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Appendix

A Notation and Useful Propositions

Let V be a Hilbert space with inner product (-, )y and the induced norm || - ||y. For A: V — V, we denote an
operator norm of A as ||A]|op, that is,

def Av|ly
1A llop 2 sup 1200V
vev vllv

For a,b € V, we define an outer product a @y b: V — V as follows:
(a®y b)v o (b,vyya, YveV.

Let W be a closed subspace of V', then a projection onto W is well defined and we denote its operator by Py .
Then we have

v ="Pwv+Pyrv, YveV.

Furthermore, we define a partial order < between linear, positive semi-definite and self-adjoint operators
A, B:V — V as follows:

def
<~

A=<B (Av,v)y < (Bv,v)y, Yv e V.

The following inequality shows that the difference between the square root of two self-adjoint positive semi-definite
operators is bounded by the square root of the difference of them.

Proposition 1. Let V' be a separable Hilbert space. For any compact, positive semi-definite, self-adjoint operators
S,S:V =V, the following inequality holds:

157 = 5|lop < |15 = Slley (9)

Proof. Since §'/2 — 52 is also a compact and self-adjoint operator, it allows eigendecomposition of itself. Then
let Anax be the eigenvalue with largest absolute value and v be the corresponding normalized eigenfunction of

Sz — gl/z, ie.,
(51/2 — 51/2)11 = Amax?.
Since @[) obviously holds if S = S , we can assume that Apac > 0 without loss of generality. Because S"? is
positive semi-definite, we have
(v, Sv)y = ||8"*0|};
= ”51/2” + Amaxv”%/
= (v, §v>v + 22 4 2 max (v, SY20)y

> (v, §v>v + 22

max"*

Thus we have

1S = Slop > (v, (S = S)v)v
> A2, =SV -8

2
max Hop7

which completes the proof. O

The following inequality is a generalization of the Bernstein inequality to random operators on separable Hilbert
space and used in Lemma [I| to derive the concentration of integral operators.
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Proposition 2 (Proposition 3 in |Rudi and Rosasco| (2017)). Let V be a separable Hilbert space and let
X1, Xo,..., X, be a sequence of independent and identically distributed self-adjoint random operators on V.
Assume that EX; = 0 and there exists B > 0 such that | X;|op < B almost surely for any 1 <i <n. Let S be the
positive operator such that EX? < S. Then for any § € (0,1], the following inequality holds with probability at

least 1 —§:
288 [250f
- 3n n

2trS
ISMlopd

where § = log

B Basic Properties of RKHS

In analyses of kernel methods, it is common to assume X is compact, px has the full support and k is continuous
because under such assumptions we utilize Mercer’s theorem to characterize RKHS |Cucker and Smale| (2002]);
Aronszajn| (1950). However, such an assumption may not be adopted under the strong low noise condition in
which py may not have full support. In this section, we explain some basic properties of reproducing kernel
Hilbert space (RKHS) under more general settings based on Dieuleveut and Bach| (2016)); [Steinwart and Scovel
(2012).

First, for given kernel function k and its RKHS H, we define a covariance operator 3 : H — H as follows:

([:29)n = ([.9)12(px), Yf.9€H.

It is well-defined through Riesz’ representation theorem. Using reproducing property, we have

Y= EXNpX [k(aX) QQn k(v X)]a
(B1)(2) = Exmpu [f(X)R(X,2)], Vf€H. (10)

where expectation is defined via a Bochner integration. From the representation , we can extend the covariance
operate to f € L?(px). We denote this by T': L?(px) — L*(px) as follows:

(T1)(2) = Exepx [F(X)R(X, 2)], Vf € L*(px).

Im(7T) C L?(px) is verified since k(-,z) is uniformly bounded by Assumption [2| Also, we can write T using
feature expansion (4) as

T = Eww‘r[(p('aw) ®L2(PX) QD(',(U)], (11)
since
(TF)(2) = Exepa [f (X)Eunr[p(X, w)p(2,w)]]
= ]Ew~r[<fv @('7w)>L2(PX)SD(Z’w)]'

Following [Dieuleveut and Bach| (2016)), here we denote a set of square integral function itself by £?(dpy), that is,
its quotient is L?(p(X)), which is separable Hilbert space. We can also define the extended covariance operator
T : L*(px) — L3(dpx) as follows:

(TH)(2) = Exmpn [f(X)K(X, 2)], Vf € L?(px).

Here we present some properties of these covariance operators X, T, T from [Dieuleveut and Bach! (2016]).

Proposition 3.

1. X is self-adjoint, continuous operator and Ker(X) = {f € H | || fllz2(px) = 0}
2. T is continuous, self-adjoint, positive semi-definite operator.

3. T : Ker(T)* — Ker(X)* is well-defined and an isometry. In particular, for any f € Ker(X)*+ C H, there

exists g € Ker(T)*+ C L2(pxa) such that || f|l% = |9l L2(px)-
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We denote the extended covariate operator associate with kys by Ths : L?(px) — L%*(px) and Tas : L?(px) —
L2(dpx).

As with (11]), we have

M
1
Ty = M Z@(uwi) ®L2(px) P(wi),
i=1
ETm] =T.

The next lemma provides a probabilistic bounds about the difference of the two covariate operators T and T, .

Lemma 1. For any 6 € [0,1), the following inequality holds with probability at least 1 — §:

) (2, [P

_ 2R?
where § = log o5

Proof. Let X; =T — ¢(+,w;) ®2(px) @(,wi). Then T — Ty = - Zf\il X;. Also, we have
EX; =0,
X, =T < R%I,
Xi = —p(-,wi) ®r2(pr) o wi) = —R%I,
|| X;|lop < R?, as a result of two previous inequalities,
EX? = E [io( 1) @12 () 1)) = T2
<E [p(wi) ®12(p) 9 wi)]”
< E [{p(,w;), (-, wi)) £2(pr) (5 wi) @r2(px) (- w5)]
< RT,
trT = /X k(x,x)dpx(x) < R2.

Let B = R? and S = R?T in Proposition [2] we have

1T =Tl =

1 M
IR
=1 llop

2 2
L 2B [2RT]yp
- 3M M
28 2B
<R?|=E= =
(),

which completes the proof. O

Let H and Has be RKHSs associate with kernels k and kyy, respectively. Using Proposition [3] and Lemma [T} we
have the following proposition, which is essential in the proof of Theorem

Lemma 2. For any 6 € (0,1] and & > 0, if

8 (R\? (R>4 2R?
M >max< - — | ,32( — log ———
- X{3 (s) €) [ Tlopd

holds, the following statement holds with probability at least 1 — J:
For any g € H, there exists g € Hpy that satisfies
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o [lg—3gllzz2(px) < Ellglln

* |lgllae = gl -

Also, for any g € Hyy, there exists g € H that satisfies

e [lg—3gllzz2(px) < EllGllaens

* llgllae < lgllon -

Proof. We show the first part of the statement. The latter half can be shown in the same manner.
For g € H, set g = Tj\l/I/ZPKer(TM)LT_l/Q’PKer(E)Lg € Has. Then we have

19ll#0 = ||77Ker(TM)iT_l/ZPKer(E)iQHL?(pX)
<N T2 Prercsy - 9l L2 o)
= | Pker(z) L 9ll#
< [lglln-

Moreover, by Proposition [I] and Lemma [I} with probability at least 1 — &, we have

g = llz2(px) = IPrer(sy~ g — GllL2(pn) (. Proposition [31)
= | T2k = Ta) Picer(mar) Bl 22 (o)
= | TY2h = Ty hl| 2
<72 = T3 loplIBl 22
< |IT — Tarll gl

1/5

s<R2<;§-+VEf)> ol
1/2 1/4

<R<(;@) (%) )an

where h = T~/ P29 € L2(px) and f = log 2.

9 1/2 9 1/4
Solving the equation max { (3—1\’6/)[) , (ﬁﬂ) } < %7 we get a desired result. O

C Proof of Theorem 1

In this section, we give the complete statement and proof of Theorem [T}
Theorem 1. Define £ > 0 such that

¢ = min € e A2 2ot V2 Aol e
- 20810 (0) g+l "2 3R2L|g. I3 \ 27 32 R*L2L(g.) ) T\ 27 - 32RAL3| g |ln '

Then a number of random features M which satisfies

8 (R’ (R>4 2R?
M > max - ,32( — log ————
- {3(5) £) [ 5 TTlopo

is enough to guarantee, with probability at least 1 — 29, that

lgx — gmall= (o) < €
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Proof. By Lemma [2] for given £ > 0, if we have a number of feature M such that

8 [R\? (R)4 2R?
M>max{ - (=) ,32(=) Yiog "
- {3(5) £) [ BT Tlope

we can take gx € Har, gar,n € H which satisfy the following conditions:

llgallze > 1gall32as (12)
lgnaallzen > N1Gaa ]2 (13)
lgnx — gmalleox) < Elgniallan (14)
lgx — axllLz(pa) < Ellgalln (15)
By A-strong convexity with respect to RKHS norm, we have
A 2 A ~ 2 ~ A~ 2
L(gx) + 5”9/\”% + §||9A — gl < L(Grmn) + 5“9M,A||H (16)
A . A . D
L(gmn) + §||9M,A||7-LM + §||9M,A = 5, < LG+ §||9/\||7-LM- (17)
In addition, by L-Lipschitzness of £ with respect to L?(px) norm in Assumption [1] and (I4)(IF]), we have
L(gamx) < L(garn) + Lllgax — garallzzpa)
< L(gm) + LE|lgar Al # (18)
L(9x) < L(gx) + Ll[gr — gall2 (o)
< L(ga) + L gallx (19)
By inequalities and , we have
A A - .
L(gx) + §||9/\||%¢ + 3 (llgx = Gaellze + llgarx — 9all3,,)
N Ay A o
< L(gma) + §||9M,A||H + §||9M,/\ =l
A . A o
< Llgara) + LElgaallrn, + Sllgaallz, + 5l9ma = 9al7,,
~ A~
< L(ga) + §||9A||3-1M + L&l gnrall2n
A
< L(ga) + §||9A||3-z + L& (llgallae + llgmrall#ar) -
Thus we have
~ 2 ~ 12 2L¢
lgx — gmallz + llgnen — gallzg,, < ~ (lgallze + llgazall#a) - (20)
In addition, by and (19)), we have
A - A~
Slanallie, < £@3) + 51915,
A
< L(ga) + LEl|galln + §||9AH3{- (21)

Combining and , we obtain

1/2
_ _ 2L¢ 2 2L¢
lgx = Garallze + llgnen = a3, < == <||9>\||’H + ()\E(gx) + = lgall + gxll%) )
oLE 2 2LE S\
< -~ * N * “~ * *
< 25 (gt + (300 + 2l + 0.1
2L¢ 2 V2 roLg /2
< (mnﬂ+ 200)) o+ (51l
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In the second inequality, we used [|g.[l% > |lgxlln and £(g.) + 31lg:/13, = L£(gx) + 3[lgall3,. In the third inequality,
we used v/a + Vb > va + b for a,b > 0. Then by Assumption [2, we obtain

_ 12L¢ 2 rror2e? Ve r7aL3es /4
||gM,A—gA|Lm<pX>SRmax{(Ag*nﬂ) (Btew) (B le) e e

On the other hand, by Assumption |3] we have

~ ~ ~ 11—
197 = Il (o) < CO)llgn = Gallz 4 l9n = 9all 20

< C(O)Ulgalla + 19xll20 )7 Ellgallze) 7
< 2°C(8)€" P gl (23)

with probability at least 1 — §. In the second inequality, we used the fact that

lgllyt, = inf{llgrllae + llg2llzens | 9 =91+ 92,91 € H, 92 € Hur}-

Combining and , we have

lgx — gaealln(or) < lgx = Gallzoe(on) + 192 — 9nrx ]l o0 (o)

B 94.3L /2
< max {QPHC((S)HQ*HHfl P R < gQ*HH) )

A
97 . 32L2§2 1/a 97 . 32L3§3 1/a
r( o)) r (5l

As a result, define £ > 0 which satisfies

: ' € Yi-p €2 3¢t 1z A3¢d s
= ming | ———
2041C(0) | gl 20 3RPL\gulln " \27 - 32RIL2L(g.) ) T\ 27 B2RALAga [l ’
then we have ||gx — gar,all Lo (pr) < € With probability at least 1 — 24. O

D Proof of Theorem 2

The following theorem shows that if k is a Gaussian kernel and k;; is its random Fourier features approximation,
then the norm condition in the assumption is satisfied. The proof is inspired by the analysis of Theorem 4.48 in
Steinwart and Christmann| (2008)).

Theorem 2. Assume supp(px) C R? is a bounded set and px has a density with respect to Lebesgue measure
which is uniformly bounded away from 0 and oo on supp(px). Let k be a Gaussian kernel and H be its RKHS,
then for any m > d/2, there exists a constant Cp, g > 0 such that

d m
Tt

for any f € H. Also, for any M > 1, let ks be a random Fourier features approximation of k with M features
and 7—[;(4 be a RKHS of k + kyr. Then with probability at least 1 — & with respect to a sampling of features,

1—d/2m
f||L2(£i)

Il fllzo=(px) < Crma

d/am
1 d/2m 1—d/2m
=) < Cona (14 5) I

for any f € H3,.

Proof. For notational simplicity, we denote supp(px) by X’. From the boundedness of X’ and the condition on
px, the following relation holds for any f € L>®(px):

[l 2o (o) = 1f | zoe 207y (24)

[fllL2(on) = Crll fllz2 (), (25)
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where Cy > 0 is a constant. From the discussion after Theorem |2 for any f € W™(X’) (m > d/2) there exists a
constant Cy > 0 such that the following inequality holds:

d m 1 d m
1z ey < Coll Fllygim aen 111 ey (26)

Here W™ (X”) is Sobolev space with order m defined as follows:

WX = {f € LX) ‘ O™ f e L?(X') exists for all a € N with |a| < m} ,

where 9(®) is the a-th weak derivative for a multi-index a = (V) ..., a®) € N® with |a| = 2%, (.
Combining , and , we have
fam 1—d/2m
11z (o) < ClLEANm e 12 (20 (27)

where C > 0 is a constant. So it suffices to show that H and H}, can be continuously embedded in W™ (X”). For
H, it can be shown in the same manner as Theorem 4.48 in |Steinwart and Christmann| (2008). For H},, we first
define a spectral measure of the kernel function k + ks as

| M
= Z(S(w —w;) + T(w),
i=1
where ¢ is a Dirac measure on 2. Then a kernel function k + ks can be written as
(h+ ar)(@.a") = [ ol @ o)drt @)
and from [Bach| (2017b)), for any f € H},, there exists g € L?(7F) such that
@) = [ stw)ee.w)irt @),

1 llgt. = llgllzzcror-

Let us fix a multi-index a = (a™,...,a(®) € N? and |a| = m. For a € N, we write 0% = (’“)‘f‘(1 aa“”

then have
0 Wy = [ (22 [ oot w>d7+<w>)2dx

< [ ([ strozet o) a
<lallaien) [ [ 1050t Part @)ae

Because we consider ¢ as a random Fourier feature, Q = R? and
( _ Cl iw' T
p(r,w) =C"e™ 7,
T
o(r,w) =w*C'e™ *

where C/ > 0 is a normalization constant and w® = H?Zl w®* for w = (WW,...,w®) € R? and a =

(@M, ..., a®) e N% So we have

0% By < gl [ €% [ wtart s
P Q
1 M
12 / 2 2c 2a
< C%vol(X)| £I5,4, (]EW [w HM § W )
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We note that because 7 is Gaussian, E,, [w2a] is finite for any « € N¢. Because w; ~ 7 and w?a is non negative,
from Markov’s inequality we have

1 z 2c 1 2c
i=1
with probability at least 1 — §. As a result, we have
1
10 ey < (14 3 ) OGNSy, Bumr 2]

So we can compute Sobolev norms of f as follows:

1 men = D 10 Fll 72

la|<m

< <1+ ;) Cvol(X")|| f||§q4 > Euonr 0] (28)

laf<m

d/4m
) , we get a desired result. [

Substitute to and define Cy, 4 = C (CIQVOI(X/) E|a\gm Eunr [w??]

Remark. We note that the assumption that k is Gaussian is only used to derive E, [wm] is finite for all
a € N%. This means that if )(z — y) = k(z — y) belongs to Schwartz class (a space of rapidly decreasing function)
Yoshida| (1995), its Fourier transform 7 also belongs to this class, thus the above finite moment property is
satisfied.

E Proof of Theorem 3

In this section, we provide the complete statement and the proof of Theorem [3| First, we provide some useful
propositions which are appeared in |Nitanda and Suzuki (2019)).

The first proposition suggests that there exists a sufficiently small A > 0 such that g, is also the Bayes classifier.
Proposition 4 (Proposition A in Nitanda and Suzuki (2019)). Suppose Assumption@ @ @ @ hold. Then, there

exists A > 0 such that ||gx — gul|Loo (o) < m(9)/2.

The second proposition shows that the distance between expected estimator E[gr41] and the population risk
minimizer gps x converges sub-linearly.

Proposition 5 (Modified version of Proposition C in [Nitanda and Suzuki (2019))). Suppose Assumption @,

holds. Consider Algorithm with ny = ﬁ and o = % and assume assume ||gq||lx < (271 +1/A)GR
and m < min{l/L,1/2\}. Then, it follows that
2 [ 18G’R? My — 1)
Egri] — a3 < < -l ).

The last proposition is about the concentration of the estimator around its mean.

Proposition 6 (Modified version of Proposition 2 and D in |Nitanda and Suzuki| (2019))). Suppose Assumption
and holds. Consider Algorithm with ny = ﬁ and oy = (23(:;7;(}1_31) and assume ||g,]|ln < (271 +1/A)GR
and my < min{l/L,1/2\}. Then, it follows that

M2y +T) ,
26 . 322 R2 ¢

P [||§T+1 - E[§T+1]||H > €| <2exp (—

Remark. We note that in [Nitanda and Suzuki| (2019), they assumed only the Lipschitz smoothness of £(g) with
respect to || - ||g-norm, but they used the Lipschitz smoothness of (g, z) with respect to || - ||%-norm in the proof
of Proposition B. Thus we deal with the Lipschitz smoothness of (-, y) with respect to the first variable instead
(Assumption [4) and correct these proofs.
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Using these propositions, our main result about the exponential convergence of the expected classification error is
shown as follows.

Theorem 3. Suppose Assumptions holds. There exists a sufficiently small A > 0 such that the following
statement holds:
Taking the number of random features M that satisfies

8 (R\? (R)4 2R?
M>maxs-(—=| ,32(— log ——— 29
- {3(5) €) [T Tllopd 2
where £ > 0 is defined as below:

& = min ( m(9) )le Am?(9)
20130 (0") g+l 128 3R2Ggulln”

A3md(6) /2 A3md(6) &
215 32RAG2L(g.) ) T\ 2% 32RAGH gl m '

Consider Algom'thm with ny = ﬁ and oy = % where 7 s a positive value such that ||g1]lx, <

(2m + 1/AN)GR and n; < min{l/L,1/2\}. Then, with probability 1 — 20", for sufficiently large T such that

A 36G2R% (v — Dllgr — gmall3y,, < m?(9)
N2+ 1) (2 + DT+ 1) = 64R?”

we have the following inequality for any t > T':

E [R(Gry1) — R(E[Y]2])] < 2exp (—W)

Proof. Fix A > 0 satisfying the condition in Proposition [d] From Theorem [I} if we set a number of features M
satisfying , we have

lgaex = gxllzoe(px) < Nlgnrx — gallzoe () + 193 = Gl Lo (o)
m(J) n m(d)  3m(9)

4 2 4
Then sgn(g(X)) = sgn(g«(X)) almost surely for any g € Hps satisfying ||g — gmallm,, < m(d)/4R, since

IN

19 = gell (o) S N9 = gnrallLo(ox) + 9013 = gl (o)
< Rllg — gmallaen + 119000 — gellLos (o)
m(d)  3m(9)

< —4+—2=m(0

s—) t—2 m(J)
and |g.(X)| > m(d) almost surely. In other words, g is also the Bayes classifier of R(g). Assume

m(9)

T
Then, substituting € = m(8)/8R in Proposition [6] we have

IE[G741] — gnra (30)

1)
H§T+1 - gM,AHHM < ||§T+1 - E[?TH]HHM + IE[Grs1] — gl < %

A2 (2y+T)m>(8)
WP ey
probability. By definition of the expected classification error, we have

A2(2y + T)m?(6)
T 9123224

Finally, to satisfy , the required number of iteration 7' is obtained by Proposition |5 which completes the
proof. O

with probability at least 1 — 2exp (— ) In other words, g, is also the Bayes classifier with same

E[R(Gr41)] — RE[Y]]) < 1 - 2exp (
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F Proof of Corollary 1

Although g, converges to g, as A — 0 as shown in Proposition [4] specifying its convergence rate is difficult in
general. To derive its rate, first we need the local strong convezity, which is a strong convexity on a arbitrary

compact set.

Assumption 8. ¢ : R — R is u(U)-strongly conver on a bounded set [-U,U] C R, i.e.,

8(0) — 6(6) — (@G — o) = M g
holds for any (1, (2 € [-U,U]J.

Lemma 3. Assume supp(px) C R? is a bounded set and px has a density with respect to Lebesgue measure, which
is uniformly bounded away from 0 and oo on supp(px). Let k be a Gaussian kernel and 1 satisfies Assumption @

Then for arbitrary small € > 0, there exists a constant C' > 0 such that

—€

Nl

A
195 — gullzm (o) < Cllgellz <)
L) 1(R|gx[3)

Proof. By definition of gy, we have

A A
L£(g+) + 5llgellF > £(gx) + S llorllz
g7 = [lgalls
In addition, it holds that

() < Rllgalln < Rllg«lln

for all x € X. Furthermore, since g, attains infimum of £ among all measurable functions, we have

/y Bcl(g- (), 9)dp(y]) = 0,

where J¢ denotes a partial derivative of [ with respect to the first variable.
Then we obtain

195 = e 2y = /X 192(2) — 9:(2) 2 dp (2)

2
= /m iRy Hor(@)y) = Ug«(x).y)
_ 8Cl(g>~< (-T)a y) (gk(l‘) — O« (.ﬁ))}dp(q," y) ( " and ASSumption

2 ..
:/XWW{l(gx(x),y)—l(g*(x%y)}dp(w,y) (.- (@)

2
= ® gl Loy ~ £lo)

A 2 - 2 ..
< g (ol = lloxliz) - ¢ @)
- M(RHQ*HH)HQ*H’H (. (32).

Finally, applying the first part of Theorem [2[ with p = d/2m, we obtain

1—
lgx = gullL=(ox) < Cpllgr — g:l5llon — g4lli2f, )

1—p

)\ 2
<C, | ———— N
<26 (u<R|g*||H>) -l

for any 0 < p < 1 and get a desired result.
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Corollary 1. Assume supp(px) C R? is a bounded set and px has a density with respect to Lebesgue measure,
which is uniformly bounded away from 0 and oo on supp(px). Let k be a Gaussian kernel and 1 be logistic loss.
Under Assumption [J[7, the following statement holds:

Taking a regularization parameter A and a number of random features M that satisfies

1426 1
< 3 .
AR log” 755 (2 + eBllg-ln 4 e=Rllg«llx)| g, |2,

2
v (Do) 1
~ )\3log4%f—g‘§ o

Consider Algom'thm with ny = ﬁ and o = % where 7 s a positive value such that ||g1]lx,, <

(2m + 1/X) and my < min{4,1/2X}. Then, with probability 1 — 20’, for a sufficiently large T such that

- { 36 17— Dllgr — gural, } < log” 155
N2y +T)’ Cy+T)(T+1) 64

we have the following inequality for any t > T':

_ N2y +1t), ,1+26
E [R(gtH) — R(]E[Ym)] < 2exp ( 512 g log . 25) .
Proof. When [ is logistic loss, we have ¢(v) = log(1 + exp(—v)) and ¢"(v) = 5—t——=. Thus it follows that

2+ev4e?
Assumption (8] is satisfied with p(U) = To satisfy the condition

2
Tte U+telU "
Hg/\ - g*||L°°(pX) < m(d)/?,

required A is easily derived from Lemma [3| with, for example, e = 1/6. In addition, since ¢”(v) < 1/4 and
¢'(v) <1 for any v € R, Assumption 4| and Assumption [1| are satisfied with L = 1/4 and G = 1, respectively.
Substituting them and m(d) = log((1 + 2§)/(1 — 26)), R = 1 in Theorem |3, we get a desired result. O



