ogﬁ m
Next, if A is true, we evidently have
o= .
logB m
If A is not true, then h > % A1, and we have
1 (0 OOlav )
=0 (log 26 )
=Q 7 .
logﬁ m

the h >m™ 7% and h < m™F cases respectively, it is easy to verify that
bh A1)\ 1
1 \% -— | =
A (( logm > bm?
b(h A1) b(h A 1 1
1 \% —
A} << logm ) bm2> < logm ~ bm?
). It remains to convert this to a lower bound in L2.

m ﬁ+1
log# m

In either case the risk with respect to L is (

We consider two cases. First note that by the fast decay condition on the Fourier transform, k € C'. Let B = By,

denote a constant such that
sup  |K'(z)] < B. (42)
ze[—1/2,1/2]

Set A = BY2 Vv E(0) V1
Case 1: h < A.

Let U = {|y| > 3 + cg.a,qlogm}, and let U¢ = R\U. If h < A, then because X; € [—1/2,1/2] and by the
exponential decay of k, A
I£x )yl < m™?



for cg a,q sufficiently large. Thus by Cauchy—Schwarz,

I(fx — F)Luellz > chaqlogm) ™ 2[(fx — flue]2
= ¢h a4 (logm) ™1/ (H(fx — Ol = I(fx — f)]lUH1>

B
BES
AT
log” m
m
= Q —
<logﬁ+5 m)
Case 2: h> A

In this case, k(X; — y) is nearly constant for all . By and Taylor’s theorem,

kO) — k (XZY)| < 2B
o=+ (%57

for all y € [-1/2,1/2] and for all i. Hence, for all y € [-1/2,1/2], using h > A,

fx(y) = %Zk (Xh_y> < %(k(o) +2B) < 3.
=1

m

For Lg large enough, we see that for the function f € Py(8, Lg) with f|[0 1 =4,

L
»T00

1fx = fll2 = 1(fx = HLjo g 1lh = (D).

L
> 100

4 PROOFS FROM SECTION 5

4.1 Proof of Theorem 7

The result is restated below.

Theorem. Let ks denote the kernel from Section 3 of the main text. The algorithm of |Phillips €& Tai (2018)
~ 3+4d

yields in polynomial time a subset S with |S| = m = O(niﬂ%) such that the uniformly weighted coreset KDE §g

satisfies

~ B
sup  E[f —gsll2 < cpan” 2.
feEP(B,L)

Proof. Here we adapt the results in Section 2 of |Phillips & Tail (2018]) to our setting where the bandwidth
h = n~1/(25+) ig shrinking. Using their notation, we define K (z,y) = k; (%) and study the kernel discrepancy
of the kernel K. First we verify the assumptions on the kernel (bounded influence, Lipschitz, and positive
semidefiniteness) needed to apply their results.

First, the kernel K is bounded influence (see Phillips & Tail, 2018, Section 2) with constant cx =2 and § = n~ !,
which means that

|Ks(z,y)| <

3=

if |z — y|,, > n?. This follows from the fast decay of k.

Note that if  and y differ on a single coordinate i, then

k() = ks ()] < (i —yo) [ ] ms(5)| < elai = il
J#i
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because |ks(x)| < ||¢]|1 for all z and the function kg is c-Lipschitz for some constant ¢. Hence by the triangle
and Cauchy—Schwarz inequalities, the function kg is Lipschitz:

|k5(m) - kS(y)‘ < dcg |CC - y|1 < d3/20n |x - ylz .

Therefore the kernel K(x,y) is Lipschitz (see |Phillips & TaiL |2018|) with constant Cx = d®/2¢,.h~'. Moreover,
the kernel K is positive semidefinite because the Fourier transform of x4 is nonnegative.

Given the shrinking bandwidth h = n~Y(2f+d)  we slightly modify the lattice used in [Phillips & Tai (2018]
Lemma 1). Define the lattice

EZ{(i15,i25,...,id6)| ij EZ},

where
1

= ———.
c.d?nh—1

The calculation at the top of page 6 of [Phillips & Tai| (2018, Lemma 1) yields

Zx Xi,y)
ZX XzayO)

where yg is the closest point to y in the lattice £, and x assigns either +1 or —1 to each element of X = X7,..., X,,.
Moreover, with the bounded influence of Kj, if

disc(X, x,y)

+1

min |y — X;| > n®
K3

then
1.

disc(X, x,y) K (Xi,y)| <

On defining
Lx =LN{y: minly — X;|_ <n?},

we see that

maxdlsc(X X, y) < max disc(X, x,y) + 1
yeRd

for all signings x : X — {—1,+1}. This is precisely the conclusion of [Phillips & Tai| (2018, Lemma 1).

This established, the positive definiteness and bounded diagonal entries of K and Phillips & Tail (2018, Lemmas

2 and 3) imply that
discx, = O(y/dlogn).

Given € > 0, the halving algorithm can be applied to K, as in |Phillips & Tai (2018, Corollary 5) to yield a
coreset Xg of size m = O(e~1y/dloge~1) such that

123 KX = - S K (X ) <
j=1

JjES

Rescaling by h=%, we have

If - f§”'f||oo—llfzk ],yWZk (X5, 9) e < b7

jES

Recall from Section of this Supplement that f attains the minimax rate of estimation on Py (5, L). Thus

~ B+d
setting &€ = h¥n=8/(2B+d) we get a coreset of size Oq(n Zﬁtd) that attains the minimax rate cg 41, n~B/(2B+d) a5
desired. Moreover, by the results of [Phillips & Tai (2018), this coreset can be constructed in polynomial time.

O
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