
Proof for “A comparative study on sampling with replacement vs
Poisson sampling in optimal subsampling”

A.1 Proofs

In this section, we prove all the theorems in the paper.

A.1.1 Proof for Theorem 1

To prove Theorem 1, we first establish Lemma 1 and Lemma 2 in the following. Recall that

Mn(θ) =
1

n

n∑
i=1

m(Zi,θ).

For the sampling with replacement estimator in (2), let

M∗s (θ) =
1

s

s∑
i=1

m(Z∗i ,θ)

nπ∗i
.

Lemma 1. Under Assumptions 3 and 5, if ‖θ̃R − θ̂‖= oP (1), then conditional on Dn,

Bs − M̈n(θ̂) = oP (1),

where

M̈n(θ̂) =
1

n

n∑
i=1

m̈(Zi, θ̂),

Bs =

∫ 1

0

1

s

s∑
i=1

m̈{Z∗i , θ̂ + λ(θ̃R − θ̂)}
nπ∗i

dλ.

In Lemma 1, the notation oP (1) means convergence to 0 in probability. Here the probability is conditional
probability. From Xiong and Li (2008); Cheng and Huang (2010), a sequence converges to 0 in conditional
probability is equivalent to the fact that it converges to 0 in unconditional probability. Thus we use oP (1) to
indicate convergence to 0 either in unconditional or conditional probability.

Proof. Firstly, note that

E

(
1

s

s∑
i=1

ψ(Z∗i )

nπ∗i

∣∣∣Dn) =
1

n

n∑
i=1

ψ(Zi) = Eψ(Z) + oP (1), and

V

(
1

s

s∑
i=1

ψ(Z∗i )

nπ∗i

∣∣∣Dn) =
1

s

n∑
i=1

ψ2(Zi)

n2πi
≤ max
i=1,...,n

(
1

nπi

)
1

sn

n∑
i=1

ψ2(Zi) = OP (s−1).

Thus,

1

s

s∑
i=1

ψ(Z∗i )

nπ∗i
= OP |Dn

(1).

For every k, l = 1, 2, ..., d, from Lipschitz continuity, for λ ∈ (0, 1), we have
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s∑
i=1

m̈k,l{Z∗i , θ̂ + λ(θ̃R − θ̂)}
nπ∗i

− 1

s

s∑
i=1

m̈k,l(Z
∗
i , θ̂)

nπ∗i

∣∣∣∣∣
= λ‖θ̃R − θ̂‖

1

s

s∑
i=1

ψ(Z∗i )

nπ∗i
= oP (1), (A.1)

and for any fixed θ, we have

1

n

n∑
i=1

m̈2
k,l(Zi, θ̂) ≤ 2

n

n∑
i=1

m̈2
k,l(Zi,θ) +

2‖θ̂ − θ‖2

n

n∑
i=1

ψ2(Zi) = OP (1). (A.2)

In addition, according to (A.2),

E

{
1

s

s∑
i=1

m̈k,l(Z
∗
i , θ̂)

nπ∗i

∣∣∣Dn} =
1

n

n∑
i=1

m̈k,l(Zi, θ̂),

V

{
1

s

s∑
i=1

m̈k,l(Z
∗
i , θ̂)

nπ∗i

∣∣∣Dn} =
1

s

n∑
i=1

m̈2
k,l(Zi, θ̂)

n2πi

≤ max
i=1,2,...,n

(
1

nπi

)
1

sn

n∑
i=1

m̈2
k,l(Zi, θ̂) = OP (s−1).

Thus, by Chebyshev’s inequality, we have∣∣∣∣∣1s
s∑
i=1

m̈k,l(Z
∗
i , θ̂)

nπ∗i
− 1

n

n∑
i=1

m̈k,l(Zi, θ̂)

∣∣∣∣∣ = OP |Dn
(s−1/2) = oP |Dn

(1). (A.3)

Combining (A.1) and (A.3), we have∣∣∣∣∣Bs − 1

n

n∑
i=1

m̈k,l(Zi, θ̂)

∣∣∣∣∣ ≤
∫ 1

0

∣∣∣∣∣1s
s∑
i=1

m̈k,l{Z∗i , θ̂ + λ(θ̃R − θ̂)}
nπ∗i

− 1

n

n∑
i=1

m̈k,l(Zi, θ̂)

∣∣∣∣∣ dλ

≤
∫ 1

0

[ ∣∣∣∣∣1s
s∑
i=1

m̈k,l{Z∗i , θ̂ + λ(θ̃R − θ̂)}
nπ∗i

− 1

s

s∑
i=1

m̈k,l(Z
∗
i , θ̂)

nπ∗i

∣∣∣∣∣
]

dλ

+

∣∣∣∣∣1s
s∑
i=1

m̈k,l(Z
∗
i , θ̂)

nπ∗i
− 1

n

n∑
i=1

m̈k,l(Zi, θ̂)

∣∣∣∣∣
= oP |Dn

(1).

Lemma 2. Under Assumptions 4-5, given Dn,
√
s{ΛR(θ̂)}−1/2Ṁ∗s (θ̂)→ N (0, I) , (A.4)

in conditional distribution.

Proof. Note that
√
sṀ∗s (θ̂) =

1√
s

s∑
i=1

ṁ(Z∗i , θ̂)

nπ∗i
≡ 1√

s

s∑
i=1

ηi (A.5)

Given Dn,η1, ...,ηs are i.i.d, with

E(η|Dn) =
1

n

n∑
i=1

ṁ(Zi, θ̂) = 0, and (A.6)



V(ηi|Dn) = ΛR(θ̂) =
1

n2

n∑
i=1

ṁ(Zi, θ̂)ṁT(Zi, θ̂)

πi

≤ max
i=1,...,n

(
1

nπi

)
1

n

n∑
i=1

ṁ(Zi, θ̂)ṁT(Zi, θ̂) = OP (1). (A.7)

Meanwhile, for every ε > 0 and some δ ∈ (0, 2],

1

s

s∑
i=1

E
{
‖ηi‖2I(‖ηi‖> s1/2ε)|Dn

}
≤ 1

s1+δ/2εδ

s∑
i=1

E
{
‖ηi‖2+δI(‖ηi‖> s1/2ε)|Dn

}
≤ 1

s1+δ/2εδ

s∑
i=1

E
(
‖ηi‖2+δ|Dn

)
≤ 1

sδ/2n2+δεδ

n∑
i=1

‖ṁ(Zi, θ̂)‖2+δ

π1+δ
i

= max
i=1,...,n

(
1

nπi

)1+δ
1

nsδ/2εδ

n∑
i=1

‖ṁ(Zi, θ̂)‖2+δ= OP (s−δ/2).

This shows that Lindeberg’s condition is satisfied in probability. From (A.5), (A.6) and (A.7), by the Lindeberg-
Feller central limit theorem (Proposition 2.27 of van der Vaart (1998)), conditionally on Dn, (A.4) follows.

Proof of Theorem 1. Based on Lemma 1 and Lemma 2, now we are ready to prove Theorem 1. By direct
calculation, we have that for any θ,

E (M∗s (θ)|Dn) = Mn(θ).

By Chebyshev’s inequality, for any ε > 0,

P {|M∗s (θ)−Mn(θ)| ≥ ε|Dn} ≤
V{M∗s (θ)|Dn}

ε2
=

1

ε2sn2

n∑
i=1

m2(Zi,θ)

πi

≤ 1

ε2s
max

i=1,...,n

(
1

nπi

)
1

n

n∑
i=1

m2(Zi,θ) = OP
(
s−1
)
.

Thus, for every θ,

M∗s (θ)−Mn(θ) = oP |Dn
(1). (A.8)

Note that under Assumptions 1, 2, the parameter space is compact and θ̂ is the unique global maximum of the
continuous concave function Mn(θ). Thus from Theorem 5.9 and its remark of van der Vaart (1998), conditionally
on Dn,

‖θ̃R − θ̂‖= oP |Dn
(1) = oP (1). (A.9)

The consistency ensures that θ̃R is close to θ̂ as long as s is large. By Taylor expansion,

0 = Ṁ∗s (θ̃R) = Ṁ∗s (θ̂) +Bs(θ̃R − θ̂), (A.10)

where

Bs =

∫ 1

0

1

s

s∑
i=1

m̈{Z∗i , θ̂ + λ(θ̃R − θ̂)}
nπ∗i

dλ.

From (A.10) and Lemma 1,

0 = Ṁ∗s (θ̃R) = Ṁ∗s (θ̂) + {M̈n(θ̂) + oP (1)}(θ̃R − θ̂), (A.11)

which shows that

θ̃R − θ̂ = −{M̈n(θ̂) + oP (1)}−1Ṁ∗s (θ̂)
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= − 1√
s
{M̈n(θ̂) + oP (1)}−1{ΛR(θ̂)}1/2

√
s{ΛR(θ̂)}−1/2Ṁ∗s (θ̂). (A.12)

By Lemma 2 and Slutsky’s theorem, we can obtain that, given full data Dn in probability,

√
s{VR(θ̂)}−1/2(θ̃R − θ̂)→ N (0, I) , (A.13)

in conditional distribution. This means that for any x, as s and n get large,

P
[√

s{VR(θ̂)}−1/2(θ̃R − θ̂) < x
∣∣∣Dn]→ Φ(x)

in probability, where Φ(x) is the cumulative distribution function of the standard multivariate normal distri-
bution. A conditional probability is a bounded random variable, for which convergence in probability to a
constant implies convergence in the mean. Therefore, the convergence in (A.13) also holds in unconditional
distribution.

A.1.2 Proof for Theorem 2

To prove Theorem 2, we first establish the following Lemmas 3 and 4. Let νi = 1 if the i-th data point is selected
in the subsample and νi = 0 otherwise. The estimator in (2) is the same as the maximizer of

M∗P (θ) =
1

n

s∗∑
i=1

m(Z∗i ,θ)

sπ∗i
=

1

n

n∑
i=1

νim(Zi,θ)

sπi
.

Here, we use s to replace s∗ in (2) for convenience, and the resulting estimator is identical to θ̃P .

Lemma 3. If Assumptions 4-5 hold, then, given Dn,
√
s{ΛP (θ̂)}−1/2Ṁ∗P (θ̂)→ N(0, I),

in conditional distribution, where

ΛP (θ̂) =
1

n2

n∑
i=1

(1− sπi)ṁ(Zi, θ̂)ṁT(Zi, θ̂)

πi
.

Proof. Write

√
sṀ∗P (θ̂) =

n∑
i=1

νiṁ(Zi, θ̂)

n
√
sπi

≡
n∑
i=1

ηPi.

By direct calculation and according to the definition of θ̂,

E

(
n∑
i=1

ηPi

∣∣∣Dn) =
√
s

n∑
i=1

ṁ(Zi, θ̂)

n
= 0,

and

V

(
n∑
i=1

ηPi

∣∣∣∣∣Dn
)

=
1

n2

n∑
i=1

V(νi|Dn)ṁ(Zi, θ̂)ṁT(Zi, θ̂)

rπ2
i

=
1

n2

n∑
i=1

(1− sπi)ṁ(Zi, θ̂)ṁT(Zi, θ̂)

πi
= ΛP (θ̂)

≤
(

max
i=1,2,...,n

1

nπi

) 1

n

n∑
i=1

ṁ(Zi, θ̂)ṁT(Zi, θ̂) = OP (1).



Next, we check Lindeberg’s condition in conditional distribution. Note that for ρ ∈ (0, 2] and any ε > 0,

n∑
i=1

E
{
‖ηPi‖I(‖ηPi‖> ε)

∣∣∣Dn} ≤ 1

ερ

n∑
i=1

E
{
‖ηPi‖2+ρI(‖ηPi‖> ε)

∣∣∣Dn}
≤ 1

ερ

n∑
i=1

E
(
‖ηPi‖2+ρ

∣∣∣Dn) =
1

ερ
E

{
n∑
i=1

ν2+ρi ‖ṁ(Zi, θ̂)‖2+ρ

n2+ρs1+ρ/2π2+ρ
i

∣∣∣∣∣Dn
}

=
1

ερ

n∑
i=1

‖ṁ(Zi, θ̂)‖2+ρ

n2+ρsρ/2π1+ρ
i

≤ max
i=1,2,...,n

(
1

nπi

)1+ρ
1

sρ/2ερn

n∑
i=1

‖ṁ(Zi, θ̂)‖2+ρ= OP (s−ρ/2) = oP (1).

According to the Lindeberg-Feller Central Limit Theorem (van der Vaart, 1998, cf.), given Dn,

√
s{ΛP (θ̂)}−1/2Ṁ∗P (θ̂)→ N(0, I),

in conditional distribution.

Lemma 4. Under Assumptions 3 and 5, for any us = oP (1), conditional on Dn,

1

n

n∑
i=1

νim̈(Zi, θ̂ + us)

sπi
− 1

n

n∑
i=1

m̈(Zi, θ̂) = oP (1).

Proof. First, note that

1

n

n∑
i=1

νiψ(Zi)

sπi
= OP |Dn

(1), (A.14)

by Chebyshev’s inequality and the fact that

E

(
1

n

n∑
i=1

νiψ(Zi)

sπi

∣∣∣∣∣Dn
)

=
1

n

n∑
i=1

ψ(Zi)E(νi|Dn)

sπi
=

1

n

n∑
i=1

ψ(Zi) = E{ψ(Zi)}+ oP (1),

V

(
1

n

n∑
i=1

νiψ(Zi)

sπi

∣∣∣Dn) =
1

n2

n∑
i=1

ψ2(Zi)V(νi|Dn)

s2π2
i

≤ 1

n2

n∑
i=1

ψ2(Zi)E(ν2i )

s2π2
i

=
1

n2

n∑
i=1

ψ2(Zi)

sπi
≤ 1

sn

n∑
i=1

ψ2(Zi) max
i=1,2,...,n

1

nπi
= OP (s−1).

Thus, for every k, l = 1, 2, ..., d, from Assumption 3, we have∣∣∣∣∣ 1n
n∑
i=1

νim̈k,l(Zi, θ̂ + us)

sπi
− 1

n

n∑
i=1

νim̈k,l(Zi, θ̂)

sπi

∣∣∣∣∣ ≤ ‖us‖n
n∑
i=1

νiψ(Zi)

sπi
= oP (1).

which shows that

1

n

n∑
i=1

νim̈(Zi, θ̂ + us)

sπi
− 1

n

n∑
i=1

νim̈(Zi, θ̂)

sπi
= oP (1). (A.15)

According to (A.2), for every k, l = 1, 2, ..., d

E

(
1

n

n∑
i=1

νim̈k,l(Zi, θ̂)

sπi

∣∣∣∣∣Dn
)

=
1

n

n∑
i=1

m̈k,l(Zi, θ̂),

V

(
1

n

n∑
i=1

νim̈k,l(Zi, θ̂)

sπi

∣∣∣∣∣Dn
)

=
1

sn2

n∑
i=1

(1− sπi)m̈2
k,l(Zi, θ̂)

πi
≤ 1

sn2

n∑
i=1

m̈2
k,l(Zi, θ̂)

πi
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≤ max
i=1,2,...,n

(
1

nπi

)
1

sn

n∑
i=1

m̈2
k,l(Zi, θ̂) = OP (s−1).

Thus, Chebyshev’s inequality tells us that

1

n

n∑
i=1

νim̈(Zi, θ̂)

sπi
− 1

n

n∑
i=1

m̈(Zi, θ̂) = OP |Dn
(s−1/2) = oP (1). (A.16)

Therefore, combining (A.15) and (A.16), we have

1

n

n∑
i=1

νim̈(Zi, θ̂ + us)

sπi
− 1

n

n∑
i=1

m̈(Zi, θ̂) = oP (1).

Proof of Theorem 2. Denote

γP (u) = sM∗P (θ̂ + u/
√
s)− sM∗P (θ̂).

Under Assumption 2,
√
s(θ̃P − θ̂) is the unique maximizer of γP (u) as θ̃P is the unique maximizer of M∗P (θ̂ +

u/
√
s). By Taylor’s expansion,

γP (u) =
√
suT Ṁ∗P (θ̂) +

1

2
uT M̈∗P (θ̂ + ú/

√
s)u

where ú lies between 0 and u/
√
s. From Lemma 3

√
sṀ∗P (θ̂) is stochastically bounded in conditional probability

given Dn. From Lemma 4, conditional on Dn, M̈∗P (θ̂ + ú/
√
s) − M̈n(θ̂) = oP (1) and M̈n(θ̂) converges to a

positive-definite matrix.

Thus from the Basic Corollary in page 2 of Hjort and Pollard Hjort and Pollard (2011), the maximizer of sγP (u),√
s(θ̃P − θ̂), satisfies that

√
s(θ̃P − θ̂) = M̈−1n (θ̂)

√
sṀ∗P (θ̂) + oP (1), (A.17)

which implies that

√
s{VP (θ̂)}−1/2(θ̃P − θ̂)→ N(0, I), (A.18)

in conditional distribution. Thus, by argumentation similar to that used in the proof of Theorem 1, we know
that the convergence also holds in unconditional distribution, and this finishes the proof.

A.1.3 Proof of Theorem 3

Proof of Theorem 3. For the result in (8),

tr{ΛR(θ̂)} =
1

n2

n∑
i=1

‖ṁ(Zi, θ̂)‖2

πi
=

1

n2

n∑
i=1

πi

n∑
i=1

‖ṁ(Zi, θ̂)‖2

πi
≥ 1

n2

{ n∑
i=1

‖ṁ(Zi, θ̂)‖
}2

.

Here, the last step is from the Cauchy-Schwarz inequality and the equality holds if and only if πi ∝ ‖ṁ(Zi, θ̂)‖.

A.1.4 Proof of Theorem 4

Proof. Note that

tr{ΛP (θ̂)} = tr

{
1

n2

n∑
i=1

(1− sπi)ṁ(Zi, θ̂)ṁT(Zi, θ̂)

πi

}



=
1

n2

[
n∑
i=1

‖ṁ(Zi, θ̂)‖2

πi
− s

n∑
i=1

‖ṁ(Zi, θ̂)‖2
]
.

Thus, minimizing tr{ΛP (θ̂)} is equal to minimizing
∑n
i=1

‖ṁ(Zi,θ̂)‖2
πi

. For i = 1, ..., n, let ti = ‖ṁ(Zi, θ̂)‖ and let

t(i) denote the order statistics of ‖ṁ(Zi, θ̂)‖, i.e., t(i) = ‖ṁ(Z, θ̂)‖(i). The optimization problem of minimizing

tr{ΛP (θ̂)} subject to the constrains on πi can be presented as minimizing

T (π1, π2, ..., πn) =

n∑
i=1

t2(i)

πi
, (A.19)

subject to

n∑
i=1

πi = 1 and 0 ≤ πi ≤
1

s
, i = 1, 2, ..., n.

Defining slack variables ω2
1 , ω

2
2 , ..., ω

2
n, to use Lagrangian multiplier method, we can construct

H(π1, ..., πn, τ, µ1, ..., µn, ω1, ..., ωn) =

n∑
i=1

t2(i)

πi
+ τ

(
n∑
i=1

πi − 1

)
+

n∑
i=1

µi

(
πi + ω2

i −
1

s

)
.

By taking the derivatives, the Karush–Kuhn–Tucker (KKT) conditions (Nocedal and Wright, 1999) are

∂H

∂πi
= −

t2(i)

π2
i

+ τ + µi = 0, i = 1, 2, ..., n. (A.20)

∂H

∂τ
=

n∑
i=1

πi − 1 = 0, (A.21)

∂H

∂µi
= πi + ω2

i =
1

s
, i = 1, 2, ..., n. (A.22)

∂H

∂ωi
= 2µiωi = 0, i = 1, 2, ..., n. (A.23)

µi ≥ 0, i = 1, 2, ..., n. (A.24)

From (A.20), we have

πi =
t(i)√
τ + µi

, i = 1, 2, ..., n. (A.25)

Combining it with (A.22), we have

t(i)√
τ + µi

+ ω2
i =

1

s
, i = 1, 2, ..., n. (A.26)

According to (A.23), at least one of µi and ωi must be 0. From (A.25) and (A.26),

if t(i) <

√
τ

s
, µ = 0 and πi =

t(i)√
τ
<

1

s
; (A.27)

if t(i) ≥
√
τ

s
, ωi = 0 and πi =

t(i)√
τ + µi

=
1

s
. (A.28)

Thus, letting g be the number of cases that t(i) ≥
√
τ
s , from (A.21) and the fact that t(i) is non-decreasing in i,

1 =

n∑
i=1

πi =

n−g∑
i=1

t(i)√
τ

+

n∑
i=n−g+1

1

s
=

∑n−g
i=1 t(i)√
τ

+
g

s
, (A.29)

which shows that

√
τ =

s

s− g

n−g∑
i=1

t(i). (A.30)
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Combining(A.27), (A.28), and (A.30),

πi =


t(i)(s− g)

s
∑n−g
i=1 t(i)

, for i = 1, 2, ..., n− g; (A.31)

1

s
, for i = n− g + 1, ..., n. (A.32)

From (A.30),

H =

∑n−g
i=1 t(i)

s− g
=

√
τ

s
, (A.33)

Thus, from (A.27) and (A.28), we know t(i) < H for i = 1, 2, ..., n − g, and t(i) ≥ H, for i = n − g + 1, ..., n.
Therefore

n∑
i=1

(t(i) ∧H) =

n−g∑
i=1

t(i) +

n∑
i=n−g+1

H = sH (A.34)

Thus, from (A.31), for i = 1, 2, ..., n− g,

πi =
t(i)

sH
=

t(i) ∧H∑n
i=1(t(i) ∧H)

; (A.35)

from (A.32), for i = n− g + 1, ..., n,

πi =
H

sH
=

t(i) ∧H∑n
i=1(t(i) ∧H)

. (A.36)

For the result under the A-optimality, define t(i) = ‖M̈−1n (θ̂)ṁ(Z, θ̂)‖(i) and the proof is the same as the used
for the L-optimality.

A.1.5 Proof of Theorem 5

We prove Theorem 5 from establishing the following lemmas.

Lemma 5. Under Assumption 3, if ‖θ̃αR − θ̂‖= oP (1), then conditional on Dn and θ̃0∗R ,

B
θ̃0∗
R
s − M̈n(θ̂) = oP (1), (A.37)

where

B
θ̃0∗
R
s =

∫ 1

0

1

s

s∑
i=1

m̈
{
Z∗i , θ̂ + λ(θ̃αR − θ̂)

}
nπ̃opt∗

Rαi

dλ.

Proof. For every k, l = 1, 2, ..., d, from Lipschitz continuity, we have∣∣∣∣∣1s
s∑
i=1

m̈k,l{Z∗i , θ̂ + λ(θ̃αR − θ̂)}
nπ̃opt∗

Rαi

− 1

s

s∑
i=1

m̈k,l(Z
∗
i , θ̂)

nπ̃opt∗
Rαi

∣∣∣∣∣
≤1

s

s∑
i=1

ψ(Z∗i )‖λ(θ̃αR − θ̂)‖
nπ̃opt∗

Rαi

≤ λ‖θ̃αR − θ̂‖
1

s

s∑
i=1

ψ(Z∗i )

α
= ‖θ̃αR − θ̂‖OP (1) = oP (1). (A.38)

According to (A.2), we have

E

(
1

s

s∑
i=1

m̈k,l(Z
∗
i , θ̂)

nπ̃opt∗
Rαi

∣∣∣∣Dn, θ̃0∗R
)

=
1

n

n∑
i=1

m̈k,l(Zi, θ̂),



V

(
1

s

s∑
i=1

m̈k,l(Z
∗
i , θ̂)

nπ̃opt∗
Rαi

∣∣∣∣Dn, θ̃0∗R
)

=
1

s

n∑
i=1

m̈2
k,l(Zi, θ̂)

n2πopt
Rαi

≤ 1

αsn

n∑
i=1

m̈2
k,l(Zi, θ̂) = OP (s−1).

Thus, by Chebyshev’s inequality, similar to (A.3), we have∥∥∥∥∥1

s

s∑
i=1

m̈(Z∗i , θ̂)

nπ̃opt∗
Rαi

− 1

n

n∑
i=1

m̈(Zi, θ̂)

∥∥∥∥∥ = oP |Dn,θ̃0∗
R

(1). (A.39)

Combining (A.38) and (A.39), we have∥∥∥∥∥Bs − 1

n

n∑
i=1

m̈(Zi, θ̂)

∥∥∥∥∥ ≤
∫ 1

0

∥∥∥∥∥1

s

s∑
i=1

m̈{Z∗i , θ̂ + λ(θ̃αR − θ̂)}
nπ̃opt∗

Rαi

− 1

n

n∑
i=1

m̈(Zi, θ̂)

∥∥∥∥∥ dλ

≤
∫ 1

0

[∥∥∥∥∥1

s

s∑
i=1

m̈{Z∗i , θ̂ + λ(θ̃αR − θ̂)}
nπ̃opt∗

Rαi

− 1

s

s∑
i=1

m̈(Z∗i , θ̂)

nπ̃opt∗
Rαi

∥∥∥∥∥
+

∥∥∥∥∥1

s

s∑
i=1

m̈(Z∗i , θ̂)

nπ̃opt∗
Rαi

− 1

n

n∑
i=1

m̈(Zi, θ̂)

∥∥∥∥∥
]

dλ = oP (1),

which finishes the proof.

Lemma 6. If Assumption 4 hold, then given Dn and θ̃0∗R ,

√
s{ΛαR(θ̃0∗R )}−1/2Ṁ∗Rα(θ̂)→ N (0, I) , (A.40)

in conditional distribution, where

Ṁ∗Rα(θ̂) =
1

ns

s∑
i=1

ṁ(Z∗i , θ̂)

π̃opt∗
Rαi

, and ΛαR(θ̃0∗R ) =
1

n2

n∑
i=1

ṁ(Zi, θ̂)ṁT(Zi, θ̂)

π̃opt
Rαi

.

Proof. Note that
√
sṀ∗Rα(θ̂) =

1√
s

s∑
i=1

ṁ(Z∗i , θ̂)

nπ̃opt∗
Rαi

≡ 1√
s

s∑
i=1

η
θ̃0∗
R
i . (A.41)

Given Dn and θ̃0∗R , η
θ̃0∗
R

1 , ...,η
θ̃0∗
R
s are i.i.d, with

E(η
θ̃0∗
R
i |Dn, θ̃

0∗
R ) =

1

n

n∑
i=1

ṁ(Zi, θ̂) = 0, and (A.42)

V(η
θ̃0∗
R
i |Dn, θ̃

0∗
R ) = E

{
ṁ(Z∗i , θ̂)ṁT(Z∗i , θ̂)

n2(π̃opt∗
Rαi )2

∣∣∣∣∣Dn, θ̃0∗R
}

(A.43)

=
1

n2

n∑
i=1

ṁ(Zi, θ̂)ṁT(Zi, θ̂)

π̃opt∗
Rαi

= ΛαR(θ̃0∗R ). (A.44)

Meanwhile, for every ε > 0 and some δ ∈ (0, 2],

1

s

s∑
i=1

E
{
‖ηθ̃0∗

R
i ‖

2I(‖ηθ̃0∗
R
i ‖> s1/2ε)

∣∣∣Dn, θ̃0∗R }
≤ 1

s1+δ/2εδ

s∑
i=1

E
{
‖ηθ̃0∗

R
i ‖

2+δI(‖ηθ̃0∗
R
i ‖> s1/2ε)

∣∣∣Dn, θ̃0∗R }
≤ 1

s1+δ/2εδ

s∑
i=1

E
(
‖ηθ̃0∗

R
i ‖

2+δ
∣∣∣Dn, θ̃0∗R )
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≤ 1

sδ/2n2+δεδ

n∑
i=1

‖ṁ(Zi, θ̂)‖2+δ

(π̃opt∗
Rαi )1+δ

≤ 1

sδ/2α1+δεδ
1

n

n∑
i=1

‖ṁ(Zi, θ̂)‖2+δ= OP (s−δ/2) = oP (1).

where the second last equality is from Assumption 4. This show that Lindeberg’s condition is satisfied in
probability. From (A.41), (A.42) and (A.44), by the Lindeberg-Feller central limit theorem (Proposition 2.27 of
van der Vaart (1998)), conditional on Dn, θ̃0∗R , we obtain (A.40).

Proof of Theorem 5. By direct calculation, we have

E
{
M∗Rα(θ)

∣∣∣Dn, θ̃0∗R } = Mn(θ),

V
{
M∗Rα(θ)

∣∣∣Dn, θ̃0∗R } ≤ 1

sn2

n∑
i=1

m2(Zi,θ)

π̃opt∗
Rαi

≤ 1

sn

n∑
i=1

m2(Zi,θ)

α
= OP (s−1).

By Chebyshev’s inequality, for each θ, we have

M∗Rα(θ)−Mn(θ) = oP |Dn,θ̃0∗
R

(1).

Under Assumptions 1 and 2, the parameter space is compact and θ̂ is the unique global maximum of the
continuous concave function Mn(θ). Thus from Theorem 5.9 and its remark of van der Vaart (1998), conditionally
on Dn and θ̃0∗R ,

‖θ̃αR − θ̂‖= oP (1).

By Taylor expansion

0 = Ṁ∗Rα(θ̃αR) = Ṁ∗Rα(θ̂) +B
θ̃0∗
R
s (θ̃αR − θ̂),

so

θ̃αR − θ̂ = −
(
B

θ̃0∗
R
s

)−1
Ṁ∗Rα(θ̂) = − 1√

s

(
B

θ̃0∗
R
s

)−1
{ΛαR(θ̃0∗R )}1/2

√
s{ΛαR(θ̃0∗R )}−1/2Ṁ∗Rα(θ̂).

Therefore, from Lemma 5 and Lemma 6, conditional on Dn, θ̃0∗R , by Slutsky’s theorem

√
s{ΛαR(θ̃0∗R )}−1/2M̈n(θ̂)(θ̃αR − θ̂)→ N (0, I) , (A.45)

in conditional distribution.

Next, we check the distance bewtween ΛαR(θ̃0∗R ) and ΛαR(θ̂).

‖ΛαR(θ̃0∗R )− ΛαR(θ̂)‖

=

∥∥∥∥∥ 1

n2

n∑
i=1

ṁ(Zi, θ̂)ṁT(Zi, θ̂)

(1− α)πopt
Ri (θ̃0∗R ) + α 1

n

− 1

n2

n∑
i=1

ṁ(Zi, θ̂)ṁT(Zi, θ̂)

(1− α)πopt
Ri (θ̂) + α 1

n

∥∥∥∥∥
≤ 1

n2

n∑
i=1

‖ṁ(Zi, θ̂)‖2
∣∣∣∣∣ 1

(1− α)πopt
Ri (θ̃0∗R ) + α 1

n

− 1

(1− α)πopt
Ri (θ̂) + α 1

n

∣∣∣∣∣
<

1

α2

n∑
i=1

‖ṁ(Zi, θ̂)‖2
∣∣∣πopt
Ri (θ̃0∗R )− πopt

Ri (θ̂)
∣∣∣

≤ 1

α2

n∑
i=1

‖ṁ(Zi, θ̂)‖2
{∣∣∣‖ṁ(Zi, θ̃

0∗
R )‖−‖ṁ(Zi, θ̂)‖

∣∣∣∑n
j=1‖ṁ(Zj , θ̃0∗R )‖



+ ‖ṁ(Zi, θ̂)‖

∑n
j=1

∣∣∣‖ṁ(Zj , θ̃
0∗
R )‖−‖ṁ(Zj , θ̂)‖

∣∣∣∑n
j=1‖ṁ(Zj , θ̂)‖

∑n
j=1‖ṁ(Zj , θ̃0∗R )‖

}

≡ 1

α2

n∑
i=1

‖ṁ(Zi, θ̂)‖2(∆1i + ∆2i) . (A.46)

Under Assumption 3, for any j = 1, 2, ..., n∣∣∣‖ṁ(Zj , θ̂)‖−‖ṁ(Zj , θ̃
0∗
R )‖

∣∣∣ ≤ ‖ṁ(Zj , θ̂)− ṁ(Zj , θ̃
0∗
R )‖

≤

√√√√ d∑
k=1

{ṁk(Zj , θ̂)− ṁk(Zj , θ̃0∗R )}2 ≤
d∑
k=1

∣∣∣ṁk(Zj , θ̂)− ṁk(Zj , θ̃
0∗
R )
∣∣∣

≤
d∑
k=1

∣∣∣m̈T
k (Zj , ξk)(θ̂ − θ̃0∗R )

∣∣∣ ≤ ‖θ̂ − θ̃0∗R ‖ d∑
k=1

‖m̈k(Zj , ξk)‖≡ ‖θ̂ − θ̃0∗R ‖h(Zj), (A.47)

where ṁk(Zj , θ̂) is the kth element of ṁ(Zj , θ̂), m̈k(Zj , θ̂) is the kth column of m̈(Zj , θ̂), and all ξk are between

θ̂ and θ̃0∗R . Thus,

∆1i ≤
‖θ̂ − θ̃0∗R ‖h(Zi)∑n
j=1‖ṁ(Zj , θ̃0∗R )‖

, (A.48)

and

∆2i ≤
‖ṁ(Zi, θ̂)‖‖θ̂ − θ̃0∗R ‖

∑n
j=1 h(Zj)∑n

j=1‖ṁ(Zj , θ̂)‖
∑n
j=1‖ṁ(Zj , θ̃0∗R )‖

(A.49)

From (A.2) and Assumption 3

1

n

n∑
j=1

h2(Zj) ≤ d
1

n

n∑
j=1

d∑
k=1

‖m̈k(Zj , ξk)‖2= d
1

n

n∑
j=1

d∑
k=1

d∑
l=1

m̈2
k,l(Zj , ξk)

≤ d 1

n

n∑
j=1

d∑
k=1

d∑
l=1

(
2m̈2

k,l(Zj , θ̂) + 2ψ2(Zj)‖θ̃0∗R − θ̂‖2
)

= OP (1) (A.50)

which also implies that 1
n

∑n
j=1 h(Zj) = OP (1). Thus,

n∑
i=1

‖ṁ(Zi, θ̂)‖∆1i ≤
OP (‖θ̂ − θ̃0∗R ‖)

n

n∑
i=1

‖ṁ(Zi, θ̂)‖2h(Zi)

≤ OP (‖θ̂ − θ̃0∗R ‖)
{

1

n

n∑
i=1

‖ṁ(Zi, θ̂)‖4
} 1

2
{

1

n

n∑
i=1

h2(Zi)

} 1
2

, (A.51)

and

n∑
i=1

‖ṁ(Zi, θ̂)‖∆2i = OP (‖θ̂ − θ̃0∗R ‖)
1

n

n∑
i=1

‖ṁ(Zi, θ̂)‖2 (A.52)

Combining (A.46), (A.51), and (A.52), we obtain that for large s0, s and n,

‖ΛαR(θ̃0∗R )− ΛαR(θ̂)‖= ‖θ̂ − θ̃0∗R ‖OP (1) = oP (1).
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Thus, Slutsky’s theorem and (A.45) indicate that given Dn and θ̃0∗R , as s0, s and n→∞
√
s{V αR (θ̂)}−1/2(θ̃αR − θ̂)→ N (0, I) ,

in conditional distribution. From similar arguments used in the proof of Theorem 1, we know that the convergence
also holds in unconditional distribution, and this finishes the proof.

A.1.6 Proof of Theorem 6

To prove Theorem 6, we begin with Lemmas 7, 8 and 9.

Lemma 7. Under Assumptions 4, conditional on Dn and θ̃0∗R , then

√
s{ΛαP (θ̃0∗P )}−1/2Ṁ∗Pα(θ̂)→ N(0, I),

in conditional distribution, where

ΛαP (θ̃0∗P ) =
s

n2

n∑
i=1

{1− (sπ̃opt
Pαi) ∧ 1}ṁ(Zi, θ̂)ṁT(Zi, θ̂)

(sπ̃opt
Pαi) ∧ 1

.

Proof. Here, for writing convenience, we redefined the notation νi = I(ui ≤ sπopt
Pαi) and let

√
sṀ∗Pα(θ̂) =

n∑
i=1

νi
√
sṁ(Zi, θ̂)

n{(sπ̃opt
Pαi) ∧ 1}

≡
n∑
i=1

η
θ̃0∗
P
i . (A.53)

From direct calculation and the definition of θ̂, we have

E
(√

sṀ∗Pα(θ̂)
∣∣∣Dn, θ̃0∗P ) =

√
s

n

n∑
i=1

ṁ(Zi, θ̂) = 0,

and

V
(√

sṀ∗Pα(θ̂)
∣∣∣Dn, θ̃0∗P ) =

s

n2

n∑
i=1

V(νi|Dn, θ̃0∗P )ṁ(Zi, θ̂)ṁT(Zi, θ̂)

{(sπ̃opt
Pαi) ∧ 1}2

=
s

n2

n∑
i=1

{1− (sπ̃opt
Pαi) ∧ 1}ṁ(Zi, θ̂)ṁT(Zi, θ̂)

(sπ̃opt
Pαi) ∧ 1

≤ 1

αn

n∑
i=1

ṁ(Zi, θ̂)ṁT(Zi, θ̂) = OP (1).

Next, we check Lindeberg’s condition. For any epsilon > 0 and rho ∈ (0, 2],

E

{
n∑
i=1

‖ηθ̃0∗
P
i ‖I(‖ηθ̃0∗

P
i ‖> ε)

∣∣∣∣∣Dn, θ̃0∗P
}

≤ 1

ερ

n∑
i=1

E
{
‖ηθ̃0∗

P
i ‖

2+ρI(‖ηθ̃0∗
P
i ‖> ε)

∣∣∣Dn, θ̃0∗P }
≤ 1

ερ

n∑
i=1

E
(
‖ηθ̃0∗

P
i ‖

2+ρ
∣∣∣Dn, θ̃0∗P ) =

s1+ρ/2

ερn2+ρ

n∑
i=1

‖ṁ(Zi, θ̂)‖2+ρ

{(sπ̃opt
Pαi) ∧ 1}1+ρ

≤ s1+ρ/2

ερn2+ρ

n∑
i=1

‖ṁ(Zi, θ̂)‖2+ρ

(sα/n)1+ρ
=

1

α1+ρερsρ/2
1

n

n∑
i=1

‖ṁ(Zi, θ̂)‖2+ρ= OP (s−ρ/2).

Thus, from the Lindeberg-Feller Central Limit Theorem (cf. van der Vaart, 1998), Lemma 7 follows.



Lemma 8. Under Assumption 3, for any us = oP (1), conditional on Dn and θ̃0∗P ,

1

n

n∑
i=1

νim̈(Zi, θ̂ + us)

(sπ̃opt
Pαi) ∧ 1

− 1

n

n∑
i=1

m̈(Zi, θ̂) = oP (1).

Proof. First, using an approach similar to prove (A.14), we can show that given Dn and θ̃0∗P ,

1

n

n∑
i=1

νiψ(Zi)

(sπ̃opt
Pαi) ∧ 1

= OP (1). (A.54)

For every k, l = 1, 2, ..., d, from Lipschitz continuity, we have∣∣∣∣∣ 1n
n∑
i=1

νim̈k,l(Zi, θ̂ + us)

(sπ̃opt
Pαi) ∧ 1

− 1

n

n∑
i=1

νim̈k,l(Zi, θ̂)

(sπ̃opt
Pαi) ∧ 1

∣∣∣∣∣ ≤ 1

n

n∑
i=1

νiψ(Zi)‖us‖
(sπ̃opt

Pαi) ∧ 1
= oP (1). (A.55)

For each k, l = 1, 2, ..., d, direct calculations show that

E

{
1

n

n∑
i=1

νim̈k,l(Zi, θ̂)

(sπ̃opt
Pαi) ∧ 1

∣∣∣∣∣Dn, θ̃0∗P
}

=
1

n

n∑
i=1

m̈k,l(Zi, θ̂),

V

{
1

n

n∑
i=1

νim̈k,l(Zi, θ̂)

(sπ̃opt
Pαi) ∧ 1

∣∣∣∣∣Dn, θ̃0∗P
}
≤ 1

sn2

n∑
i=1

m̈2
k,l(Zi, θ̂)

(sπ̃opt
Pαi) ∧ 1

≤ 1

αsn

n∑
i=1

h2(Zi) = OP (s−1).

According to Chebyshev’s inequality, we obtain

1

n

n∑
i=1

νim̈(Zi, θ̂)

(sπ̃opt
Pαi) ∧ 1

− 1

n

n∑
i=1

m̈(Zi, θ̂) = OP (s−1/2). (A.56)

Therefore, combining (A.55) and (A.56), we have

1

n

n∑
i=1

νim̈(Zi, θ̂ + us)

sπopt
Pαi

− 1

n

n∑
i=1

m̈(Zi, θ̂) = oP (1).

Lemma 9. Under Assumptions 3 and 4,

1) if %n = s/(bn)→ % ∈ (0, 1), then H0∗ −H%n = oP (1);

2) Ψ0∗ −Ψ%n = oP (1), where

Ψ%n =
1

n

n∑
i=1

{‖ṁ(Zi, θ̂)‖∧H%n}; (A.57)

3) if s/(bn)→ % = 0, then Ψ0∗ −Ψ∞ = oP (1).

Proof. Note that H0∗ is the ds∗0 − s∗0s/b/ne-th order statistics of ‖ṁ(Z0∗
i , θ̃

0∗
P )‖, i = 1, ..., s∗0. For any ρ > 0,

let H̃ρ be the dn(1− ρ)e-th order statistics of ‖ṁ(Z1, θ̃
0∗
P )‖, ..., ‖ṁ(Zn, θ̃

0∗
P )‖. Let ν0(i) = 1 if ‖ṁ(Z, θ̃0∗P )‖(i) is

included in ‖ṁ(Z0∗
1 , θ̃0∗P )‖, ..., ‖ṁ(Z0∗

s∗0
, θ̃0∗P )‖. For any %+ > %,

P(H0∗ ≤ H̃%+) = P

( dn(1−%+)e∑
i=1

ν0(i) ≥ ds
∗
0 − s∗0s/b/ne

)
. (A.58)
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Note that

1

s0

dn(1−%+)e∑
i=1

ν0(i) = 1− %+ + oP (1) and
ds∗0 − s∗0s/b/ne

s0
= 1− %+ oP (1). (A.59)

Thus,

P(H0∗ ≤ H̃%+)→ 0. (A.60)

Similarly, we obtain that for any %− < %,

P(H0∗ ≤ H̃%−)→ 1. (A.61)

Note that H̃%+ is between the dn(1− %+)e−s∗0-th and the dn(1− %+)e-th order statistics of ‖ṁ(Zi, θ̃
0∗
P )‖’s that are

not included in ‖ṁ(Z0∗
1 , θ̃0∗P )‖, ..., ‖ṁ(Z0∗

s∗0
, θ̃0∗P )‖. The joint distribution of these ‖ṁ(Zi, θ̃

0∗
P )‖’s are exchangeable,

and s∗0/n → 0 in probability. Therefore, both the dn(1− %+)e − s∗0-th and the dn(1− %+)e-th order statistics
of these ‖ṁ(Zi, θ̃

0∗
P )‖’s converge to the %+-quantile of the distribution of ‖ṁ(Zi,θ0)‖ in probability (Chanda,

1971), where θ0 = arg maxθ E{m(Z,θ)}. As a result, H̃%+ converge in probability to the %+-quantile of the

distribution of ‖ṁ(Z,θ0)‖, say ζ%+. Similarly, H̃%− converge in probability to the %−-quantile of the distribution
of ‖ṁ(Z,θ0)‖, say ζ%−. Thus, (A.60) and (A.61) together imply that for any ε > 0,

P(ζ%+ − ε < H0∗ < ζ%− + ε)→ 1. (A.62)

Since the distribution of Z is continuous and so is that of ‖ṁ(Z,θ0)‖, we can choose %+ and %− close to % enough
such that ζ%− − ζ% < ε and ζ% − ζ%+ < ε, which implies that

P(ζ% − 2ε < H0∗ < ζ% + 2ε)→ 1, (A.63)

for any ε. Thus, H0∗ = ζ% + oP (1). Since ‖ṁ(Z1, θ̂)‖, ..., ‖ṁ(Zn, θ̂)‖ are exchangeable, H%n = ζ% + oP (1), where

H%n is the dn(1− %n)e-th order statistics of ‖ṁ(Z1, θ̂)‖, ..., ‖ṁ(Zn, θ̂)‖. Therefore, H0∗ −H%n = oP (1).

Now we prove 2) of Lemma 9. If % = 0 and ‖ṁ(Z,θ)‖ is bounded, then

Ψ0∗ =

ds∗0−s
∗
0s/b/ne∑
i=1

‖ṁ(Z0∗, θ̃0∗P )‖(i)
s∗0

+
s∗0 − ds∗0 − s∗0s/b/ne

s∗0
H0∗ =

s∗0∑
i=1

‖ṁ(Z0∗
i , θ̃

0∗
P )‖

s∗0
+ oP (1),

and similarly,

Ψ%n =
1

n

n∑
i=1

‖ṁ(Zi, θ̂)‖+oP (1).

Thus the proof reduce to prove that

s∗0∑
i=1

‖ṁ(Z0∗
i , θ̃

0∗
P )‖

s∗0
=

1

n

n∑
i=1

‖ṁ(Zi, θ̂)‖+oP (1),

which can be proved by Taylor’s expansion and Markov’s inequality. To prove other cases, let ν0i = 1 if the i-th
observation is included in the pilot subsample and ν0i = 0 otherwise; then Ψ0∗ can be written as

Ψ0∗ =
1

s∗0

n∑
i=1

ν0i {‖ṁ(Zi, θ̃
0∗
P )‖∧H0∗}.

Define

Ψ0∗
H%n

=
1

s∗0

n∑
i=1

ν0i {‖ṁ(Zi, θ̃
0∗
P )‖∧H%n} and Ψ0∗

θ̂
=

1

s∗0

n∑
i=1

ν0i {‖ṁ(Zi, θ̂)‖∧H%n}.



If % > 0, then

|Ψ0∗ −Ψ0∗
H%n
| = 1

s∗0

n∑
i=1

ν0i

∣∣∣‖ṁ(Zi, θ̃
0∗
P )‖∧H0∗ − ‖ṁ(Zi, θ̃

0∗
P )‖∧H%n

∣∣∣
≤ |H

0∗ −H%n |
s∗0

n∑
i=1

ν0i I
{
‖ṁ(Zi, θ̃

0∗
P )‖≥ H0∗ ∧H%n

}
≤ |H0∗ −H%n |= oP (1).

If % = 0 and ‖ṁ(Z,θ)‖ is unbounded, then H0∗ ∧H%n →∞ in probability. Under Assumptions 3 and 4, it can

be shown that 1
s∗0

∑n
i=1 ν

0
i ‖ṁ(Zi, θ̃

0∗
P )‖2= OP |Dn

(1). Thus,

|Ψ0∗ −Ψ0∗
H%n
| ≤ 1

s∗0

n∑
i=1

ν0i ‖ṁ(Zi, θ̃
0∗
P )‖I

{
‖ṁ(Zi, θ̃

0∗
P )‖≥ H0∗ ∧H%n

}
+
H0∗

s∗0

n∑
i=1

ν0i I
{
‖ṁ(Zi, θ̃

0∗
P )‖≥ H0∗

}
+
H%n

s∗0

n∑
i=1

ν0i I
{
‖ṁ(Zi, θ̃

0∗
P )‖≥ H%n

}
≤

{
1

H0∗ ∧H%n

+
1

H0∗ +
1

H%n

}
1

s∗0

n∑
i=1

ν0i ‖ṁ(Zi, θ̃
0∗
P )‖2= oP (1). (A.64)

Furthermore, we can show that

|Ψ0∗
H%n
−Ψ0∗

θ̂
| ≤ 1

s∗0

n∑
i=1

ν0i {‖ṁ(Zi, θ̃
0∗
P )‖−‖ṁ(Zi, θ̂)‖}

≤ ‖θ̂ − θ̃
0∗
P ‖

s∗0

n∑
i=1

ν0i h(Zi) = oP (1)

and

|Ψ0∗
θ̂
−Ψ%n |= oP (1),

where the last two oP (1) are obtained by mean and variance calculations under the conditional distribution of
ν0i ’s. Thus, we have that

|Ψ0∗ −Ψ%n |= oP (1). (A.65)

With 2) of Lemma 9 proved, in order to prove 3), we only need to show that Ψ∞−Ψ%n = oP (1) if s/(bn)→ % = 0.
This is true because if ‖ṁ(Z,θ)‖ is bounded, then

|Ψ∞ −Ψ%n | ≤
1

n

n∑
i=1

∣∣∣‖ṁ(Zi, θ̂)‖−‖ṁ(Zi, θ̂)‖∧H%n

∣∣∣
≤ n− dn(1− %n)e

n
‖ṁ(Z, θ̂)‖(n)= oP (1);

otherwise,

|Ψ∞ −Ψ%n | ≤
1

n

n∑
i=1

∣∣∣‖ṁ(Zi, θ̂)‖−‖ṁ(Zi, θ̂)‖∧H%n

∣∣∣
≤ 1

n

n∑
i=1

‖ṁ(Zi, θ̂)‖I
{
‖ṁ(Zi, θ̂)‖≥ H%n

}
≤ 1

nH%n

n∑
i=1

‖ṁ(Zi, θ̂)‖2= oP (1).
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Proof of Theorem 6. For Algorithm 2, M∗Pα(θ) can be written as

M∗Pα(θ) =
1

n

n∑
i=1

νim(Zi,θ)

(sπ̃opt
Pαi) ∧ 1

.

Denote

γθ̃0∗
P P (u) = sM∗Pα(θ̂ + u/

√
s)− sM∗Pα(θ̂).

Under Assumption 2,
√
s(θ̃αP − θ̂) is the unique maximizer of γθ̃0∗

P P (u). By Taylor’s expansion,

γθ̃0∗
P P (u) =

√
suT Ṁ∗Pα(θ̂) +

uT M̈∗Pα(θ̂ + ú/
√
s)u

2

where ú lies between 0 and u/
√
s. From Lemma 7,

√
sṀ∗Pα(θ̂) is stochastically bounded in conditional probability

given Dn and θ̃0∗P ; from Lemma 8, conditional on Dn and θ̃0∗P , M̈∗Pα(θ̂ + ú/
√
s) − M̈n(θ̂) = oP (1) and M̈n(θ̂)

converges to a positive-definite matrix. Thus, from the Basic Corollary in page 2 of Hjort and Pollard Hjort and
Pollard (2011), the minimizer of sγ(u),

√
s(θ̃αP − θ̂), satisfies that

√
s(θ̃αP − θ̂) = M̈−1n (θ̂)

√
sṀ∗P (θ̂) + oP (1), (A.66)

which implies that

√
s{ΛαP (θ̃0∗P )}−1/2M̈n(θ̂)(θ̃αP − θ̂)→ N(0, I), (A.67)

in conditional distribution given Dn and θ̃0∗P .

Next, we will check the distance between ΛαP (θ̃0∗P ) and ΛαP (θ̂). Let ΛαP%n(θ̂) have the same expression as ΛαP (θ̂)

in Theorem 6 except that πopt
Pi (θ̂) in the denominator is replaced by

π%nPαi(θ̂) = (1− α)π%nPi(θ̂) + α
1

n
with π%nPi =

‖ṁ(Zi, θ̂)‖∧H%n∑n
j=1{‖ṁ(Zj , θ̂)‖∧H%n}

.

We have that

‖ΛαP (θ̃0∗P )− ΛαP%n(θ̂)‖ ≤ s

n2

n∑
i=1

∣∣∣∣∣ ‖ṁ(Zi, θ̂)‖2

{sπ̃opt
Pαi(θ̃

0∗
P )} ∧ 1

− ‖ṁ(Zi, θ̂)‖2

{sπ%nPαi(θ̂)} ∧ 1

∣∣∣∣∣
=

s

n2

n∑
i=1

‖ṁ(Zi, θ̂)‖2
∣∣∣∣∣ 1

{sπ̃opt
Pαi(θ̃

0∗
P )} ∧ 1

− 1

{sπ%nPαi(θ̂)} ∧ 1

∣∣∣∣∣
=

s

n2

n∑
i=1

‖ṁ(Zi, θ̂)‖2
∣∣∣∣∣{sπ̃opt

Pαi(θ̃
0∗
P )} ∧ 1− {sπ%nPαi(θ̂)} ∧ 1

[{sπ̃opt
Pαi(θ̃

0∗
P )} ∧ 1][{sπ%nPαi(θ̂)} ∧ 1]

∣∣∣∣∣
<

1

α2

n∑
i=1

‖ṁ(Zi, θ̂)‖2
∣∣∣π̃opt
Pi (θ̃0∗P )− π%nPi(θ̂)

∣∣∣ (A.68)

If % > 0, then from

n
∣∣∣π̃opt
Pi (θ̃0∗P )− π%nPi(θ̂)

∣∣∣
=

∣∣∣∣∣‖ṁ(Zi, θ̃
0∗
P )‖∧H0∗

Ψ0∗
%n

− ‖ṁ(Zi, θ̂)‖∧H%n

Ψ%n

∣∣∣∣∣
≤

∣∣∣∣∣‖ṁ(Zi, θ̃
0∗
P )‖∧H0∗ − ‖ṁ(Zi, θ̂)‖∧H%n

Ψ0∗
%n

∣∣∣∣∣+ {‖ṁ(Zi, θ̂)‖∧H%n}

∣∣∣∣∣Ψ0∗
%n −Ψ%n

Ψ0∗
%nΨ%n

∣∣∣∣∣
≤

∣∣∣‖ṁ(Zi, θ̃
0∗
P )‖−‖ṁ(Zi, θ̂)‖

∣∣∣
Ψ0∗
%n

+
|H0∗ −H%n |

Ψ0∗
%n

+ {‖ṁ(Zi, θ̂)‖∧H%n}
|Ψ0∗
%n −Ψ%n |
Ψ0∗
%nΨ%n

,



we have that

‖ΛαP (θ̃0∗P )− ΛαP%n(θ̂)‖

<
1

α2

n∑
i=1

‖ṁ(Zi, θ̂)‖2
∣∣∣π̃opt
Pi (θ̃0∗P )− π%nPi(θ̂)

∣∣∣
≤ 1

α2Ψ0∗
%n

n∑
i=1

‖ṁ(Zi, θ̂)‖2
∣∣∣‖ṁ(Zi, θ̃

0∗
P )‖−‖ṁ(Zi, θ̂)‖

∣∣∣
+
|H0∗ −H%n |
α2Ψ0∗

%n

n∑
i=1

‖ṁ(Zi, θ̂)‖2+
|Ψ0∗
%n −Ψ%n |

α2Ψ0∗
%nΨ%n

n∑
i=1

‖ṁ(Zi, θ̂)‖3= oP (1),

by (A.51) and Lemma 9.

If % = 0, then,

n
∣∣∣π̃opt
Pi (θ̃0∗P )− π%nPi(θ̂)

∣∣∣
≤

∣∣∣‖ṁ(Zi, θ̃
0∗
P )‖∧H0∗ − ‖ṁ(Zi, θ̂)‖∧H%n

∣∣∣
Ψ0∗
%n

+ ‖ṁ(Zi, θ̂)‖

∣∣∣∣∣Ψ0∗
%n −Ψ%n

Ψ0∗
%nΨ%n

∣∣∣∣∣
≤

∣∣∣‖ṁ(Zi, θ̃
0∗
P )‖−‖ṁ(Zi, θ̂)‖

∣∣∣
Ψ0∗
%n

+ ‖ṁ(Zi, θ̂)‖
|Ψ0∗
%n −Ψ%n |
Ψ0∗
%nΨ%n

+
‖ṁ(Zi, θ̃

0∗
P )‖

Ψ0∗
%n

I
{
‖ṁ(Zi, θ̂)‖≥ H%n

}
+
H%n

Ψ0∗
%n

I
{
‖ṁ(Zi, θ̂)‖≥ H%n

}
+
‖ṁ(Zi, θ̂)‖

Ψ0∗
%n

I
{
‖ṁ(Zi, θ̃

0∗
P )‖≥ H0∗

}
+
H0∗

Ψ0∗
%n

I
{
‖ṁ(Zi, θ̃

0∗
P )‖≥ H0∗

}
≡ ∆3i + ∆4i + ∆5i + ∆6i + ∆7i + ∆8i. (A.69)

From (A.51) and Lemma 9, we know that

1

n

n∑
i=1

‖ṁ(Zi, θ̂)‖2∆3i = oP (1) and
1

n

n∑
i=1

‖ṁ(Zi, θ̂)‖2∆4i = oP (1). (A.70)

Note that

1

n

n∑
i=1

‖ṁ(Zi, θ̂)‖2‖ṁ(Zi, θ̃
0∗
P )‖I

{
‖ṁ(Zi, θ̂)‖≥ H%n

}
≤
{

1

n

n∑
i=1

‖ṁ(Zi, θ̂)‖4
} 1

2
{

1

n

n∑
i=1

‖ṁ(Zi, θ̃
0∗
P )‖4

} 1
4
[

1

n

n∑
i=1

I
{
‖ṁ(Zi, θ̂)‖≥ H%n

}] 1
4

= oP (1),

because

1

n

n∑
i=1

I{‖ṁ(Zi, θ̂)‖≥ H%n} = oP (1),
1

n

n∑
i=1

‖ṁ(Zi, θ̂)‖4= OP (1),

and
1

n

n∑
i=1

‖ṁ(Zi, θ̃
0∗
P )‖4= OP (1).

Thus,

1

n

n∑
i=1

‖ṁ(Zi, θ̂)‖2∆5i = oP (1). (A.71)
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If ‖ṁ(Z,θ)‖ is bounded, then

H%n

n

n∑
i=1

‖ṁ(Zi, θ̂)‖2I
{
‖ṁ(Zi, θ̂)‖≥ H%n

}
≤ n− dn(1− %n)e

n
‖ṁ(Z, θ̂)‖3(n)= oP (1); (A.72)

otherwise

H%n

n

n∑
i=1

‖ṁ(Zi, θ̂)‖2I
{
‖ṁ(Zi, θ̂)‖≥ H%n

}
≤ 1

nH%n

n∑
i=1

‖ṁ(Zi, θ̂)‖4= oP (1). (A.73)

Thus we know that

1

n

n∑
i=1

‖ṁ(Zi, θ̂)‖2∆6i = oP (1). (A.74)

Similarly, we can obtain that

1

n

n∑
i=1

‖ṁ(Zi, θ̂)‖2∆7i = oP (1) and
1

n

n∑
i=1

‖ṁ(Zi, θ̂)‖2∆8i = oP (1). (A.75)

Combining (A.68), (A.69), (A.70), (A.71), (A.74), and (A.75), we know that

‖ΛαP (θ̃0∗P )− ΛαP%n(θ̂)‖= oP (1).

To finish the proof for the case of % = 0, we only need to show that ‖ΛαP%n(θ̂) − ΛαR(θ̂)‖= oP (1). Let Ψ∞ =
1
n

∑n
i=1{‖ṁ(Zi, θ̂)‖}. We notice that

n
∣∣∣π%nPi(θ̂)− πopt

Ri (θ̂)
∣∣∣

≤

∣∣∣‖ṁ(Zi, θ̂)‖∧H%n − ‖ṁ(Zi, θ̂)‖
∣∣∣

Ψ%n

+ ‖ṁ(Zi, θ̂)‖
∣∣∣∣Ψ%n −Ψ∞

Ψ%nΨ∞

∣∣∣∣
≤ ‖ṁ(Zi, θ̂)‖

Ψ%n

I
{
‖ṁ(Zi, θ̂)‖≥ H%n

}
+ ‖ṁ(Zi, θ̂)‖ |Ψ%n −Ψ∞|

Ψ%nΨ∞

≤ ‖ṁ(Zi, θ̂)‖2

Ψ%nH%n

+ ‖ṁ(Zi, θ̂)‖ |Ψ%n −Ψ∞|
Ψ%nΨ∞

≡ ∆9i + ∆10i. (A.76)

With this result, it can be shown that

1

n

n∑
i=1

‖ṁ(Zi, θ̂)‖2∆9i = oP (1) and
1

n

n∑
i=1

‖ṁ(Zi, θ̂)‖2∆10i = oP (1),

which indicates that ‖ΛαP%n(θ̂)− ΛαR(θ̂)‖= oP (1).

From Slutsky’s theorem, we know that give Dn, θ̃0∗P , as s0, s, and n goes to infinity,

√
s{V αP (θ̂)}−1/2(θ̃αP − θ̂)→ N (0, I) ,

in conditional distribution. From similar arguments used in the proof of Theorem 1, we know that the convergence
also holds in unconditional distribution, and this finishes the proof.

Proof of Remark 8. Since Λopt
R (θ̂) has the minimum trace among all choices of sampling probabilities, if α 6= 0

then tr{Λopt
R (θ̂)} < tr{ΛαR(θ̂)}. On the other hand,

tr{ΛαR(θ̂)} =
1

n2

n∑
i=1

‖ṁ(Zi, θ̂)‖2

(1− α)πRopt
i + α 1

n

<
1

n2

n∑
i=1

‖ṁ(Zi, θ̂)‖2

(1− α)πRopt
i



=
1

(1− α)n2

{
n∑
i=1

‖ṁ(Zi, θ̂)‖

}2

=
tropt{ΛR(θ̂)}

1− α
,

and this finishes the proof for ΛαR(θ̂) from subsampling with replacement. For ΛαP (θ̂) from Poisson subsampling,
the proof is similar.
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