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A Missing Proofs

A.1 Connection to discrepancy measure

In this section, we discuss how our assumption relates to discrepancy assumptions. Consider Y-discrepancy that
measures the maximum absolute distance between the loss function: dist (D1, Ds) := suppeqy |Lp, (h) — Lp,(h)],
where D; and D; represents the source domain and target domain and Lp, and Lp, are expected loss for two
domains.

Note that under the GLM assumption, the Ly distance in unknown parameters resembles the discrepancy using
square loss. Consider a funnel with two layers and [|6; — 62||2 = ¢. Lemma [3] indicates that g ~ dist(D;, Ds).

Lemma 3. We have under square loss function, dist(D1, Da) < 4kd.q.
Proof.
We first show the second inequality.
dist (Dl, DQ)
= sup [Ex (u(a"6)) — p(@"65))” — Ea(u(a"0) — u(a" 63))°|
< sup B oz 0) ((a” 07) — p(x"03))| + By (1 (27 07) — 12 (27 63)))|
< AEo(u(z"07) — u(z"63))]
< A, (T 07) — p(z763))|
< AKE, |27 (07 — 63)|
< 4rdyq

On the other hand, an lower bound of dist (D1, D3) is also closely related to g.
dist (D1, D2)
= sup [Eq(u(z70)) = u(2"07))* — Eo(u(a”0) — p(a”63))?|
= sup [E. (u(@T07) = @ 05) (1w 07) + e 03) + (a"6))

—sup [, [ i (2765 + (1~ 1)2703) db(a” (67 ~ 03))(u(a ) + (" 85) + n(aT0))|

t

= sup|(6; — 63)" [E. / W (6705 + (1 — )27 03) di(u(aT67) + p(a"03) + (2T 6))|
t

(Let § — —c0)

> (05 — 05)" vo: o

(letting vg: oy = [Eww/// (ta™ 07 + (1 — )27 05) dt(u(z"07) + p(z"03))]).
t

Let 05 = 67 + |07 — 03]lap, where p is a unit vector. For sufficient small |07 — 032, ve: 95 —
2B, [z (2707 ) (2T 07)] =: ve:, which is a constant vector. Thus

dist (Dl 5 Dg)

T
im = |pu” vpr|.
107 =05 12—0 |07 — 052 | i

For sufficient small |07 — 63|, discrepancy scales with |67 — 05]|.

A.2 Proof of Lemma[1l

In this subsection, we introduce the proof of Lemma [I] Many proofs could achieve a very similar bound. Here we
use the idea of local Rademacher complexity.
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Proof.

We discuss two cases: 1) 6 € int(0p). 2) ¢ int(O).

In both cases, one simply has

0(T8) — p(aT0%) < RETO—07)| < 5 sup 2T (6 — ),
61,0o€0¢

which completes the first term in the minimum.

Now we prove the parametric bound. We first assume that case 1 holds. In this case, the constraint does not
come into effects and 6 is the global minimal. By Theorem 26.5 in |Shalev-Shwartz and Ben-David, (2014), we
have under an event, whose probability is at least 1 — §,

L) - L") < 2R, (=) + 51/ 2E) (®)

where R(z) is the Rademacher complexity defined by

1 n
Ru(2) = Eo 2 sup > llzi = w(z] 0)l[34, 0,
=1

and the variables in o are distributed i.i.d. from Rademacher distribution. Let us call the event F 4.

As for any i € [n], let ¢;(t) :== (2; — u(t))?, which satisfies |¢} ()] = |2(z; — u(t))/(t)| < k, using Contraction
lemma (Shalev-Shwartz and Ben-David}, |2014)), we have

1
< KE, = 0|l 1 -11]|0 — O*
< REg oupl| 3 il 10~ v,

< KB il g 100l
Next, using Jensen’s inequality we have that
Eo | Y wioil
Z 1/2

- (Ea in(fiH?V[nl)

' 1/2
- % (]E,,tr[Mnl(Z zio) (3 xiai)T]>

Z l 1/2

(tr[MnlE,,(Z zi0:) (Y :clvcri)T]> (10)
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Finally, since the variables o1, ..., 0, are independent we have

]E,,(Z SCZUZ)(Z zi0;)"

=E, E okalxkxlT
k,l€[n]

=Es g aizxixlr
i€[n]

= Z .’L‘Z,’B;‘F =nM,.
i€[n]

Plugging this into , assuming M, is full rank, we have
B < Vain sup 16 0" . (1)
0€Bg

Lemma 4. Under the notation in Lemma and Assumption@ if an estimate 0 satisfies L(0) < L(0*) + by, then

N dxbn
10 —0"113, < :
n CH

Proof. Let g, (0) = >, xi(u(zl0) — p(zl6*)). For any 0, Vg, (0) =, z;x] 1/ (z'0). By simple calculus,
~ 1 ~ ~
gn(67) = gn(6) = / Vo (567 + (1= )0) ds(o ~ ).
0

As p(t) > ¢y, we have fol Van (59* +(1- s)é) ds > ¢, M,. Plugging this into the inequality above we have

107 = 01127, < (3 wa(u(@T0) — u(aT0%)) = T Mye < ZeTe = 2 (1.0) — 107,
Cu 5

Cu Cpu Cpu

where ¢ = (u(aT0) — pu(aT07))7, .
Applying and Lemma |4 we complete the proof by

R 2d,\/d 21n(8/6)
— f* < — f* .
10— 0%|ln, < -~ ZESHQ 0+ m, +5 "
- 20«/21n(8/5)dm\/asup9690 160 — 0% as,, (1)
g cu\/ﬁ .
O

We apply iteratively Let Oy = ©g. For any t > 1, let Oy = {§ € R? : || — Ollm, <
204/2d1n(8/5)

o SUPoeo, |0 — 0%||ar,, }- When t — oo, we have

o . — 20d,+/2d1n(8/9)
(00) = cuvn .

By , we have 0% € N;>10 (o) and ||é —0*|\m, < Mw, which completes the second part of Lemma
> N

!'Note that ll holds under the same event E4 as the estimates 6 keeps the same each round as it is the global
minimizer.
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For any x € X, we have

R e (13)

When case 2 holds, let ¢’ be the global minimizer. Using the analysis above, we have

N 40d,,/2d1n(3/9)
18 = 0"l < .
cu/n

Then by triangle inequality

R PO o 80d 2d1n(8/9
16— 0% las, < 10— &llac, + 110 — 6 ag, < =24 In(8/0)
' cu/n

A.3 Tightness of Lemma

We use an example to show the tightness of Lemma|l] Assume a linear predictor, i.e. p(t) =t. Consider the
following distribution, let X be uniform over the d-standard basis vector e,,, for m =1,...,d. Let Z | (X =
e;) ~ Bern(r;), where r; € [0,1] is pre-determined and unknown. The optimal parameter 6* = (r1,...,7r4)T. Let
Ny, be the number of samples collected for dimension m. Let O¢ :== {6 : ||0]|2 < q}.

When n is sufficiently large n > 1/¢2, 0 is the regularized minimizer. It can be shown that for any 0, there exists
~ ~ 2
6* such that E[f; — 07]2 > (rm(1 — 7)) /7m. Then E[|§ — 63 > 00 _, lora > dulzr)) _ g(dhy

N, n

Then we also see that when n is small (< q%), the estimation error is Q2(g). We use the same example as above.

This time, we assume [|6*|| < Z. If we have a 10]| = g, then [|0* — || > ¢/2 = Q(q). Otherwise, we use the lower
bound above: [[0* — 6]| > (k) = Q(dg).

The above argument corresponds to the upper bound in Lemma [I] where we use prior knowledge when n is small
and use the parametric bound when n is large.

A.4 Proof of Theorem [I]

In this subsection, we show the missing proof for Theorem

Theorem 4 (Prediction error under sequential dependency). For any funnel with a sequential dependency of
parameters qi,...,qy, let 01,...,0; be the estimates from Algorithm . If njy1 < n;/4, ¢1 >,...,> q; and
Assumption 5 is satisfied, then with a probability at least 1 — 0, for any jo € [J], we have

<5 fd i
PEJ < K’”‘THQCM)\ n;’ Zf] <}]07 (14)
sllalla (5 /75 + i @) 5 = dos
where we let ng = oco. The bound is smallest when jo is the smallest j € [J], such that

desv/d, 1 1
C;L>\ VAL V-1
if none of j’s in [J] satisfies (13), jo = J + 1.

) = 45 (15)

Proof. First we reshape the ellipsoid in to a ball.

Lemma 5 (Reshape). For any vector x € R? and any matriz M = 0 € R4 ||z||y < $||x|x, where X is the
minimum eigenvalue of M.

Proof. We directly use the definition of positive definite matrix: \2|z||3 — ||z||3; = 2T (A2 — M)z < 0. Thus,
lzll2 < sz llzllar. #
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Using Lemmaand Assumption we have [|6; — 07llz < 16, — 0%, < —fcf\ %. Thus the set ©; C {0 :
m
16— 8ll2 < 25\ /4) = &kt

For every j, one can derive two bounds. First we can directly apply Corollary |ljand get PE; < xl[x|2 7 405 £ /i.
Second, for any jo, we have 65 € ©1[j] C {0 : [|0;, — 0]l2 < 40@,/ + > jot1<i<; @i} and get PE <

k|22 \/ +Zz —jo+1 qj)-

Now we show the second argument: of all those bounds the one defined in with jo defined in is the
smallest. For any 7 < jp and j; < 7, we have

J
4Cj\ T(Li - 42‘5\){& Z (./ln» a ‘/nl~ )+ ,/711~ = jci\ Z - (16)
i= 1 N i=
Cp J 1 =1+ i i-1 1 " J1+1

The second inequality is given by (\/% — \/nli_l) < g; for all © < jy. For any j > jo and j; < jg, by , we have

405 Z Z "

Cu i=jo+1 i=j1+1

Now we prove that for all 4 > jo,

405\/&( 1
cuh ni Mo

We use induction. Assume for some i1, (17) is satisfied. Under the assumption that n;, 1 < n;, /4 and g;;, > @i, 41,
we have

) > g (17)

desVd, 1 _1):4@;\/& 1 N 1 _2+1_ 1)
C;J\ V41 VAL C/L/\ V141 Vi —1 iy VAL V-1
>4C5\/&( 1 N 2 2 N 1 1 )
C/L/\ V141 v iy VAL v iy V-1
4 d 1 1
. 05f(+

C/L/\ v iy a \/nil—l)

> qi, > Giy+1-
Using [I7] for any j > ji > jo,
J J1

des Z 4C5\/ Z 1 1 4C5
( ) + Z q; < Z q;-
C’u i=jo+1 # i=jo+1 V Mi— \/> v i=jo+1 i=j1+1

Finally, we conclude that jy gives the smallest bound. # O

Similar argument can be used to show Theorem [2| I For any jo € [J], we have

PE; </$||$|2m1n{66/ 1/ ; cd/‘]ﬂ }

Out of all the choices of jo, the best one is achieved by jo = arg minc( o =5 + q;-
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A.5 Proof of Theorem [3

Theorem 5. Using Algorithm[3, under the Assumptions 1-4, with a probability at least 1 — ¢, the total regret

T
Z [P ¢, 0 P(zt,Ozt)}

t=1

2\[802\/» Z 8c2 Jd2 log 6AJT/5 ZA - (18)

where O ignores all the constant terms and logarithmic terms for better demonstrations, ¢y = (K/dzc(s/AJT\/E)/(C#A),
Do =E,Pr_1(270%) and

T
A 1
T
Noj= Y, Pi«fd,) Co— =~ Ay
t=1;at=a na)j V1

represents the benefits of transfer learning.

Let pa; = EzPj_1 (xTHZ). We first show that upper bound the number of steps t with )\fh,j < 5\/2 or nfm. <

1.t = :
5M¢q.1Da,j- These steps are considered bad events.

Lemma [6] shows that with high probability, the number of observations for each layer is close to its expectation.

Lemma 6. With a probability at least 1 — 0, we have nl, ; > nl 1pa; — /20! 1 log(1/d). Especially, when
nt > 810g(1/6)/pa] ! Cnas we have nl, ; > %nz,ﬂjm-

Proof. This is a direct application of Hoeffding inequality. O

Lemma 7. For any x1,. ..,y ii.d, ||| < dg, let A, be the minimum eigenvalue of ., z;xl /n and X be the

minimum eigenvalue of its expectation. We have A\, > \/2, when n > dlog(1/8)/\2.

Proof. For all z4,...,x,, write x; = Zle Vg is, Wwhere T1,...,Tq are any basis of R%. We have ]Ey;‘,”i > \. For
Hoeffding’s inequality, since v, ; < dj, with a probability 1 — J, we have

lzyziZEygl_di [log(1/4) ZS\—di /108(1/5)_
ne= " ' n n

For n > d2log(1/8)/A%, we have 1 V> A/2. There exists a choice of Z1, ..., %4 such that A, = 1 3,22, O

)

Combining Lemma@and Lemma 7, we have with a probability at least 1 — /3, #{t : 3j, A\, ; < A2 ornt . <

at

3n n!, 1Pa,;} can be upper bounded by

> max {81log(6AJT/5)/p, ;. 2d 1og(6ATT/6)/(X*Pa.;)} - (19)

a,j

In the following proof, we assume for all ¢, )\t > A\/2 and n!, J = 2 a 1Pa,j- We also assume the event in Lemma
[1] happens for all a € [4],j € [J] and t < T. The probablhty is at least 1 — 6 /3 as each probability is at least
1-46/(3AJT).
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The total regret is

[M]=

P, 05;) = P(x1,05,)

t=1

[M]=

< [P(a:t,aj;;) — PH(24,04,) + P (24, 04,) — P(zy, j;t)}

~
Il
—

(Using P(mt,aa ) — P+(xt’éat) <0)

< Z[ xt» [en _P(xtﬂezt)}

(Using Lemma [2)

T [ PJ (:l),é(tlt> .
S Z Z A +ZAM‘1t;]A‘uat71

ah]
. T4t
t=1 | j M<37 eat,j) i#j

T
S Z ZP Tt at)A'U’at N + ZA“at JA:uat 7

t=1 | j i#]

T
= Z Z(Pj(l"t,azt) + Pj(xtaazit) — Pj(4, 0}, ))Auit,j + ZAﬂzt,jANtat,i

t=1| j i#£j
T T . T
0
< ZZ (21,0 ZZP] 1,0;,) 7t *Aui,,,iHZZAuE,,,jAuit,i
t=1 j \/ naf,] t=1 j \/ nat,j t=1 i#j
@ @ ®

T A
+ ) 1D (P, 0) — Py, 0;,))Aph,

t=1 |

@

We further bound the terms separately. The first term (D represents the bound one could have without multi-task
learning.

T

> Y Pilwnb;,) =
t=1 j ngt’j
£l C ) C
<> D U =1) 2 + 3D (P, 05,) = 1(re ;1 = 1)) 2

t=1 j Ng,j t=1j Na,j

(Using Lemma 19 in |Jaksch et al.| (2010))

<co2\[2\/ aJ+ZZ (4,07, 1(rt7j1:1))\/027 (20)

t=1 3

As E[Pj(x,0;,) — 1(r¢ j—1 = 1)] = 0, the second term in is a martingale. Using Azuma-Hoeffding inequality,
with a probablhty at least 1 — §/3, for all T

ZZ (@0, 07,) — 11 = 1)) ——e < cor/210g(3TT/9). (21)

’ /ot
t=1 j Mg,
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Combined with ,

D < 2V2¢ Y 4/nT; + co\/210g(3T T /5). (22)

Next we bound @). We notice that this is a quadratic term. We first show Lemma [6] that lower bounds the
number of observations for each layer. Lemma[6]is a direct application of Hoeffding’s inequality.

For any pair 4, j, we have

where we let p, := E, Py (a:TH;).

log(nl | A/(35))
P2 )

Thus, @) is upper bounded by 4c.J> Yo

Finally we bound term @. Using Lemma [2] on only first j layers, we have

@< YD Aph > Apk, pApk, AL < (T+1) x B, (24)
t J )

7 i,k

The proof is completed by combining Equations , , , and .
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B Experiments

B.1 Practical algorithm

Algorithm 3 Practical Algorithm for Contextual Bandit with a Funnel Structure

t — 1, total number of steps T', memory H, = {} for all a € [A]. Initialize éa,* with zero vectors.
éa,O — 0.
fort=1to T do

Receive context x;.

Choose a; = arg max,¢ 4 PJ(It, éa,j).

Set a; = Unif([A]) with probability e.

Receive 1 1,...,7 5 from funnel F,.

Set Hat — Hat @] {(th, (Tt,h ey T‘t,J))}.

for j=1,...,J do

# For sequential dependency

éat,j — argminl(@,’}-{at) + )‘JHH — éat,j71||2
6

# For clustered dependency

1 ~
0, ; ini(0,Ha,) + N0 — = Oa, i
I argemln (0, Ha,) + Nl 7 ; ill2

end for
end for

B.2 Tuned hyper-parameters

Simulated environment.

1. Target: units 16

2. Mix: units 32

3. Sequential: units 32

4. Multi-layer Clustered: units 4; A 0.001

5. Multi-layer Sequential: units 8; A 0.001
Data-based environment.

1. Target: units 64

2. Mix: units 64

3. Sequential: units 64

4. Multi-layer Clustered: units 64; A 0.005

5. Multi-layer Sequential: units 16; A 0.001



