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1 PROOF OF LEMMA 1

We restate that fy: Zx W x 8§ = JFy, fu:Z x8 = Fy, fa: Z»—>9’Z, fs:8 = Fs, fo: 2L x8 — Fp, and
ferYxWx8xX—=T.. Inthiswork I}"‘ =R, F, =R, F, =R%, F, =R% and F, = R%.

We also note that A = {y,w,z, s, 2, q}.

Lemma 1. Let k; be kernels and H; their associated reproducing kernel Hilbert space (RKHS), where i € A.

Let the empirical risk obtained from the negative ELBO be L. Consider minimizing the following objective
function

T=2(U_55) + X Nilfillk, (1)

i€ A

with respect to functions f; (i € A), where \; € R*. Then, the minimizer of (1) has the following form
fi= T,XL ki v))BE (Vi € A), where v} is the I'™" input to function fi, i.e., it is a subset of the I'" tuple
of D, and the coefficients B; are vectors in the Hilbert space F;. This minimizer further emits the following
solution: B = [B],... B )" = (L2 KL KL+ MLK;) T S K ¢ for i € AN {w,q} and ¥ =y,
’l/)x = X7 ’(/)s = S, wz = Kqﬂq.

Proof. We divide the proof of Lemma 1 into two parts (1) and (2) as follows.
(1) The solution form of f; (i € A)

We further define fy = [fz15es fo,d,] With foa: 2 x 8= R (d=1,...,d;). Similarly, fs = [fs.1,---, fs,d.] With

fsa: SR (d=1,...,ds), fo = [fo1s0 f2a.] With fo4: Z— R (d=1,...,d,), and f; = [fg1,-> fq,a.] With
foa:YxWx8xX—R(d=1,...,d,).

Consider the subspaces B; C H;, (i € A) defined as follows:

B, = span{ry (-, [ws,s¢,2L]) : t=1,...,T;l=1,.,L},
w = span {ky (- [s,2)]) : t=1,..,T;l =1, L}
= span {r, (-, [si,2L]) : t=1,. T;l = 1,...7L} ,

= span{ks(-,8¢) : t = 1,...,T},

(-

(

s
|

8

= span{f@'z VZy ) ct=1,....T;l= L...,L}7
q = span{rq(, [y, X¢,ws,8¢)) : t=1,...,T}.

)
|

tﬁbambaba

We project fy, fuw, fz,a (d=1,...,d2), fs,a (d=1,...,ds), fo.qa (d=1,...,d.), and fy 4 (d = 1,...,d.) onto the
subspaces By, By, Bz, Bs, B, By, respectively, to obtain fiP, fiP f;pd, ;pd, o and ;,IZI’ and also project

w

them onto the perpendicular spaces of the subspaces to obtain fzj-, o fi-d, > fj-d and
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Note that f + [ = fr)- Thus, || f )||g—(() = ||f(bp||g{( , ||f(,)||g{() > [Ife5 H:}{() which implies that A.y || f(.) ||:}c(,)
is minimized if f(.y is in its subspace B.). (a)

Moreover, from the reproducing property, we have that

fy(wtvstvzf <fy7’iy wt7st7zi])> <fsp + fy ) ( [wtastazfﬁ])>g{y
- <f; y By wt7stvzg)>}cy =+ <f;j_a K:y('? [wt?st?zi])>}fy
= < ypafiy( ,[wt7st7zt]>> = f (’U)t,St,Zi)7

and similarly fw(zivst) = fr (Ztvst) fac,d(thst) = f;?d(ziast% fs.a(se) = fss,}:i(st), fra(ze) = jf)d(zt), and
fq,d(tht»St?Xt) = f;}ad(thtashxt)’ Hence7 we have

L (Uzeflfz) =L (Uieﬂf:p) '

The last equation implies that Z() depends only on the component of fy, fu, fe.d: fs.d> fz,d, fq,a lying in the
subspaces By, B, B, Bs, B, By, respectively. (b)

From (a) and (b), we have

=S k(- fw, s, z)) B, fo =S kw(- [s1,21])BY,
:ZlT:L1 /im(~7[sl,zl])ﬁf, fs :lel Es(',sl)ﬁf,
fo= 30 k(- m) B, fo=00 kg v xi wn,s1])BY

where 3 is in the Hilbert space F; (i € A). This completes the proof on the solution form of f; (i € A). We
further derive the solution of 3 (i € A) in the next subsection.

(2) The solution of 3 (i € A)

Let x. 4, S. 4, 2: 4 be the d-th column of x, s and z, respectively, i.e., each element of x. 4, s. 4, 2. 4 is the d-th
dimension of x;, s; and z;.

We further denote K., K, € RT*T as kernel matrices computed with the kernel functions Ks(si,8;) and
kq([Xi, Yi, Wi, 85], (X5, Y5, wj,8;]), respectively.

The following form of matrices are applied to K., K., K., K,, K, K/, K!, Kfl
Uﬁ(.)(q)%, @%) ces K(_)(‘I)%, @%«) cee H(l)(q)%, @f) ces Ii(.)(q)%, @%)_

K= : : : : € RTLXTL
H(.)((I)%, (I)%) . .H(.)((I)%, @%) ce I{(,)(fbf, (I)f) .. .Ii(.)(‘b{’, @%«)

_l‘i(,)(@%, (I%) .. .l‘i(,)(@%, @%«) . .K(.)((I)TL«, (I){‘) o .K(.)((I)TL«, @%)_
_K(.)((I)lh @%) ce K(.)(‘I)ll7 (P%w) . H(i)(q)ll, <I>1L) N H(.)((I)ll, Q)]L,)_

Kl() = : . : : - : e RT*XTL
_H(,)((I)ZT, (I)%) .. .H(,)((I)ZT, (I)%«) . . .K(.)((I)IT, (I’f) NN .K(.)(CI)ZT, (13%1)_

where

e For K, and K., H(.)((I)?,(I)b») = Ky ([si, 2¢], [sj,zg])

o For K, and K., r(y(®¢, ®2) = r([si,29], [s;.21]),



Thanh Vinh Vo, Pengfei Wei, Wicher Bergsma, Tze-Yun Leong

e For K, and K., k() (®f, ®) = k. (z¢,25),

e For K, and K!

Yo [{()(@f‘,fpg) = Hy([w“S“ZZ] [w,,sj,z?])

The regularized empirical loss function can be expanded as follows:

dw
= L(fya fw7ffbaf87f27fq) + )‘y”fy”%cy + )"wawH%Cw + Z)‘Iwa,d”g{I

d=1

+Z/\ I £s.all3e, +Z/\ 1£2.all3e. +Z/\ I fa.all3e,

d=1

L
1
Z( ((8Y) TKlTKl LY —2y K. BY +yTy) + Tlogo,
=1
—w log P(K,,BY) — (1 —w)" log o(-K;,8")
20 Z (B TK. KB — 2s, sz,Bd+S 4S:,d) + Tdslog o,
S d=1

d
1 & T
20 Z (B7) K., K87 — 2% K87 +x. g% 4) + Td; log o,
T g=1

202 § (83) KL KLB; — 2(8%) K KLB; + (B9) KK, BY) + Td. log(0. /o,) + Td L02/0” )
% d=1
d,

Ay (BY) Ky BY + \u(8”) TKuwBY + > Aa(B5) ' KB

d=1

ds d. d.
+ D A8 KB+ D> A(87) TKLBI+ D> A (B) KB
d=1

d=1 d=1

Taking derivative of J with respect to 8Y and equates to 0, we obtain

L
Vv = Z < (2K, TK! LBy — 2KlyTy)> +2),K,BY =0,

which implies that

T

L -1 L
1 1 l
po(Liven) L(ive) s
_T S
= (ZK; K;+2AyLa§Ky> (Z )

=1

Similarly, taking derivative of J w.r.t 83, 83, 37 and set to 0, we obtain the following update rules

I —1 L T
.
B = (ZK; KfC+2)\xLo§Kx> (ZK;> X;d;
=1

=1
B85 = (K, +2)\0%1) 's. 4,

L 'z
8 — (Z K. 'K+ 2AZLU§KZ> > (KiTKq/J’Z) :

=1 =1
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Absorbing the all the constants into Ay and denoting ' = [B1,...,8} ] (i € {x,s, z}), we obtain

=1

L -1
B = (Z K. K.+ AELKx>

=1
B° = (K, + A\ JI) s,

L L
o (S ) 3 (R

=1

I —1
BY — (Z K 'K + )\yLKy> (

-1

We remark that 8° = (K, + )\51)71 s = (Zle K. K, + )\SLKS) (Zle K.)"s, thus we can present a general
form of the solution as in Lemma 1. O

2 PROOF OF LEMMA 2

We repeat Lemma 2 here for convenience:

Lemma 2. For any fized B9, the objective function J in Eq. (1) is conver with respect to B3° for all
ie A\ {q}.

Proof. From Lemma 1, we see that the objective function J is a combination of several components including
(BHTCB, "B, —w' logp(K!,3%) and —(1 — w) " log p(—K! B%), where i € {y,s, 2,2}, C is a positive
semi-definite matrix and c is a vector.

For the first and second term, we have

vgi{(ﬂiﬁcgi —c+CT=2CH0,

vgi{cTﬁi} — 0 0.
For the third term, we have

Vou{ — W' log (K}, B") } = ~(Vpu log (K., B"))w
= —(K;,) " diag(w)p(-K;,8"),
and thus
Vi { - wT log p(K.,8") } = ~(Vaup(~K.,8")) (K),)diag(w))

= —(Vguwp(—K. BY))diag(w)K,
= (K.) Tdiag(o(-K.,B8") © ¢(K.,8") @ w)K!, = 0.

Similarly, for the last term, we have
Vou{ = (1= w) log o(~K.,8") } = (K,)Tdiag(1 — w)e(K,8"),
and

Vi { = (1= w)  log o(~K.,8") } = (K], ding(o(K,8") © p(~KL,8") © (1 - w))K}, = 0.

Moreover, the second-order derivative of J with respect to o(.)s are also positive. Consequently, J is convex
because it is a linear combination of convex functions. O
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3 AUXILIARY DISTRIBUTION p(y|s,x,w), p(w|s,x) AND p(s|x)

This section outlines the approximation of p(yls,x,w), p(w|s,x) and p(s|x). Denoting their corresponding
approximation as p(y|s, x,w), p(w|s, x), p(s|x), we estimate parameters of those distribution using classical
representer theorem. Learning parameters of p(w | s, x) is presented in the main text. In the following, we present
p(y |s,x,w) and p(s|x).

3.1 Learning p(y|s,x,w)

T T
p(yls,x,w) = Hﬁ(yt | Yt—1,8t, Xe, wi) = H Nyt | gy (Y1, 8¢, Xe, wy), wi)
t=1 t=1

The regularized empirical risk is as follows:

T
Jy = Z — gy (Yr— 1,St;Xt7wt))2+T10gwy+5yHgy”%y
1
- ﬁ(y - Kya¥) T (y — Kya¥) + Tlogw, + 6, (a¥) "KzaY,
Y
where o = [af, ... vo‘g"]T is the parameter to be learned and Kj is the matrix computed with kernel function

Ty ([Yi=1,8i, X4, wil, [y;—1,85, %, w;]). Taking derivative of J, w.r.t a? and set to 0, we obtain

= (Ky + 26,wIr) "'y

3.2 Learning p(s|x)

]
==

T
Plst| s, %) = [ N(st | gs(s1-1,%1), 2T, ).
=1

The regularized empirical risk is as follows:

ds
Jo=53 Z It — gs(st—1,x2)[5 + Tdslogws + > 5sllgs.all,
“s o1 d=1
dS
== Z — Ksa) " (s.q — Kzal) + Td, logw, + Z 5s(a) TKzal,
Qws
d=1 d=1
where s. ¢ denotes the d-th column of s, o = [oz‘id, . ,oz}d]T is the parameter to be learned and Ky is the

matrix computed with kernel function 7,([si—1, %], [sj—1, xj]). Taking derivative of J; w.r.t o and set to 0, we
obtain o = (K5 + 20,w2Ir) " ts. 4 where d = 1,2, ..., d,. Thus we have

‘ozs = (K5 + 20,w2Ip) " 's. ‘

4 USING ADDITIVE KERNELS

This section presents the update rules for some additional parameters when using an additive kernel function.
For example, we define an additive kernel function as follows

ky([w, s, 2], [w', 8, 2']) = 90 + 7 dw(w,w') + 9 (s, 8') + 7Y ¢(2,2")

where each function ¢y, (-, -), ¢s(-, ), ¢-(-,-) is a typical kernel function such as Matérn kernel, RBF kernel, or RQ
kernel. Then, the kernel matrix is as follows

K, =4I +74M,, + 7¢M, + /M., K, = 70 drxrs +74M,, +¢M; + /ML,
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where J, € R%%% and J,x;, € R**? are matrices of ones, M, = J; ® A,, and M! = 1—'L— ® A, with A,, € RT*T
is a kernel matrix computed with kernel function ¢,,(w;, wj) and 1, denotes the d-dimensional column vector
of ones, ® is the Kronecker product; similarly, My = J;, ® Ay and M, = 1] ® A with A, € RT*T is a kernel
matrix computed with kernel function ¢s(s;,s;). We remark that Mw, M, € RTEXTL and M, M. € RT*TL,
Lastly,

¢=(21,21) - =(21,27) - .. $=(21,21) - .. 6: (21, 27) ]

¢.(zh,21) .. p.(2h,2)) .. . (24, 20) . . p. (2, 2E)
M, = : ; ; : e RTEXTL

b.(zF,21).. . 0.(zF,2h). . .o (2l 2F) . 0. (2F, 2k)
6.2k, 2))...0.(2h, L) .0 (kL) .6, (k. 2k),
[6.(2),21) ... 6.2}, 27) ... ¢.(2h,2]) ... ¢.(2), 21)

M. = f : : . € RTXTL

| 022, 21) . .. ).(2, 2%) .. .gbz(zl:.p,zlL) .. .zj)z(zé,z%)_

Similarly, we have

K, =3 37rL + 7Y M, + 7M., K!, = Irxrr + 7ML + 7ML

K, =vJrr + 7 M, + v M., K. =18 3rern + ML +4PML

K. =9J7rL +7: M., K. = %Jrxrs + 7ML

K, =Jr +viAs, K, —VOJT+’YZA +yI Ay +7IAs +IA,.

where M, M., M,,, M\, M., M., A,, A, are defined as above, and A Ay € RT*T are kernel matrices
computed with kernel functions ¢, (x;,x;) and ¢, (y;,y;), respectively.
Substitute the above kernel matrices to the objective function in Section 1, we obtain

L

- Z; (202((ﬁy) (Y6 Irxrr + M, + 7MY +’YyM} YV IrxrL + 74 M,

+9YML +4YMLBY — 2y T[T rxrr + A4 ML, + Y ML +4YMLBY +y 'y) + Tlogo,

—w ! logp([VIrxrr + 7 M, + 7ML BY)

— (1— w) " log p(— @I rxrr + 7ML + 7ML BY)
Z TeIrsrr + VA T VI rsrr + ViASIBS
Sl Irxrn + VEABY + 8. 4s:a) + Tds log oy

T Irxrs + 7ML + /MY TG Irwrr + vI M, + /P ML) 85

de

d 1

= 2%y Irwrr + VEML + 4P MBS + X . a) + Td, log o,
d.,

Z eI rxre + VML I rxre + i ML B

Z d=

(ﬁd> VEI7 + Ay + VLA + YIA S + IAL) T [V I s + 72 ML]BS
+ (BT I + Ay + VLA + VI + YA T VT + AIA,

A A, IALBE 4 T k(o 2) + 570302 )
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+ XA (BY) T IrL + VLM + Y M+ YM.]BY 4+ A (B8) T [ 7L + 7 My + Y M. |8

dl- ds
) (B I rL I M + A EMLIBS + ) A8 T I + i A8
d=1 d=1

d. d.
+ ) A(B3) TeTrL +VIMLBG + Y A(B) eI + i Ay + 7L Aw + YIAL + 7IALBS.
d=1 d=1

Taking derivative of J with respect to 7Y, 74, 7Y, 7§ v, v, V&, V2, ¢, S, 7§ and equates to 0 to solve for the
solution of these parameters.

Remark 1. By using the above additive kernel functions, the form of latent confounders is as follows

T L
2, = 75(8°) " 17 + ZZ'YZZ((,BZ>T);J[¢(Z15_1,Z§') +e, € ~N(0]I4),

j=11=1

where ((8%)7). ji denotes the jl-th column of (8%)T. Thus the form of g, cvjy and k(-,-) stated in the
synthetic experiments (Section 5.2 in the main text) are ag = §(B%) " 1rr, ajy = v2((B*)7). 1, and

ko) = $(ze-1,7L).

5 SIMULATING SYNTHETIC DATA

In this section, we present how the synthetic datasets were generated in Section 5.2 of the main text. To simulate
the data, we use the following Egs. (2)-(6).

7y = f.(21-1) + ey, e: ~N(0,0714.), (2)
st = fs(si—1) + o4, o; ~ N(0,0%1,,), (3)
Xt = fu(Ze,8¢) + 74, r ~ N(0,0214,), (4)
yr = fy(we, 24, 8¢) + vy, vy ~ N(0 03)7 (5)
wy = L(o(fw(2t,8:)) > uy), ug ~ U0, 1], (6)

where we set the ground truth hyperparameters o, 05,0, 0, to 1 and the dimension of s, z, x; are 2. We specify
the ground truth for each of the functions f., fs, fz, fy, fw as neural networks whose specification are as follows:

For fs(si—1): Input (2 dims) — {Hidden layer i (10 dims) —>LeakyReLU}z:1 — Output (2 dim),

For f,(z;,s:): Input (4 dims) — {Hidden layer i (10 dims) —>LeakaReLU}z:1 — Output (2 dim),

For fu(z¢,s¢): Input (4 dims) — {Hidden layer i (10 dims) —>LeakaReLU}z:1 — Output (1 dims),

For fy(z¢, we,s:): We set the ground truth fy (2., ws,s¢) = (1 — wy) fyo (21, 8¢) + we fy, (24, 8¢), where fy, (2, s¢)
and fy, (z¢,s;) are two different neural networks
(

o fuyo(2t,s¢): Input (4 dims) — {Hidden layer i (10 dims) — Lea»kylzieLU}f:1 — Output (1 dims),
o fy,(z¢,8¢): Input (4 dims) — {Hidden layer i (10 dims) — Lea»kyReLU}z:1 — Output (1 dims),

For f.(z;—1): Input (2 dims) — {Hidden layer ¢ (10 dims) — LeakyReLU}Z:1 — Output (2 dim),
(

where j in the above specification is the number of hidden layers. Using different numbers of the hidden layers,
ie., j =2,4,6, we construct three synthetic datasets, namely TD2L, TD4L, and TD6L. For these three datasets,
we sample the latent confounder variable z satisfying Eq. (2).

We also construct another dataset, TD6L-iid, that uses six hidden layers but with the #id latent confounder
variable, i.e., z, 1l 2z, and s, L s , Va,b € {1,2,...,T}. In particular, the simulation of z; and s; in TD6L-iid
was done using the following Egs. (7) and (8)
p(2]2e-1) = N(ze|pez, 021a,), (7)
p(stlsi—1) = N(slpus, 0214,), (8)

where we set the ground truth p, = pus = 1. Simulation of the other variables remain the same, i.e, we use
Egs. (4)-(6) for simulation of x;, y; and w;.
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Finally, for all the simulation, we discard z; and only keep ¥;, wy, x; and s; as observed data for training the
models. We summarize the steps to simulate the datasets in Algorithm 1. In each step of Algorithm 1, we also
save fy,(z¢,8¢) and f,, (z¢,s;) for analysing the performance of each method.

Algorithm 1: Simulate synthetic dataset

1 begin
2 Zy ~ N(O7 12),
3 Sp ~~ N(O, IQ),
4 fort:=1toT do
5 Sample z; using Eq. (2) for DTjL or Eq. (7) for DT6L-iid;
6 Sample s; using using Eq. (3) for DT4L or Eq. (8) for DT6L-1iid;
7 Sample x; using Eq. (4);
8 Sample w; using Eq. (6);
9 Sample y; using Eq. (5);
10 return w,y, X, s;

— End —



