
Supplementary Material: On the Faster Alternating Least-Squares
for CCA

1 Theoretical Analysis

Theorem 3.1 Given data matrices (X,Y) ∈ Rdx×n×Rdy×n, if σ2
k > 2

√
β = σ2

k+1, Algorithm 1 then computes

ΦT and ΨT which are estimates of top-k canonical subspaces (U,V) such that sin θT ≤ ε and Φ>TCxxΦT =

Ψ>TCyyΨT = I, in T = O(

√
σ2
k

σ2
k−σ

2
k+1

log 1
ε(σ2

k−σ
2
k+1) cos θ0

) iterations. If accelerated gradient descent is used as

the least-squares solver, the overall running time is at most

O((dk2 + knnz(X,Y)κ
1
2 (X,Y) log

c1c2
(σ2

k − σ2
k+1) cos θ0

)

√
σ2
k

σ2
k − σ2

k+1

log
1

ε(σ2
k − σ2

k+1) cos θ0
),

where d = max{dx, dy}, nnz(X,Y) = nnz(X) + nnz(Y), κ(X,Y) = max{κ(Cxx), κ(Cyy)},

c1 = max
t

tanmax{θt, θmax(Φ̂t,U), θmax(Ψ̂t,V)}
tanmin{θmax(Pt,Ũ), θmax(Qt,Ṽ)} , and c2 = max{max

t

θmax(Pt,Ũ)

θmin(Pt,Ũ)
,max

t

θmax(Qt,Ṽ)

θmin(Qt,Ṽ)
} .

Proof We now follow the proof sketch given in the main text to conduct the analysis. Note that θt ,
max {θmax(Φt,U), θmax(Ψt,V)} and we need to show sin θmax(Φt,U) ≤ ε and sin θmax(Ψt,V) ≤ ε hold si-
multaneously. Recall that our update is{

Φt+1Rt+1 = C−1xxCxy

(
C−1yy C>xyΦt + ξt

)
− βΦt−1R

−1
t + ξ̂t

Ψt+1St+1 = C−1yy C>xy
(
C−1xxCxyΨt + ηt

)
− βΨt−1S

−1
t + η̂t

.

It can be equivalently written as Φt+1Rt+1R̃t =
(
C−1xxCxy

(
C−1yy C>xyΦt + ξt

)
− βΦt−1R

−1
t + ξ̂t

)
R̃t

Ψt+1St+1S̃t =
(
C−1yy C>xy

(
C−1xxCxyΨt + ηt

)
− βΨt−1S

−1
t + η̂t

)
S̃t

,

where

R̃t =

{
(I + R−>t R−1t )−

1
2 , t > 0

I, t = 0
, S̃t =

{
(I + S−>t S−1t )−

1
2 , t > 0

I, t = 0
.

We now focus on the first equation. Together with ΦtR̃t = ΦtR̃t, it leads to the following augmented system:

Pt+1R̃
−1
t+1Rt+1R̃t = B−1φ AφPt + δt,

where

Aφ =

(
CxyC

−1
yy C>xy −βCxx

Cxx 0

)
, Bφ =

(
Cxx 0

0 Cxx

)
,

Pt =

(
Φt

Φt−1R
−1
t

)
R̃t, δt =

(
C−1xxCxyξt + ξ̂t

0

)
R̃t.

Since Φt is Cxx-orthonormal, it is easy to see that Pt is Bφ-orthonormal. To continue, we can write the SVD of
Cxy as follows:

Cxy = Cxx

(
UΣV> + U⊥Σ⊥V>⊥

)
Cyy,
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where (U⊥,Σ⊥,V⊥) consists of the (rank(Cxy)− k) remaining triples of the left singular vector in metric Cxx,
singular value, and right singular vector in metric Cyy, other than those in (U,Σ,V). It thus holds that

CxyC
−1
yy C>xy = Cxx

(
UΣ2U> + U⊥Σ2

⊥U>⊥
)
Cxx,

and accordingly, by Lemma I in Section 2, Aφ has the following Schur decomposition in metric Bφ:

Aφ = Bφ

(
Ũ Ũ⊥

)(
Σ̃ ˜̃Σ
0 Σ̃⊥

)(
Ũ Ũ⊥

)H
Bφ,

where notations can be found in Lemma I. Further, since Σ̃ and Σ̃⊥ (see Lemma I in Section 2) don’t share
eigenvalues by assumption that σk > σk+1, there exists (Golub and Van Loan, 2013) a matrix Ξ such that

Σ̃ Ξ−Ξ Σ̃⊥ = − ˜̃Σ and thus(
Σ̃ ˜̃Σ
0 Σ̃⊥

)
=

(
I Ξ
0 I

)(
Σ̃ 0

0 Σ̃⊥

)(
I Ξ
0 I

)−1
.

Plugging the above equation and the Schur decomposition of Aφ into the augmented system and then pre-multiply

both sides by

(
I Ξ
0 I

)−1 (
Ũ Ũ⊥

)H
Bφ, results in the following equation:

(
I Ξ
0 I

)−1 (
Ũ Ũ⊥

)H
BφPt+1R̃

−1
t+1Rt+1R̃t =(

Σ̃ 0

0 Σ̃⊥

)(
I Ξ
0 I

)−1 (
Ũ Ũ⊥

)H
BφPt +

(
I Ξ
0 I

)−1 (
Ũ Ũ⊥

)H
Bφδt.

Letting (
X̃t

Ỹt

)
=

(
I Ξ
0 I

)−1 (
Ũ Ũ⊥

)H
BφPt

=

(
I −Ξ
0 I

)(
Ũ Ũ⊥

)H
BφPt =

(
WH

UBφPt

ŨH
⊥BφPt

)
,

where WU = Ũ− Ũ⊥ΞH, the above equation then can be split into the following two equations:{
X̃t+1R̃

−1
t+1Rt+1R̃t = Σ̃ X̃t + WH

UBφδt

Ỹt+1R̃
−1
t+1Rt+1R̃t = Σ̃⊥Ỹt + ŨH

⊥Bφδt
.

Hence, we have that

Z̃t+1 = Ỹt+1X̃
−1
t+1 =

(
Ỹt+1R̃

−1
t+1Rt+1R̃t

)(
X̃t+1R̃

−1
t+1Rt+1R̃t

)−1
=
(
Σ̃⊥Ỹt + ŨH

⊥Bφδt

)(
Σ̃ X̃t + WH

UBφδt

)−1
=
(
Σ̃⊥ỸtX̃

−1
t + ŨH

⊥BφδtX̃
−1
t

)(
Σ̃ + WH

UBφδtX̃
−1
t

)−1
=

(
Σ̃⊥Z̃t + ŨH

⊥BφδtX̃
−1
t

(
Z̃H
t Z̃t

)−1
Z̃H
t Z̃t

)(
Σ̃ + WH

UBφδtX̃
−1
t

)−1
=

(
Σ̃⊥ + ŨH

⊥BφδtX̃
−1
t

(
Z̃H
t Z̃t

)−1
Z̃H
t

)
Z̃t

(
Σ̃ + WH

UBφδtX̃
−1
t

)−1
,

and thus that

Z̃T =

0∏
t=T−1

(
Σ̃⊥ + ŨH

⊥BφδtX̃
−1
t

(
Z̃H
t Z̃t

)−1
Z̃H
t

)
Z̃0

T−1∏
t′=0

(
Σ̃ + WH

UBφδt′X̃
−1
t′

)−1
.



By Lemma 12 in Ge et al. (2016), sin θmax(Pt, Ũ) =
∥∥Ũ>⊥BφPt

∥∥
2
. We then can write that

sin θmax(PT , Ũ) =
∥∥ỸT

∥∥
2
≤
∥∥Z̃T∥∥2∥∥X̃T

∥∥
2
,

where ∥∥X̃T

∥∥
2

=
∥∥∥ ( I −Ξ

) (
Ũ Ũ⊥

)H
BφPt

∥∥∥
2

≤
∥∥( I −Ξ

)∥∥
2

∥∥∥( Ũ Ũ⊥

)∥∥∥
Bφ,2
‖Pt‖Bφ,2 = 1 + ‖Ξ‖2,

where the last equality with ‖Pt‖Bφ = ‖B
1
2

φPt‖2 = 1 is by the Bφ-orthonormality of both
(

Ũ Ũ⊥

)
and Pt.

What’s more, we have permutation matrix Π, constant 1+γ = 8(1+β)

σ+
k −
√
β

, and diagonal matrix Γ = diag
(
diag(1, 1+

γ),diag(1, 1 + γ), I
)

such that

ΠΣ̃⊥Π> = diag
(
Σk+1, · · · ,Σr, I

)
, ΓΠΣ̃⊥Π>Γ−1 = diag

(
Σ

(γ)
k+1, · · · ,Σ

(γ)
r , I

)
,

where σ±j is defined in Lemma I of Section 2, and

Σj =

(
σ+
j −(1 + (σ+

j )2)

0 σ−j

)
, Σ

(γ)
j =

(
σ+
j − 1+(σ+

j )2

1+γ

0 σ−j

)
.

Thus, we can write that

∥∥Z̃T∥∥2 =
∥∥∥Π>Γ−1

0∏
t=T−1

(
ΓΠΣ̃⊥Π>Γ−1 + ΓΠŨH

⊥Bφδt

X̃−1t
(
Z̃H
t Z̃t

)−1
Z̃H
t Π>Γ−1

)
ΓΠZ̃0

T−1∏
t′=0

(
Σ̃ + WH

UBφδt′X̃
−1
t′

)−1∥∥∥
≤ ‖Γ‖2‖Γ−1‖2

∥∥Z̃0

∥∥
2

T−1∏
t=0

∥∥(Σ̃ + WH
UBφδtX̃

−1
t

)−1∥∥
2

(
‖ΓΠΣ̃⊥Π>Γ−1‖2

+‖Γ‖2‖Γ−1‖2
∥∥Ũ⊥∥∥Bφ,2

‖δt‖Bφ,2
∥∥X̃−1t (Z̃H

t Z̃t
)−1

Z̃H
t

∥∥
2

)
,

where ‖Γ‖2‖Γ−1‖2 = 1 + γ and ‖Ũ⊥‖Bφ,2 = 1. The remaining factors above can be derived as follows. First,
note that WU spans the top-k generalized eigenspace of the matrix pair (AH

φ ,Bφ) which has Bφ-orthonormal

basis ˜̃U (see Lemma I in Section 2). In fact, by the Schur decomposition of Aφ, it holds that

AH
φ WU = Bφ

(
Ũ Ũ⊥

)( Σ̃ 0H˜̃Σ H

Σ̃H
⊥

)(
I −Ξ

)H
= Bφ

(
Ũ Ũ⊥

)( Σ̃

( ˜̃Σ−ΞΣ̃⊥)H

)

= Bφ

(
Ũ Ũ⊥

)(
Σ̃

(−Σ̃Ξ)H

)
= BφWUΣ̃.

Letting G = (I + ΞΞH)
1
2 , we have that ‖G−H‖2 ≤ 1 due to G < I, and WUG−1 = ˜̃UO for a certain unitary

matrix O ∈ Ck×k. Consequently,∥∥Z̃0

∥∥
2

=
∥∥Ỹ0X̃

−1
0

∥∥
2
≤
∥∥X̃−10

∥∥
2

=
∥∥((WUG−1)HBφP0

)−1
G−H

∥∥
2

≤
∥∥( ˜̃U H

BφP0

)−1∥∥
2

=
∥∥(D(β)UHCxxΦ0

)−1∥∥
2

=
1

σmin

(
D(β)UHCxxΦ0

)
≤ 1

σmin(D(β))σmin

(
UHCxxΦ0

) ≤
√
β2 + (σ+

k )2

σ+
k σmin

(
UHCxxΦ0

) ,



Manuscript under review by AISTATS 2021

where σmin()̇ represents the minimum singular value of a matrix. Similarly,

∥∥X̃−1t ∥∥2 ≤
∥∥( ˜̃U H

BφPt

)−1∥∥
2

≤
∥∥( ˜̃U H

BφPt

)−1(
Ũ HBφPt

)∥∥
2

∥∥(Ũ HBφPt

)−1∥∥
2

=
aφ,t

cos θmax(Pt, Ũ)
,

where aφ,t =
∥∥( ˜̃U H

BφPt

)−1(
Ũ HBφPt

)∥∥
2

and Lemma 12 in Ge et al. (2016) is used in the last equality. Noting

that ‖C‖2 ≤ σ1 ≤ 1 and ‖R̃t‖2 ≤ 1 as 0 ≺ R̃t ≺ I, it holds that

‖δt‖Bφ,2 =

∥∥∥∥∥B 1
2

φ

(
C−1xxCxyξt + ξ̂t

0

)
R̃t

∥∥∥∥∥
2

≤
(
‖C‖2‖ξt‖Cyy,2 +

∥∥ξ̂t∥∥Cxx,2

)
‖R̃t‖2

≤ ‖ξt‖Cyy,2 +
∥∥ξ̂t∥∥Cxx,2

,

∥∥(Σ̃ + WH
UBφδtX̃

−1
t

)−1∥∥
2
≤ 1

σmin(Σ̃)− ‖WU‖Bφ,2‖δ‖Bφ,2
∥∥X̃−1t ∥∥2

≤ 1

σ+
k − aφ,t(1 + ‖Ξ‖2)(‖ξt‖Cyy,2 +

∥∥ξ̂t∥∥Cxx,2
)
/

cos θmax(Pt, Ũ)
.

Also, we have that

‖ΓΠΣ̃⊥Π>Γ−1‖2 = max
k+1≤j≤r

‖Σ(γ)
j ‖2 ≤ max

k+1≤j≤r
(|σ+

j |+
1 + β

1 + γ
)

=
√
β +

1 + β

1 + γ
=
√
β +

σ+
k −
√
β

8
,

and that ∥∥X̃−1t (Z̃H
t Z̃t

)−1
Z̃H
t

∥∥
2

=
∥∥X̃−1t ((ỸtX̃

−1
t )H(ỸtX̃

−1
t )
)−1

(ỸtX̃
−1
t )H

∥∥
2

=
∥∥(ỸH

t Ỹt

)−1
ỸH
t

∥∥
2

=
∥∥(ỸH

t Ỹt

)− 1
2
∥∥
2

∥∥(ỸH
t Ỹt

)− 1
2 ỸH

t

∥∥
2

=
∥∥(ỸH

t Ỹt

)− 1
2
∥∥
2

=
∥∥((ŨH

⊥BφPt)
H(ŨH

⊥BφPt)
)− 1

2
∥∥
2

=
∥∥(I−PH

t BφŨŨHBφPt

)− 1
2
∥∥
2

=
1√

1− σ2
max(PH

t BφŨ)
=

1

sin θmin(Pt, Ũ)
=

cφ,t

cφ,t sin θmin(Pt, Ũ)

≤ cφ,t

sin(cφ,tθmin(Pt, Ũ))
=

cφ,t

sin θmax(Pt, Ũ)
,

where cφ,t = θmax(Pt,Ũ)

θmin(Pt,Ũ)
, the inequality is by the fact that | sin(nx)| ≤ n sin(x) for any natural number and real

x, and the fifth equality is due to that
(

Ũ Ũ⊥

)
is unitary in non-Euclidean metric Bφ, i.e.,

(
Ũ Ũ⊥

)H
Bφ

(
Ũ Ũ⊥

)
= B

1
2

φ

(
Ũ Ũ⊥

)(
Ũ Ũ⊥

)H
B

1
2

φ = I,

and thus
B

1
2

φ Ũ⊥ŨH
⊥B

1
2

φ = I−B
1
2

φ ŨŨHB
1
2

φ .

If

max
{
‖ξt‖Cyy,F ,

∥∥ξ̂t∥∥Cxx,F

}
≤

σ+
k −
√
β

16 max
{

1 + γ, 1 + ‖Ξ‖2
} min

{cos θmax(Pt, Ũ)

aφ,t
,

sin θmax(Pt, Ũ)

cφ,t

}
,



we then get from the results derived above that

sin θmax(PT , Ũ) ≤ (1 + γ)(1 + ‖Ξ‖2)

√
β2 + (σ+

k )2
/
σ+
k

σmin

(
UHCxxΦ0

) ×
T−1∏
t=0

√
β +

σ+
k −
√
β

8 +
2cφ,t(1+γ)max

{
‖ξt‖Cyy,2,

∥∥ξ̂t∥∥Cxx,2

}
sin θmax(Pt,Ũ)

σ+
k −

2aφ,t(1+‖Ξ‖2)max
{
‖ξt‖Cyy,2,

∥∥ξ̂t∥∥Cxx,2

}
cos θmax(Pt,Ũ)

≤ (1 + γ)(1 + ‖Ξ‖2)

√
β2 + (σ+

k )2
/
σ+
k

σmin

(
UHCxxΦ0

)
√β +

σ+
k −
√
β

4

σ+
k −

σ+
k −
√
β

4

T

,

where √β +
σ+
k −
√
β

4

σ+
k −

σ+
k −
√
β

4

T

=

(
σ+
k + 3

√
β

3σ+
k +
√
β

)T
≤
(

1−
2(σ+

k −
√
β)

3σ+
k +
√
β

)T

≤
(

1−
σ+
k −
√
β

2σ+
k

)T
≤ exp{−

σ+
k −
√
β

σ+
k

T

2
},

and

σ+
k −
√
β

σ+
k

=
σ2
k − 2

√
β +

√
σ4
k − 4β

σ2
k +

√
σ4
k − 4β

=

√
σ2
k − 2

√
β
(√

σ2
k − 2

√
β +

√
σ2
k + 2

√
β
)

σ2
k +

√
σ4
k − 4β

≥

√
σ2
k − 2

√
β · σk

2σ2
k

=
1

2

√
σ2
k − 2

√
β

σ2
k

=
1

2

√
σ2
k − σ2

k+1

σ2
k

.

Thus, we have that

sin θmax(PT , Ũ) ≤
(1 + γ)(1 + ‖Ξ‖2)

√
β2 + (σ+

k )2
/
σ+
k

min
{
σmin

(
UHCxxΦ0

)
, σmin

(
VHCyyΨ0

)} ×
exp{−

√
σ2
k − σ2

k+1

σ2
k

· T
4
} ,

σ+
k

k
√

1 + (σ+
k )2

ε,

and thus sin θmax(ΦT ,U) < ε by Lemma 3.4. Solving the last equation for T yields that

T = 4

√
σ2
k

σ2
k − σ2

k+1

log
k(1 + γ)(1 + ‖Ξ‖2)

√(
1 + (σ+

k )2
)(
β2 + (σ+

k )2
)

(σ+
k )2ε cos θ0

,

where θ0 = max
{
θmax

(
Φ0,U

)
, θmax

(
Ψ0,V

)}
. By Σ̃Ξ−ΞΣ̃⊥ = − ˜̃Σ, we have that (Golub and Van Loan, 2013)

‖ ˜̃Σ‖F = ‖Σ̃Ξ−ΞΣ̃⊥‖F = ‖Ξ‖F
‖Σ̃Ξ−ΞΣ̃⊥‖F

‖Ξ‖F
≥ ‖Ξ‖F sepF (Σ̃, Σ̃⊥) ,

and that

sepF (Σ̃, Σ̃⊥) ≤ min |λ(Σ̃)− λ(Σ̃⊥)| ≤ σ+
k − σ

−
k =

√
σ4
k − 4β

=
√
σ4
k − σ4

k+1 =
√

(σ2
k + σ2

k+1)(σ2
k − σ2

k+1) ,
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where sepF (·, ·) represents the separation between two matrices in Frobenious norm and λ(·) represent an ar-
bitrary eigenvalue of a matrix. Thus, we have that ‖Ξ‖2 = O( 1+β√

σ2
k−σ

2
k+1

). Besides, 1 + γ = 1+β

8(σ+
k −
√
β)
≤

1+β

4σk
√
σ2
k−σ

2
k+1

. Thus, we can write that

T = O

(√
σ2
k

σ2
k − σ2

k+1

log
1

(σ2
k − σ2

k+1)ε cos θ0

)
.

Analogously, we also have sin θmax(QT , Ṽ) <
σ+
k

k
√

1+(σ+
k )2

ε, where Qt =

(
Ψt

Ψt−1S
−1
t

)
S̃t, and thus

sin θmax(ΨT ,V) < ε. Therefore, we get that

sin θT = sin max{θmax(ΦT ,U), θmax(ΨT ,V)} < ε.

On the other hand, in each iteration, we need to solve four least-squares subproblems in order to make the error
conditions on, e.g., ξt and ξ̂t, satisfied. This part of complexity can be obtained using Lemmas 3.2-3.3 as follows.
First, by Lemma 3.2, the complexity of getting ξt as small as required previously is

O

(
nnz(X) + nnz(Y)

√
κ(Cyy) log

εt
(
Ψ

(0)
t

)
εt(Ψ̂t)

)
,

and the ratio of the initial to final error can be further written as

log
εt
(
Ψ

(0)
t

)
εt(Ψ̂t)

= O(log
tan2 max{θmax(Φt,U), θmax(Ψt,V)}

‖ξt‖2Cyy,F

)

= O

log
c21 tan2 θmax(Pt, Ũ)

(σ+
k −
√
β)2 min

{
cos2 θmax(Pt,Ũ)

a2φ,t
, sin

2 θmax(Pt,Ũ)
c2φ,t

}


= O

(
log
( aφ,tcφ,tc1
σ2
k − σ2

k+1

max{ sin2 θmax(Pt, Ũ)

cos4 θmax(Pt, Ũ)
,

1

cos2 θmax(Pt, Ũ)
}
))

,

where the numerator in the second equation is by c1’s definition in the theorem, and

O
(

log max{ sin
2 θmax(Pt,Ũ)

cos4 θmax(Pt,Ũ)
, 1

cos2 θmax(Pt,Ũ)
}
)

= O(log 1

cos θmax(P0,Ũ)
) when θmax(Pt, Ũ) is large, otherwise

O(1). Also, we have that

aφ,t =
∥∥( ˜̃U H

BφPt

)−1(
Ũ HBφPt

)∥∥
2
≤
∥∥( ˜̃U H

BφPt

)−1∥∥
2

=
1

cos θmax(Pt,
˜̃U)
≤ 1

cos θmax(P0,
˜̃U)

=
1

σmin( ˜̃U H

BφP0)

≤

√
β2 + (σ+

k )2
/
σ+
k

σmin

(
UHCxxΦ0

) ( see Page 3 on ‖Z̃0‖2 ) ,

and similarly,

1

cos θmax(P0, Ũ)
=

1

σmin(ŨHBφP0)
≤

√
1 + (σ+

k )2
/
σ+
k

σmin

(
UHCxxΦ0

) .
Thus, we can write that

log
εt
(
Ψ

(0)
t

)
εt(Ψ̂t)

= O

(
log

c1c2

(σ2
k − σ2

k+1)σmin

(
UHCxxΦ0

))

= O

(
log

c1c2

(σ2
k − σ2

k+1) min
{
σmin

(
UHCxxΦ0

)
, σmin

(
VHCyyΨ0

)}) ,



where c2 = max{maxt{cφ,t},maxt{cψ,t}}. Similarly, by Lemma 3.3, the complexity of getting ξ̂t as small as
required previously is

O

(
nnz(Y) + nnz(X)

√
κ(Cxx) log

ε̂t
(
Φ̂

(0)
t

)
ε̂t(
̂̂Φt)

)
,

and log
ε̂t

(
Φ̂

(0)
t

)
ε̂t(

̂̂
Φt)

can be further written as

O(log
(σ2

1 + ‖ξt‖2Cyy,F
) tan2 max{θmax(Φ̂t,U), θmax(Ψ̂t,V)}

‖ξ̂t‖2Cxx,F

)

= O(log
tan2 max{θmax(Φ̂t,U), θmax(Ψ̂t,V)}

‖ξ̂t‖2Cxx,F

),

where we have used that σ1 ≤ 1 and ‖ξt‖Cyy,F ≤ 1. The cases for ηt and η̂t are similar as well. We thus have
the following overall complexity:

O

(
dk2T + kTnnz(X,Y)κ

1
2 (X,Y) log

c1c2
(σ2
k − σ2

k+1) cos θ0

)
,

where d = max{dx, dy}, nnz(X,Y) = nnz(X) + nnz(Y), and κ(X,Y) = max{κ(Cxx), κ(Cyy)}. �

Lemma 3.3 Consider the least-squares subproblem min
Φ

l̂t(Φ), for which the minimizer and the objective sub-

optimality gap can be expressed as Φ̂?
t = C−1xxCxyΨ̂t and ε̂t(Φ) = l̂t(Φ)− l̂t(Φ̂?

t ) = 1
2‖Φ− Φ̂?

t ‖2Cxx,F
. We have

that

ε̂t(Φ̂
(0)
t ) ≤ 8k(σ2

1 + ‖ξt‖2Cyy,2
) tan2 θ̂t,

for the initial sub-optimality, and accelerated gradient descent takes O
(
nnz(Y) + nnz(X)κ

1
2 (Cxx) log

ε̂t(Φ̂
(0)
t )

ε̂t(
̂̂
Φt)

)
complexity to get the final sub-optimality ε̂t(

̂̂Φt), where Φ̂
(0)
t = Φ̂t(Φ̂

>
t CxxΦ̂t)

−1(Φ̂>t CxyΨ̂t), ‖A‖B,2 =

‖B 1
2 A‖2, and θ̂t = max{θmax(Φ̂t,U), θmax(Ψ̂t,V)}. Parallel results hold for min

Ψ
ĥt(Ψ) as well.

Proof Noting that Φ̂?
t = C−1xxCxyΨ̂t and

l̂t(Φ̂
?
t ) = −1

2
tr
(
Ψ̂>t C>xyC

−1
xxCxyΨ̂t

)
+

1

2n
‖Y>Ψ̂t‖2F .

we have that

1

2
‖Φ− Φ̂?

t ‖2Cxx,F =
1

2
tr
(

(Φ− Φ̂?
t )
>Cxx(Φ− Φ̂?

t )
)

= tr

(
1

2
Φ>CxxΦ−Φ>CxxΦ̂

?
t +

1

2
(Φ̂?

t )
>CxxΦ̂

?
t

)
= tr

(
1

2
Φ>CxxΦ−Φ>CxyΨ̂t +

1

2
Ψ̂>t C>xyCxxCxyΨ̂t

)
= l̂t(Φ)− l̂t(Φ̂?

t ) = ε̂t(Φ).

Setting ∂
∂Γ l̂t(Φ̂tΓ) = Φ̂>t CxxΦ̂tΓ− Φ̂>t CxyΨ̂t = 0 yields the optimal

Γ? =
(
Φ̂>t CxxΦ̂t

)−1
Φ̂>t CxyΨ̂t.
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Thus, Φ̂
(0)
t = Φ̂tΓ

?. Noting that Cxy = Cxx(UΣV> + U⊥Σ⊥V>⊥)Cyy, it holds that

2ε̂t
(
Φ̂

(0)
t

)
≤ 2ε̂t

(
Φ̂tΓ̃

)
=
∥∥Φ̂tΓ̃− Φ̂?

t

∥∥2
Cxx,F

=
∥∥U>Cxx(Φ̂tΓ̃− Φ̂?

t )
∥∥2
F

+
∥∥U>⊥Cxx(Φ̂tΓ̃− Φ̂?

t )
∥∥2
F

=
∥∥U>⊥CxxΦ̂tΓ̃−U>⊥CxyΨ̂t

∥∥2
F

(
let Γ̃ =

(
U>CxxΦ̂t

)−1
U>CxxΦ̂

?
t

)
=

∥∥U>⊥CxxΦ̂t

(
U>CxxΦ̂t

)−1
ΣV>CyyΨ̂t −Σ>⊥V>⊥CyyΨ̂t

∥∥2
F

≤ 2k
(∥∥U>⊥CxxΦ̂t

(
U>CxxΦ̂t

)−1∥∥2
2
‖Σ‖22‖V>‖2Cyy,2

∥∥Ψ̂t

∥∥2
Cyy,2

+‖Σ⊥‖22
∥∥V>⊥CyyΨ̂t(Ψ̂

>
t CyyΨ̂t)

− 1
2

∥∥2
2

∥∥(Ψ̂>t CyyΨ̂t

) 1
2
∥∥2
2

)
= 2k

(
σ2
1 tan2 θmax(Φ̂t,U) + σ2

k+1 sin2 θmax(Ψ̂t,V)
)∥∥Ψ̂t

∥∥2
Cyy,2

≤ 4k
∥∥Ψ̂t

∥∥2
Cyy,2

tan2 max
{
θmax(Φ̂t,U), θmax(Ψ̂t,V)

}
,

where we have used that σ1 ≤ 1 and additionally,∥∥Ψ̂t

∥∥2
Cyy,2

=
∥∥C−1yy C>xyΦt + ξt

∥∥2
Cyy,2

≤ 2
(∥∥C‖22‖Φt‖2Cxx,2 + ‖ξt

∥∥2
Cyy,2

)
= 2
(
σ2
1 + ‖ξt

∥∥2
Cyy,2

)
.

Thus, we can write that

ε̂t
(
Φ̂

(0)
t

)
≤ 8k

(
σ2
1 + ‖ξt

∥∥2
Cyy,2

)
tan2 max

{
θmax(Φ̂t,U), θmax(Ψ̂t,V)

}
.

The proof completes by noting that l̂t(Φ) is λmax(Cxx)-smooth and λmin(Cxx)-strongly convex and using the
complexity of Nesterov’s accelerated gradient descent (Nesterov, 2014). The case for the least-squares subproblem

minΨ ĥt(Ψ) is analogous. �

Lemma 3.4 If sin max{θmax(PT , Ũ), θmax(QT , Ṽ)} <
σ+
k ε

k
√

1+(σ+
k )2

where σ+
k =

σ2
k+
√
σ4
k−4β

2 , it holds that

sin max{θmax(ΦT ,U), θmax(ΨT ,V)} < ε.

Proof We only show that if sin θmax(PT , Ũ) <
σ+
k ε

k
√

1+(σ+
k )2

then it holds that sin θmax(ΦT ,U) < ε, because the

case of θmax(QT , Ṽ) is analogous and then it is easy to see the lemma holds.

Note that

‖ŨHBφPT ‖2F = k − ‖ŨH
⊥BφPT ‖2F ≥ k − k‖ŨH

⊥BφPT ‖22

= k − k sin2 θmax(PT , Ũ) ≥ k −
(σ+
k )2ε2

k(1 + (σ+
k )2)

,

and

‖ũH
j BφPT ‖22 =

∥∥∥∥∥
(
µj(1)uj
νj(1)uj

)>
Bφ

(
ΦT

ΦT−1R
−1
T

)
R̃T

∥∥∥∥∥
2

2

=

∥∥∥∥∥
(

µj(1)Φ>TCxxuj
νj(1)Φ>T−1Cxxuj

)>(
I

R−1T

)
R̃T

∥∥∥∥∥
2

2

≤

∥∥∥∥∥
(

µj(1)Φ>TCxxuj
νj(1)Φ>T−1Cxxuj

)>∥∥∥∥∥
2

2

= µj(1)2
∥∥Φ>TCxxuj

∥∥2
2

+ νj(1)2
∥∥Φ>T−1Cxxuj

∥∥2
2
,



for any j = 1, · · · , k, where ũj is the j-th column of Ũ, µj(α) and µj(α) are given in Lemma I of Section 2. If∥∥Φ>TCxxuj′
∥∥2
2
< 1− ε2

k for some j′, there must be

‖ũH
j′BφPT ‖22 ≤ µj′(1)2

∥∥Φ>TCxxuj′
∥∥2
2

+ νj′(1)2
∥∥Φ>T−1Cxxuj′

∥∥2
2

< µj′(1)2(1− ε2

k
) + νj′(1)2 = µj′(1)2 + νj′(1)2 − µj′(1)2

ε2

k

< 1− µk(1)2
ε2

k
= 1−

(σ+
k )2ε2

k(1 + (σ+
k )2)

,

and then

‖ŨHBφPT ‖2F =

k∑
j=1

‖ũH
j BφPT ‖22 < 1−

(σ+
k )2ε2

k(1 + (σ+
k )2)

+ k − 1 = k −
(σ+
k )2ε2

k(1 + (σ+
k )2)

,

contradiction. We thus have
∥∥Φ>TCxxuj

∥∥2
2
> 1− ε2

k for all j = 1, · · · , k and then

∥∥Φ>TCxxU
∥∥2
F

=

k∑
j=1

∥∥Φ>TCxxuj
∥∥2
2
> k(1− ε2

k
) = k − ε2.

We thus get that

sin θmax(ΦT ,U) < ‖ sinθ(ΦT ,U)‖2 = ‖U>⊥CxxΦT ‖F ≤
√
k − ‖U>CxxΦT ‖2F = ε.

�

2 Auxiliary Lemma

Lemma I. Aφ and AH
φ have the following Schur decompositions in non-Euclidean metric Bφ:

Aφ = Bφ

(
Ũ Ũ⊥

)(
Σ̃ ˜̃Σ
0 Σ̃⊥

)(
Ũ Ũ⊥

)H
Bφ,

AH
φ = Bφ

( ˜̃U ˜̃U⊥ )
(

Λ̃ ˜̃Λ
0 Λ̃⊥

)( ˜̃U ˜̃U⊥ )H Bφ,

respectively, where both
(

Ũ Ũ⊥

)
and

( ˜̃U ˜̃U⊥ ) are Bφ-unitary, Ũ⊥ represents Ũ’s Bφ-orthogonal com-

plement, and σ±j =
σ2
j±
√
σ4
j−4β

2 ,

Ũ =

(
UD(1)
UJ(1)

)
, ˜̃U =

(
UD(β)
−UJ(β)

)
, µj(α) =

σ+
j√

α2 + (σ+
j )2

, νj(α) =
α√

α2 + (σ+
j )2

,

D(α) = diag(µ1(α), · · · , µk(α)), J(α) = diag(ν1(α), · · · , νk(α)),

Σ̃⊥ =

 Σ+
⊥ L(−1) 0

0 Σ−⊥ 0
0 0 Σ−

 , Λ̃⊥ =

 Σ+
⊥ L(β) 0

0 Σ−⊥ 0
0 0 Σ−

 ,

Σ̃ = Λ̃ = Σ+, ˜̃Σ =
(

0 0 −(1 + β)I
)
, ˜̃Λ =

(
0 0 (1 + β)I

)
,

Σ+ = diag(σ+
1 , · · · , σ

+
k ), Σ+

⊥ = diag(σ+
k+1, · · · , σ

+
2dx

), L(α) = αI +
1

α
(Σ−⊥)2,

Σ− = diag(σ−1 , · · · , σ
−
k ), Σ−⊥ = diag(σ−k+1, · · · , σ

−
2dx

).

If σj = 2
√
β then corresponding entries in blocks L(−1) and L(β) are replaced with (1 + β).
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Proof We have that

Aφ =

(
CxyC

−1
yy C>xy −βCxx

Cxx 0

)
, Bφ =

(
Cxx 0

0 Cxx

)
,

where CxyC
−1
yy C>xy = Cxx

(
UΣ2U> + U⊥Σ2

⊥U>⊥
)
Cxx. We can assume that

(
U U⊥

)
= (u1, · · · ,udx) are

orthogonal in metric Cxx with Σ⊥ = diag(σk+1, · · · , σr, 0, · · · , 0) ∈ R(dx−k)×(dx−k), where r = rank(Cxy).
Similar to Proposition 9 in Xu et al. (2018), (Aφ,Bφ)’s generalized eigenpairs can be written as (σ±j ,u

±
j ) where

σ±j =
σ2
j±
√
σ4
j−4β

2 and u±j =

(
σ±j uj

uj

)
. Note that when σ2

j = 2
√
β, i.e., σ+

j with algebraic multiplicity

of 2, u±j supplies only one generalized eigenvector u+
j , i.e., σ+

j with geometric multiplicity of only 1. One

“generalized” generalized eigenvector of (Aφ,Bφ) corresponding to σ+
j =

√
β, i.e., the solution to the equation

(Aφ −
√
βBφ)zj = Bφ

( √
βuj
uj

)
in zj , is needed. It is easy to see zj =

(
uj
0

)
. For notational convenience,

denote u−j = zj in this case. (Aφ,Bφ)’s 2dx generalized eigenvectors or “generalized” generalized eigenvectors

now can span C2dx in metric Bφ and thus we can write that

Aφ

(
u+
1 ,u

−
1 , · · · ,u+

n ,u
−
n

)
= Bφ

(
u+
1 ,u

−
1 , · · · ,u+

n ,u
−
n

)
diag

((
σ+
1 δ1
0 σ−1

)
, · · · ,

(
σ+
n δn
0 σ−n

))
,

where δj = 0 if σ+
n 6= σ−n otherwise 1. Letting (u+

j ,u
−
j ) = (û2j−1, û2j)R̂j representing Bφ-orthonormalization of

(u+
j ,u

−
j ) in C2n, we then can write that

Aφ =Bφ (û1, · · · , û2dx) diag

(
R̂1

(
σ+
1 δ1
0 σ−1

)
R̂−11 , · · · , R̂n

(
σ+
n δn
0 σ−n

)
R̂−1n

)
(û1, · · · , û2dx)

H
Bφ

,BφÛ
̂̂ΣÛHBφ,

where Û is Bφ-unitary and thus ÛÛHBφ = I. After some algebraic manipulations and permutations, we will

arrive at Û ̂̂ΣÛH = (Ũ, Ũ⊥) ̂̂Σ(Ũ, Ũ⊥)H, where (Ũ, Ũ⊥) is Bφ-unitary and

Ũ =

(
UD(1)
UJ(1)

)
, ̂̂Σ =

(
Σ̃ ˜̃Σ
0 Σ̃⊥

)
,

as described in the lemma. Thus, we have that

Aφ = Bφ

(
Ũ Ũ⊥

)(
Σ̃ ˜̃Σ
0 Σ̃⊥

)(
Ũ Ũ⊥

)H
Bφ.

It is analogous for (AH
φ ,Bφ), except for the generalized eigenpair being (σ±j ,u

±
j ) with u±j =

(
σ±j uj
−βuj

)
. �
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