Supplementary to Non-parametric kernel clustering

A Equivalence between Kernel-based data clustering and Kernel-
based density clustering.

A.1 Proof of Lemma 1

Lemma 1 (MMD between components is closely related to kernel evaluations between
input data.). Given any sample X € R?, let the component kde distributions (v;) be defined in the
usual way. For all x;,x; € X,

P (i) = Cpca(l — g(mi, 25))
where Cg ¢ q4 15 a constant dependent on the bandwidths 3,( and the input dimension d.

Proof. Squared MMD p?(1;, ;) with respect to the Gaussian kernel g; can be decomposed as follows:

PP (Wi 5) = [y,

where j1,, denotes the kernel mean embedding of 1; with respect to the Gaussian kernel function g,
which can be computed in closed form as shown in .
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By means of theorem [I| which provides a spectral characterization of the Gaussian RKHS and the
inner-product within, we compute (fiy,, ,U,wj>’;.[g<, Vi, j € [n]. The computation uses the closed form
expressions of Fourier transforms of the kernel function and the kernel mean embeddings of the
component kde distributions given in . The closed form expression for the inner product between
the kernel mean embeddings of any two component kde distributions is given in Equation (4)).
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where i denotes the imaginary unit and satisfies iZ = —1.
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Substituting the values of (,uwi,,uwjﬁ{gc for any ,j € [n] we obtain

¢
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P* Vi, ;) =2 (W) (1 —g(zi, x5)) (5)
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The following result given by Kimeldorf et al. (1970) and Wendland (2004)) provides a spectral
characterization of the RKHS corresponding to any translation-invariant kernel.

Theorem 1 (Spectral characterization of RKHS. (Kimeldorf et al., 1970; Wendland,
2004)). Let k be a translation-invariant kernel on R such that k(z,y) := ¥(x — y) where ® €
C(RY) N Ly(RY). Then the corresponding RKHS H is given by

B ez 1 [ FLAw)[?
H{fGLQ(Rd)mC(Rd), 1£13, = (%)m/ Tl ) do.)<oo}, (6)

where |-| denotes the magnitude of the enclosed quantity and F[f](w) denotes the Fourier transform of

the function f. The inner product on H is defined as (f,9)n = (275(“2 f Hf]]%)}]](rig)](w)dw f.g€H,

where F[g](w) denotes the complex conjugate of Flg](w).

A.2 Proof of Theorem 4

Theorem [4] immediately follows from Lemma [I} For any data clustering algorithm with respect
to the Gaussian kernel > 0, decompose 7 into any two positive quantities 8, > 0 satisfying
1 = 482 + (. Due to Lemma [1] the kernel clustering algorithm equivalently defines a clustering of
the component kde distributions {t;}._, .

B Algorithms

For completeness, we briefly describe the kernel-based clustering algorithms (Axmn, Actr, AFFK,
and ApNk) here. In each of the algorithms, we describe the standard kernel data clustering procedure
as well as the equivalent kernel density clustering procedures (see Theorem . The component kde
distributions are defined in the usual way with respect to the bandwidth parameter 8 > 0 and p is
defined with respect to the Gaussian kernel with bandwidth parameter ¢ > 0.



B.1 Kernel k-means (Agmn)

Algorithm - Kernel k-means

e Given: A sample X = {z, 79, - 7,} C R? and for some 3, > 0 the Gaussian kernel function
g: R4 x R? - R with bandwidth parameter 452 + (.

e Find the partition

0 = argmax Z Z g(x;,x;) = argmin Z Z Pty T \c | Zu¢7 (7)

o:[n]=[K] ke[K]i,j€ck o:[n] = [K] ke[K]i€cy JECk

B.2 FFk-means++ (Arrk)

Algorithm - Farthest first Kernel k-means ++

Phase one: Initializing the centers

e Given: A sample X = {z1, 29, - 2,} C R? and for some 3,¢ > 0 the Gaussian kernel function
g: R4 x R? - R with bandwidth parameter 452 + (.

e Choose an initial center ¢; uniformly at random and set C' = {c;1}.

e While t < K :

— let C' ={c1,co, - ci—1} be the current set of centers,

— for each z € X, compute d(z) = Hélél k(z,c) = max p(Ve,e)

— pick the new center ¢; = arg maxd(z), and set C' = C U {ct}.
zeX

e For cach k € [K]:

-t Cp=1{z e X kiz,en) > k(z,en) Yk £ K € [K]}

= {2 € X p(a,v00,) < plre, Y)Yk £ K € [K]}
Phase two: Standard kernel k-means algorithm
1. For each k € [K], set C, = {z € X : condition holds}

1
k|2 ST k(z,2)- |C|Zk(y,x)<olzy;lk(y,z) G |Zky, YVIL# ke [K]. (8)

y,2€CH y€eC yeC

Z% VI #k € [K]. (9)

z'eC

(z)p?h, |Z% _0%7

z'eCl

2. Repeat step (1) until convergence, that is, the set of centers C' do not change anymore.



B.3 Kernel K-center(Actr)

Algorithm - Kernel K-center

e Given: A sample X = {z1,29,---2,} C R% and for some 3,( > 0 the Gaussian kernel function
g :R? x R* - R with bandwidth parameter 45% + C.

e Find the partition

- = rgmax inf |c_|2 Z k(x;,x;) | l| ij X, )

n]—[K] €N
2,7 Ec zEc

= arg min maX,O(wz,’Ya(z) a)
o:[n]—[K] ¢€ln]

B.4 Agglomerative hierarchical clustering (ApLnk)

Given a sample X = {z1,22,---2,} C R? and a similarity function S : R? x R? — R, hierarchical
clustering algorithms seek to generate a cluster tree (dendrogram) establishing a hierarchy of
relationships between the elements of the sample. Aggolomerative methods, in contrast to divisive
methods, seek a bottom up approach, starting out with each point as its own cluster and progressively
combining them into larger clusters until there is a single cluster that contains all the elements of
the sample X. The criterion for merging hinges on the underlying similarity function, which in our
case is the kernel matrix computed on the sample for a given kernel function k : R x R? — R. We
discuss two of the popular hierarchical clustering algorithms that exist in literature: single linkage
and complete linkage methods. The distinguishing factor across the two methods is the choice of
the criterion C' used to merge any two clusters ¢, ¢’ C X (¢N ¢ = &), which are given below in

Cle,d)= max k(z,y)= min p(¢s,vy), and min k(z,y) = max p(¢y,1,). (10)

rEc,yec’ rEc,yec’ rEc,yec’ rEc,yec’

Single linkage Complete linkage
By substituting the different criterion C(c,c’) to merge any two clusters ¢, ¢ in Algorithm |1} we

obtain variants of the corresponding algorithms.

C Impossibility of recovery by kernel k-means(Proof of The-
orem 1)

Proof. Fix the kernel bandwidth parameter ¢ > 0. Consider the following example in R, where
U([a, b)) denotes the uniform distribution on the real interval [a, b]. Let

= (GU(-ed)+ Ul - er+ ) (1)

and
Yo = U([Dr — €, Dr + €). (12)



Algorithm 1: Agglomorative hierarchical kernel-clustering.

Given: A sample X = {x1, 22, --z,} C R? and for some 3,( > 0 the Gaussian kernel
function ¢ : R x RY — R with bandwidth parameter 432 + ( ;
Let S = {s1,...sn} be a collection of singleton trees with the root node of s; = {i}.
while |S| > 1 do
Let s4, 8- € S be the pair of trees such that C(root(s,), root(s,)) is maximal ;
Generate sq s.t, T00t(Sqr) = T00t(84) UT00t(S;), left, right(sqr) = Sq, Sr ;
Add s and remove s4 and s, from S ;
end
6 < Partition function obtained by cutting the only element in S, a dendrogram at a level
such that the resulting partition contains K clusters ;
return ¢ ;

The mixing measure is given by A = A\1y1 4+ A27y2. The constants D > 2> r > e and A1 > )\, are
to be chosen later. The idea is that the interval [Dr — ¢, Dr + ¢] is separated from the rest of the
distribution via a large constant D, but the points in [Dr — ¢, Dr + €| will nevertheless be clustered
with the points in [r — €,7 + €] because A2 is so small. We first show that A satisfies the condition in
the theorem, namely that

P*(71,72)

Sup PQ (wx,v :Y\U'* (z),0* )
re€X,

> K2 (13)
Therefore, consider the numerator, which is simply the squared MMD between 7; and 7. We have
p2 (717 72) = EXN’yl,XN’ylg(X7 X) + EYN’YQ,{/N’ygg(Y7 l/}) - 2EX~'YI aYN'YZg(X7 Y)

1 g2
> (26)2/[ ]26 |z—y| /Cdxdy—

—|(D=1)r+z—y|?
o /[_“]2(3 |(D=V)r+e v/ g gy,

At this point, assume that € is sufficiently small compared to the kernel bandwidth parameter (,
namely that 4¢? < 7. This allows us to lower bound the first integral by % Similarly, choosing D
large enough in comparison to r allows us to make the second term arbitrarily small, whence we

conclude that

1 1 1
— >

e

i.e. the numerator is at least i Now consider the denominator, which is the maximum squared

MMD between an empirical cluster mean and a sampled point belonging to that cluster. This is at
most the squared MMD between any two points belonging to the same cluster

sup 02(%,# >ty < sup P (Vs by) (14)

z€X, |U*(9C)\ yeor (z) T,YEXn,0* (x)=0*(y)

which can be bound, independently of the sample X,,, by

(i 120 = 2| g (1- )
sy Wr42¢) = 0 .~ —€
P \Wo, Pri2 13+

(r+ 2¢)?
¢

(15)

<2 +o(r?).



Here r + 2¢ is the maximum distance of any two points belonging to the same cluster and we used
. Thus, choosing a small r allows us to make the denominator arbitrarily small, and the fraction
in can become larger than any fixed K?2.

Now, we show that k-means does w.h.p. not recover the planted partition. The idea is to choose
A1 > Ao. In our sample X,, from m(A), denote the number of points within [—¢, €] by Ny, the
number of points within within [r — €, 7 + €] by Na, and the number of points within [Dr — €, Dr + €]
by Njs. Assume that n is large enough s.t. N7, No, N3 > 0. We rely on the equivalence between
kernel-based data clustering and kernel-based density clustering and directly consider the MMD
between component distributions 1., (compare section . That is we consider k-means w.r.t. the

norm | - || =< -,- >, - The k-means objective of the planted partition is at least
2
Nipp_ + No iy, Nipry, + Nopiy, . N1 N, 2
Ny||prg, ——- e R\ . ree |l > Huwe—uwrie +0(e).
Ny + No

N1+N2 Por—c™ Nl +N2

Similarly, the k-means objective of the alternative partition where the points in [r — €, + €] and
[Dr — €, Dr + €] form a cluster is at most

2 2
2 Nopiy, . + Napiyp, . Nopuy, . + N3, .
N1H1u¢0 = Hapo, + N2 Map,. o — ]+V2 + ]\]—‘3 Drt + N3 :u’l[JDrJre - ]\]2 + ]\/V‘3 >
2 Ny Ns 2
SN1HM% — My || + Ny + Ns ‘M»_e — Mypy. || +O(€)

Thus, k-means will choose the alternative partition if

2 N2 N3 2 Ny N, 2
NlHuwo = Py || T+ m“ﬂzbwe — Hypprie|| +O(€) < mHM}e = Pep, .

2 2

Huw,«_e — M < N Ny +N;  Ni(Na+ Na) ’Hwo — Mo,
2 T N3 Ny + Ny NoN3 2

Hope = Hap,. Mape = Hap,_.
2 2

H/Jwrfe — Mpprye (6) < & Ny + N3 (1 & ‘:U’ibo = Mapo,
2 ~ N3 | N1+ Ny Na 2

Mwﬁ - er*e uwﬁ - //L’l/)’r7€

(16)

O

First note that the norms in equation are deterministic quantities that depend on €, » and
D. The N; are Binomial random variables parametrized by A; and g, i.e. Nj ~ Binom(n, A;/2),
Ny ~ Binom(n, A\1/2) and N3 ~ Binom(n, Az). All terms involving N/s w.h.p. concentrate around
their expectation. Thus, choosing A; > Ay allows us to make the fraction %—; w.h.p. arbitrarily
large. Choosing e small enough (in comparison to ) ensures that the O(e) term on the LHS is small
enough, and that the bracketed term on the RHS is at least i.



D Sufficient conditions for Consistency of Acrtr, Arrk, and
Arnk. (Proof of Theorem 2)

Proof of Theorem [2: Consistency of Acrr. Let A be any mixing measure for which there
exists some € > 0 such that,

1 n—00
]PX (1 inf p(’kayk’) < sup P(fﬁm%* m),a*) +€) i> 0. (17)
k#k’ zeX,

Then, with high probability (w.h.p) over the samples X,

Jdnf p(ks ) > 4 sup p(va, Vo (2),0+) + de. (18)
# xeX n

If the bandwidth parameter g is chosen according to ,

nB?

B =0,
logn

— 00 as n — 00, (19)

it is known that the corresponding kernel density estimate fn converges to the true density f in
the I norm (Giné et al., 2002; Einmahl et al., 2005)). Observe that the density functions f o=
corresponding to the planted partitions 7 ,~ are the kernel density estimates of the density functions
corresponding to the component distributions 7. Furthermore by assumption, we have that the
corresponding component weights \;, are bounded away from 0. Thus, for each k € [K], we have

sup |fka — fxl L0 asn — .
rcRd

An application of Scheffe’s theorem (or Reiz’s theorem) (Scheffé, [1947) implies that the corresponding
probability measures 7, ,~ also converge weakly to 7. Simon-Gabriel, Barp, et al. (2020, Theorem
4.2) provide a characterization of the class of kernels that metrize the weak convergence of probability
measures on locally compact domains (e.g., R?). Following Simon-Gabriel and Schélkopf (2016,
Corollary 3) and Sriperumbudur et al. (2010, Proposition 5), one can verify that the Gaussian kernel
belongs to this class of kernel functions. Therefore, weak convergence of probability measures 7y o+
to 7k is equivalent to convergence in MMD with respect to (w.r.t) a Gaussian kernel, that is, for
every € > 0,

P(p(k.o+, k) > €) "—3 0. (20)

Let t = 4¢/2 and § = 1/n. Then, for every k € [K], there exists some N; € N such that ¥V n > N, 1,
~ 1
P00+, 7m) > de/2) < —. (21)
Let Ny = supycx) Ne- For all n > Ni, with high probability (w.h.p) over the samples X,,,

inf p(vk, ) >4 sup p(Va, Yor (2),0+) + 20(Vk,0%» Tk)- (22)
k#k’ z€X,

By assumption, we have that Ag is bounded away from 0 for all k € [K]. Therefore,

P(krgllr(l] (@)~ (k)| > 0) H P(] k)| > 0). (23)



For any k € [K], observe that |(c*)~1(k)| is a binomial random variable, Bin(n, \i). Using Hoeffding’s
inequality for binomial random variables,

B(|(0") " (h)] < ) < exp (20 — +)?) (24)

Setting t = 0, for large enough n such that n/logn > 1/A;, w.p.all—1/n
(") (k)| >0
So w.h.p over the samples,

' 7HE) >0
kfgﬂg]l(a) (k)|

From Propositions [T} 2} and [3] we then have that w.h.p over X,,, the algorithms Actr, Arrk, and
Apnkcan recover the planted partition o* (upto a permutation over the labels). O

D.1 Sufficient conditions for consistency of kernel k-center clustering
-ACTR
Proposition 1 (Conditions for recovery of the true partition by kernel k-center algo-

rithm). For any A € P, let T = m(A). Let X = {x1, 29, -2, } ~ ™. Define r=»y Lep; as the

i=1
probability measure associated with the kde in the usual way. For any partition o : [n] — [K] such
that the following condition holds:

inf, p(A/kv '7;6) >4 sup p(wm ’/7\0(1'),0) +2 sup p(’/y\k,dv 7k,6)7 (25)
k#k i€[n] kE(K]
and
inf |o= (k)| >0 26
nt [0 () (26)

o can be recovered by the kernel k-center algorithm on the sample kernel matriz G (defined in section
of the main paper).
Proof of Proposition[1 For any sample X = {z1, 22, -z, } and a partition ¢’, let

r=sp P(Yis Vo' (3),07) (27)
€N

We first show that for any mixing measure satisfying the conditions provided in Equation w.r.t
a sample X and a partition ¢/, then for any i # j € [n],

p(i, ;) < 2r = o'(i) = o'(j)
p(i, ) > 2r == o'(i) # o'(j)

1) d'(i) =o' (j) = p(¢i,%;) < 2r. For any i € [n], by definition,

/
(o2

/
g

p(wh;?o”(i),o") <r (28)

Therefore, for any 4, j € [n],
o'(i) = a'(§) = p(¥i,¥;) < p(¥i,For(i),0r) + P (i),00, 1) < 27 (29)
[



2) o'(i) # 0'(j) = p(¢i, ;) > 2r. Let 0/(i) = k # k' = ¢/(j). Then, by triangle inequality,
p(i, ¥5) = p(Vks V) = POV Ak,or) = Pkor s i) — p(W5, Wk 07) — PV or s i) > 20 (30)
Combining Equations and , its easy to verify that
p(Wi ) < 2r <= o'(i) = o'(j)
p(Yi,¥5) > 2r <= o'(i) # o' (j)
For any partition o, let

L(J) = Ssup P(lﬁiﬁa(i),a) (31)

1€[n]

Then the partition & generated by the kernel k-center clustering algorithm is given by

o = argmin L(o). (32)
o:[n]—[K]
Then, by definition,
L(@) < L(o')=r (33)
Therefore, from 7
(Vo (i),00 Vo (i),5) < Por (i),00> ¥i) + P(F50i),5) < 2r (34)

To show that the partitions o’ and & coincide up to a permutation, we show that, for any 4, j € [n],
o'(i) = 0'(j) = 0(1) =0(j) and 0’(i) # 0'(j) = (i) #7(j).
Consider 4, j € [n] such that ¢’ (i) # o’(j). If 5(i) = 7(j), then from triangle inequality and (34)),
PVo (i),005 Vo' (5),0) < Por (i),0 V5 (i),8) + Por (5,005 Va(i),5) < 4r- (35)
However, from we have that
p(?a/(i),aﬁfy\o’(j),a’) > p(’YU’(i)v P)/U/(j)) - p(ﬁo’(i),a’a "YU’(i)) - p(ao'(j),a’a P)/U/(j)) > 47'7 (36)

which is a contradiction. Therefore, for any 4, j € [n] such that
o' (i) # o' (j) = (i) #5())- (37)
Consider any i,j € [n] such that ¢’(7) = o/(j) but o(i) # o(j). From we know that
Yo (i).5 € B(Vor(i),0r,2r) and As(j).6 € B(Yo(i),07» 27) (38)
where B(x,r) = {y : p(z,y) < r} denotes the ball of radius r centered at x.

From the condition that the clusters are non-empty, for each k € [K], there exists a; such that
o'(ar) = k. Then, for each k € [K], we know that

Yz (ar)5 € B(Vor(ar),0r52r) = B(Vk,0r, 27) (39)
Furthermore, observe that for all k # k' € [K],

BAk,or,2r) N Bk 00, 2r) = 2, (40)



since otherwise there exists some x € B(Y.07, 2r) N B(Yk o7, 21), 1.€.,
P(l’ﬁk,o') <2r and P(L%',a/) < 2r,
— p(ak,o'a:}?k’,o’) < p(mvfy\k,a’) + p(l‘,:}/\kfﬁr) < 4r,
which is a contradiction.

Moreover, by definition, o’(ay) # o’ (ax) for all k, k" € [K], from (37)), we have
o(ar) # 0(az) - # o (ak) (41)

Since there are only K centers, 7 and imply that

e For any i € [n], there exists some k € [K] such that o (i) = o(ax), and
L ﬁa(ak),a € B(:Y\a/(i),cr’a 2T) = fy\ﬁ(ak/)ﬁ ¢ B(’/y\o"(i),a'U 2T) for all &’ 7é ke [K]

So, from 7
o'(i) =0'(j) = Vsu)5 = Vo(i)e = 0(i) =0(j), (42)

since, if 5(i) # (), then p(Vz(i),5,V5(j),5) > 47

Therefore, the partitions o’ and & coincide up to a permutation over the labels.

D.2 Sufficient conditions for kernel kmeans+ -+ algorithm - proofs

Proposition 2 (Sufficient conditions for recovery by kernel k-means ++). For any A € P%,

letT'=m(A). Let X = {xy, 29, - xn} ~ . Definel = 3 Lap; as the probability measure associated
i=1

with the kde in the usual way. For any partition o' : [n] — [K] such that the following condition

holds:

inf/ p(7k7 Wl/c) >4 sup p(l/]’m /’}70"(7:),0") +2 sup P(ﬁk,o’y FYk,U')v (43)
k#k i€[n] ke[K]
and
inf |(¢")" (k)| >0 44
nf (o) (k) (44)

o can be recovered by a (deterministic) kernel k-means++ algorithm on the sample kernel matriz G.

Proof of Proposition[2 Let,

r= Sl’?p] P(d’u ?0”(1;)70',)7 and By = B(ak,o’a T) vk € [K} (45)
1€[n

Claim: Let C' be the set of centers initialized in phase one of the k-means +-+ algorithm as described.
Then, for each k € [K],
cr € By, (46)

Proof: For every i € [n], by definition,

P(Vis Vot (i),0) ST = i € Byi(ay. (47)

10



Therefore, without loss of generality (W.L.O.G), let ¢; € B;. For any ¢t < K, assume that C; =
{c1,c2, - ¢} and ¢, € By, Vk € [t] (upto a permutation over the labels). Note that By, is non-empty
for every k € [K].

From the proof of Proposition |1} for any mixing measure satisfying the conditions provided in ,

p(iy ;) < 2r <= o'(i) = '(j) (48)
p(Wi ) > 2r <= o' (i) # o'(j) (49)
Therefore, since ¢, € By, for all k € [K], d(v;) = p*(¢s,cx) < 2r for all o/(i) = k. Therefore,

<2r Ye; € By,and k <t,
dapey s =20 V€ B and s (50)
> 2r otherwise.
Since ¢;41 = arg max d(v;), ci+1 € By for some s ¢ C;.
1 n

Claim: Kernel k-means algorithm does not affect the centers obtained in Phase one of the algorithm.
Proof: From claim 1, in phase one of the algorithm, the centers C = {ci, ¢, - - - cx } are obtained such
that ¢ € By, for all k € [K]. For each k € [K], clusters {C1,Cs,---Ck} are then defined as follows.

Cr = {ien]:p*(cr, i) = p*(ew,¥i) Vk#K €[K]} (51)
From , we have that
P2 (i, cx) < dr? ifo'(i) =k
0% (i, c) > 4r*  otherwise .

Therefore, the partition obtained in the Phase 1 of the algorithm coincides with ¢’ up to a permutation
over the labels, that is,

Ch = {v € X : 0/(i) = K}, (52)
and
> i =Tk € Br. (53)
i:o’(i)=k
Clearly,

p(wivﬁa’(i),a’) S 2r S P(d’iﬁk,o') > 2r Vk # O-/(Z')'
Therefore, the clusters obtained in the phase 1 of the algorithm do not change in the Phase 2 of the
algorithm and the partition obtained by Appkcoincides with that of o’ up to a permutation over the
labels.
| O

D.3 Sufficient conditions for kernel linkage clustering algorithms (Proof
of Theorem 2 - Part III)

Proposition 3 (Recovery by single linkage clustering) For any A € P%, let T = m(A). Let
X, ={z1,22, - xn} ~ T™ be a sample. Define T = Z 21h; as the probability measure associated

1=
with the kde in the usual way. For any partition o, such that the following condition holds:

inf p(vk,v,) >3sup  sup  p(Y, i) +2 sup p(Fk,ons Ve ) (54)
kK ko1l eon (k) ke[K)

11



on can be recovered by the kernel single (and complete) linkage clustering algorithms with respect to
the Gaussian kernel with bandwidth para using the sample kernel matriz G (defined in section of
the main paper).

Proof of proposition [3. For any partition o, let

§ = sup sup  p(i, ;).
ke[K]i,j'€o—t(k)

We first show that for any partition o satisfying the conditions stated in Proposition

VLU €] ol)=0a(l') < p(tr,dr) <9,
o) #o(l') < p(tu, ) > 4.

Observe that, by definition,
VAU €], o) =ol) = plr ) <6, (55)

By subadditivity of p, for any I,1’ € [n] such that o(I) =k, o(I') = k', and k # ¥/,

POy W) < (ks Vi) + POy tor) + p(u, v ) + p(Wur, Awr ) + (ks W) (56)
Substituting in , we obtain
U(l) 75 J(l/) = p(’L/Jl,’lbl/) > 4. (57)

Using the fact that p(-,-) > 0, from and , we have

Vil en] o) =o(l') <= p*(di,vw) <67,
o(l) #a(l') = p* (W1, 9v) > 6.

All three linkage algorithms based on the matrix of squared MMD evaluations between the component
distributions {¢,;};"_, or alternatively using the sample kernel matrix G (see Lemma 1)) would first
group the components within the same cluster according to ¢ before grouping components belonging
to different clusters according to o. Therefore, thresholding the dendrogram to obtain exactly K
clusters would recover the underlying partition o upto a permutation over the labels. With a minor
modification of the proof, it is easy to see that the Proposition also holds under separbility conditions
provided in .

O

Proof of Theorem [5: Consistent recovery of the planted partition by Arnk. Let A be any
mixing measure for which there exists some € > 0 such that,

1.
]PXn sup P('llfz, wm’) > g inf p(p)/ka ’Vk/) — € ni>>0 Oa (58)
z,x' €X,: k#k!
o*(z)=0"(z")
Then, with high probability (w.h.p) over the samples X,
inf p(ve,v) > 3 sup Pz, ) + 3e. (59)

k#k! z,x' €Xn:

o*(z)=0*(z")
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Furthermore, we know that for every ¢ > 0,

n—oo

P(p(?}c,g*,’yk) > 6) — 0. (60)

Let t = 3¢/2 and ¢ = 1/n. Then, for every k € [K], there exists some N; € N such that V n > N, ,

~ 1
P(p(Yk,o+>7%) > 3€/2) < o (61)
Let Ny = supyex) Nik- For all n > Ny, with high probability (w.h.p) over the samples X,,,

inf p(yk, ) >3 sup (Y, Yur) + 20(Fk,00 5 i) (62)
k#k z,2' €Xp:
o*(x)=0*(z")
From Proposition [3] we have that w.h.p over X,,, kernel single linkage clustering algorithm recovers
the true partition o* (upto a permutation over the labels).
O

E Necessary conditions for consistency of Appx and Apnk.
(Proof of Theorem 3)

E.1 Proof for Aprk

Fix the kernel bandwidth parameter ¢ > 0. Let r, ¢ and K be small constants that satisfy
1 > r > 2K > 16e. Consider the following example in R, where U([a,b]) denotes the uniform
distribution on the real interval [a,b]. Let

= (G- + U - er+d) (63)

and
Yo =m (;U([Qr —K—-¢2r—K+e¢€)+ %U([i’)r — K —¢€3r— K—i—e])) . (64)

The mixing measure is given by A = %’yl + %’Yz. The idea is that because K > 0, the two clusters
are just not separated enough.

To see that Appk fails to recover the planted partition with probability approaching %, consider the
case where the first cluster center is initialized with a point ¢; € [r — €,7 + ¢]. The farthest first
heuristic then chooses a second cluster center ¢z € [3r — Ke,3r — K + €|. Since K > 4e, the initial
clusters will be given by

Ci={z:2<2r—K+e and Co={z:2>3r— K —¢}.

Consequently, in the first iteration of phase two of the algorithm (compare section |B.2|), the new
cluster centers satisfy

- T'N2+(27"—K)N3

c1 > —¢ and ¢ >3r— K —¢,
'S TN+ Ny + N 2=

13



where N; denotes the number of points within the respective intervals. Now the clusters themselves
do not change if

2r—K)+e—¢1<é—(2r—K)—c¢

2N71 + Ny . N1 + Ny
Ny + Ny + N3 Ny + Ny + N3

K <r—4e,

an event that occurs asymptotically almost surely as the IV; concentrate around their expectation.
Conditional on this event, the algorithm terminates with clusters C; and Cj, i.e. it does not recover
the planted partition. Due to symmetry, the same holds if the first cluster center is initialized with a
point in [2r — K —€,2r — K +€]. As n — oo, the probability to initialize the first cluster center with
a point in either [r —¢,7 + €] or [2r — K — ¢,2r — K + €] approaches 3.

We now show that the condition in the theorem is satisfied, namely that as n — oo, it holds that

0(71,72) ~ (65)

= >4 —é€.
sup p(w1770*(r),0*)
reX,

A simple way to evaluate the LHS is to express both numerator and denominator as sums of inner
products between Gaussians. We have

,0(71,’)’2) Z p(al,a*//y\Z,a*) - p('717:Y\1,U*) - P(’Yzﬁzo—*),

and as n — oo and 5 — 0, the latter two terms converge in probability to 0. Hence, for all €; > 0, it
holds that

PP (11,72) 2 0° (1,00, A2, ) — €1
Furthermore, since p? is bounded, for all n large enough
,02(71772) >E [PQ(%,U*’%,U*)} — 2e1.

A straightforward if somewhat lengthy calculation shows that

. . 2
E I:pQ(le)g*”yZo.*)] Z 5(27" - K)2 + O(E) + 0(7"4). (66)
Similarly, for the denominator,
2 o~ L o
sup p (qumv’}/a*(w),a*) <=1+ O(E) (67)
X, C 4

Hence,

(2r — K)2 4+ O(e) + o(r*) — 2¢;
372+ O(e)

p2 (’?1,0* ) ’3/2,0* )

Sup /92 (%;7 :Y\O'* (z),0* )
r€e€X,

>

L 16-28+0(5) +o0?) + 33
- 1+0 (%) '

Thus, in order to satisfy , we have to choose r small enough, and K, € and ¢; small enough in
comparison to r. We now derive the expression for the numerator. First define the sets Iy = {z €
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Xn:z€l|-e€},h={xeX,:xer—er+e},zi={xeX,:xe€2r—K—¢2r—K+¢} and
ILi={reX,:z€[3r— K —¢€3r—K +¢]}. Denote N; = |I;|. We have

2/ A ~ ~ ~ ~ ~ ~ ~
14 (71,0;’;;72,0;’;) =< 71,0;‘;771,0;2 >+ < ’7270';*177270;*l >-2< fyl,aflafy2,0;‘1 >

Zw,yeh < 1/%7% > +2 21611,1/612 < 1/%1/13; > +Zw,y612 < 1/%1/13; >

(N1 + N)?
+ Zx,yeIg < wﬂ?’q/)y > +2 ZmEIg,yEI4 < wxawy > +Zx,yeI4 < wxﬂ/}y >
(N3 + Ny )?
B 2232611,31613 <Yy > 4D ver yer, T 2acnyers < Vo ¥y >+ er, yer, < Yty >
(N1 + Ng)(N3 + N4)
1 2e)2 .
L [CINRO = 5) 4+ 2NN, (1 - ) + N3 (1 - A)
“\'n (N1 + N3)?
2 r+2¢)? €2
L M- 45) +2NNi(1 - {rH29) 4 N2 (1 — 4
(N3 + Ny)?
2 < 2
2N1]\/'3(1 — 7(%7[57726) )+ N1N4(1 — 7(‘”7[;726) )

(Nl +N2)(N3 +N4)
— K —2¢)? r—K—2¢)?
2N2N3(1 _ %) + NaNy(1 — W) + ol
o(r
(N7 + Na)(N3 + Ny)

Where we used and the Taylor expansion e® = 1 + z + o(x?). The inequality sign stems from the
fact that we have replaced the exact locations of sampled points with interval boundaries. Taking
expectations,

S C1[—4e2—2(r+20)2 -4 —4e® —2(r+20)%) — €
E [p2(71,0f17ry2,0;§)] 2\/;7} 1 + 1

(2T—K—26)2+(3T—K—26>2+2(T‘—K—26)2+(2T—K—26)2
4 4

*2 £ r— 2 € o(r*
—n\/;cz K)? +0(e) + or*).

We now derive the expression for the denominator. By symmetry, it suffices to consider the case

+2

+o(r?)
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x € [—€, €.

1
P %m Z Yo + Z WPy

z' E[—e,€] ' E[r—e,r+e|
1
—mﬂ S We—ve)+ Y (Y — )
' €[—e,€] z' €[r—e,r+e
Ny Ny
7mp(@/} ese) + N, + N, o PWV—esYrie)
N

<p(V—e,Vie) + WQNQ'O(%’ y)

B ¢ _ 42 Ny ¢ _r2

- 2\[7(16 n)er 2 5(176 n)
N2 2 4 g

A Ng’“\/;\/;+ o)

where we used and the inequality 1 —e™* < z. It follows that asymptotically almost surely

2 [¢1
2 =~ 2
su 2 Vo (5) .0+ ) < —1 ] ~=1° 4+ O(e).

E.2 Proof for ALNK

Consider the same example as in the above proof for Appk. At first, a hierarchical linkage algorithm
(compare section will merge all points within 2e-intervals. This leaves us with 4 trees. Then,
the linkage algorithm does not return the planted partition if the trees belonging to the intervals
[r—e,r+ € and [2r — Ke, 2r — K + €] are merged in the next step. For r > K > ¢, it can be easily
seen that this is the case.

F Statistical identifiability with respect to £cTr, EFrk, and
ELNK

Proof of Theorem 5: Consistency implies statistical identifiability. Let A be
For appropriate choice of bandwidths, we know that

lim p(Yp,ox 7%) =0 and lim |)\;c or — Akl Lo (68)

n—oo n—oo
From Aragam et al. (2020, Lemma A.3), convergence of component measures and the corresponding

component weights implies that the sequence of estimators defined by A= Z /\k 005 converges

Vk,o
i=1

in probability to the true mixing measure A w.r.t the Wasserstein metric. O
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G Estimating the Bayes partition

Given a finite sample X = {21, x9, -z, }, let & denote the partition generated by a kernel clustering
algorithm A. We can define an estimator of the Bayes partition function &, : R? — [K] in the natural
way:

o~

op(x) = argsup Z Ggal(z, ;) © arg sup )\k,gﬁ.ﬁ(x) (69)
REIKT 5 ()=k kelK]

where (x) follows from Lemma Due to the equivalence between kernel clustering and density-based
clustering, we can show that if a kernel-based algorithm A can consistently recover the planted
partition, then by means of a single reassignment step given by , the algorithm consistently
recovers the Bayes partition.

Exceptional set. Given A = Zke[ K] Ak0~,, for any ¢ > 0, we define the exceptional set

BEt)= |J {z e R": [Mefu() — Ao faor (@) <t}

kK

Theorem 2 (Estimating the Bayes partition). Let ¢, and 8 be bandwidth parameters satisfying
the conditions provided in Theorem @ Let A € P% satisfying the conditions provided in , For
X = {z1,22, - xn} ~ m(A)" and let Gy, be the partition function obtained by Acrr, Aprk or
Arnk  followed by the reassignment step in @ Then, w.h.p over the samples, there exists a
sequence {t,} "= 0 such that G, () = 0Bayes(x) for all € RS — Fy(t,,).

Proof of Theorem [2 The proof of this Proposition is adapted with minor changes from the proof
of Aragam et al. (2020, Theorem 5.2). For this reason, we borrow some of the notation from Aragam
et al. (2020)). Since A satisfies the separability conditions given in equation , from Theorem
we know that w.h.p over the samples the algorithms Actr, Arrk, and Apnkrecover the planted
partition up to a permutation over the labels, that is, ¢ = o*. For appropriate choice of bandwidths,
we know that w.h.p over the samples,

. P
lim fy o = fi, (70)
n—oo
where the convergence is defined pointwise and uniformly over R?.
Let, N R
tn =2 sup sup [Apo: fr,ox () — A fr(z)| > 0. (71)
ke[K] zeRd

From lj we know that ¢, 0. Moreover, by definition, we have that

|)\k:fk(x) - )\k’fk’ (LL')| >t, — )\UBQWS(x)fUBaWS(z)(m) > /\kfk(x) +tn Vo g EO(tn)7 k 7é O_Bayes(‘r)-

(72)
Therefore, it follows that for any x € RP — Eq(t,) and any k # 0payes (),
~ . &) o) th B~
)‘JBa,yes(m),a;fagayes(r),cf:, (x) > )\UBa,g;es(I)faBn,yes(I) - 5 > )‘kfk(x) + E > )\k,a;’;fk,a,t (5‘7)7 (73)

where, (1) and (3) follow from (71)) and (2) follows from qp This implies that 5, (2) = arg sup Ag o« fr.o- () =
kE[K]

OBayes(x) for all x & Ey(ty).
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