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1 PROOF OF LEMMA 1

We restate that fy : Z × W × S 7→ Fy, fw : Z × S 7→ Fw, fz : Z 7→ Fz, fs : S 7→ Fs, fx : Z × S 7→ Fx, and
fq : Y×W× S× X→ Fz. In this work, Fy = R, Fw = R, Fs = Rds , Fx = Rdx and Fz = Rdz .

We also note that A = {y, w, x, s, z, q}.

Lemma 1. Let κi be kernels and Hi their associated reproducing kernel Hilbert space (RKHS ), where i ∈ A.

Let the empirical risk obtained from the negative ELBO be L̂. Consider minimizing the following objective
function

J = L̂
(⋃

i∈A
fi

)
+
∑
i∈A

λi‖fi‖2Hi
(1)

with respect to functions fi (i ∈ A), where λi ∈ R+. Then, the minimizer of (1) has the following form

fi =
∑T×L

l=1 κi( · ,νi
l )β

i
l (∀i ∈ A), where νi

l is the lth input to function fi, i.e., it is a subset of the lth tuple
of D, and the coefficients βi

l are vectors in the Hilbert space Fi. This minimizer further emits the following

solution: βi = [βi
l ,...,β

i
TL]> =

(∑L
l=1 Kl

i
>

Kl
i + λiLKi

)−1∑L
l=1 Kl

i
>
ψi for i ∈ A \ {w, q} and ψy = y,

ψx = x, ψs = s, ψz = Kqβ
q.

Proof. We divide the proof of Lemma 1 into two parts (1) and (2) as follows.

(1) The solution form of fi (i ∈ A)

We further define fx = [fx,1,..., fx,dx
] with fx,d : Z × S 7→ R (d = 1, . . . , dx). Similarly, fs = [fs,1,..., fs,ds

] with
fs,d : S 7→ R (d = 1, . . . , ds), fz = [fz,1,..., fz,dz

] with fz,d : Z 7→ R (d = 1, . . . , dz), and fq = [fq,1,..., fq,dz
] with

fq,d : Y×W× S× X 7→ R (d = 1, . . . , dz).

Consider the subspaces Bi ⊂ Hi, (i ∈ A) defined as follows:

By = span
{
κy(·, [wt, st, z

l
t]) : t = 1,..., T ; l = 1,..., L

}
,

Bw = span
{
κw(·, [st, zlt]) : t = 1,..., T ; l = 1,..., L

}
,

Bx = span
{
κx(·, [st, zlt]) : t = 1,..., T ; l = 1,..., L

}
,

Bs = span {κs(·, st) : t = 1,..., T} ,
Bz = span

{
κz(·, zlt) : t = 1,..., T ; l = 1,..., L

}
,

Bq = span {κq(·, [yt,xt, wt, st]) : t = 1,..., T} .

We project fy, fw, fx,d (d = 1,..., dx), fs,d (d = 1,..., ds), fz,d (d = 1,..., dz), and fq,d (d = 1,..., dz) onto the
subspaces By, Bw, Bx, Bs, Bz, Bq, respectively, to obtain f spy , f spw , f spx,d, f sps,d, f spz,d and f spq,d, and also project

them onto the perpendicular spaces of the subspaces to obtain f⊥y , f⊥w , f⊥x,d, f⊥s,d, f⊥s,d and f⊥q,d.
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Note that f sp(·) + f⊥(·) = f(·). Thus, ‖f(·)‖2H(·)
= ‖f sp(·)‖

2
H(·)

+ ‖f⊥(·)‖
2
H(·)
≥ ‖f sp(·)‖

2
H(·)

, which implies that λ(·)‖f(·)‖2H(·)

is minimized if f(·) is in its subspace B(·). (a)

Moreover, from the reproducing property, we have that

fy(wt, st, z
l
t) =

〈
fy, κy(·, [wt, st, z

l
t])
〉
Hy

=
〈
f spy + f⊥y , κy(·, [wt, st, z

l
t])
〉
Hy

=
〈
f spy , κy(·, [wt, st, z

l
t])
〉
Hy

+
〈
f⊥y , κy(·, [wt, st, z

l
t])
〉
Hy

=
〈
f spy , κy(·, [wt, st, z

l
t])
〉
Hy

= f spy (wt, st, z
l
t),

and similarly fw(zlt, st) = f spw (zlt, st), fx,d(zlt, st) = f spx,d(zlt, st), fs,d(st) = f sps,d(st), fz,d(zt) = f spz,d(zt), and

fq,d(yt, wt, st,xt) = f spq,d(yt, wt, st,xt). Hence, we have

L̂
(⋃

i∈A
fi

)
= L̂

(⋃
i∈A

f spi

)
.

The last equation implies that L̂(·) depends only on the component of fy, fw, fx,d, fs,d, fz,d, fq,d lying in the
subspaces By, Bw, Bx, Bs, Bz, Bq, respectively. (b)

From (a) and (b), we have

fy =
∑TL

l=1 κy( · , [wl, sl, zl])β
y
l , fw =

∑TL
l=1 κw( · , [sl, zl])βw

l ,

fx =
∑TL

l=1 κx( · , [sl, zl])βx
l , fs =

∑TL
l=1 κs( · , sl)βs

l ,

fz =
∑TL

l=1 κz( · , zl)βz
l , fq =

∑TL
l=1 κq( · , [yl,xl, wl, sl])β

q
l ,

where βi
l is in the Hilbert space Fi (i ∈ A). This completes the proof on the solution form of fi (i ∈ A). We

further derive the solution of βi
l (i ∈ A) in the next subsection.

(2) The solution of βi (i ∈ A)

Let x:,d, s:,d, z:,d be the d-th column of x, s and z, respectively, i.e., each element of x:,d, s:,d, z:,d is the d-th
dimension of xt, st and zt.

We further denote Ks,Kq ∈ RT×T as kernel matrices computed with the kernel functions κs(si, sj) and
κq([xi, yi, wi, si], [xj , yj , wj , sj ]), respectively.

The following form of matrices are applied to Kx, Kw, Kz, Ky, Kl
x, Kl

w, Kl
z, Kl

y:

K(·) =



κ(·)(Φ
1
1,Φ

1
1) . . . κ(·)(Φ

1
1,Φ

1
T ) . . . κ(·)(Φ

1
1,Φ

L
1 ) . . . κ(·)(Φ

1
1,Φ

L
T )

...
. . .

...
...

. . .
...

κ(·)(Φ
1
T ,Φ

1
1) . . .κ(·)(Φ

1
T ,Φ

1
T ) . . .κ(·)(Φ

1
T ,Φ

L
1 ) . . .κ(·)(Φ

1
T ,Φ

L
T )

...
...

...
...

κ(·)(Φ
L
1 ,Φ

1
1) . . .κ(·)(Φ

L
1 ,Φ

1
T ) . . .κ(·)(Φ

L
1 ,Φ

L
1 ) . . .κ(·)(Φ

L
1 ,Φ

L
T )

...
. . .

...
...

. . .
...

κ(·)(Φ
L
T ,Φ

1
1) . . .κ(·)(Φ

L
T ,Φ

1
T ) . . .κ(·)(Φ

L
T ,Φ

L
1 ) . . .κ(·)(Φ

L
T ,Φ

L
T )


∈ RTL×TL,

Kl
(·) =

κ(·)(Φ
l
1,Φ

1
1) . . . κ(·)(Φ

l
1,Φ

1
T ) . . . κ(·)(Φ

l
1,Φ

L
1 ) . . . κ(·)(Φ

l
1,Φ

L
T )

...
. . .

...
...

. . .
...

κ(·)(Φ
l
T ,Φ

1
1) . . .κ(·)(Φ

l
T ,Φ

1
T ) . . .κ(·)(Φ

l
T ,Φ

L
1 ) . . .κ(·)(Φ

l
T ,Φ

L
T )

 ∈ RT×TL,

where

• For Kx and Kl
x, κ(·)(Φ

a
i ,Φ

b
j) = κx([si, z

a
i ], [sj , z

b
j ]),

• For Kw and Kl
w, κ(·)(Φ

a
i ,Φ

b
j) = κw([si, z

a
i ], [sj , z

b
j ]),
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• For Kz and Kl
z, κ(·)(Φ

a
i ,Φ

b
j) = κz(zai , z

b
j),

• For Ky and Kl
y, κ(·)(Φ

a
i ,Φ

b
j) = κy([wi, si, z

a
i ], [wi, sj , z

b
j ]).

The regularized empirical loss function can be expanded as follows:

J = L̂(fy, fw, fx, fs, fz, fq) + λy‖fy‖2Hy
+ λw‖fw‖2Hw

+

dx∑
d=1

λx‖fx,d‖2Hx

+

ds∑
d=1

λs‖fs,d‖2Hs
+

dz∑
d=1

λz‖fz,d‖2Hz
+

dz∑
d=1

λq‖fq,d‖2Hq

=
1

L

L∑
l=1

(
1

2σ2
y

((βy)>Kl
y

>
Kl

yβ
y − 2y>Kl

yβ
y + y>y) + T log σy

−w> logϕ(Kl
wβ

w)− (1−w)> logϕ(−Kl
wβ

w)

+
1

2σ2
s

ds∑
d=1

((βs
d)>K>s Ksβ

s
d − 2s>:,dKsβ

s
d + s>:,ds:,d) + Tds log σs

+
1

2σ2
x

dx∑
d=1

((βx
d )>Kl

x

>
Kl

xβ
x
d − 2x>:,dK

l
xβ

x
d + x>:,dx:,d) + Tdx log σx

+
1

2σ2
z

dz∑
d=1

((βz
d)>Kl

z

>
Kl

zβ
z
d − 2(βq

d)>K>q Kl
zβ

z
d + (βq

d)>K>q Kqβ
q
d) + Tdz log(σz/σq) +

1

2
Tdzσ

2
q/σ

2
z

)

+ λy(βy)>Kyβ
y + λw(βw)>Kwβ

w +

dx∑
d=1

λx(βx
d )>Kxβ

x
d

+

ds∑
d=1

λs(β
s
d)>Ksβ

s
d +

dz∑
d=1

λz(βz
d)>Kzβ

z
d +

dz∑
d=1

λq(βq
d)>Kqβ

q
d

Taking derivative of J with respect to βy and equates to 0, we obtain

∇βyJ =
1

L

L∑
l=1

(
1

2σ2
y

(2Kl
y

>
Kl

yβ
y − 2Kl

y

>
y)

)
+ 2λyKyβ

y = 0,

which implies that

βy =

(
1

σ2
y

1

L

L∑
l=1

Kl
y

>
Kl

y + 2λyKy

)−1
1

σ2
y

(
1

L

L∑
l=1

Kl
y

)>
y

=

(
L∑

l=1

Kl
y

>
Kl

y + 2λyLσ
2
yKy

)−1( L∑
l=1

Kl
y

)>
y.

Similarly, taking derivative of J w.r.t βx
d ,β

s
d,β

z
d and set to 0, we obtain the following update rules

βx
d =

(
L∑

l=1

Kl
x

>
Kl

x + 2λxLσ
2
xKx

)−1( L∑
l=1

Kl
x

)>
x:,d,

βs
d =

(
Ks + 2λsσ

2
sI
)−1

s:,d,

βz
d =

(
L∑

l=1

Kl
z

>
Kl

z + 2λzLσ
2
zKz

)−1 L∑
l=1

(
Kl

z

>
Kqβ

q
d

)
.
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Absorbing the all the constants into λ(·) and denoting βi = [βi
1, . . . ,β

i
di

] (i ∈ {x, s, z}), we obtain

βy =

(
L∑

l=1

Kl
y

>
Kl

y + λyLKy

)−1( L∑
l=1

Kl
y

)>
y,

βx =

(
L∑

l=1

Kl
x

>
Kl

x + λxLKx

)−1( L∑
l=1

Kl
x

)>
x,

βs = (Ks + λsI)
−1

s,

βz =

(
L∑

l=1

Kl
z

>
Kl

z + λzLKz

)−1 L∑
l=1

(
Kl

z

>
Kqβq

)
.

We remark that βs = (Ks + λsI)
−1

s =
(∑L

l=1 KsKs + λsLKs

)−1
(
∑L

l=1 Ks)
>s, thus we can present a general

form of the solution as in Lemma 1.

2 PROOF OF LEMMA 2

We repeat Lemma 2 here for convenience:

Lemma 2. For any fixed βq, the objective function J in Eq. (1) is convex with respect to βi for all
i ∈ A \ {q}.

Proof. From Lemma 1, we see that the objective function J is a combination of several components including
(βi)>Cβi, c>βi, −w> logϕ(Kl

wβ
w) and −(1 − w)> logϕ(−Kl

wβ
w), where i ∈ {y, s, x, z}, C is a positive

semi-definite matrix and c is a vector.

For the first and second term, we have

∇2
βi

{
(βi)>Cβi

}
= C + C> = 2C � 0,

∇2
βi

{
c>βi

}
= 0 � 0.

For the third term, we have

∇βw

{
−w> logϕ(Kl

wβ
w)
}

= −(∇βw logϕ(Kl
wβ

w))w

= −(Kl
w)>diag(w)ϕ(−Kl

wβ
w),

and thus

∇2
βw

{
−w> logϕ(Kl

wβ
w)
}

= −(∇βwϕ(−Kl
wβ

w))((Kl
w)>diag(w))>

= −(∇βwϕ(−Kl
wβ

w))diag(w)Kl
w

= (Kl
w)>diag(ϕ(−Kl

wβ
w)� ϕ(Kl

wβ
w)�w)Kl

w � 0.

Similarly, for the last term, we have

∇βw

{
− (1−w)> logϕ(−Kl

wβ
w)
}

= (Kl
w)>diag(1−w)ϕ(Kl

wβ
w),

and

∇2
βw

{
− (1−w)> logϕ(−Kl

wβ
w)
}

= (Kl
w)>diag(ϕ(Kl

wβ
w)� ϕ(−Kl

wβ
w)� (1−w))Kl

w � 0.

Moreover, the second-order derivative of J with respect to σ(·)s are also positive. Consequently, J is convex
because it is a linear combination of convex functions.
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3 AUXILIARY DISTRIBUTION p̃(y | s,x,w), p̃(w | s,x) AND p̃(s |x)

This section outlines the approximation of p(y|s,x,w), p(w|s,x) and p(s|x). Denoting their corresponding
approximation as p̃(y|s,x,w), p̃(w|s,x), p̃(s|x), we estimate parameters of those distribution using classical
representer theorem. Learning parameters of p̃(w | s,x) is presented in the main text. In the following, we present
p̃(y | s,x,w) and p̃(s |x).

3.1 Learning p̃(y | s,x,w)

p̃(y | s,x,w) =

T∏
t=1

p̃(yt | yt−1, st,xt, wt) =

T∏
t=1

N(yt | gy(yt−1, st,xt, wt), ω
2
y).

The regularized empirical risk is as follows:

Jy =
1

2ω2
y

T∑
t=1

(yt − gy(yt−1, st,xt, wt))
2 + T logωy + δy‖gy‖2Vy

=
1

2ω2
y

(y −Kỹα
y)>(y −Kỹα

y) + T logωy + δy(αy)>Kỹα
y,

where αy = [αy
1 , . . . , α

y
T ]> is the parameter to be learned and Kỹ is the matrix computed with kernel function

τy([yi−1, si,xi, wi], [yj−1, sj ,xj , wj ]). Taking derivative of Jy w.r.t αy and set to 0, we obtain

αy = (Kỹ + 2δyω
2
yIT )−1y.

3.2 Learning p̃(s |x)

p̃(s |x) =

T∏
t=1

p̃(st | st−1,xt) =

T∏
t=1

N(st | gs(st−1,xt), ω
2
sIds).

The regularized empirical risk is as follows:

Js =
1

2ω2
s

T∑
t=1

‖st − gs(st−1,xt)‖22 + Tds logωs +

ds∑
d=1

δs‖gs,d‖2Vs

=
1

2ω2
s

ds∑
d=1

(s:,d −Ks̃α
s
d)>(s:,d −Ks̃α

s
d) + Tds logωs +

ds∑
d=1

δs(α
s
d)>Ks̃α

s
d,

where s:,d denotes the d-th column of s, αs
d = [αs

1,d, . . . , α
s
T,d]> is the parameter to be learned and Ks̃ is the

matrix computed with kernel function τs([si−1,xi], [sj−1,xj ]). Taking derivative of Js w.r.t αs
d and set to 0, we

obtain αs
d = (Ks̃ + 2δsω

2
sIT )−1s:,d where d = 1, 2, . . . , ds. Thus we have

αs = (Ks̃ + 2δsω
2
sIT )−1s.

4 USING ADDITIVE KERNELS

This section presents the update rules for some additional parameters when using an additive kernel function.
For example, we define an additive kernel function as follows

κy([w, s, z], [w′, s′, z′]) = γy0 + γyw φw(w,w′) + γys φs(s, s
′) + γyz φz(z, z′)

where each function φw(·, ·), φs(·, ·), φz(·, ·) is a typical kernel function such as Matérn kernel, RBF kernel, or RQ
kernel. Then, the kernel matrix is as follows

Ky = γy0JTL + γywMw + γysMs + γyzMz, Kl
y = γy0JT×TL + γywMl

w + γysMl
s + γyzMl

z.
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where Ja ∈ Ra×a and Ja×b ∈ Ra×b are matrices of ones, Mw = JL ⊗Λw and Ml
w = 1>L ⊗Λw with Λw ∈ RT×T

is a kernel matrix computed with kernel function φw(wi, wj) and 1d denotes the d-dimensional column vector
of ones, ⊗ is the Kronecker product; similarly, Ms = JL ⊗Λs and Ml

s = 1>L ⊗Λs with Λs ∈ RT×T is a kernel
matrix computed with kernel function φs(si, sj). We remark that Mw,Ms ∈ RTL×TL and Ml

w,M
l
s ∈ RT×TL.

Lastly,

Mz =



φz(z11, z
1
1) . . . φz(z11, z

1
T ) . . . φz(z11, z

L
1 ) . . . φz(z11, z

L
T )

...
. . .

...
...

. . .
...

φz(z1T , z
1
1) . . .φz(z1T , z

1
T ) . . .φz(z1T , z

L
1 ) . . .φz(z1T , z

L
T )

...
...

...
...

φz(zL1 , z
1
1) . . .φz(zL1 , z

1
T ) . . .φz(zL1 , z

L
1 ) . . .φz(zL1 , z

L
T )

...
. . .

...
...

. . .
...

φz(zLT , z
1
1) . . .φz(zLT , z

1
T ) . . .φz(zLT , z

L
1 ) . . .φz(zLT , z

L
T )


∈ RTL×TL,

Ml
z =

φz(zl1, z
1
1) . . . φz(zl1, z

1
T ) . . . φz(zl1, z

L
1 ) . . . φz(zl1, z

L
T )

...
. . .

...
...

. . .
...

φz(zlT , z
1
1) . . .φz(zlT , z

1
T ) . . .φz(zlT , z

L
1 ) . . .φz(zlT , z

L
T )

 ∈ RT×TL.

Similarly, we have

Kw = γw0 JTL + γws Ms + γwz Mz, Kl
w = γw0 JT×TL + γws Ml

s + γwz Ml
z

Kx = γx0JTL + γxs Ms + γxz Mz, Kl
x = γx0JT×TL + γxs Ml

s + γxz Ml
z

Kz = γz0JTL + γzzMz, Kl
z = γz0JT×TL + γzzMl

z

Ks = γs0JT + γssΛs, Kq = γq0JT + γqyΛy + γqwΛw + γqsΛs + γqxΛx.

where Ms, Mz, Mw, Ml
s, Ml

z, Ml
w, Λw, Λs are defined as above, and Λx,Λy ∈ RT×T are kernel matrices

computed with kernel functions φx(xi,xj) and φy(yi, yj), respectively.

Substitute the above kernel matrices to the objective function in Section 1, we obtain

J =
1

L

L∑
l=1

(
1

2σ2
y

((βy)>
[
γy0JT×TL + γywMl

w + γysMl
s + γyzMl

z

]>
[γy0JT×TL + γywMl

w

+ γysMl
s + γyzMl

z]βy − 2y>[γy0JT×TL + γywMl
w + γysMl

s + γyzMl
z]βy + y>y) + T log σy

−w> logϕ([γw0 JT×TL + γws Ml
s + γwz Ml

z]βw)

− (1−w)> logϕ(−[γw0 JT×TL + γws Ml
s + γwz Ml

z]βw)

+
1

2σ2
s

ds∑
d=1

((βs
d)>[γs0JT×TL + γssΛs]

>[γs0JT×TL + γssΛs]β
s
d

− 2s>:,d[γs0JT×TL + γssΛs]β
s
d + s>:,ds:,d) + Tds log σs

+
1

2σ2
x

dx∑
d=1

((βx
d )>[γx0JT×TL + γxs Ml

s + γxz Ml
z]>[γx0JT×TL + γxs Ml

s + γxz Ml
z]βx

d

− 2x>:,d[γx0JT×TL + γxs Ml
s + γxz Ml

z]βx
d + x>:,dx:,d) + Tdx log σx

+
1

2σ2
z

dz∑
d=1

((βz
d)>[γz0JT×TL + γzzMl

z]>[γz0JT×TL + γzzMl
z]βz

d

− 2(βq
d)>[γq0JT + γqyΛy + γqwΛw + γqsΛs + γqxΛx]>[γz0JT×TL + γzzMl

z]βz
d

+ (βq
d)>[γq0JT + γqyΛy + γqwΛw + γqsΛs + γqxΛx]>[γq0JT + γqyΛy

+ γqwΛw + γqsΛs + γqxΛx]βq
d) + Tdz log(σz/σq) +

1

2
Tdzσ

2
q/σ

2
z

)
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+ λy(βy)>[γy0JTL + γywMw + γysMs + γyzMz]βy + λw(βw)>[γw0 JTL + γws Ms + γwz Mz]βw

+

dx∑
d=1

λx(βx
d )>[γx0JTL + γxs Ms + γxz Mz]βx

d +

ds∑
d=1

λs(β
s
d)>[γs0JT + γssΛs]β

s
d

+

dz∑
d=1

λz(βz
d)>[γz0JTL + γzzMz]βz

d +

dz∑
d=1

λq(βq
d)>[γq0JT + γqyΛy + γqwΛw + γqsΛs + γqxΛx]βq

d.

Taking derivative of J with respect to γyz , γyw, γys , γy0 γ
x
z , γxs , γx0 , γzz , γz0 , γss , γs0 and equates to 0 to solve for the

solution of these parameters.

Remark 1. By using the above additive kernel functions, the form of latent confounders is as follows

zt = γz0 (βz)>1TL +

T∑
j=1

L∑
l=1

γzz ((βz)>):,jlφ(zt−1, z
l
j) + εt, εt ∼ N(0, Idz

),

where ((βz)>):,jl denotes the jl-th column of (βz)>. Thus the form of α0, αjl and kz(·, ·) stated in the
synthetic experiments (Section 5.2 in the main text) are α0 = γz0(βz)>1TL, αjl = γzz ((βz)>):,jl, and
kz(·, ·) = φ(zt−1, z

l
j).

5 SIMULATING SYNTHETIC DATA

In this section, we present how the synthetic datasets were generated in Section 5.2 of the main text. To simulate
the data, we use the following Eqs. (2)-(6).

zt = fz(zt−1) + et, et ∼ N(0, σ2
zIdz ), (2)

st = fs(st−1) + ot, ot ∼ N(0, σ2
sIds

), (3)

xt = fx(zt, st) + rt, rt ∼ N(0, σ2
xIdx

), (4)

yt = fy(wt, zt, st) + vt, vt ∼ N(0, σ2
y), (5)

wt = 1(ϕ(fw(zt, st)) ≥ ut), ut ∼ U[0, 1], (6)

where we set the ground truth hyperparameters σz, σs, σx, σy to 1 and the dimension of st, zt,xt are 2. We specify
the ground truth for each of the functions fz, fs, fx, fy, fw as neural networks whose specification are as follows:

• For fz(zt−1): Input (2 dims)→
{

Hidden layer i (10 dims)→LeakyReLU
}j
i=1
→Output (2 dim),

• For fs(st−1): Input (2 dims)→
{

Hidden layer i (10 dims)→LeakyReLU
}j
i=1
→Output (2 dim),

• For fx(zt, st): Input (4 dims)→
{

Hidden layer i (10 dims)→LeakyReLU
}j
i=1
→Output (2 dim),

• For fw(zt, st): Input (4 dims)→
{

Hidden layer i (10 dims)→LeakyReLU
}j
i=1
→Output (1 dims),

• For fy(zt, wt, st): We set the ground truth fy(zt, wt, st) = (1− wt)fy0
(zt, st) + wtfy1

(zt, st), where fy0
(zt, st)

and fy1
(zt, st) are two different neural networks

◦ fy0(zt, st): Input (4 dims)→
{

Hidden layer i (10 dims)→LeakyReLU
}j
i=1
→Output (1 dims),

◦ fy1
(zt, st): Input (4 dims)→

{
Hidden layer i (10 dims)→LeakyReLU

}j
i=1
→Output (1 dims),

where j in the above specification is the number of hidden layers. Using different numbers of the hidden layers,
i.e., j = 2, 4, 6, we construct three synthetic datasets, namely TD2L, TD4L, and TD6L. For these three datasets,
we sample the latent confounder variable z satisfying Eq. (2).

We also construct another dataset, TD6L-iid, that uses six hidden layers but with the iid latent confounder
variable, i.e., za ⊥⊥ zb, and sa ⊥⊥ sb , ∀a, b ∈ {1, 2,..., T}. In particular, the simulation of zt and st in TD6L-iid
was done using the following Eqs. (7) and (8)

p(zt|zt−1) = N(zt|µz, σ
2
zIdz

), (7)

p(st|st−1) = N(st|µs, σ
2
sIds), (8)

where we set the ground truth µz = µs = 1. Simulation of the other variables remain the same, i.e, we use
Eqs. (4)-(6) for simulation of xt, yt and wt.



Appendix: Causal Modeling with Stochastic Confounders

Finally, for all the simulation, we discard zt and only keep yt, wt, xt and st as observed data for training the
models. We summarize the steps to simulate the datasets in Algorithm 1. In each step of Algorithm 1, we also
save fy0

(zt, st) and fy1
(zt, st) for analysing the performance of each method.

Algorithm 1: Simulate synthetic dataset

1 begin
2 z0 ∼ N(0, I2);
3 s0 ∼ N(0, I2);
4 for t := 1 to T do
5 Sample zt using Eq. (2) for DTjL or Eq. (7) for DT6L-iid;
6 Sample st using using Eq. (3) for DTjL or Eq. (8) for DT6L-iid;
7 Sample xt using Eq. (4);
8 Sample wt using Eq. (6);
9 Sample yt using Eq. (5);

10 return w,y,x, s;

— End —


