The Sample Complexity of Meta Sparse Regression:
Supplementary Materials

A COMPARISON ON RATES OF |

For (Jalali et all |2010), we use r := T, p := p, s := k,n := [ (their notation := our notation) in the condition in
Theorem 2. Therefore, the sample complexity in (Jalali et al., 2010) is [ € O(max(klog(pT), kT (T 4 logp)). This
is also supported by our Figure |[H.3

For (Negahban and Wainwright, 2011), we use r := T,p := p,|U| := |S| = k,n := [ (their notation := our
notation) in their equation (20) and (22) to obtain [ € Q(k(T + log(p))) and I € Q(T(T + log(p))) for support
recovery. Therefore, the sample complexity in (Negahban and Wainwrightl, [2011)) is I € O(max(k, T)(T + log(p))).

For (Obozinski et al.l 2011), we use K := T,p := p, s := k,n := [ (their notation := our notation). By their
equation (22), the rate of ¥)(B*) is between O(k/T) (requiring a strong orthonormal assumption which we do not
need) and O(k). Here we use (B*) € O(k). From their equation (19) and (20), one needs [ € Q(k log(p — k)) and
1 € Q(Tlog(k)). Therefore, the sample complexity in (Obozinski et al. [2011)) is I € O(max(klog(p — k), T log(k))).
Note that the latter still grows with respect to T unless T' € O(klog(p — k)/log(k)). This is also supported by

our Figure

B PROOF OF STEP 1 IN THE PRIMAL-DUAL WITNESS

We know that

1
[V2((ws,0))]s,s = 0 & E[X[@]X[Tﬂs,s - 0. (B.1)

We first show a useful theorem on bounding the difference between the sample covariance matrix and the
population covariance matrix.

Lemma B.1 (Theorem 4.6.1 in Vershynin| (2018))). Let A be an m x n matriz whose rows A; € RY™™ are

independent, mean zero, sub-gaussian isotropic random vectors (i.e., E[AT A;] = I,,). Then for any t > 0, we have
iATA—I < K?ma (6 62) here 6 = C EJrL K = max||4;]|
m nll < max(o, wnere 0 = m \/Tin , = HliX il

with probability 1 — 2et".

To prove 1} we need to bound A\, ([%[X[TT]X[T]]S}S) away from 0. We find independent isotropic random

vectors Z; such that for each row of X[TT] (denoted by X;), X; = Eé{;Zi (by the proof of Theorem 4.7.1 in
Vershynin| (2018), Z; are also sub-Gaussian with ||Z;||4, < K where K is a constant only depending on ¥g s.)

We let m :=Tl,n:=k, A:=1[Zy,Zs,-++,Zn]". Then we use a similar technique as Lemma 4.1.5 in |Vershynin

(2018):
> ’<<1ATA - 1n> z, x>‘ - ‘)\mm <1ATA) - 1’ (B.2)
m m
where we set z = arg min, g1 a’ (AT A)a.

If K <1, welett=m/(6C), m>16nC?% If K > 1, we let t = \/m/(6K2C), m > 16nK*C?. Under
both cases, we have K?max(8,0?) = K%§ < 1/2. By (B.2)), we further have Apin(=ATA) > 1/2 and also
)\mm(%[X[TT]X[T]]S,S) > Amin(Es,5)/2 > 0.

K?max(0,6%) > HlATA - I,
m




Therefore, if we have Tl € Q(klog(p — k)) tasks, (B.1) holds with probability greater than 1 — 2¢~C"T!, where C”

is a constant.

C BOUND OF zg.,

Recall that
- 1 €T
ZSc’l :XE"%LSC {TZX[T]S(ZSS) Z5+HXJ_ ()\[T]l)}

In order to bound ||Zse 1|, We consider each entry of the vector. That is, for j € S°, we need to bound

1
s _ T (7]
zj1 = Xir) {Tl 1,5(Ss,5) Es + Uxy ()\Tl) }

Since the entries in X(7}; € R" are independent and sub-Gaussian, and the rows in X7} s are also independent
and sub-Gaussian, we define ET by decomposition:

X115 = £5.5(8s.8) " Xry,s + Efry

where ElT ; is an independent sub-Gaussian random variable for all 7 € [T]. We assume the variance proxy is o2

which is proportional to o2.

We can rewrite z; 1 based on Epy ;:

~ 2 T ~
Zj1 = E[T],j {TZX[T (ES,S) Zg + Hx[LT] < ()\[T]l) } + E] 5(25 S) 1ZS .
B;

Aj

By the mutual incoherence condition, we have |B;| = |, 5(Xs,5) *Zs| < 1 —v. Therefore we only need to
bound [|A4; |3 since the variance proxy for Ejpy ;A; is ||A;]|302 (and we can bound Ejr) ;A; by the concentration
inequality of sub-Gaussian random variables).

14513 = AT A; = les(ES s) s+ H Xir) s ()\TZ)H

For the first part le S(ES s)"1zg, by the techniques in appendix Section [Bl we have

1 .p,e - 1 1 2k
T b < = min b K=t
(s,5) '2s HZSH (Amin(Xs,5)) Tl (Cos)
with probability 1 — 26_C/Tl, where C’ is a constant.

For the second part, we have

1 el 1 Y e < Cyo?

i H - .
H an(ATz) = X271 TI 2Tl T1  — N\Ti

The second inequality above is a direct result by the Orlicz norm of €;. By Lemma 5.7, we know that ||€Z||,, < oZ.
2
We let Y; = 5 > 0. Then we have

S Y Elexp(311, Vi) TIL, Elexp(|Yi])] 27! e,
F (exp ( Tl1 ) = exp (Cl)) = exp(Cﬂll) N eicp(ClTl) = eXp(ClTl) =e

where C, Cy are constants. (The first inequality is by Markov’s inequality, and the second inequality is by the
Tl 2
definition of ¢;-Orlicz norm.) Therefore we have that 245-% < Cyo? holds with probability 1 — e~C27",



Now we define M (T, 1, k) := o? (%)\mf&s 5+ f;;j) and the event 7; = {E[r) ;A; > v/2}. We have

PlUT|<w-k (eXp (_8M(Zr2,z,k)> - 26—03”) .

jese

Therefore, if A € Q ((J‘EO’QE\/ log(Tpl_k)) and T € Q (M), we have that zge ; < 1—1/2 holds with probability

greater than 1 — 2e~C4los(p—k),

D PROOF OF LEMMA 5.3

This is a generalization of Theorem 3.1.1 in [Vershynin| (2018]).
Lemma D.1 (/3-norm of sub-Gaussian random vector is a sub-Gaussian random variable). Assume X € SGy(02),

for any fized constant cg, there exists a corresponding constant cg such that H||XH2 + CSJT’\/gH < cgoz\/d and
P2

H||X||2 + cgmax(1, am)\/a‘

. < comax(1, ow)\/a.
2

Proof. By Lemma 5.8, we only need to show that there exists a constant cy such that [|[| X||2[[,,, < c90x Vd. From
the definition of Orlicz norm, the latter is equivalent to

X113
E < 2.
{e"p <caa;%d -
We first show two useful lemmas:

Lemma D.2 (Maximal inequality. Lemma 2.2.2 in [Van Der Vaart and Wellner| (1996)). Let ¢ : R — R be a
convez, nondecreasing, nonzero function with 1(0) = 0 and limsup,, , . ¥(2)Y(y)Y(cry) < oo for some constant
c. Then, for any random variables Xy, ..., X,

max X;
1<i<m

< Kop~! (m) max || Xi|,
w K2

for a constant K depending only on .

Lemma D.3 (Covering number. Lemma 5.7 and Example 5.8 in [Wainwright| (2019))). A d-cover of a set A
with respect to a metric p is a set {0%,...,0N} C A such that for each 6 € A, there erists some i € {1,..., N}
such that p(0,0°) < §. The 6-covering number N(J; A, p) is the cardinality of the smallest 6-cover. We let
B = {z € RY||z||2 < 1}. We have

dog(1/8) < log N(5; B, | - |}») < dlog (1 " §> .

We let N 1 be the covering set that achieves the smallest %—covering number on set B?. Therefore, for any v € B¢,

we can write v = z +w where z € N1 and [|w]| < 1 (i.e., w € $BY). Then we have

1
max v X < max 2I'X + max w'X = max 27X + = max w! X.
veEBd zGN% we LB ZGN% 2 weBd

Therefore, max, ¢ ga vITX < QmaxzeN% TX.

‘We have

T y\2
X2 T x)2 max.en, (27 X)
}E[exp(” ||2)} :E[exp (maXUeBd(U ) )] <E |exp 3

2
cgaid cgogd (co/2)%02d



From Lemma N1 | < 5el. We let () = exp(z?) — 1 and m = \N%\ in Lemma We have

max zzTXH §K¢_1(|N%|)max||ziTX||w§K\/log(5ed+1)§K\/log6+dow.
¥

1<i<|Ny |
2

Since d > 1, we can find a constant ¢g such that

< (co/2)05Vd.

¥

max ZiTX
1<i<|Ny |
2

Therefore, for this choice of ¢g, we have ||[|X|[2],, < coopV/d.

E BOUND OF ESTIMATION ERROR IN THEOREM 4.1

The second part in Theorem 4.1 is about the estimation error. We write the estimation error in the following
form:

T T
i e 1 o .
Wg — WS = ES}S‘ (ﬂ thj;ysfti — )\ZS + ﬁ ZX£75XtiVSAths>
i=1 =1

T T
oy 1 5 A 1
-1 T -1y -1 T *
=355y D Xt st — 5 sMs + 85 5h DX X s
i=1 — i=1

Fy
P P

In this section, we first show that in a general sub-Gaussian setting without the rotation invariance assumption A6
on A} g and each row of Xy, 5, we have [[Ws — W[oo = O(M/E). Since the rate of A needed for S(w) C S could
be as high as \/klog(p — k)/(T1), if we use T € Q(klog(p — k) /I, the estimation error bound O(A\Wk) = O(Vk)
is not fully satisfactory. Therefore, we later show that with the rotation invariance assumption A6, we have a
tighter bound ||[Wg — w§|jco = O(N).

E.1 O(Mk) bound without assumption A6

Since we know that ||Zs||co < 1, for bounding ||F3 ||, we need to bound ||2A)§g||oo

By the technique in appendix Section [B] we know that

o “ 2k
1255000 < VEISZKll2 <

Amin(Es,s)
holds with probability greater than 1 — 2e~C"7!, where C’ is a constant.
Therefore,

Falle < 22
Amin(Xs,s)
C'TI

holds with probability greater than 1 — 2e~ , where C” is a constant.

For j € S, we have
1 I A
T
Tl thi,jeti = Tl Z Z Xt;,5,m€t;,m
i=1 i=1 m=1

which can be bounded by the concentration inequality of sub-exponential random variables. Here we let
| X+, jmé€t;mllyy = M. By Lemma 5.7, we know that M € O(o,0.).



Now we use the Bernstein’s inequality (Theorem 2.8.1 in [Vershynin| (2018)) to get

2Tl tT1

If we let ¢ = A, and T € Q (22520 then

T l

Til Z Z Xti,j,meti,m

i=1 m=1

Filloo < A————
H 1H )\min<ZS7S)

holds with probability greater than 1 — 2e~¢sk108(r—=%) where ¢ is a constant.

For F3, we use the definition of (g in Section 5.4 and we set v = 1 in the £, bound of {s. We know that

22k

Fylloe < —2VE
1F3lo0 < o (5s9)

holds with probability greater than 1 — cge—¢7108(P—F),

Therefore, we can bound the estimation error. That is, with probability greater than 1 — cge = 1°8(P=%) e have

6k

Frg — Wheg € —vE
H S”OO )\min(ES,S)

E.2 O(\) bound with assumption A6

We say that X € R” is rotation invariant if for any orthogonal matrix Q € R***_ the distribution of X is the
same as the distribution of QX . To obtain an O()) bound, we need to assume that X;, s and A}, g are rotation
invariant.

First, we can directly use the analysis on ||F1||e above since its bound is O(\) which is tight enough.

Second, we provide a lemma below similar to Lemma 5 in [Wainwright| (2009) and use it to tighten the bound on
| F2|loo- While Lemma 5 in [Wainwright| (2009) holds only for Gaussian variables, the lemma below holds for a
more general case, i.e., rotation invariant sub-Gaussian variables.

Lemma E.1. Consider a fized nonzero vector z € R* and a random matriz X € R™** with i.i.d. rows X; such
that all X; are rotation invariant, mean zero, sub-Gaussian isotropic random vectors with || X;|y, < K. Under
the scaling n = Q(klog(p — k)), there are positive constants ¢; and cy such that for all t > 0,

1 —1
P (H (XTX) - Ikxk] 2
n

Proof. We begin by diagonalizing the random matrix: (X7 X/n)~! — I}« = UT DU where D is diagonal, and
U is unitary. Since the distribution of X is rotation invariant, the matrices D and U are independent. Since
ID|| = (XTX/n)~! — I.xx||, we use Lemma A.1. Thus, with probability 1 — 2e~*,

I(XTX/n) = Lxr)sll2 < K2C\/k/nl|s|2, Vs € RF.

=z Cl||z||oo> < 4ec2min{k,log(p—k)}
o0

which is equivalent to
J(XTX/n) " = i)' lla < K2CVRIAll(XTX /) 1s/|lo, ¥s' € R
where we let s’ = (X7 X/n)s.
We use the result in Appendix A and have ||[(XT X/n)~1s'||2 < 2||s'||2 with probability 1 — 2e=“**. Then we have

1 T ! k —csk
P -X'X _Ikxk 264 — §46 5%,
n n

We condition on the event || D]z < c4+/k/n and follow similar arguments as in the proof of Lemma 5 in [Wainwright
(2009). 0

2



To use this lemma, we need to also transform the zg in F into a fixed value sign(w§). We define dg as
§g 1= Egls (Tl ZXL g€, — Asign(wg) + — ZX%SX%SA,&Z > .

Using the techniques in the proof of Lemma 3(b) in [Wainwright| (2009), we know that the sign consistency
property zg = sign(w) is equivalent to sign(wy + dg) = sign(w}). Therefore we only need to bound the ¢
norm of dg. More specifically, for a fixed w¥, we can choose our parameters to ensure sign(wj + dg) = sign(w}),
then we have zg = sign(w}) and Wg — w§ = dg being bounded by the same bound.

Now we redefine Fy = f]g’ls)\sign(wg) by breaking it into two terms: Fy = Eg’ls)\sign(wg)—}—(igig —Eg’ls))\sign(wg)
and bound their ¢, norm separately. We use the technique in Section V.B in |Wainwright| (2009)) and have

P(HF2HOO > Cﬁ)\HZ 1/2H2 ) < de°2 min{k,log(p—k)}

Finally, we consider F3 = 2;3)\(5. From our Section 5.4, we have P(||(s|lcoc > 1) < exp(—c7log(p — k)). We
follow a similar procedure in Lemma C.1 and note that here z = (g = 1 ZZ'T:1 X? sXt;,5A7, g Is not a constant
vector. We show that with the rotation invariance condition on Xy, s and A}, ¢, we have that Uz is also rotation
invariant where the unitary matrix U is defined by (X1Xg/n)~! — Iy« = UT DU with D being diagonal. This
is because when we consider the distribution of a rotated Uz, i.e., V(Uz) where V is another unitary matrix,
V(Uz) can be treated as U(V’z) where V' is also a unitary matrix, then we can transform X;, s and A} g as

V’fl/thiﬁs and V’I/QA;S for all ¢; to map V(Uz) to U’z without changing its probability density function.

Since Uz is rotation invariant and U = (u; ug ... ug) is unitary, we know that w; is orthogonal to g; := Zj# UjZ;
and wu; is uniformly distributed over a sphere of kK — 1 dimensions when conditioning on g;. In the analysis of
F3, we further condition on two events: A = {||D]|2 < cs\/k/n} and B = {||¢s]lcc < 1}. Then we follow similar
arguments as in the proof of Lemma 5 in Wainwright| (2009) to claim that F(u;) := ul Dg; is Lipschitz and use

the concentration of measure for Lipschitz functions (Example 3.12 in [Wainwright| (2019)). Finally we have the
same bound as in Lemma C.1 and

P(HFSHoo > CG)\||E§{9/2”§O) < 4oz min{k,log(p—k)} Fe o log(p—k) _|_4e—csk _ Cge_cg min{kJog(p—k)}.

Therefore, we can bound the estimation error by letting c3 := 2¢g HE_l/Q 1% +2/Amin(Xs,s). Thus, with probability
greater than 1 — cge =% min{klog(r=k)} we have

[Ws = willoo < 3.
F PROOF OF THEOREM 4.4

We use the primal dual witness framework as in the proof of Theorem 4.1. Since for this novel (7' + 1)-th task,
Aj,i=1,2,---,T is not considered, the choice of  and A can be more flexible. We set I € Q(k'log(k — k’)) and

A€ Q(y/log(k — k")/1).
For step 1, similar to the step 1 in Theorem 4.1 (proved in the appendix Section [Bf here we replace T with [),
with probability greater than 1 — 2e~¢"!, we have

1
Y[X%JrlXTJrl]S,S =0

For step 5, since A}, is no longer in zg., we have

N 1 1 -t €741
Zge = X711 5c {ZXTH,S <Z[Xg+1XT+1]S,S> zs +lxy ( )\Jlr )

This is the same as the part Zge; in the proof of step 5 in Theorem 4.1. We can use the technique in appendix
Section |C| to bound its £, norm. With probability greater than 1 — 2e~“ log(k—=F") ' we have

|Zse][oc < 1— /2.



For the estimation error bound, we write it as below.

1 1 N
Writs — (Ws+ AL, )= <Z[X§+1XT+1}S,5> <ZX%+1,S€T+1 - /\Zs>

1 11 1 -t
= <Z[X¥+1XT+1}S,S> 7X¥+1,S€T+1 - <Z[X¥+1XT+1}S,S> AZg

Fy Fy

These two parts F}, Fy are similar to the Fy, F5 in the appendix Section [E] therefore we can use similar technique
to bound its £o, norm. We let g g be the population covariance matrix of task 7"+ 1. With probability greater
than 1 — cpe™ 3 103;(7“”‘“"), we have

3 AW
wri — (W + A < —
” ( tT+1)||oo )\THiTL(ES,S)
To obtain an O(A) bound, we need to assume that all rows in Xy, , s are rotation invariant. The proof is the
same as in Section (the only difference is that we do not have F3). Thus, we replace Zg with sign(w* + A
in F5, then we use Lemma C.1 to bound F5.

tT+1)

P(|[F2lloc > C4)\||E_1/2||2 ) < cse o min{k' log(k—k")}

We let ¢7 := C4||Z]_1/2||2 +2/Amin(Es.s). With probability greater than 1 — cge™% @in{*"log(k=k)} '\we have

[Wrir = (W5 + AL )l < 7

tr41

G PROOF OF THEOREM 4.5

We first introduce Fano’s inequality (Fano) [1952} [Yu| [1997) (the version below can also be found directly in
Scarlett and Cevher| (2019)).

Lemma G.1. (Fano’s inequality) With input dataset S, for any estimator é(S) with k possible outcomes, i.e.,

6eco, |©] =k, if S is generated from a model with true parameter 0* chosen uniformly at random from the same
k possible outcomes ©, we have:
A I(6*,S) +log2
PO(S)#£6" 1 >1 - 1"~ _~—2=27,
0(5) #07) > o
Now we show that 1(6*,5) < Tl - ¢y + lpy1 - co, where ¢1,co are constants, and 6* represents the parameter
(w*, A}, ) we want to recover. Here S is all the data in the 7"+ 1 tasks, Si7] is the data in the first T tasks,

tri1

and S; is the data of task ¢;. The mutual information is bounded by the following steps.

Ps 9* Psjo-(5)
Z /Psw* )log — =+ | =% Z /Psw* )log § | ds
®

ke ) orce Psjer(5)
Pso-( 5
< X2 [ paw($)los B ds = 1 S ST KL(Pa- 1P,
9*€0 6/cO Psior( 0*€0 6/cO

Given the common coefficient w*, the data for each task is independent from each other. Therefore we have

KL(Pg|g+ Ps, . 67)- (G.3)

Pgjgr) = KL(Ps;, o+

Psypytor) + KL(Psy, o+

First, we consider the first part in ll We use S’ to denote Sip). Let Pss = P 1045 P, = Ps,,,1o-- Note that

KL(PS/HPé/) Z/ PS’ IOg P
S’ S’



Furthermore

Pg :/ Psriwe,a; a5, Pa

"
tr
A*
9 tT

* *
A pwedA] o A,

* e
t10
ty

:/N

t1

* *
PSﬂw*,A}fl PAfl |w*dAt1 ce /A* PST|w*,A;fT PAfT\w* dAtT'
tr

This is because conditioning on w*, A} -+, Af = are independent, and conditioning on both of them, the data for
each task is independent.

— * [ /
If we set a; = fAZi PSi|W*7AZi PAfi|W*dAti’ a; = fA;, PSiIW’,AQi PAQiIW’dAtiv we have
Pss =ajay---ar, P& =adial---al.

Therefore

KL(PS,|\P§,):/ a1 ar (1ogz}+...+1oga7>ds’.
S’ 1

ay
We know that a; is a function of S; only when ¢ = j, and fsv a; dS; = 1. Therefore, we have
J

/ aias - - ar (log Zf) ds’ = / a; log %ds,-.
’ 3 S 7

i

Therefore
T a; a;
K]L(PS/HP‘;/) = ;/Sl a; loga—ZdSz = T/Sl a; log ;Edsl

For any task ¢;, conditioning on (w*, A} ), we know that all samples in S; are i.i.d. If we set S; ; to be the j-th
sample in the task ¢;, and a; j = Pg, ;jw=,az , we have

/ a;log 2dS, gz/ ai 1 log Lds; ;.
S, a. Sin a

i i i,1

Therefore,

*
fA;ﬁi PSz‘,llw*AZi dA;,

/
fAél PS'Lyllw/7A£l dAtl

KL(PS/HPé/) = Tl/ PSi,1|w*7A:_dAZ-10g ( )dsi,l =TI- C1.
Si,1 A:l ¢

Then we consider the second part in (G.3). For the task 7.1, conditioning on (w*, Af, +1), since we know that
all samples in Spy; are i.i.d., we have

PST+1,1|W*7AZT+1
KL(Psy 0% | Psryr167) = I Poriiawe iy po 5+ = - e
STi1,1 Sriialwi AL,

Combining the results above, we have

]I(H*,S) <Tl-cy +lpyq - co.

Finally, from Fano’s inequality, we know that

log2+Tl-c1+lpy1-co

P[0 £ 6*] > 1 —
[0 # 0%] > oz 0|




H ADDITIONAL EXPERIMENTS

In this section, we present simulations to show that Theorem 4.1 holds in the sense that for different choices of [
and p, one only needs T' = ¢ - (klog(p — k)/I) to recover the true common support S with high probability.

H.1 Simulations with fixed k&

For all the experiments in this section, we let £k = |S| = 5, and perform 100 repetitions for each setting.
We compute the empirical probability of successful support recovery P(S = S) as the number of times we
obtain exact support recovery among the 100 repetitions, divided by 100. We compute the standard deviation

as \/P(g = S)(1 — P(S = §))/100, that is, by using the formula of the standard deviation of the Binomial

distribution. For the estimation error ||W — w*||~, we calculate the mean and standard deviation by using the
empirical results of the 100 repetitions.

H.1.1 Gaussian distribution setting

We first consider the setting of different sample size I. We choose [ € {3,5,7,10} and use A = \/klog(p — k)/(5T1)
for all the pairs of (T,1). We denote the set {1,2,3,---,a} by [a]. For all i € [T],5 € [l],m € S, we set
€5 ~ N(u = 0,0 =0.1), Af, ,, ~ N(u = 0,0a = 0.2), Xy, jm ~ N(u = 0,0, = 1), which are mutually
independent. We set p = 100, and w* having five entries equal to 1, and the rest of the entries being 0. The
support of A} is same as the support of w*. The results are shown in Figure The number of tasks T is

rescaled to C' defined by m. For different choices of I, the curves overlap with each other perfectly (for

both P(S = S) and ||[W — W*||s)-

1.0 — —
0.8
& 0.6
I
T 0.4
— 1=3
1=5
0.2 —+ I1=7
—— 1=10
0.0 : : : 0.0 4 : ; ;
0 5 10 15 0 5 10 15
c c

Figure H.1: Simulations with our meta sparse regression under Gaussian distributions of e, ;, Ay . X, jim Vi €

ti,m>
[T],7€[l],meS. Weuse A\ = %. Left: Probability of exact support recovery for different number of
tasks under various settings of sample size [. The x-axis is set by C := %. Right: The corresponding

estimation error of the common parameter w in £,, norm.

Next we show that the problem described above cannot be solved by multi-task methods. We use two multi-task
methods with regularization terms being ¢; 5 |Obozinski et al.| (2011) and ¢; + £1 o [Jalali et al.| (2010) respectively.
The results are shown in Figure and where we take S = Uz;l S;. We show both P(§ = S) and
P (ST = S7) since the multi-task learning methods are not designed for recovering only the union of the supports
of all tasks. As we claimed in Table 1, the multi-task methods require that [ grows with 7" in order to retain
the probability of support recovery. Therefore we see when [ is fixed at 3,5,7,10, the probability of support
recovery first increases then decreases to 0 as T increases. For the ¢; » method of |Obozinski et al.| (2011)), we use
A2 = 304/logp/(T1) as the parameter for the £; o norm; for the ¢1 + ¢1 o method of [Jalali et al.| (2010), we use
A1 = 304/logp/(T1) as the parameter of the £; norm and A\ o = (1 + 1.57)A1/2.5 as the parameter of the £
norm. We also tried different choices of A; 2, A1, A1,oc and the trends of the results are similar.

The Figure 1 is from the results in Figure [H.1] [H.2] [H.3]
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Figure H.2: Simulations with the multi-task method with ¢; 5 regularization under Gaussian distributions of
€5y AF, > Xtojom Vi € [T],5 € [I],m € S. We use A1 o = 304/logp/(Tl). Left: Probability of exact support
union recovery (S = S := UiT=1 S;) for different number of tasks under various settings of sample size I. The
x-axis is set by C := ﬁ;*k)' Right: Probability of exact support recovery of the last task (S’T = 57).
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Figure H.3: Simulations with the multi-task method with ¢; 4 ¢; o regularization under Gaussian distributions
of €, 5, A}, 1y Xty jom Vi € [T],j € [llym € S. We use A1 = 30y/logp/(T1), \1,0c = (1 + 1.5T)A1/2.5. Left:
Probability of exact support union recovery (S = S = UiT:1 S’Z) for different number of tasks under various
settings of sample size [. The x-axis is set by C := m. Right: Probability of exact support recovery of

the last task (S = St).

Figure H.4: Simulations with our meta sparse regression under Gaussian distributions of €, ;, A}, ., X4, jm Vi €

[T],7 €l],meS. Weuse A =4/ %. Left: Probability of exact support recovery for different number

of tasks under various settings of number of parameters p. The x-axis is set by C' := ﬁé_k). Right: The
corresponding estimation error of the common parameter w in £, norm.



Then, for our method we consider the setting of different number of parameters p. We choose p € {50, 100, 200,400}
and use A = \/klog(p — k)/(5T1) for all the pairs of (T,1). For all i € [T],j € [l],m € S, we set €, j ~ N(u =
0,00 =0.1), Af ,, ~ N(p=0,0a =0.2), Xy, jm ~ N( = 0,0, = 1), which are mutually independent. We set
[ =5, and w* having five entries equal to 1, and the rest of the entries being 0. The support of A} is same as the
support of w*. The results are shown in Figure The number of tasks T' is rescaled to C' defined by ;- T

g(p—Fk)"
For different choices of p, the curves overlap with each other perfectly (for both P(S = S) and [|W — w*||).

H.1.2 Uniform distribution setting

In this paper we only assume that the distributions are sub-Gaussian which includes the uniform distribution.
Therefore in this section, we replace the Gaussian distribution setting in the appendix Section with a
uniform distribution setting.

For all i € [T],7 € [l],m € S, we set €, ; ~ Uniform(—0.1v/3,0.1v/3), A~ Uniform(—0.2v/3,0.2v/3),
Xt jm ~ Uniform(—\/g7 \/g), which are mutually independent. We consider the setting of different sample size [.
We choose I € {3,5,7,10} and use A = \/k; log(p — k)/(5T1) for all the pairs of (T,1). We set p = 100, and w*
having five entries equal to 1, and the rest of the entries being 0. The support of A} is same as the support

of w*. The results are shown in Figure The number of tasks T is rescaled to C' defined by %. For

different choices of I, the curves overlap with each other perfectly (for both P(S = S) and ||[W — w*||0).
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Figure H.5: Simulations with our meta sparse regression under uniform distributions of €, j, A}, ,,, X, jm Vi €
[T],5 €[l],meS. Weuse = %. Left: Probability of exact support recovery for different number of

tasks under various settings of [. The x-axis is set by C' := %. Right: The corresponding estimation error
of the common parameter w in £, norm.

Then we consider the setting of different number of parameters p. We choose p € {50, 100,200,400} and use A =
Vklog(p — k) /(5T1) for all the pairs of (T,1). Foralli € [T],j € [I],m € S, we set €, ; ~ Uniform(—0.1v/3,0.1v/3),
Af ~ Uniform(—0.2v/3,0.2v/3), Xi; j.m ~ Uniform(—+/3, V/3), which are mutually independent. We set [ = 5,
and w* having five entries equal to 1, and the rest of the entries being 0. The results are shown in Figure
The number of tasks T is rescaled to C' defined by %. For different choices of p, the curves overlap with

each other perfectly (for both P(S = S) and |[W — w*||s0).

H.1.3 Mixture of sub-(Gaussian distribution setting

In Section 3.2, we state that we can consider the setting .S; C S under the sub-Gaussian distribution assumption.
Therefore in this section, we replace the Gaussian distribution setting of A}, , in the appendix Section with
a mixture of sub-Gaussian distribution setting. More specifically, we consider a mixture of a Dirac distribution
and a Gaussian distribution.

For all ¢ € [T],j € [l]ym € S, we set €,; ~ N(u = 0,0¢ = 0.1), Xy, jm ~ N(pp = 0,0, = 1), A} ,, ~

t;,m

0.50_w: +0.5 N(uu=0,0a = 0.2), which are mutually independent. We consider the setting of different sample
size [. We choose | € {3,5,7,10} and use A = 4./klog(p — k)/(5T1) for all the pairs of (T,1). We set p = 100, and




Figure H.6: Simulations with our meta sparse regression under uniform distributions of €, j, A}, ., X, jm Vi €

[T],5 € [l,meS. Weuse A =4/ %. Left: Probability of exact support recovery for different number

of tasks under various settings of number of parameters p. The x-axis is set by C := Right: The

klog(p k)*
corresponding estimation error of the common parameter w in /., norm.

w”* having five entries equal to 2, and the rest of the entries being 0. The support of Af, is same as the support
of w* denoted by S while the support of w* + A} could be a subset of S, i.e., S; € S. More specifically, the
distribution of A}, ,, means that for the m-th parameter in the i-th task, i.e., w; m = [W*+ A} |;m, Vi € [T],m € S,
there is a 50% probability that w; ., = 0, and a 50% probability that w; ,, € N(2,0.2).

The results are shown in Figure The number of tasks 7" is rescaled to C defined by ﬁ;_k). For different
choices of I, the curves overlap with each other perfectly (for both P(S = S) and ||[W — w*||s).
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Figure H.7: Simulations with our meta sparse regression under Gaussian distributions of e, ;, X¢, jm Vi €
[T],7 € [ll, m € S and a mixture of sub-Gaussian distributions of Ay, , Vi € [T],m € S such that the support

of w* + A} could be a subset of S, i.e., S; CS. We use A = 4 %;k) Left: Probability of exact support

recovery for different number of tasks under various settings of . The x-axis is set by C' := Right:

klog(p—k)'
The corresponding estimation error of the common parameter w in £, norm.

Then we consider the setting of different number of parameters p. We choose p € {50,100, 200,400} and use
A =4k log(p — k)/(5T1) for all the pairs of (7,1). The distribution setting is same as in Figure We set
=5 and w* =(2,2,2,2,2,0,0,---,0). The results are shown in Figure The number of tasks T is rescaled
to C defined by klog(l ok For different choices of p, the curves overlap with each other perfectly (for both

P(S=25) and [|[W — w*||s).

H.1.4 Gaussian distribution setting with entries in X being correlated

In this section, we consider three different correlation settings in X for our method:
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Figure H.8: Simulations with our meta sparse regression under Gaussian distributions of €, j, X¢, jm Vi €

[T],j €[], m € S and a mixture of sub-Gaussian distributions of A} ,, Vi € [T],m € S. We use A = 44/ %.
Left: Probability of exact support recovery for different number of tasks under various settings of number of
parameters p. The x-axis is set by C := m. Right: The corresponding estimation error of the common
parameter w in £, norm.

1. Xy, ; are iid. from N(0,X;) where ¥, is not a diagonal matrix;

2. Xy, ; are iid. from N(0,X;,,), and ¥, 4, ~ F(X), i.e., for each task, the covariance matrix of X is different
and sampled from a matrix distribution F(X);

3. Xy, are iid. from N(A},¥.4,), and Xy, ~ Far (X), i.e., for each task, the covariance matrix of X
depends on the task specific coefficient A} .

First, we consider the setting of a nondiagonal 3, which leads to v < 1 in the mutual incoherence condition, where
v =1-||Ssc,5(s,5) " ||lcc- For the simulations we present in the previous sections, the entries in Xy, ; are
independent, therefore the covariance matrix of Xy, ; is diagonal and the corresponding v = 1. Here we consider
the case that the entries in Xy, ; are not independent. We choose p = 100,1 = 5 and use A = /klog(p — k)/(511)
for all the pairs of (T,1). We set w* with five entries equal to 1, and the rest of the entries being 0. The
support of A} is same as the support of w*. For all i € [T],j € [[|,m € S, we set ¢, ; ~ N(u = 0,0, = 0.1),
Af o~ N(p=0,0n=02), Xy, j ~ N(u= 0, = %,), which are mutually independent. The covariance matrix
¥, = AT A where A is a sum of a randomly generated orthonormal matrix Uy and a matrix U; with each entry
iid. from Uniform(—0.05,0.05), i.e., A = Uy + U;. After we generate 3., we calculate the corresponding . We
generate 5 different ¥, with 5 different . The results are shown in Figure The number of tasks T is rescaled

to C' defined by %.

Then, we consider the setting of different ¥, for each task, i.e., Xy, j ~ N(0,X54,), X5 ~ F(X). We choose
p=100,1 =5 and use A = 2.5/klog(p — k)/(5T1) for all the pairs of (T,1). We set w* with five entries equal to 1,
and the rest of the entries being 0. The support of A}, is same as the support of w*. For all i € [T],j € [I],m € S,
we set e, ; ~ N(u = 0,00 = 0.1), A}, ~ N(u = 0,0n = 0.2), Xy, ; ~ N(up = 0,2 = X,,), which are
mutually independent. For each task, the covariance matrix ¥, ;, = AtTiAti where A;, is a sum of a randomly
generated orthonormal matrix Uy, and a perturbation matrix U; 4, with each entry i.i.d. from Uniform(—a,a),
ie., Ay, = Uy, + Uiy, [Ur )k ~ Uniform(—a,a). We choose the perturbation range a from {0.2,0.1,0.05,0.01}.
The results are shown in Figure The number of tasks T is rescaled to C' defined by #j}_k).

Finally, we consider the setting that for each task, the distribution of X, ; depends on the task specific coefficient
A; . We choose p = 100,1 =5 and use A = 1.5\/klog(p — k)/(5T') for all the pairs of (T',1). We set w* with five
entries equal to 1, and the rest of the entries being 0. The support of A} is same as the support of w*. For
all i € [T],j € [I],m € S, weset ¢, j ~ N(u= 0,0 =0.1), A, ,, ~ N(u = 0,04 = 0.2), which are mutually
independent. For each task, Xy, ; ~ N(u = A}, X = 5,4,), and the covariance matrix X, ,, = Af A;, where
Ay, is a sum of a randomly generated orthonormal matrix Uy, and a perturbation matrix Uy ¢, = aA} (A} )7,
ie., Ay, = Uoy, + Ur,,- We choose the perturbation range a from {0.2,0.1,0.05,0.01}. The results are shown in
Figure @ The number of tasks T is rescaled to C' defined by 2t

klog(p—k) "
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Figure H.9:  Simulations with our meta sparse regression under Gaussian distributions of €, ;, A and

;Ski,m
multivariate Gaussian distribution of X, j m, Vi € [T],j € [l],m € S. We use A = 4/ %. Left: Probability
of exact support recovery for different number of tasks under various settings of v in the mutual incoherence
condition, i.e., v = 1 — [||Zsc.5(Xs.5) !||co- The x-axis is set by C' := m. Right: The corresponding
estimation error of the common parameter w in £, norm.
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Figure H.10: Simulations with our meta sparse regression under Gaussian distributions of €; and

isJ9 AZ ,m
X, jom ~ N(0,354,), Yie[T],j €[l],meS. Weuse =254/ %. Left: Probability of exact support
recovery for different number of tasks under various settings of ¥, ;, where ¥, ;, = AtTi A, Ay, = Uo, + Ui, Un g,
is randomly generated orthonormal matrix, Uy 4, is perturbation matrix with each entry i.i.d. from Uniform(—a, a),

ie., [U1,]5k ~ Uniform(—a,a). We choose the perturbation range a from {0.2,0.1,0.05,0.01}. The x-axis is set
by C := m. Right: The corresponding estimation error of the common parameter w in ., norm.
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Figure H.11:  Simulations with our meta sparse regression under Gaussian distributions of €, j, A}, ,, and

Xt gm ~ N(AL, Ee4,), Vie [T],je[l],meS. Weuse A= 1.5\/%7?[_@. Left: Probability of exact support
recovery for different number of tasks under various settings of ¥ ¢, where ¥, ;, = AgAti, A=Uyy, + Uiy,
Uos, is randomly generated orthonormal matrix, Uiy, = aAj (A})" is perturbation matrix with a from
{0.2,0.1,0.05,0.01}. The x-axis is set by C := ﬁ}l)_k). Right: The corresponding estimation error of the
common parameter w in £, norm.

H.2 Simulations with changing k&

Since our choice of A is O(y/klog(p — k)/(T1)) which has an extra v/k than the common choice of A in LASSO,
we perform experiments with changing k to support our theoretical result. We let [ = 5 for the experiments in
this section, and all the other settings are the same as in the previous section. More specifically, the results in

Figure [H.12] [.13] [H.14] [H.15] correspond to the results in Figure [H.1] [HL5] [H.7] [H.9] respectively. We can see

that the curves overlap perfectly for different settings of k.
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Figure H.12: Simulations with our meta sparse regression under Gaussian distributions of e, j, A}, .., X¢, jm Vi €

[T],7 €[l],meS. Weuse A\ = %. Left: Probability of exact support recovery for different number of

tasks under various settings of k. The x-axis is set by C := %. Right: The corresponding estimation
error of the common parameter w in £, norm.

H.3 Details about implementing CP-Regression

For CP-Regression, we choose its hyperparameters as p = 100, \g = 0, A\ = 1. More specifically, CP-Regression
first uses ridge regression with Ag to fit each prior task to get models. Then it uses those models to predict the
response of the data in the novel task. The predictions are scaled by p and added to the covariate set. Therefore,
if the original covariate in the novel task is X;,.,, € R'*?, the new covariate set will be Xipy, € RIX(P+T) where
T is the number of prior tasks. Finally, CP-Regression uses ridge regression with \ to fit the novel task with
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Figure H.13: Simulations with our meta sparse regression under uniform distributions of ¢, j, A}

[T],j €[l],meS. Weuse =

tasks under various settings of k. The x-axis is set by C :=

klog(p—k)
5T1

error of the common parameter w in £, norm.

1.0

0.8 1

W= w"|l

klog(p—k)

. Left: Probability of exact support recovery for different number of

. Right: The corresponding estimation

thj»m Vie

t;,m?

gl
=04 — k=3
—— k=5
0.2 — k=7
—+ k=10

0.0 T T T 0.0 T T T

0 10 20 30 0 10 20 30

Cc C

Figure H.14: Simulations with our meta sparse regression under Gaussian distributions of €, j, X, jm Vi €
[T],7 € [[l, m € S and a mixture of sub-Gaussian distributions of Ay, , Vi € [T],m € S such that the support

of w* + A} could be a subset of S, i.e., §; € S. We use A =4 %. Left: Probability of exact support
recovery for different number of tasks under various settings of k. The x-axis is set by C := %. Right:

The corresponding estimation error of the common parameter w in ¢, norm.
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Figure H.15:  Simulations with our meta sparse regression under Gaussian distributions of €, j, A}, ,, and
multivariate Gaussian distribution of Xy, j , Vi € [T],j € [l],m € S. We use A = %. Left: Probability

of exact support recovery for different number of tasks under various settings of k. The x-axis is set by

C:= ﬁé*k)' Right: The corresponding estimation error of the common parameter w in /., norm.



X - Maurer (2005) did not provide any strategy regarding the setting of the hyperparameters (Ao, A, 1) for
CP-Regression, especially on how the hyperparameters depend on (7,1, p, k). Therefore, we select the best results

for CP-Regression we have obtained.

I REAL-WORLD EXPERIMENTS

The single-cell gene expression dataset from Kouno et al.| (2013) contains expression levels of 45 transcription
factors measured at 8 distinct time-points. This dataset contains 120 single cells for each time-point and was used
in the experimental validation of |Ollier and Viallon| (2017). The original objective is to determine the associations
among the transcription factors and how they vary over time. We formulate this as a meta-learning problem by
setting the first 7 of the 8 time-points as the T tasks (for training) and the 8-th time-point as the novel task (for
testing), i.e., T'= 7. Similar to the analysis in [Ollier and Viallon| (2017, we pick one particular transcription
factor, EGR2, as the response variable y, and the other 44 factors as the covariates in X, i.e., p = 44. The true
value of the support size k is unknown. We choose [ € {5,7,10,15} to model this problem as few-shot learning.

We first randomly permute the 120 single cells (i.e., samples) while keeping their relative order in all of the 8
time points (i.e., tasks). Then we find a good choice of hyperparameters: A in our method, A o for the ¢; 5 norm
of the method in |Obozinski et al.|(2011); Ay and A o for the ¢; and ¢ o norms, respectively of the method
in [Jalali et al.| (2010). We use the tree-structured Parzen estimator approach (TPE) optimizing the criterion
of expected improvement (EI) in the Python package hyperopt [Bergstra et al. (2013). For CP-Regression, we
choose its hyperparameters as p = 100, A\ = 0, A = 1.

The search space is [0, 100] for all these hyperparameters. For one choice of the hyperparameters, we choose [
samples in each of the 7 tasks as training samples, and choose the rest (120 —1) samples as validation samples. The
TPE-EI algorithm evaluates 30 choices of hyperparameters to minimize the mean square error of the prediction
on the validation samples.

After we determine the hyperparameters from all the three methods (ours, ¢ 2, and ¢, + 41 ), we choose | samples

in each of the 7 tasks to train models by these methods to estimate S (for multi-task methods, S = Ul-T:1 S’Z)
The mean and standard deviation of the size of the estimated support are shown in the right panel of Figure 2.

When the estimated common supports are obtained, we can use LASSO constrained on the common support to
solve for the new task, i.e., the 8-th time point. We determine the choice of hyperparameters using hyperopt in
the same way shown above. Then we use LASSO with A being set to those hyperparameters to estimate the
support of the new task. Since the weight estimation of (w* + A} . ) by LASSO is not very accurate when
the sample size [ is small, we use linear regression to estimate (w* 4 A;‘Tﬂ) again with the support recovered
by LASSO. The performance is measured by the mean square error (MSE) of prediction on the rest (120 — 1)
samples. For one estimated common support, we take 6 random choices of the training [ samples in the new task
and calculate the mean of the the prediction error. The mean and standard deviation of MSE are shown in the

left panel of Figure 2.

All the mean and standard deviation results (shown as error bars) in Figure 2 are obtained from 100 repetitions
of the experiment setting above. From Figure 2 we can see that our method has lower MSE when [ is small.
Since T is not large and does not grow, the multi-task methods also perform well when [ is large enough. We also
show that the size of the estimated common support by our methods is not significantly larger than the ones by
the other two multi-task methods, which suggests that our method produces a more accurate estimation of the
common support set.
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