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Abstract

Tensors are widely used to represent multiway
arrays of data. The recovery of missing en-
tries in a tensor has been extensively studied,
generally under the assumption that entries
are missing completely at random (MCAR).
However, in most practical settings, observa-
tions are missing not at random (MNAR):
the probability that a given entry is observed
(also called the propensity) may depend on
other entries in the tensor or even on the
value of the missing entry. In this paper,
we study the problem of completing a par-
tially observed tensor with MNAR observa-
tions, without prior information about the
propensities. To complete the tensor, we as-
sume that both the original tensor and the ten-
sor of propensities have low multilinear rank.
The algorithm first estimates the propensities
using a convex relaxation and then predicts
missing values using a higher-order SVD ap-
proach, reweighting the observed tensor by
the inverse propensities. We provide finite-
sample error bounds on the resulting complete
tensor. Numerical experiments demonstrate
the effectiveness of our approach.

1 Introduction

Tensor completion is gaining increasing popularity and
is one of the major tensor-related research topics. The
literature we survey here is by no means exhaustive.
A straightforward method is to flatten a tensor along
one of its dimensions to a matrix and then pick one of
the extensively studied matrix completion algorithms
[1, 2, 3]. However, this method neglects the multiway
structure along all other dimensions and does not make
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full use of the combinatorial relationships. Instead,
it is common to assume that the tensor is low rank
along each mode. Tensors differ from matrices in hav-
ing many incompatible notions of rank and low rank
decompositions, including CANDECOMP/PARAFAC
(CP) [4, 5], Tucker [6] and tensor-train [7]. Each of the
decompositions exploits a different definition of tensor
rank, and can be used to recover tensors that are low
rank in that sense, including CP [8, 9, 10, 11, 12, 13],
Tucker [14, 15, 16, 17, 18, 19] and tensor-train [20, 21].
In this paper, we assume the tensor has approximately
low multilinear rank, corresponding to a tensor that can
be approximated by a low rank Tucker decomposition.

Existing techniques used for tensor completion include
subspace projection onto unfoldings [8], alternating
minimization [9, 13, 20], gradient descent [21] and
expectation-maximization [17]; different surrogates for
the rank penalty have been used, including convex sur-
rogates like nuclear norm on unfoldings [22, 14, 23]
or specific flattenings [15] and the maximum norm on
factors [12], and nonconvex surrogates such as the min-
imum number of rank-1 sign tensor components [12].
We use a higher-order SVD (HOSVD) approach that
does not require rank surrogates. The two methods
closest to ours are HOSVD_w [19], which computes a
weighted HOSVD by reweighting the tensor twice (be-
fore and after the HOSVD) by the inverse square root
propensity, and the method in [16], which computes a
HOSVD on a second-order estimator of a missing com-
pletely at random tensor, and we call it SO-HOSVD.
We compare our method with HOSVD_w and SO-
HOSVD theoretically in Section 5.2 and numerically
in Section 6.1.

Most previous works on tensor completion have used
the assumption that entries are missing completely at
random (MCAR). The missing not at random (MNAR)
setting is less studied, especially for tensors. A missing-
ness pattern is MNAR when the observation probabili-
ties (also called propensities) of different entries are not
equal and may depend on the entry values themselves.
In the matrix MNAR setting, a popular observation
model is 1-bit observations [24]: each entry is observed
with a probability that comes from applying a differ-
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entiable function σ : R → [0, 1] to the corresponding
entry in a parameter matrix, which is assumed to be
low rank. Two popular convex surrogates for the rank
have been used to estimate the parameter matrix from
an entrywise binary observation pattern using a regular-
ized likelihood approach: nuclear norm [24, 25, 23] and
max-norm [3, 12]. We show that we can achieve a small
propensity estimation error by solving for a parame-
ter tensor with low multilinear rank using a (roughly)
square flattening. This approach outperforms simple
slicing or flattening methods.

In this paper, we study the problem of provably com-
pleting a MNAR tensor with (approximately) low mul-
tilinear rank. We use a two-step procedure to first esti-
mate the propensities in this tensor and then predict
missing values by HOSVD on the inverse propensity
reweighted tensor. We give the error bound on final
estimation as Theorem 4.

This paper is organized as follows. Section 2 sets up our
notations. Section 3 formally describes the problem we
tackle in this paper. Section 4 gives an overview of our
algorithms. Section 5 gives further clarification and
finite sample error bounds for the algorithms. Section 6
shows numerical experiments.

2 Notations

Basics We define [N ] = {1, . . . , N} for a positive
integer N . Given a set S, we denote its cardinality by
|S|. ⊂ denotes strict subset. We denote f(n) = O(g(n))
if there exists C > 0 and N such that |f(n)| ≤ Cg(n)
for all n ≥ N . The indicator function 1(X) has value
1 if the condition X is true, and 0 otherwise.

Matrices and tensors We denote vector, matrix,
and tensor variables respectively by lowercase letters
(x), capital letters (X) and Euler script letters (X).
For a matrix X ∈ Rm×n, σ1(X) ≥ σ2(X) ≥ · · · ≥
σmin{m,n}(X) denote its singular values, ‖X‖ denotes
its 2-norm, ‖X‖? denotes its nuclear norm, tr(X) de-
notes its trace, and with another matrix Y ∈ Rm×n,
〈X,Y 〉 := tr(X>Y ) denotes the matrix inner product.
For a tensor X ∈ RI1×I2×···×IN , ‖X‖∞ denotes its en-
trywise maximum absolute value. The order of a tensor
is the number of dimensions; matrices are order-two
tensors. Each dimension is called a mode. To denote
a part of matrix or tensor, we use a colon to denote
the mode that is not fixed: given a matrix A ∈ RI×J ,
Ai,: and A:,j denote the ith row and jth column of A,
respectively. A fiber is a one-dimensional section of a
tensor X, defined by fixing every index but one; for ex-
ample, a fiber of the order-3 tensor X is X:,j,k. A slice
is an (N − 1)-dimensional section of an order-N tensor
X: a slice of the order-3 tensor X is X:,:,k. The size of

a mode is the number of slices along that mode: the
n-th mode of X has size In. A tensor is cubical if every
mode is the same size: X ∈ RI×I×···×I . The mode-
n unfolding of X, denoted as X(n), is a matrix whose
columns are the mode-n fibers of X. For example, given
an order-3 tensor X ∈ RI×J×K , X(1) ∈ RI×(J×K).

Products We denote the n-mode product
of a tensor X ∈ RI1×I2×···×IN with a matrix
U ∈ RJ×In by X ×n U ∈ RI1×···×In−1×J×In+1×···×IN ;
the (i1, i2, . . . , in−1, j, in+1, . . . , iN )-th entry is
ΣIn
in=1xi1i2···in−1inin+1···iNujin . ⊗ denotes the Kro-

necker product. Given two tensors with the same
shape, we use � to denote their entrywise product.

Missingness Given a partially observed order-N ten-
sor X ∈ RI1×···×IN , we denote its observation pattern
by Ω ∈ {0, 1}I1×···×IN : the mask tensor of X. It is
a binary tensor that denotes whether each entry of
X is observed or not. Ω has the same shape as X,
with entry value 1 if the corresponding entry of X is
observed, and 0 otherwise. With an abuse of nota-
tion, we call Ω := {(i1, i2, . . . , iN )|Ωi1,i2,...,iN = 1} the
mask set of X. Given a tensor X ∈ RI1×I2×···×IN , we
use E(i1, i2, . . . , iN ) to denote a binary tensor with the
same shape as X, with value 1 at the (i1, i2, . . . , iN )-th
entry and 0 elsewhere.

Square unfoldings Extending the notation of [15],
with a matrix A ∈ RI×J and integers I ′, J ′ satisfying
IJ = I ′J ′, reshape(A, I ′, J ′) gives an I ′ × J ′ matrix
A′ with entries taken columnwise from A. Given a
tensor X ∈ RI1×I2×···×IN , we can partition the indices
of its N modes into two sets, S and SC = [N ] \ S,
and permute the order of the N modes by permutation
πS = (S1, . . . , S|S|, S

C
1 , . . . , S

C
N−|S|), so that the modes

in set S appear first, followed by modes in SC :

Xi1···iN = πS(X)iS1 · · · iS|S|iSC1 · · · iSCN−|S| .

Denote the S-unfolding of X as

XS := reshape(πS(X)(1),
∏
n∈S

In,
∏
n∈SC

In).

Our methods for tensor completion rely on methods
for matrix completion that work best for square ma-
trices. To make XS as square as possible,

∣∣∣∏n∈S In −∏
n∈SC In

∣∣∣ should be as small as possible. Hence we
define the square set of X as

S� = arg min
S⊂[N ]

∣∣∣∏
n∈S

In −
∏
n∈SC

In

∣∣∣,
the square unfolding of X as

X� := reshape(πS�
(X)(1),

∏
n∈S�

In,
∏
n∈SC

�

In),
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and the square norm ‖X‖� := ‖X�‖? of X.

Dimensions of unfoldings For brevity, we denote
IS :=

∏
n∈S In, ISC :=

∏
n∈SC In, I� :=

∏
n∈S�

In,
I�C :=

∏
n∈SC

�
In, I(−n) :=

∏
m∈[N ],m 6=n Im. Thus

I[N ] =
∏
n∈[N ] In = IS · ISC = I� · I�C = In · I(−n).

3 Problem setting

In this paper, we study the following problem: given
a partially observed tensor Bobs ∈ RI1×···×IN with
MNAR entries, how can we recover its missing values?

Throughout the paper, we denote the true order-N
tensor we want to complete as B ∈ RI1×···×IN . For each
n ∈ [N ], we suppose In ≤ I(−n) :=

∏
m∈[N ],m6=n Im for

cleanliness. We assume there exists a propensity tensor
P ∈ RI1×I2×···IN , such that Bi1i2···iN is observed with
probability Pi1i2···iN . We observe the entries without
noise: with the observation pattern Ω, Bobs = B�Ω.

A tensor B has multilinear rank (rtrue
1 , rtrue

2 , . . . , rtrue
N )

if rtrue
n is the rank of B(n). For any n ∈ [N ], rtrue

n ≤ In.
We can write the Tucker decomposition of the tensor B
as B = Gtrue ×1 U

true
1 × · · · ×N U true

N , with core tensor
Gtrue ∈ Rrtrue

1 ×···×rtrue
N and column orthonormal factor

matrices U true
n ∈ RIn×rtrue

n for n ∈ [N ].

We seek a fixed-rank approximation of B by a tensor
with multilinear rank (r1, r2, · · · , rN ): we want to find
a core tensor W ∈ Rr1×r2×···×rN and N factor matrices
Qn ∈ RIn×rn , n ∈ [N ] with orthonormal columns, such
that B ≈W×1 Q1 ×2 · · · ×N QN . We generally seek a
low multilinear rank decomposition with rn < In.

4 Methodology

Our algorithm proceeds in two steps. First, we esti-
mate the propensities by ConvexPE (Algorithm 1)
or NonconvexPE (Algorithm 2), with an overview
in Table 1. Both of these algorithms use a Bernoulli
maximum likelihood estimator for 1-bit matrix com-
pletion [24] to estimate the propensities from the mask
tensor Ω, aiming to recover propensities that come
from the low rank parameters. ConvexPE explicitly
requires the propensities to be neither too large or too
small. NonconvexPE does not require the associated
tuning parameters, but empirically returns a good so-
lution if the true propensity tensor P has this property.
With the estimated propensity tensor P̂, we estimate
the data tensor B by TenIPS (Algorithm 3), a proce-
dure that only requires a Tucker decomposition on the
propensity-reweighted observations.

Our propensity estimation uses the observation model
of 1-bit matrix completion. Each entry of P comes from

applying a differentiable link function σ : R → [0, 1]
to the corresponding entry of a parameter tensor A,
which we are trying to solve. An instance is the logistic
function σ(x) = 1/(1 + e−x). We assume A has low
multilinear rank. In ConvexPE (Algorithm 1), A�

is low-rank from Lemma 1. We also assume an upper
bound on the nuclear norm of A�, a convex surro-
gate for its low-rank property. ConvexPE can be im-
plemented by the proximal-proximal-gradient method
(PPG) [26] or the proximal alternating gradient descent.
In Section 5, we will show that on a square tensor, the
square unfolding achieves the smallest upper bound for
propensity estimation among all possible unfoldings.

In practice, the square unfolding of a tensor is often a
large matrix: IN/2-by-IN/2 for a cubical tensor with
order N . Since each iteration of the PPG subroutine in
ConvexPE requires the computation of a truncated
SVD, this algorithm becomes too expensive in such
case. Also, it does not make full use of the low multi-
linear rank property of A. As a substitute, we propose
NonconvexPE (Algorithm 2), which uses gradient
descent (GD) on the core tensor GA and factor ma-
trices {UA

n }n∈[N ] to minimize the objective function
f(GA, {UA

n }n∈[N ]) defined in Line 4. It achieves a fea-
sible solution with similar quality as ConvexPE, and
does not require the tuning of thresholds τ and γ. This
can be attributed to the fact that the objective function
f is multi-convex with respect (GA, UA

1 , . . . , U
A
N ). The

gradient computation can be found in Appendix C.

TenIPS (Algorithm 3) completes the observed data
tensor Bobs by HOSVD on its entrywise inverse propen-
sity reweighting X̄(P), as defined in Line 2. For each
(i1, i2, . . . , iN ) ∈ Ω, the corresponding term in X̄(P) is
an unbiased estimate for B� E(i1, i2, . . . , iN ):

E[
1

Pi1i2···iN
Bobs � E(i1, i2, . . . , iN )]

= Pi1i2···iN ·
1

Pi1i2···iN
Bobs � E(i1, i2, . . . , iN )

= B� E(i1, i2, . . . , iN ),

in which the second equality comes from noiseless ob-
servations. Thus X̄(P) is an unbiased estimator for
B:

E X̄(P) = E
[ ∑

(i1,i2,...,iN )∈Ω

1

Pi1···iN
Bobs � E(i1, . . . , iN )

]

=

I1∑
i1=1

· · ·
IN∑
iN=1

E
[ 1

Pi1i2···iN
Bobs � E(i1, . . . , iN )

]

=

I1∑
i1=1

· · ·
IN∑
iN=1

B� E(i1, . . . , iN ) = B.

The input propensity tensor can be either true (P) or
estimated (P̂). With the estimated propensity P̂, we get
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Algorithm 1 ConvexPE: Convex Propensity Estimation

Input: mask tensor Ω ∈ RI1×···×IN , link function σ, thresholds τ , γ
Output: estimated propensity tensor P̂
1 Compute S�, the square set of Ω.
2 Compute best completion Â� = argmax

Γ∈Sτ,γ

∑I�
i=1

∑I�C
j=1 [(Ω�)ij log σ(Γij) + (1− (Ω�)ij) log(1− σ(Γij))],

where Sτ,γ =
{

Γ ∈ RI�×I�C : ‖Γ‖? ≤ τ
√
I[N ], ‖Γ‖∞ ≤ γ

}
.

3 Estimate propensities P̂ = σ(Â).
4 return P̂

Algorithm 2 NonconvexPE: Nonconvex Propensity Estimation

Input: mask tensor Ω ∈ RI1×···×IN , link function σ, step size t, initialization {ḠA, ŪA
1 , . . . , Ū

A
N } (or target rank

(r1, . . . , rN ) with a certain initialization rule)
Output: estimated propensity tensor P̂
1 Initialize core tensor and factor matrices GA, UA

1 , . . . , U
A
N ← ḠA, ŪA

1 , . . . , Ū
A
N .

2 Define objective

f(GA, {UA
n }n∈[N ]) :=

∑
i1···iN

−Ωi1···iN log σ(Âi1···iN )− (1−Ωi1···iN ) log(1− σ(Âi1···iN )),

in which Â = GA ×1 U
A
1 ×2 · · · ×N UA

N .

3 do
4 Compute gradients with respect to core tensor and factor matrices

(
∂f
∂GA ,

∂f
∂UA

1
, . . . , ∂f

∂UA
N

)
.

5 Perform gradient descent update: GA, UA
1 , . . . , U

A
N ←

(
GA − t ∂f

∂GA , U
A
1 − t ∂f

∂UA
1
, . . . , UA

N − t ∂f
∂UA

N

)
.

6 while not converged
7 Estimate propensities P̂ = σ(Â).
8 return P̂

X̄(P̂) instead of X̄(P), X̂(P̂) instead of X̂(P); for brevity,
we denote X̄(P) and X̂(P) by X̄ and X̂, respectively.
We show the estimation error for B in Theorem 4.

5 Error analysis

To bound the relative estimation error ‖X̂(P̂) −
B‖F/‖B‖F, we first bound the error in the propen-
sity estimates in ConvexPE, and then consider how
this error propagates into the error of our final tensor
estimate in TenIPS. Theorem 3 shows the optimal-
ity of the square unfolding for propensity estimation;
Theorem 4 presents a special case of our bound on the
tensor completion error with estimated propensities,
with the full version as Appendix A, Theorem 5. We
defer their proofs to Appendix B.

5.1 Error in propensity estimates

We first show a corollary of [15, Lemma 6 (2) and
Lemma 7] that bounds the rank of an unfolding.
Lemma 1. Suppose X has Tucker decomposition
X = C ×1 U1 ×2 U2 ×3 · · · ×N UN , where C ∈
Rrtrue

1 ×rtrue
2 ×···×rtrue

N and Un ∈ RIn×rtrue
n for n ∈ [N ].

Given S ⊂ [N ], XS = ⊗
j∈S

Uj · CS ·
(
⊗

j∈[N ]\S
Uj

)>
, and

thus rank(XS) ≤ min
{∏

n∈S r
true
n ,

∏
n∈[N ]\S r

true
n

}
.

Proof. [15, Lemma 6 (2)] states that

X[n] = (Un⊗Un−1⊗· · ·⊗U1)C[n] (UN⊗UN−1⊗· · ·⊗Un+1)>

(1)
for n ∈ [N ]. Thus Lemma 1 holds for X by
applying Equation 1 to an entry-reordered tensor
X̃ ∈ RIn1

×In2
×···×InN , such that S = {nj}j∈[S]

and X̃in1
in2
···inN = Xi1i2···iN . The upper bound for

rank(XS) follows.

As a corollary of [24, Lemma 1] and [25, Theorem 2],
we have Lemma 2 for the Frobenius norm error of the
propensity tensor estimate.
Lemma 2. Assume that P = σ(A). Given a set S ⊂
[N ], together with the following assumptions:

A1. AS has bounded nuclear norm: there exists a con-
stant θ > 0 such that ‖AS‖? ≤ θ

√
I[N ].

A2. Entries of A have bounded absolute value: there
exists a constant α > 0 such that ‖A‖∞ ≤ α.
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Algorithm 3 TenIPS: Tensor completion by Inverse Propensity Sampling

Input: mask set Ω, partially observed tensor Bobs ∈ RI1×···×IN , propensity tensor P ∈ RI1×···×IN , target rank
(r1, r2, · · · , rN )

Output: estimated tensor X̂(P)
1 X̄(P)←∑

(i1,i2,...,iN )∈Ω
1

Pi1i2···iN
Bobs � E(i1, i2, . . . , iN )

2 for n = 1, 2, . . . , N do . Recover factors
3 Qn(P)← left rn singular vectors of X̄(P)(n)

4 W← X̄(P)×1 Q1(P)> ×2 · · · ×N QN (P)> . Recover core
5 X̂(P)←W(P)×1 Q1(P)×2 · · · ×N QN (P)

6 return X̂(P)

Table 1: Propensity estimation algorithms.

base algorithm hyperparameters

ConvexPE (Algorithm 1) proximal-proximal-gradient τ and γ
NonconvexPE (Algorithm 2) gradient descent step size t and target rank

Suppose we run ConvexPE (Algorithm 1) with thresh-
olds satisfying τ ≥ θ and γ ≥ α to obtain an estimate P̂

of P. With Lγ := supx∈[−γ,γ]
|σ′(x)|

σ(x)(1−σ(x)) , there exists
a universal constant C > 0 such that if IS + ISC ≥ C,
with probability at least 1− C

IS+ISC
, the estimation error

1

I[N ]
‖P̂− P‖2F ≤ 4eLγτ

( 1√
IS

+
1√
ISC

)
. (2)

In the simplest case, when N is an even integer and
I1 = . . . = IN = I, the right-hand side (RHS) of the
estimation error in Equation 2 is in O(IN/4).

Theorem 3 then shows that the square unfolding
achieves the smallest upper bound for propensity esti-
mation among all possible unfoldings sets S.

Theorem 3. Instate the same conditions as Lemma 2,
and further assume that there exists a constant c > 0
such that rtrue

n ≤ cIn for every n ∈ [N ]. Then S = S�

gives the smallest upper bound (RHS of the result in
Lemma 2) on the propensity estimation error ‖P̂−P‖2F
among all unfolding sets S ⊂ [N ].

Proof. Denote rtrue
S :=

∏
n∈S r

true
n and rtrue

SC :=∏
n∈[N ]\S r

true
n . We know from Lemma 1 that for every

unfolding of A, rank(AS) ≤ min
{
rtrue
S , rtrue

SC

}
. Since

‖AS‖? ≤
√

rank(AS) · ‖A‖F ≤ α
√

rank(AS) · I N2 ,
we need τ ≥ θ ≥ α

√
rank(AS) for the conditions

of Lemma 2 to hold. For simplicity, suppose τ =
α
√

rank(AS), the smallest possible value for the exact
recovery of A.

Without loss of generality, suppose |S| ≤ N
2 . We have

1

I[N ]
‖P̂− P‖2F ≤ 4eLγτ

( 1√
IS

+
1√
ISC

)
= 4eLγα ·

√
rank(AS)

( 1√
IS

+
1√
ISC

)
≤ 4eLγα

(√rtrue
S

IS
+

√
rtrue
SC

ISC

)
≤ 4eLγα

(√
c|S| +

√
cN−|S|

)
.

The final expression is the smallest when S = S�.

5.2 Error in tensor completion: special case

We present a special case of our bound on the recovery
error for a cubical tensor with equal multilinear rank
as Theorem 4. This bound is dominated by the error
from the matrix Bernstein inequality [27] on each of
the N unfoldings, and asymptotically goes to 0 when
the tensor size I → ∞. Note that our full theorem
applies to any tensor; we defer the formal statement to
Appendix A, Theorem 5.
Theorem 4. Consider an order-N cubical tensor B

with size I1 = · · · = IN = I and multilinear rank
rtrue
1 = · · · = rtrue

N = r < I, and two order-N cubical
tensors P and A with the same shape as B. Each entry
of B is observed with probability from the corresponding
entry of P. Assume I ≥ rN log I, and there exist con-
stants ψ, α ∈ (0,∞) such that ‖A‖∞ ≤ α, ‖B‖∞ = ψ.
Further assume that for each n ∈ [N ], the condition
number σ1(B(n))

σr(B(n))
≤ κ is a constant independent of ten-

sor sizes and dimensions. Then under the conditions
of Lemma 2, with probability at least 1− I−1, the fixed
multilinear rank (r, r, . . . , r) approximation X̂(P̂) com-
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puted from ConvexPE and TenIPS (Algorithms 1
and 3) with thresholds τ ≥ θ and γ ≥ α satisfies

‖X̂(P̂)−B‖F
‖B‖F

≤ CN
√
r log I

I
, (3)

in which C depends on κ.

Note how this bound compares with the bounds for
similar algorithms. HOSVD_w has a relative error
of O(rN2I−1/2 log I) [19, Theorem 3.3] for noiseless
recovery with known propensities, and SO-HOSVD

achieves a better bound of O(
√

r log I
IN−1 ) [16, Theorem 3]

but assumes that the tensor is MCAR. In contrast, our
bound holds for the tensor MNAR setting and does
not require known propensities. It is the first bound in
this setting, to our knowledge.

We show a sketch of the proof for Theorem 4 to illus-
trate the main idea. This is the special case of the full
proof in Appendix B.

Proof. (sketch)

The propensity estimation error in Lemma 2, Equa-
tion 2 propagates to the error between X̄(P̂) and X̄(P):

‖X̄(P̂)− X̄‖2F
=

∑
(i1,i2,...,iN )∈Ω

B2
i1i2···iN (

1

Pi1i2···iN
− 1

P̂i1i2···iN
)2

≤ ψ2
∑

(i1,i2,...,iN )∈Ω

(Pi1i2···iN − P̂i1i2···iN

Pi1i2···iN P̂i1i2···iN

)2

≤ ψ2

σ(−γ)2σ(−α)2

∑
(i1,i2,...,iN )∈Ω

(
Pi1i2···iN − P̂i1i2···iN

)2

≤ 4eLγτψ
2

σ(−γ)2σ(−α)2

( 1√
IS

+
1√
ISC

)
I[N ].

(4)
The second inequality comes from P̂i1i2···iN ≥ σ(−γ)
and Pi1i2···iN ≥ σ(−α); the last inequality follows
Lemma 2.

Then on each of the N unfoldings, the error of X̄(n)(P̂)
from B(n)

‖X̄(n)(P̂)−B(n)‖ ≤ ‖X̄(n)(P̂)− X̄(n)‖+ ‖X̄(n) −B(n)‖
≤ ‖X̄(n)(P̂)− X̄(n)‖F + ‖X̄(n) −B(n)‖,

(5)
in which the first term can be bounded by Equation 4,
and the second term can be bounded by applying
the matrix Bernstein inequality [27] to the sum of
[
1(Bi1···iN is observed)

Pi1···iN
Bobs − B] � E(i1, . . . , iN ) over all

entries.

The tensor X̄(P̂)− B is often full-rank; if we directly
use
√
I · ‖X̄(n)(P̂)−B(n)‖ to bound ‖X̄(P̂)−B‖F, the

final error bound we get would be O(N
√

log I), which
increases with the increase of tensor size I. Instead,
we use the information of low multilinear rank to form
the estimator X̂(P̂). In TenIPS (Algorithm 3),

X̂(P̂) = [X̄(P̂)×1 Q
>
1 ×2 · · · ×N Q>N ]×1 Q1 ×2 · · · ×N QN

= X̄(P̂)×1 Q1Q
>
1 ×2 · · · ×N QNQ

>
N ,

in which each Qn is the column space of X̄(n)(P̂).
This projects each unfolding of X̄(P̂) onto its trun-
cated column space. By adding and subtracting
B ×1 Q1Q

>
1 ×2 · · · ×N QNQ

>
N , the projection of B

onto the column space of X̄(P̂) in each mode, we get
the estimation error

‖X̂(P̂)−B‖2F
= ‖X̄(P̂)×1 Q1Q

>
1 ×2 · · · ×N QNQ

>
N −B‖2F

= ‖(X̄(P̂)−B)×1 Q1Q
>
1 ×2 · · · ×N QNQ

>
N‖2F

+ ‖B×1 Q1Q
>
1 ×2 · · · ×N QNQ

>
N −B‖2F

+ 2〈(X̄(P̂)−B)×1 Q1Q
>
1 ×2 · · · ×N QNQ

>
N ,

B×1 Q1Q
>
1 ×2 · · · ×N QNQ

>
N −B〉.

On the RHS, the third term is an inner product of two
mutually orthogonal tensors and is thus 0. The first
term is low multilinear rank, and thus can be bounded
by the spectral norm of the unfoldings as

‖(X̄(P̂)−B)×1 Q1Q
>
1 ×2 · · · ×N QNQ

>
N‖2F

≤ min
n∈[N ]

{
‖QnQ>n (X̄(n)(P̂)−B(n))‖2F

}
≤ min
n∈[N ]

{
r · ‖X̄(n)(P̂)−B(n)‖2

}
.

The second term can be bounded by the sum of squares
of residuals

∑
n∈[N ] ‖B×n (I −QnQ>n )‖2F. Each of the

summand here is the perturbation error of Qn on the
column space of B(n), and thus can be bounded by the
Davis-Kahan sin(Θ) Theorem [28, 29, 30].

6 Experiments

All the code is in the GitHub repository at https:
//github.com/udellgroup/TenIPS. We ran all exper-
iments on a Linux machine with Intel R© Xeon R© E7-4850
v4 2.10GHz CPU and 1056GB memory, and used the
logistic link function σ(x) = 1/(1 + e−x) throughout
the experiments.

We use both synthetic and semi-synthetic data for eval-
uation. We first compare the propensity estimation
performance under square and rectangular (along a
specific mode) unfoldings, and then compare the tensor
recovery error under different approaches. For both

https://github.com/udellgroup/TenIPS
https://github.com/udellgroup/TenIPS
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Figure 1: Propensity estimation performance on dif-
ferent orders of tensors with size 8. The small size
makes it possible to evaluate high-order tensors within
a reasonable time. Figure 1a follows Model A with a
40% observation ratio. Figure 1b follows Model B.

propensity estimation and tensor completion, the rela-
tive error is defined as ‖T̂ − T‖F/‖T‖F, in which T̂ is
the predicted tensor and T is the true tensor.

There are four algorithms similar to TenIPS for ten-
sor completion in our experiments: SqUnfold, which
performs SVD to seek the low-rank approximation of
the square unfolding of the propensity-reweighted Bobs;
RectUnfold, which applies SVD to the unfolding of
the propensity-reweighted Bobs along a specific mode;
HOSVD_w [19] and SO-HOSVD [16]. The popu-
lar nuclear-norm-regularized least squares LstSq that
seeks B̂ = arg min

X

∑
(i,j)∈Ω(Bij−Xij)

2 +λ‖X‖? on an

unfolding of Bobs takes much longer to finish in our ex-
periments and is thus prohibitive in tensor completion
practice, so we omit it from most of our results.

6.1 Synthetic data

We have the following observation models for synthetic
tensors:

Model A. MCAR. The propensity tensor P has all
equal entries.

Model B. MNAR with an approximatly low multilin-
ear rank parameter tensor A. One special
case is that A is proportional to B: a larger
entry is more likely to be observed.

In the first experiment, we evaluate the performance of
propensity estimation on synthetic tensors with approx-
imately low multilinear rank. In each of the above ob-
servation models, we generate synthetic cubical tensors
with equal size on each mode, and predict the propen-
sity tensor by estimating the parameter tensor on either
the square or rectangular unfolding. Figure 1 compares
the propensity estimation error on tensors with differ-

ent orders. For each N , with I = 8 and r = 2, we
generate an order-N parameter tensor A in the follow-
ing way: We first generate A\ by Tucker decomposition
GA×1U

A
1 ×· · ·×NUAN ∈ RI×···×I , in which G ∈ Rr×···×r

has i.i.d. N (0, 102) entries, and each UAn ∈ RI×r has
random orthonormal columns. Then we generate a
noise-corrupted A by A\ + (γ‖A\‖F/IN/2)ε, where the
noise level γ = 0.1 and the noise tensor ε has i.i.d.
N (0, 1) entries. The “optimal” hyperparameter setting
uses τ = θ and γ = α in 1-bit matrix completion, and
the “overestimated” setting, τ = 2θ and γ = 2α. We
can see that:

1 The square unfolding is always better than the rect-
angular unfolding in achieving a smaller propensity
estimation error.

2 The propensity estimation error on the square un-
folding increases less when the optimization hyperpa-
rameters τ and γ increase from their optima, θ and
α. This suggests that the square unfolding makes the
constrained optimization problem more robust to the
selection of optimization hyperparameters.

3 It is most important to use the square unfolding
for higher-order tensors: the ratios of relative errors
between overestimated and optimal increase from 1.3
to 1.4, while those on the square unfoldings stay at 1.1.
This aligns with Theorem 3 that the square unfolding
outperforms in the worst case.

In the second experiment, we complete tensors with
MCAR entries. With N = 4, I = 100 and r = 5,
we generate an order-N data tensor B ∈ RI×···×I in
the following way: We first generate B\ by Gtrue ×1

U true
1 ×2 · · · ×N U true

N , in which Gtrue ∈ Rr×···×r has
i.i.d. N (0, 1002) entries, and each U true

n ∈ RI×r has
random orthonormal columns. Then we generate a
noise-corrupted B by B\ + (γ‖B\‖F/IN/2)ε, where the
noise level γ = 0.1 and the noise tensor ε has i.i.d.
N (0, 1) entries.

TenIPS is competitive for MCAR. We compare the
relative error of TenIPS with SqUnfold, RectUn-
fold and HOSVD_w at different observation ratios
in Figure 2. We can see that TenIPS and HOSVD_w
achieve the lowest recovery error on average, and the
results of these two methods are nearly identical.

In the third experiment, we complete tensors with
MNAR entries. We use the same B as the second
experiment, and further generate an order-4 parameter
tensor A ∈ R100×···×100 in the same way as B. 99.97%
of the propensities in P = σ(A) lie in the range of
[0.2, 0.8], as shown in Figure 3. In Table 2, we see:

1 TenIPS outperforms for MNAR. It has the smallest
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Figure 3: Propensity his-
togram in the third exper-
iment of Section 6.1.

error among methods that can finish within a reason-
able time.

2 Tensor completion errors using estimated propensi-
ties are roughly equal to, and sometimes even smaller
than those using true propensities despite a propensity
estimation error.

3 On the sensitivity to hyperparameters: it is men-
tioned in the title of Table 2 that ConvexPE achieves
a smaller accuracy within a similar time as Noncon-
vexPE. However, this is because we set τ and γ cor-
rectly: τ = θ and γ = α. In real cases, θ and α are
unknown, and are hard to infer from surrogate metrics
within the optimization process. The misestimates of
θ and α may lead to large propensity estimation er-
rors: As an example, ConvexPE with τ = 100θ and
γ = 100α never achieves a relative error smaller than
0.7. Moreover, the relative error does not always de-
crease with more PPG iterations, despite the decrease
of objective value. In every algorithm in Table 2, using
these estimated propensities yields at least a relative
error of 0.7 for the estimation of data tensor B. On the
other hand, the initialization and step size in Noncon-
vexPE can be tuned more easily by monitoring the
value of function f with the increase of number of iter-
ations. More discussion can be found in Appendix D.

In the fourth experiment, we compare the above meth-
ods in both MCAR and MNAR settings when increas-
ing target ranks. In Figure 4, we can see that both
TenIPS and HOSVD_w are more stable at target
ranks larger than the true rank, while RectUnfold
and SqUnfold achieve smaller errors at smaller ranks.
This shows that TenIPS and HOSVD_w are robust
to large target ranks, which is the case when rn ≥ rtrue

n ,
for all n ∈ [N ].

6.2 Semi-synthetic data

We use the video from [31] and generate synthetic
propensities. The video was taken by a camera mounted
at a fixed position with a person walking by. We
convert it to grayscale and discard the frames with

Table 2: Completion performance on the order-4
MNAR synthetic cubical tensor with size 100. The
“time” here is the time taken for the tensor completion
step, with true or estimated propensities. P̂1 is from
running the provable ConvexPE (Algorithm 1) at
target rank 25 for 84 seconds, and has relative error
0.08 from the true tensor P; P̂2 is from running the
gradient-descent-based NonconvexPE (Algorithm 2)
with i.i.d. Uniform[−1, 1] initialization and at step size
5 × 10−6 for 81 seconds, and has relative error 0.13.
The bold number in each column indicates the best.

algorithm time (s) relative error from B

with P with P̂1 with P̂2

TenIPS 26 0.110 0.110 0.109
HOSVD_w 35 0.129 0.116 0.110
SqUnfold 29 0.141 0.138 0.139
RectUnfold 8 0.259 0.256 0.256
LstSq >600 - - -
SO-HOSVD >600 - - -
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Figure 4: Relative errors at different target ranks on
the MNAR data from the third experiment. The true
multilinear rank of the data tensor is 5 for each mode.

severe vibration, which yields an order-3 data tensor
B ∈ R2200×1080×1920 that takes 102.0GB memory. To
get an MNAR tensor Bobs, we generate the parameter
tensor A by entrywise transformation A = (B−128)/64,
which gives propensities in [0.12, 0.88] in P = σ(A).
Finally we subsample B using propensities P to get
Bobs.

We first compare the tensor completion performance
of TenIPS with different sources of propensities. In
Figure 5, we visualize the 500-th frame in three TenIPS
experiments by fixed-rank approximation with target
multilinear rank (50, 50, 50): the original frame without
missing pixels 5a, the frame recovered under MCAR
assumption (tensor recovery error 0.42) 5b, the frame
recovered by propensities under the MNAR assumption
with the true propensity tensor P (tensor recovery error
0.28) 5c, and the frame recovered by propensities under
the MNAR assumption with the estimated propensity
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(a) original (b) TenIPS, assuming
MCAR

(c) TenIPS, assuming
MNAR with true P

(d) TenIPS, assuming
MNAR with estimated P̂

Figure 5: Video recovery visualization on Frame 500 of
the [31] video data. The missingness patterns in 5b, 5c
and 5d only refer to our assumption in tensor recovery;
the partially observed data tensors we start from are
the same and are MNAR.

Table 3: Completion performance on the video task.
The memory usages are those in Python 3. The bold
number in each row indicates the best.

Setting relative error (memory in GB)

TenIPS HOSVD_w RectUnfold

I 0.28 (0.008) 0.44 (0.008) 0.14 (2.3)
II 0.20 (0.05) 0.31 (0.05) 0.25 (0.05)

tensor P̂ from ConvexPE (propensity estimation error
0.15, tensor recovery error 0.28) 5d. We can see that:

1 With MNAR pixels, the image recovered from the
naive MCAR assumption in Figure 5b is more noisy
than that from MNAR in Figure 5c and 5d, and misses
more details.

2 There is no significant difference between the recov-
ered video frames in 5c and 5d, in terms of both the
frame image itself and the tensor recovery error.

We then compare TenIPS with HOSVD_w and Rec-
tUnfold on this video task; we omit SqUnfold and
SO-HOSVD because SqUnfold and RectUnfold
are equivalent on an order-3 tensor and SO-HOSVD
cannot finish within a reasonable time. In Table 3
Setting I, TenIPS and HOSVD_w have target rank
(50, 50, 50), and RectUnfold has target rank 50. We
can see that RectUnfold has a smaller error in this
setting but uses more than 250× memory, because it
does not seek low dimensional representations along
the two dimensions of the video frame.

Another advantage of the tensor methods TenIPS and
HOSVD_w compared to RectUnfold is that the
target rank for different modes is not required to be the
same. For example, if we limit memory usage to 0.05GB
(Table 3, Setting II), TenIPS and HOSVD_w can
afford a target rank (5, 500, 500) and achieve smaller
errors, while RectUnfold can only afford a target
rank of 1.

Also, with similar memory consumption in both
settings, TenIPS achieves smaller errors than
HOSVD_w.

7 Conclusion

This paper develops a provable two-step approach for
MNAR tensor completion with unknown propensities.
The square unfolding allows us to recover propensities
with a smaller upper bound, and we then use HOSVD
complete MNAR tensor with the estimated propensi-
ties. This method enjoys theoretical guarantee and fast
running time in practice.

This paper is the first provable method for completing
a general MNAR tensor. There are many avenues for
improvement and extensions. For example, one could
explore whether nonconvex matrix completion methods
can be generalized to MNAR tensors, explore other
observation models, and design provable algorithms
that estimate the propensities even faster.
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