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Abstract

Recent years have witnessed strong empiri-
cal performance of over-parameterized neural
networks on various tasks and many advances
in the theory, e.g. the universal approxi-
mation and provable convergence to global
minimum. In this paper, we incorporate
over-parameterized neural networks into semi-
parametric models to bridge the gap between
inference and prediction, especially in the high
dimensional linear problem. By doing so, we
can exploit a wide class of networks to approx-
imate the nuisance functions and to estimate
the parameters of interest consistently. There-
fore, we may offer the best of two worlds: the
universal approximation ability from neural
networks and the interpretability from classic
ordinary linear model, leading to both valid
inference and accurate prediction. We show
the theoretical foundations that make this pos-
sible and demonstrate with numerical experi-
ments. Furthermore, we propose a framework,
DebiNet, in which we plug-in arbitrary fea-
ture selection methods to our semi-parametric
neural network. DebiNet can debias the reg-
ularized estimators (e.g. Lasso) and perform
well, in terms of the post-selection inference
and the generalization error.

1 Introduction

In the studies including signal inverse problem, genome-
wide association studies, criminal justice and economic
forecasts, linear models may be preferred over non-
parametric models such as neural networks, due to
their simplicity and interpretability. Especially, the
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ordinary least squares (OLS) estimator is known to be
consistent and thus capable of offering both valid infer-
ence as well as prediction. In high dimension though,
the unique OLS is not available and certain structural
assumptions such as the sparsity have to be introduced,
e.g. via the regularization. However, such regulariza-
tion induces bias to the estimators and many efforts
have been devoted to correcting or debiasing this bias
for post-selection inference or selective inference [45, 5,
29, 48]. Yet the methods are usually specific to a type
of estimator and hard to compute efficiently. On the
other hand, the black-box neural networks commonly
have much stronger prediction performance over lin-
ear models, by adapting to the features automatically
without requiring many assumptions. Nevertheless, it
can be difficult to explain the prediction of a neural
network and therefore to trust it without the inference
guarantee.

The need to bridge the gap between the inference and
the prediction motivates the partially linear model
(PLM) [17, 33, 8, 22], a semi-parametric model that
combines the strengths of two lines of researches.
We leverage the approximation power of the non-
parametric component to efficiently and consistently
estimate the significant regressors in the linear com-
ponent, thus allowing the regularized linear models
to infer. Additionally, the non-parametric component
trades its interpretability off and contributes to the
prediction power of the PLM.

Mathematically, PLM is a generalized problem which
includes the linear problem as a sub-case:

y = Dβ + f(Z) + ε. (1.1)

Here D and Z are two data matrices, y is the label, β is
the parameters of interest, f is a (possibly) non-linear
function and ε is the noise. The linear component Dβ
is parametric and the coefficients β can be estimated
consistently [22, 40], provided that the non-linear com-
ponent f , which is non-parametric, can be accurately
approximated. In other words, the effects of estimation
and approximation in PLM are separated into different
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components.

The key element to the strong PLM performance is
the approximation power of the non-parametric compo-
nent. Traditionally, kernel estimators such as Nadaraya-
Watson (NW) kernel [40] or Local Linear (LL) re-
gression [20] are applied for the approximation and
have been proven to be consistent. Recently, Dou-
ble/Debiased Machine Learning (DML) is proposed in
[10] that uses any qualified machine learning models
to replace the kernels. In this work, we propose to
apply a particular choice of models, namely the over-
parameterized neural network, to extend the DML
framework both theoretically and algorithmically. To
be more specific, our contribution is three-fold:

1. We propose a PLM that employs arbitrary over-
parameterized neural networks to approximate
nuisance functions, based on the partialling-out
technique. We illustrate its advantages over the
computational efficiency, the flexibility, the ro-
bustness and the performance.

2. We utilize the over-parameterized neural net-
work theories, such as the Neural Tangent Kernel
(NTK) [26], to guarantee the goodness of approx-
imation and the consistency of β estimators.

3. We further develop a framework, DebiNet, that
uses our PLM to debias arbitrary feature selection
methods and demonstrates promising results on
both the inference and the prediction.

Moreover, while our PLM can be applied to real-world
datasets, as demonstrated in Section 7, we focus on
synthetic data for Table 1 and Table 2 as we need the
access to true β to illustrate the statistical consistency,
which is our main goal of debiasing.

1.1 Related Work

Feature selection and post-selection inference
In the high dimensional data analysis, many feature
selection methods such as the forward-backward selec-
tion [16], Lasso [47], adaptive Lasso [52], elastic net
[53], (sparse) group lasso [41, 18] and SLOPE [6] have
been proposed to select important variables. However,
these methods may incur large bias and make valid
inference difficult [37, 21] if not impossible. A long list
of researches have developed methods to debias these
models, especially the Lasso [29, 9, 46], by separating
the procedure of variable selection and coefficient esti-
mation. Two well-known yet quite different approaches
are the OLS post-Lasso [4] and the debiased Lasso (or
the desparsified Lasso) [51, 49, 32]. Interestingly, both
methods are deeply related to PLM.

Partially linear models PLMs are commonly used
in multiple fields of study to partly debias the estima-

Label

Feature 

=

=

Feature selection

Estimate nuisance functions

OLS

Neural Network

Figure 1: The architecture of DebiNet. The DebiNet
applies arbitrary feature selection method and then
PLM-NN in the blue dashed frame to estimate the
parameters of interest as well as to predict.

tors. Kernel smoothing [42], local polynomial regression
[20], spline-based regression [23] and related techniques
have been applied to PLM and proven consistent under
various conditions. To take one step further, Dou-
ble/Debiased Machine Learning (DML) [10] proposed
to use sample-splitting and any qualifying machine
learning model to learn PLM, but the conditions un-
der which a model qualifies can be case-specific and
hence hard to verify. We note that the Lasso, decision
trees, random forests and an under-parameterized two-
neuron neural network are investigated in [10], yet the
over-parameterized neural networks are not covered.
We emphasize that the choice of model is critical and
our proposal is efficient in learning with theoretical
support.

Over-parameterized neural networks To solve
complicated machine learning tasks, state-of-the-art
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neural networks are heavily over-parameterized. Such
neural networks may enjoy many nice properties. For
example, the universal approximation property [43, 19,
50, 24, 30] allows neural networks to learn arbitrary
target functions. Recently, NTK has been explored to
study the generalization behavior and the convergence
of over-parameterized neural networks [2, 1, 15, 28,
14]. In this work, we follow this approach to show that
multivariate-output neural networks converge to the
global minimum exponentially fast.

2 Setup and Notation

Suppose the data matrix X ∈ Rn×p with i.i.d. obser-
vations, true parameters θ ∈ Rp, label y ∈ Rn and ε is
the random noise. We consider the linear model

y = Xθ + ε (2.1)

and apply a feature selection method which generates
an estimator θ̂ together with an active set of [p] defined

as S := {j : θ̂j 6= 0}. We rewrite X = [D,Z] by
grouping the selected features into the submatrix D :=
XS ∈ Rn×pL and the unselected ones into Z := XC

S ∈
Rn×pN . We can write θ> = [β>,γ>] according to
whether a feature is selected or not. Then, the original
linear model (2.1) is equivalent to

y = Dβ + Zγ + ε (2.2)

in which we assume E(ε|D,Z) = 0 and Var(ε) = σ2
ε I,

same as in [40] and [10, Example 1.1]. Here we can
consider arbitrary feature selection methods in-
cluding the arguably most well-known `1 regularized
linear model, Lasso, as our main example:

θ̂Lasso = argminθ

1

2
‖Xθ − y‖2 + λ‖θ‖1

We generalize the model (2.2) to a partially linear model
as in (1.1), in which Dβ is the parametric component
and f(Z) is the non-parametric component with f :
RpN → R.

On one hand, this formulation enables us to incorporate
non-parametric tools in estimating the parameters of
interest β consistently. Notice that f(Z) = Zγ is only
estimated as a whole without estimating γ. In other
words, we trade off the consistency of estimating γ to
gain the consistency of estimating β. When the feature
selection method is effective, most of the significant
features are selected, together with some noisy features.
In this case, the partially linear model with carefully
chosen nuisance functions and tuned hyperparameters,
is expected to estimate the coefficients of the selected
features consistently.

The trick of obtaining consistent estimator is to apply
the conditional expectation on Z to orthogonalize or
‘partial out’ the non-linear component:

y = Dβ + f(Z) + ε =⇒ E(y|Z) = E(D|Z)β + f(Z)

Taking the difference between the two equations leaves
an ordinary linear model without intercept,

y − E(y|Z) = (D− E(D|Z))β + ε (2.3)

Therefore, as long as we can accurately estimate the con-
ditional expectation (at least asymptotically), β̂ is con-
sistent by the theory of ordinary least squares. On the
other hand, PLM can accurately predict on future data,
if the conditional expectation is well-approximated:

ŷ = Dβ̂ + f̂(Z). (2.4)

Here f̂(Z) is an approximation of the unknown f(Z).

3 Partially Linear Model with Neural
Network

We propose an efficient PLM in Algorithm 1, using the
neural network to universally approximate the mapping
M(Z) := E([y,D]|Z) in a single fitting, without ap-
proximating f explicitly. Comparing with other PLMs,
our method enjoys several advantages over the computa-
tional efficiency (fewer model fittings and less memory
burden), the flexibility with multivariate output and
network architectures, as well as the provable global
convergence at linear rate.

Algorithm 1 Partially Linear Model with Neural Net-
works (PLM-NN)

Input: Data matrix [D,Z], label y
Estimation of β:

1. fit [y,D] ∼ Z via over-parameterized neural
network to derive E([y,D]|Z);

2. fit y − E(y|Z) ∼ D − E(D|Z) via OLS to
derive β̂;
Prediction of y and Estimation of f :

3. define ŷ := E(y|Z) + (D − E(D|Z))β̂ and

f̂(Z) := E(y|Z)− E(D|Z)β̂

Historical researches and recent advances have been
made towards the fast and accurate estimation of PLMs.
Traditional PLMs (see Algorithm 4 in Appendix) em-
ploy kernel methods (e.g. the NW kernel [40] and the
LL estimator [20]) to estimate the nuisance functions
my(Z) := E(y|Z) and mD(Z) := E(D|Z) separately,

before fitting the OLS to obtain β̂. Kernels with proper
bandwidths has been rigorously shown to consistently
estimate the nuisance functions [40, 22, 31], under mild
conditions, including the case that D is multivariate.

However, additional models may need to be fitted to
estimate β and to predict ŷ. As a toy example, con-
sider y = Dβ + Zγ and D is independent of Z. Due
to the dependence conditions, different bandwidths
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hD, hy are used in the weight functions: hy is finite for
approximating my but hD should be set to infinity for
approximating mD. As a consequence, another possi-
bly different bandwidth hf is needed for approximating
f to predict ŷ, resulting in a total of three kernel re-
gressions and one OLS regression. In addition, kernel
regressions require memorizing the entire dataset and
incur severe storage issues on big data.

Recently, DML [10] extends PLMs, by replacing the
kernel regression with a rich class of qualified machine
learning methods and by employing sample-splitting
to remove the bias from overfitting nuisance functions.
Unfortunately, checking the qualification of models may
be difficult and the sample-splitting adds to the com-
putational cost. Furthermore, D being multivariate
renders many popular methods invalid or inefficient to
learn mD, including the vanilla Lasso and decision trees.
DML suggests to fit each feature of D to Z separately
so as to only learn univariate output functions. We
note that such operation can be costly in high dimen-
sion: with K-fold sample-splitting, one needs K(pL+1)
model fittings to learn (my,mD).

PLMs Estimation Train Test
MSE MSE MSE

PLM-NN 1.59×10−5 10.48 10.36
PLM-NW 0.11×10−5 16.33 16.08

DML Lasso 0.60×10−5 15.79 15.79
DML DT 65.1×10−5 336.00 342.68
DML RF 0.58×10−5 44.00 44.87

Table 1: Comparison of PLMs in 50 independent runs.
Here PLM-NW denotes the PLM using NW kernel, DT
denotes decision trees at depth of 2 and RF denotes
random forests over 100 trees. See Appendix D.1 for
experiment details.

Instead, we propose to use over-parameterized neural
networks as strong candidates compared to other meth-
ods. For instance, neural networks may not suffer as
much as kernel regressions from the curse of dimension-
ality [3], a significant decrease of performance when
the dimension increases. We further extend the DML
framework by significantly reducing the computational
cost as follows. First, we choose the nuisance function
M : RpN → RpL+1 instead of (my,mD) to handle the
multivariate output directly. We will show that our
nuisance function M is learnable to neural networks.
Second, we do not need sample-splitting to deal with
overfitting, thanks to the universal approximating prop-
erty of over-parameterized neural networks. In practice,
we adopt the early stopping to enhance the general-
ization performance of our estimator. As a result, the
total number of model fittings to approximate nuisance

functions reduces from K(pL + 1) to 1.

We empirically illustrate that our method is compa-
rable to the traditional PLM with kernels and to the
original DML with K-fold cross-fitting in Table 1. Here
the estimation MSE is ‖β̂ − β‖22/pL (only available in
synthetic data) and the train/test MSE is ‖ŷ − y‖22/n.
Notice that throughout this paper, we train the two-
layer, fully-connected, ReLU activated neural networks
with an appropriately wide hidden layer, for its sim-
plicity in proof. However, the DebiNet can work with
any neural networks such as deep fully-connected and
convolutional neural networks. We optimize over MSE
loss with the gradient descent at a sufficiently small
learning rate.

4 Gradient Descent Optimizes
Over-parameterized Multivariate
Networks

With the universal approximation capability for any
continuous function, the over-parameterized neural net-
works with optimal parameters can successfully learn
E(y|Z) and E(D|Z). Many works have studied the gen-
eralization behavior of the over-parameterized neural
networks [35, 2, 1, 7, 34, 36]. We empirically demon-
strate that, in our setting of Table 1, the generalization
indeed benefits from the over-parameterization.

The next question is how to efficiently find the optimal
parameters and we address this by extending the NTK
approach in [15].

To demonstrate the trainability of wide neural networks,
we consider a two-layer fully-connected neural networks
with rectified linear unit (ReLU) activation. Denoting
W ∈ RpN×m,A ∈ Rm×(pL+1) as the weights in first
and second layers respectively, we can write the neural
network as

F (W,A, z) =
1√
m

m∑
r=1

Arσ
(
w>r z

)
(4.1)

where F : RpN → RpL+1, z ∈ RpN is the input, wr and
Ar are the weights corresponding to the r-th neuron
in the hidden layer and σ (·) is the ReLU activation
function.

Given the dataset {(Zi,Mi)}ni=1 with the multivariate
response M := [y,D]. We aim to minimize

L(W,A) =

n∑
i=1

1

2
‖F (W,A,Zi)−Mi‖2 . (4.2)

Adopting the same strategy as [15], we fix the second
layer and apply the gradient descent to optimize the
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first layer, via the gradient flow defined as

dwr(t)

dt
= −∂L(W(t),A)

∂wr(t)

=

(1+pL)∑
h=1

n∑
j=1

(Mjh − Fh(W,A,Zj))
∂Fh(W,A,Zj)

∂wr
.

Now we quote an important fact that justifies our main
theorem.

Fact 4.1 (Assumption 3.1 and Theorem 3.1 in [15]).
If for any i 6= j, Zi 6‖ Zj, then the least eigenvalue
λ0 := λmin (H∞) > 0, where matrix H∞ ∈ Rn×n with
(H)∞ij = Ew∼N (0,I)

[
Z>i ZjI

{
w>Zi ≥ 0,w>Zj ≥ 0

}]
.

Our main theorem shows that, if the least eigenvalue of
Hsh(t), which will be defined in (4.4), is always lower
bounded, then the loss converges to 0 at a linear rate.

Theorem 1. Suppose the condition of Fact 4.1 holds
and for all i ∈ [n], ‖Zi‖2 = 1 and ‖Mi‖ ≤ C for
some constant C. Then if we set the number of hidden

neurons m = Ω
(

(1+pL)5n6

δ3λ4
0

)
and we i.i.d. initialize

wr ∼ N(0, I), Ars ∼ unif {−1, 1} for r ∈ [m], s ∈
[1 + pL], then with probability at least 1 − δ over the
initialization, we have

‖Fs(t)−Ms‖22 ≤ exp(−λ0t)‖Fs(0)−Ms‖22.

Proof of Theorem 1 (sketch). The full proof can be
found in Appendix B. Here we sketch the proof at
high level. The conditions of our theorem is to guar-
antee that W(t) and consequently Hsh(t), although
being time-dependent, stay close to their initializations.
Such phenomenon is commonly observed and known
as the ‘lazy training’ for over-parameterized neural net-
works. Then a careful analysis on the initialization
Hsh(0) shows that it is close to H∞ and that the NTK
is positive definiteness, which leads to the exponentially
fast convergence. Interestingly, we note that the NTK
is close to a block diagonal matrix diag(H∞, · · · ,H∞),
i.e. each dimension of the output evolves under the
same dynamics.

More formally, we derive the dynamics of the output
by the chain rule and the gradient flow,

d

dt
Fis(t) =

m∑
r=1

〈∂Fs(W(t),A,Zi)

∂wr(t)
,
dwr(t)

dt
〉

=

(1+pL)∑
h=1

n∑
j=1

(Mjh − ujh)(Hsh)ij(t)

(4.3)

in which Hsh(t) is an n× n matrix:

(Hsh)ij(t) =

m∑
r=1

〈∂Fs(W,A,Zi)

∂wr
,
∂Fh(W,A,Zj)

∂wr
〉 =

1

m
Z>i Zj

m∑
r=1

ArsArhI
{
Z>i wr(t) ≥ 0,Z>j wr(t) ≥ 0

}
.

(4.4)

Vectorizing (4.3) gives

d

dt
Fs(t) =

(1+pL)∑
h=1

Hsh(t)(Ms − Fs(t))

which leads to

d

dt
(Ms − Fs(t)) = −

(1+pL)∑
h=1

Hsh(t)(Ms − Fs(t))

This matrix ordinary differential equation has a solution
which decays exponentially fast (see Figure 2), provided
that Hsh(t) is positive definite with the least eigenvalue
bounded away from 0.
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Figure 2: Same setting as Table 1 except n = 100 and
Z is normalized. The loss is in logarithmic scale.

Similar to the analysis in [15], we remark that our
analysis can be easily generalized from the continuous
time analysis to the discrete time one, as well as to
training both layers jointly. To see this, we train both
layers of the same network as in Table 1 with the
gradient descent. The linearity of the log training loss
in Figure 2 confirms the exponential convergence rate.

5 Consistency of β̂

Denote X := D−E(D|Z) and Y := y−E(y|Z). If the
nuisance function M is consistently estimated, then
the standard OLS theory states that the OLS estimator
β̂ = (X>X )−1X>Y is

√
n-consistent to β, as

√
n(β̂ −

β) converges in probability. Though in reality, the
errors in approximating the conditional expectation,
incurred when learning M, are unavoidable for any
model including the neural networks. Thus they may
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cause β̂ to be inconsistent and the bias needs careful
adjustment by the measurement error model (or errors-
in-variables) theory as follows.

Suppose instead of (X ,Y), we only observe data

(X̃ , Ỹ) := (X + εX ,Y + εY ) which are measured with
independent errors εX , εY . Then the estimator is

β̃ =(X̃>X̃ )−1X̃>Ỹ (5.1)

=
(

1− (X̃>X̃ )−1X̃>εX
)
β + (X̃>X̃ )−1X̃>(εY + ε).

With a careful error analysis in Appendix C, we show
that β̃ is consistent if mD is consistently approximated

(meaning the MSE
ε>XεX
n → σ2

X = 0). Otherwise, we

give a correction based on β̃.

Theorem 2. Under the assumption of additive mea-
surement errors and if

E(εX) = E(εY ) = 0

Var(εX) = σ2
XI, Var(εY ) = σ2

Y I,

then (I −R)−1β̃ is
√
n-consistent and so is β̃ if and

only if σ2
X = 0, with R = σ2

X

(
plimX

>X
n + σ2

XI
)−1

.

Furthermore, suppose the errors are Gaussian: ε ∼
N (0, σ2

ε I), εX ∼ N (0, σ2
XI), εY ∼ N (0, σ2

Y I), then we
have the asymptotic normality

√
n
(
β̃ − (I−R)β

)
D→ N

(
0,
σ2
ε + σ2

Y

σ2
X

R

)
.

6 DebiNet: Debiasing Neural
Network

Before introducing our debiasing network, DebiNet, we
revisit two broadly used approaches to debias Lasso.
The first method is OLS post-Lasso [4], which uses the
features selected by the Lasso, i.e. D = XS , to fit an
OLS with y as the response variable and obtains β̂OLS.
The final estimator substitutes the non-zero entries in
the Lasso estimator θ̂Lasso by the OLS estimator:

[θ̂OLS post-Lasso]j =

{
0 if [θ̂Lasso]j = 0

[β̂OLS]j if [θ̂Lasso]j 6= 0
(6.1)

The second approach is the debiased (or desparsified)
Lasso [51, 49],

θ̂debiased Lasso = θ̂Lasso + Σ̂−1LassoX
>(y −Xθ̂Lasso)

(6.2)

where Σ̂−1Lasso is a pseudo-inverse of X>X, obtained by
nodewise Lasso regressions.

Notice that OLS post-Lasso only partly debiases θ̂Lasso
while the debiased Lasso debiases all elements in θ̂Lasso.

The main difference between these approaches is the
information they exploit: OLS post-Lasso requires only
the information of XS and the indicator I(θ̂Lasso 6= 0),
and the debiased Lasso uses the entire X and θ̂Lasso.
Nevertheless, both methods actually connect to PLM:
one can view the OLS post-Lasso as a special case of
PLM with f = 0 and the nodewise Lasso regression
indeed learns mD in a semi-parametric regime.

Now we are ready to present our debiasing model.

Algorithm 2 DebiNet

Input: Data matrix X, label y
1. fit y ∼ X via any feature selection model to

obtain D := XS and Z := XC
S ;

Estimation of β:
2. fit [y,D] ∼ Z via over-parameterized neural

network to derive E([y,D]|Z);
3. fit y − E(y|Z) ∼ D − E(D|Z) via OLS to

derive β̂;
Prediction of y and Estimation of f :

4. define ŷ := E(y|Z) + (D − E(D|Z))β̂ and

f̂(Z) := E(y|Z)− E(D|Z)β̂.

Similar to the debiased Lasso, DebiNet also exploits
the unselected features and thus avoids the model mis-
specification error in OLS post-Lasso. For example,
suppose that the sparsity of β is k out of p (i.e. there
are k important features) and that Lasso fails to se-
lect all them, then it is impossible for the OLS post-
Lasso model (ŷOLS post-Lasso = Dβ̂OLS) to learn the
true model nor to be consistent. However, under the
debiased Lasso (ŷdebiased Lasso = Xθ̂debiased Lasso) and
DebiNet, the true model is learnable. We highlight
that the mis-specification (when true positive rate is
not 1) is common in high dimension and high sparsity
[44, 11, 13, 12], known as the Donoho-Tanner phase
transition. Therefore, it is vital to remedy the failure
of variable selection by using the signals left in Z (see
Table 2).

On the other hand, DebiNet also shares some similarity
with the OLS post-Lasso as both methods only need
the information in I(θ̂Lasso 6= 0), both debias the pa-
rameters of interest β and both make use of the OLS
which requires pL < n. It is remarkable that DebiNet
only fits three models and the OLS post-Lasso fits two
models, while the debiased Lasso needs p nodewise
regression to construct Σ̂−1Lasso. The computation cost
can be immense in high dimension.

In Table 2 and Figure 3, we compare different debi-
asing methods under various metrics over the active
set {j : [θ̂Lasso]j 6= 0}. We emphasize that, since this
work focuses on the consistency of estimation and the
effect of debiasing, we must experiment on synthetic
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Methods Estimation MSE Train MSE Test MSE 95% Coverage sec/run

n = 1000; High dimension p = 3000; High sparsity k = 300
Lasso 0.536 (±0.058 ) 286.218 (±9.766 ) 296.112 (±25.615 ) NA -

OLS post-Lasso 1.402 (±0.309 ) 233.363 (±11.050 ) 308.440 (±25.241 ) 0.558 -
debiased Lasso 2.019 (±0.290 ) 4998.75 (±364.669 ) 1100.68 (±111.53 ) 0.000 154

DebiNet 0.421 (±0.418 ) 136.376 (±54.195 ) 278.625 (±30.932 ) 0.830 7(60)
NW post-Lasso 1.398 (±0.307 ) 229.193 (±10.860 ) 308.399 (±25.301 ) 0.560 -

n = 1000; High dimension p = 3000; Low sparsity k = 10
Lasso 0.264 (±0.027 ) 3.531 (±0.131 ) 3.634 (±0.411 ) NA -

OLS post-Lasso 0.001 (± 0.000 ) 0.992 (±0.057 ) 1.009 (±0.086 ) 0.958 -
debiased Lasso 0.004 (±0.002 ) 55.024 (±3.295 ) 14.000 (±1.410 ) 0.702 150

DebiNet 0.001 (±0.000 ) 0.989 (±0.056 ) 1.012 (±0.086 ) 0.956 3(21)
NW post-Lasso 0.001 (±0.000 ) 0.975 (±0.056 ) 1.009 (±0.084 ) 0.960 -

n = 1000; Low dimension p = 500; High sparsity k = 300
OLS 0.003 (±0.000 ) 0.378 (±0.031 ) 2.625 (±0.313 ) 0.955 -
Lasso 0.458 (±0.021 ) 175.803 (±3.846 ) 245.660 (±25.020 ) NA -

OLS post-Lasso 0.175 (±0.025 ) 88.959 (±6.314 ) 211.952 (±21.839 ) 0.927 -
debiased Lasso 0.299 (±0.036 ) 122.515 (±12.222 ) 122.204 (±13.268 ) 0.123 4

DebiNet 0.175 (±0.025 ) 88.953 (±6.324 ) 211.877 (±21.926 ) 0.928 2(6)
NW post-Lasso 0.174 (±0.025 ) 87.132 (±6.195 ) 211.007 (±21.821 ) 0.927 -

Table 2: Comparison of debiasing methods in 50 independent runs. See Appendix D.2 for data generation details.
In the ‘sec/run’ column, ‘-’ means < 1 second. Here we record two time for DebiNet, one for GPU acceleration
and the other in bracket for CPU. NW post-Lasso applies PLM-NW, instead of PLM-NN, after Lasso.
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Figure 3: Comparison of debiasing methods on Lasso. X ∈ R1000×p,Var(ε) = 1. Top plots: p = 3000, λ = 2, k =
300. Bottom plots: p = 500, λ = 1; left k = 100; right k = 300. β is binary and we plot the 95% confidence
intervals according to βj = 1 (blue) and βj = 0 (orange).
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Figure 4: Estimation of β̂ by different PLMs.

data where the truth β is known, in order to com-
pute the estimation MSE and the statistical coverge.
In all settings, DebiNet outperforms other methods
(except the golden rule, OLS, in the low dimension)
and demonstrates its robustness against high dimen-
sion and high sparsity. We note that the debiased
Lasso exhibits strange behaviors in very high dimen-
sion as its working assumption requires the sparsity
k = o(

√
n/ log p) which is roughly 9. In our high spar-

sity setting, k = 300 � 9 and the debiased Lasso,
giving narrow confidence intervals, may not perform
well. In addition, the objective of the debiased Lasso
is to reduce the estimation error, instead of to mini-
mize the prediction error. These two goals are unified
in low dimension but not necessarily in high dimen-
sion. Moreover, the coverage is computed over the
active set of Lasso, while the debiased Lasso may offer
higher coverage outside the active set [32]. Lastly, we
remark that arbitrary variable selection methods can
be plugged into DebiNet, as long as the true model is
linear and the number of selected variables is less than
the sample size: the feature selection only affects the
choice of [D,Z], but not the subsequent convergence
and consistency analyses.

7 A Study of Treatment Effect on
401(k) Data

In this section, we analyze the 1991 Survey of Income
and Program Participation data in [10], to study the
average treatment effect (ATE) which estimates the
impact of household income (our treatment variable
D ∈ R9915×1) on the net financial assets (our response
variable y ∈ R9915), after accounting for the confound-
ing factors Z ∈ R9915×9 such as age, family size, years
of education, etc. The ATE, or β ∈ R, is expected to
be positive according to [38, 39]: when the 401(k) plan
program started, people did not base job decisions on
the retirement offers but rather on the income.

Methods Mean β̂ Median β̂ SE β̂

PLM-NN 0.590 0.596 0.186
PLM-NW 0.912 0.931 0.351

DML Lasso 0.887 0.911 0.415
DML DT 0.805 0.804 0.385
DML RF 0.809 0.810 0.388

Table 3: Comparison of treatment effects by different
PLMs on the 401(k) dataset.

Reassuringly, the results obtained from different PLMs
are relatively consistent with each other across different
sub-samplings. We note that the PLM theory indeed
supports such consistency and thus over-parameterized
neural networks can fit in DML, even without sample-
splitting. We also observe that PLM-NN has much
smaller standard error (SE) than other methods, sug-
gesting that it can be more efficient in estimation.

8 Discussion

In this paper, we propose to use over-parameterized neu-
ral networks in the partially linear model (PLM-NN).
We show that PLM-NN is computationally efficient and
provably converges to global minimum exponentially
fast. We demonstrate its robustness to high dimension
and high sparsity, and its strong performance in terms
of the estimation and prediction errors. Based on this
new PLM, we design DebiNet, a debiasing framework
for arbitrary feature selection method and illustrate
its potential to infer and to predict accurately (e.g. in
adversarial attack in Appendix D.4). Now we discuss
some future directions.

As also discussed in [15, 14], our framework can easily
extend to deep over-parameterized neural networks:
for L-hidden-layer neural network with equally wide

l-th layer {w(l)
r }r∈[m], it has been shown that the

last hidden layer’s kernel (similar to the notation in

(4.4)):
∑m
r=1〈

∂Fs(W,A,Zi)

∂w
(L)
r

,
∂Fh(W,A,Zj)

∂w
(L)
r

〉 is positive def-

inite, and so is the overall NTK with respect to all
weights. Hence we can guarantee linear convergence
for deep over-parameterized neural networks. In ad-
dition, the width requirement of the hidden layer can
be tightened by more advanced matrix perturbation
theory. Based on our experiments in Appendix E, we
may also use other activation functions, optimizers (e.g.
Adam [27]) and losses (e.g. Huber loss [25]) and still
observe the linear convergence. We note that PLM-NN
does not perform well when y or D is discrete, or when
y and D have different scales. It would be desirable
to robustify the model against the input distributional
assumption, e.g. using the generalized partially linear
model within DebiNet.
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Algorithm 3 Double/Debiased Machine Learning
(DML)

Input: Data matrix [D,Z], label y
for j ∈ [K] do

1. fit yCIj ∼ ZCIj via some machine learning

method to learn E(y|Z);
2. fit DC

Ij
∼ ZCIj via some machine learning

method to learn E(D|Z);
3. fit yIj − E(yIj |ZIj ) ∼ DIj − E(DIj |ZIj )

via OLS to derive β̂, denoted as β̂(j);
end for
4. aggregate the estimators: β̂ =

∑
j β̂

(j)/K.

References

[1] Zeyuan Allen-Zhu, Yuanzhi Li, and Yingyu Liang.
“Learning and generalization in overparameterized
neural networks, going beyond two layers”. In:
Advances in neural information processing sys-
tems. 2019, pp. 6155–6166.

[2] Sanjeev Arora et al. “Fine-grained analysis of
optimization and generalization for overparam-
eterized two-layer neural networks”. In: arXiv
preprint arXiv:1901.08584 (2019).

[3] Francis Bach. “Breaking the curse of dimension-
ality with convex neural networks”. In: The Jour-
nal of Machine Learning Research 18.1 (2017),
pp. 629–681.

[4] Alexandre Belloni, Victor Chernozhukov, et al.
“Least squares after model selection in high-
dimensional sparse models”. In: Bernoulli 19.2
(2013), pp. 521–547.

[5] Richard Berk et al. “Valid post-selection infer-
ence”. In: The Annals of Statistics 41.2 (2013),
pp. 802–837.

[6] Ma lgorzata Bogdan et al. “SLOPE—adaptive
variable selection via convex optimization”. In:
The annals of applied statistics 9.3 (2015),
p. 1103.

[7] Yuan Cao and Quanquan Gu. “Generalization
bounds of stochastic gradient descent for wide
and deep neural networks”. In: Advances in
Neural Information Processing Systems. 2019,
pp. 10835–10845.

[8] Hung Chen et al. “Convergence rates for para-
metric components in a partly linear model”. In:
The Annals of Statistics 16.1 (1988), pp. 136–146.

[9] Victor Chernozhukov, Christian Hansen, and
Martin Spindler. “Post-selection and post-
regularization inference in linear models with
many controls and instruments”. In: American
Economic Review 105.5 (2015), pp. 486–90.

[10] Victor Chernozhukov et al. Double/debiased ma-
chine learning for treatment and structural pa-
rameters. 2018.

[11] David Donoho and Jared Tanner. “Observed uni-
versality of phase transitions in high-dimensional
geometry, with implications for modern data
analysis and signal processing”. In: Philosophical
Transactions of the Royal Society A: Mathemati-
cal, Physical and Engineering Sciences 367.1906
(2009), pp. 4273–4293.

[12] David L Donoho. “High-dimensional centrally
symmetric polytopes with neighborliness propor-
tional to dimension”. In: Discrete & Computa-
tional Geometry 35.4 (2006), pp. 617–652.

[13] David L Donoho. “Neighborly polytopes and
sparse solutions of underdetermined linear equa-
tions”. In: (2005).

[14] Simon S Du et al. “Gradient descent finds global
minima of deep neural networks”. In: arXiv
preprint arXiv:1811.03804 (2018).

[15] Simon S Du et al. “Gradient descent provably
optimizes over-parameterized neural networks”.
In: arXiv preprint arXiv:1810.02054 (2018).

[16] MA Efroymson. “Multiple regression analysis”.
In: Mathematical methods for digital computers
(1960), pp. 191–203.

[17] Robert F Engle et al. “Semiparametric estimates
of the relation between weather and electricity
sales”. In: Journal of the American statistical
Association 81.394 (1986), pp. 310–320.

[18] Jerome Friedman, Trevor Hastie, and Robert Tib-
shirani. “A note on the group lasso and a sparse
group lasso”. In: arXiv preprint arXiv:1001.0736
(2010).

[19] G Gybenko. “Approximation by superposition of
sigmoidal functions”. In: Mathematics of Control,
Signals and Systems 2.4 (1989), pp. 303–314.

[20] Scott A Hamilton and Young K Truong. “Lo-
cal linear estimation in partly linear models”.
In: Journal of Multivariate Analysis 60.1 (1997),
pp. 1–19.

[21] Chris Hans. “Bayesian lasso regression”. In:
Biometrika 96.4 (2009), pp. 835–845.
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