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Structure of This Supplementary Document

This supplementary document contains the technical proofs for the theoretical results of the AISTATS-2021 paper
entitled “Stability and Risk Bounds of Iterative Hard Thresholding”. The content of this document is
organized as follows:

e In Appendix A we collect a number of auxiliary lemmas that will be used in our analysis.
e In Appendix B, we present the technical proofs of main results in Section 2.

e In Appendix C, we present the technical proofs of main results in Section 3.

A Some Auxiliary Lemmas

This section is devoted to presenting a set of preliminary results that are useful in the proof of our main results.

Generalization bounds for uniformly stable algorithms. To prove the stability implied risk bounds, we need the
following lemma from Bousquet et al. (2020, Corollary 8) which gives a near-tight high probability generalization
error bound for uniformly stable learning algorithms.

Lemma 1 (Generalization bound implied by uniform stability). Let A : X™ — W be a learning algorithm
that has uniform stability v with respect to a loss function £(-;-) < M. Then for any 6 € (0,1), the following
generalization bound holds with probability at least 1 — & over S:
1 n
Ee [((A(S);€)] = — D U(A(S). &)

n-
=1

<0 (’ylog(n) log <(15> + M k)g(i/é)) )

RIP-condition-free convergence rate of IHT. The rate of convergence and parameter estimation error of IHT have
been extensively analyzed under RIP (or restricted strong condition number) bounding conditions (Bahmani
et al., 2013; Yuan et al., 2014). The RIP-type conditions, however, are unrealistic in many applications. To
remedy this deficiency, sparsity-level relaxation strategy was considered in Jain et al. (2014); Yuan et al. (2018)
with which the high-dimensional estimation consistency of THT can be established under arbitrary restricted
strong condition number. In order to make our analysis more realistic for high-dimensional problems, we choose
to work on the following RIP-condition-free convergence rate bound, which is essentially from Jain et al. (2014),
for IHT invoking on the empirical risk Fg.

Lemma 2 (Convergence rate of IHT). Assume that Fs is Lsj-smooth and jsy-strongly convex. Consider k

2 _
such that k > %k Let wg,, = argmin,, <& Fg(w). Setn = ﬁ Then for any € > 0, IHT outputs wg)k

3k

satisfying Fs(wg)k) < Fs(ws,k) + €, after
(0)
L Fg(w
t>0 ( 3k log ( S( S,k)))
M3k €

Localized Rademacher Complezities and data dependent risk bounds. Let us define |[{(w;-) — l(w'; )]0 =
maxeex |[{(w; &) — £(w';€)|. We further introduce following concept of Localized Rademacher Complexity which
plays an important role in deriving the fast rates of convergence:

where r, > 0 and w* are fixed and {¢;} are i.i.d. Rademacher random variables, i.e., symmetric Bernoulli
random variables taking values +1 and —1 with probability 1/2 each. Rg(d;w*) can be used as a data depen-
dent complexity measure of the target parametric class around w* that allows one to estimate the accuracy of
approximation of F(w) — F(w*) by Fs(w) — Fs(w*) based on the data. The following localized concentration
bound is elementary and it can implied immediately by the symmetrization and McDiarmid’s inequalities (see,
e.g., Koltchinskii, 2006).

rounds of iteration.

Rs(rp;w*) :=E, sup
ll€(w;-)—L(w*;) |0 <7m

=3 el &) — i &)




Xiao-Tong Yuan and Ping Li

Lemma 3 (Data dependent local concentration bound). For any fivred w* and all 6 € (0,1), the following bound
holds with probability at least 1 — §:

2log(2/6
P [Fs(w) - Fs(w") — (F(w) — F")] < 2Rs(rnsw*) + 3r,| B0,
lle(w;)—€(w*;) |loo <Tn "

The following elementary lemma (see, e.g., Yuan et al., 2018, Lemma 14) is useful in our analysis.

Lemma 4. Assume that f is ps-strongly convex. Then for any w,w’ such that ||w—w'||p < s and f(w) < f(w')+e
for some € > 0, the following bound holds

2 Moo 2
o ) < DIVl | 26
s i

Y

where I = supp(w) and I' = supp(w'’).

B Proofs of the Results in Section 2
In this section, we present the technical proofs of the main results stated in Section 2.

B.1 Proof of Theorem 1

In this subsection, we present a detailed proof of Theorem 1.

A key lemma. For a given index set J C [p], let us consider the following restrictive estimator over .J:

wgly = argmin  Fg(w). (A1)
weEW,supp(w)CJ

We present the following lemma about the uniform generalization gap of wg); for all J with |J| = k which is
crucial to our proof.

Lemma 5. Assume that the loss function £ is smooth and G-Lipschitz continuous with respect to its first argument
and £(;€) < M for all €. Suppose that Fs is py-strongly convexr with probability at least 1 — 4§, over the random
draw of S. Let J = {J C [p] : |J| = k} be the set of index set of cardinality k. Then for any § € (0,1 —4},) and
A > 0, it holds with probability at least 1 — & — 6!, over the random draw of S that

Jsgg |F(wsu) — Fs(’wsu)‘ <O (fn log(n) (10g ((15) + klog (if)) + M\/log(1/§) +: log(ep/k) + ij\/@) .

Proof. Let us consider the following defined ¢s-regularized ¢o-ERM estimator for any given A > 0:
. A
Wy, 5| = arg min {FA7S(w) = Fg(w) + 2|w||2} .
weW,supp(w)CJ

The reason for introducing the additional ¢5-regularization term is to guarantee uniform stability of the hypo-
thetical estimator w) g;. Based on the standard proof arguments (see, e.g., Shalev-Shwartz et al., 2009) we

can show that the optimal model wy g|; has uniform stability v = %. Indeed, let S be a sample set that is
identical to S except that one of the ; is replaced by another random sample £;. Then we can derive that

Fy s(wy go17) — Fxs(was)7)
1 1 A A
= Y (Uwy 5013 65) = Llwrs15:65)) + ~ (Uwx 50153 &) = Uwrs156)) + 5 llwasops 1 = Sllws s
J#i
1 1
=F) so (wy so7) — F) g6 (wx s17) + - (L(wy 50173 &) — L(wx, 5103 6)) — - (U(wy s &) — L(wy 5103 7))
1 1
S |lwy 013 &) = Lwa,5103 6| + — [€wa 501536 = Lwa 515 6)]

2G
S;H“&,smu — w5175
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where we have used the optimality of wy gc)|; with respect to F g (w) and the Lipschitz continuity of the loss
function £(w;&). Since Fy s is A-strongly convex and w) g is optimal for F s(w) over the supporting set .J, we
have 5

Fys(wys015) 2 Fas(wsis) + 5w s = wa s
By combing the preceding two inequalities we arrive at [[wy goj; — wa sl < %. Consequently from the

Lipschitz continuity of £ we have that for any sample &
i 4G?
[6(wy, s).53€) — L(wx 5105 8)] < Gng,)sU —wy g7l < B

This confirms that the optimal model wy g|; has uniform stability v = %. By invoking Lemma 1 we obtain

that with probability at least 1 — § over random draw of S,
G? 1 log(1/6
|F(w/\,S|J) — Fs(w/\,s|J)| S O <)\n log(n) IOg (6) + M g(n/)> . (AQ)

Let J = {J C [p] : |J| = k} be the set of index set of cardinality k. It is standard to verify |J| = (}) <

(%)k (Rigollet, 2015, Lemma 2.7). Then for each J € J, based on (A.2) we must have that with probability at

least 1 — % over S, the following generalization gap is valid for any A > 0:

|F(wx,s17) — Fs(wy,g10)| <O (ijlog(n) log (g') +M bg(';@) .

Then by union probability we obtain that the following bound holds with probability at least 1 — 4,

Jsgg |F(wy,s17) — Fs(wx s10)| < O (ij log(n) <log (;) + klog (e]f)) + M\/log(l/é) +: log(ep/k)> :
(A.3)

Next, we show how to bound the estimator difference sup ;¢ 7 |lws|.; —wx,s)7]l- The strong convexity assumption
of Fg implies that the following bound holds with probability at least 1 — ¢/, over S for all J C J:

Muwsisll = IV Fxs(wsr) — ViExs(wxs0)ll = (e + Nlws| s —wx s,

where the notation V ;g denotes the restriction of gradient Vg over J and we have used the optimality of wy g|;
and wg)y over J which implies that

ViFxs(wass) =0, ViFx\s(wsis) = ViFs(wss) + Awg); = Mwg) .

In the meanwhile, since £(0;-) € (0, M), we must have the following bound holds with probability at least 1 — 4/,
over S for all J C J:
M > F5(0) 2 Fs(0) - Fs(wss) 2 5wy |,

which leads to |[wg| || £ \/2M/ug. Then it follows readily from the previous two inequalities that

lwsyy —wrsisll < —— wgy ]| < Y2 AV2M
SIS = TSI = e + ) T /e

Since the loss function is G-Lipschitz continuous, the following is then valid with probability at least 1 — ), over
the random draw of S for all J C J:
|F(ws|) — Fs(ws))|
<|F(wy,s17) — Fs(wx,s17)| + |Fs(wss) — Fs(wx,s15)| + [F(ws)s) = F(wy,s7)]|
< |F(wy,s15) = Fs(wxs10)| + 2G|lwg); — wx g1
2AGV2M

<|F(wy,s17) — Fs(wy,s10)| +
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In view of the above bound and the bound in (A.3), with probability at least 1 — 6 — 4, over S we have

sup |F(ws|s) — Fs(ws| ;)| <O (leog(n) <10g <(15) + klog ( ,f)) +M\/log(1/§) +:10g(ep/k) ji?) :

The proof is concluded. O

Now we are in the position to prove Theorem 1.

Proof of Theorem 1. Let J = {J C [p] : |J| = k} be the set of index set of cardinality k. For any random sample
set S, by the definition of u?g)k we always have ﬁ)g)k € {wg); : J € J}. Applying Lemma 5 yields that with

probability at least 1 —§ — d/,,

‘F(w< )) = Fs (! )‘ <0 <G210g( ) <10g (5) +klog ( k )) +M\/log = +:10g(ep/k> fﬁ)

Setting A\ = \/G”’l*"s log(n)(llgl(v}[o/gwrklog(eP/k)) in the above and preserving leading terms yields

WSk 3/4 n

’F( _(t) )— FS(@SL)‘ <0 <G3/2M1/4 \/log(n)(log(1/§) + klog(ep/k))) . (A)
M

For any € > 0, given that t = O (L?»k log (FS(wS ’9)>> =0 (5;": log (X4 )) is sufficiently large, we can bound the

sparse excess risk F(wg)k) F(w) as

F(@$)) — F(@) =F(@3)) — Fs(@$)) + Fs(@$)},) — Fs(@) + Fs(@) — F(w)
< [P - Fs(@()] + Fs(w) - F@)| +e,

where in the last inequality we have used the bound F. S(w(;)k) < Fs(wg)k) < Fg(w) + € which is implied by the

definition of wfg“k and Lemma 2. Since ¢(w;&) < M, from Hoeffding’s inequality we know that with probability
at least 1 —§/2,

[Fs(w) ~ F@)] < O (M 1g<1/‘”> .

n
Based on the generalization gap bound (A.4) and by union probability we get with probability at least 1 — §
F(ig)) — F(@)
<|F@{)) - Fs@l)| + 1Fs(@) - F(w)| + ¢
3/2 7 71/4
<0 <G M \/log(n)(log(1/5) +klog(ep/k)) , , [log(1/0) H) ‘

’ui/ 4 n n
Setting € = O(y/klog(n)log(ep/k)/n) yields the desired bound (keep in mind the monotonicity of restricted
smoothness and strong convexity). This completes the proof. O

B.2 Proof of Corollary 1

In this subsection we prove Corollary 1 which is an application of Theorem 1 to sparse logistic regression models.
We first present the following lemma, which follows immediately from Agarwal et al. (2012, Lemma 6), to be
used for proving the main result.
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Lemma 6. Suppose x; are drawn i.i.d. from a zero-mean sub-Gaussian distribution with covariance matriz
Y= 0. Let X = [x1,...,2,] € R>". Assume that X < 02. Then there exist universal positive constants ¢y and

c1 such that for all w € RP

|X " w]?

2]
e T80

1
> L 2w -
holds with probability at least 1 — exp{—con}.

Proof of Corollary 1. Given that ||z;|| < 1, we have £(w; &;) is L-smooth with L < 4s(2y,w ' x;)(1—s(2y;w " x;)) <
1. Since |w| < R, we must have |y;w'z;| < R and thus the logistic loss £(w;&;) = log(1 + exp(—2y;w " x;))

satisfies £(w; &;) < O(R) and [A(w)]i = 4s(2y;w T 2;)(1 — s(2y;w ")) > (1+6X§(2R))2 > exp(14R). It follows that

1 1 1
2Fs(w) = —XAw) X" = ———XXT = ——%.
Vi Fs(w) n (w) ~ nexp(4R) exp(4R)

In view of Lemma 6 and the fact ||w|; < Vk|lw|| when |w|o < k we can verify that with probability at least
1 —exp{—con}, Fs(w) is p4g-strongly convex with

1 1 ke log(p)
= —— (S (D) - B
Hak exp(4R) (2 ) n
Provided that n > %O(gz(f), we have pgp > 4);;‘((5%) holds with probability at least 1 —exp{—con}. By invoking

Theorem 1, after sufficiently large T' > O ( ;Xp((RZ)) log (k 1Og(n’)1fzg(p 75 )) rounds of IHT iteration, with probability

at least 1 — § — exp{—con} the sparse excess risk of IHT converges at the rate of

exp(R) [log(n)(log(1/d) + klo k log(1/6
O(ﬂg(@))\/ 8(n)(l0g(1/0) + klog(p/F)) , , g</>>.

i n n
min

This completes the proof. O

C Proofs of the Results in Section 3

In this section, we present the technical proofs of the main results stated in Section 3.

C.1 Proof of Theorem 2
In this subsection, we prove Theorem 2. For any fixed J C [p] with |J| = k, let

wj = argmin F(w).
supp(w)CJ

Before proving the main result, we first establish a key lemma which shows a uniform fast rate of wg|; (recall
the definition in (A.1)) towards w? for all J if the population risk is restricted strongly convex and the loss is

Lipschitz continuous. To ease notation, we define an abbreviation of loss function as ¢,,(-) := ¢(wj;-). Particularly,
we write the localized Rademacher complexity restricted over J at w? as:

S eillu(E) — fuy (€]

=1

Can®Y)
Rgyj(rn;wy) == Eg sup
supp(w) CJ; [[£w =Ly [loo ST

)

1n
n

where {g;} are i.i.d. Rademacher random variables, i.e., symmetric Bernoulli random variables taking values +1
and —1 with probability 1/2 each. The following preliminary result is standard yet useful in our analysis. We
provide its proof for the sake of completeness.

Lemma 7. Under Assumption 4, there exists some absolute constant C' > 0 such that

N k 1 /n
Rg;(Grp;wy) < CGrn\/;10g3/2 (Tn k) )
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Proof. Let us restrict the analysis over W; as a restriction of W over J. Since W is assumed to be a subset of
unit ¢3-sphere, it is standard (see, for instance, Boroczky and Wintsche, 2003) to bound the covering number of
W; at scale € with respect to the fo-distance as log N'(e, Wy, f2) < O (klog (1/€)). Since the loss function £(w; &)
is G-Lipschitz continuous with respect to w, it can be verified that the covering number of the class of functions
Ly={§—0,(&) | we Wy} with respect to loo-distance [[€y, — £y, || is given by

log N (€, L, lso) <logN(e/G, Wy, ls) < O (klog(G/e)) .

Based on the result from Srebro et al. (2010, Lemma A.3) on the connection between Rademacher complexity
and covering number we can show that

R (Grp;w})

Gra Gryp,
<1nf{4a+10/ \/IOgNe‘c"’ =) g }§o<40rn\/>+1o/ \/W )
Gry,
<0 <4Grn\[ + 1oarn\[ / \/W de)
GTn
20 (46 n\/7+6.67G n\[1 3/2< v )
- ( "V A R Y
; Vi
<O Gn\[l 3/2( > 7
< ( T - og —

where in “(;” we have used the following fact for ¢ > b > a > 0:

[l o =5 (o () v () < 3 ()

This proves the desired bound. U

The following lemma presents a uniform fast rate of wg|; for all J.

Lemma 8. Suppose that Assumptions 1, 4 are valid. Then for any ¢ € (0,1), it holds with probability at least

1—6 that
G?k(log® (pn) + log(ep/k)) + log(1/5)> _
pn

sup  Flws)y) — F(u}) <O (
JCpl,|J|=k

Proof. Fix a subset J with |J| = k. Let r,, > 0 be an arbitrary scalar that satisfies

2
prs «  3Gr,/2log(4/6)
7 Z 2R5|J(G7’n; ’lUJ) + \/ﬁ . (A5)
Our first step is to show that
2
P (F(wsj) — F(w}) < ”;”> >1-6. (A.6)

To this end, suppose the event ||wg|; — w%|| > 7, occurs. We can verify that the following event occurs
consequently:

3Grn+/2log(4/6
sup Fs(w) — F(w}) — (F(w) — F(w}))] > 2Rs(Graz ) + B(4/9).
SupD(w) €110 —L,y [l o <G v

Indeed, let us consider
wy = (1 —np)wy + NMWs|.J,

_ . . . - _ : :
where 7,, = Tomy=wr] < 1. It is direct to verify that |[w; — w%|| = ry,. Since Fyg is convex, we must have

Fs(wy) < (1 —mn,)Fs(w}) + nulFs(ws)s) < Fs(w)).
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Note that ||z, — Cu=

J

0o < G|lwy — wh| = Gry. Therefore, we have

sup [Fs(w) — Fs(wj) — (F(w) = F(wj))|
supp(w)gJ,Hf“, _ij H <Grn

> |Fs(wy) = Fs(wj) — (F(w;) — F(w)))]
> [F(wy) = F(wj)|

Clp

~ . r2 o 3Gr,+/2log(4/s
2 Ly —w|? = 220 > 2Ry (Gras ) + s/0)

vn ’
where in “(;” we have used Assumption 4 and the last inequality follows from (A.5). Then, invoking Lemma 3
over the supporting set J yields

P w1y — w3l > rn)

3Grp+/2log(4/0)

<P sup |Fs(w) = Fs(wj) = (F(w) = F(w)))| 2 2Rs) (Gra;w]) +
supp(w)CJ,[[w —Ly 5 | <Gy Vn
J
<-.
2

Now let us consider the following three events:

3Gr,+/2log(4/6
51 : {F(U)SJ) — F(wﬁ) S 2R3|J(G7’n;wj) + g( / )} ;

NG

& {|lwspy —wh|| <},

3Grp+/2log(4/0)

Es: sup |Fs(w) — Fs(w}) — (F(w) — F(w}))] < 2Rg7(Grp; wh) +
Supp(w)C I, [ —L,y5 <G v
Note that
|ws) —wil <7y
=g, — bws || < Gy,
=F(wg)y) — F(w)) < sup |[Fs(w) — Fs(w})) — (F(w) — F(w)))|.

supp(w)CJ, [[£w =Ly [[SGTn

Therefore, we must have
P(Sl) ZP(glmEQ) ZP(€3Q52) > 1—P(572) —P(?g) >1-—

which together with (A.5) implies the desired bound in (A.6).

The next step is to properly choose r, so as to fulfill the key condition of (A.5). Based on the bound on
Rg)7(Gryp;w) as summarized in Lemma 7, there exists some C' > 0 such that
3Grny/2log(4/d)
Vn

2 k 3Gr,+/2log(4/d
2 220Grn\flog3/2( vn >+ v/ 2108(4/0)

2 n raVk vn
410GV log?/? (ﬂﬂ) +6G+/210g(4/3)

pvn '

2
Py

> 2RS|J(Grn§ w?}) +

<=r, >

Therefore, it suffices to choose

_ 0 (G\/Elog?’/2 (pn)+G\/log(1/6)> <0 G\/klog3(pn)+log(1/6)
" pV/n ) n
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Substituting the above choice of r,, to (A.6) yields

G2k log®(pn) + log(1/5)> _

Flwsy) - Flup) < 0 "

As the final step, since there are at most (z) < (%)k different J, by union probability we get

. G?k(log®(pn) + log(ep/k)) + log(1/6
sup  Fluwsyy) — Flw}) < (9< (log®(pn) + log(ep/k)) + log(1/ )>‘
JC[pl,|J|=k on
This completes the proof. O

To prove the main result, we also need to prove the following lemma which basically provides a sufficient condition
to guarantee the support recovery performance of ITHT.

Lemma 9. Suppose that Fs is pak-strongly conver with probability at least 1 —0d,,. Assume that the loss function
{ is G-Lipschitz. Suppose that there exists a k-sparse vector w such that

L WV2VE@)llee |, 3G [klog(p/)
M2k M2k n

Wmin

for some § € (0,1 —246.,). Then for sufficiently large T > O (% log (m)) rounds of IHT iteration,
(T)

the support recovery supp(w) C supp(wg () holds with probability at least 1 — & — 0,,.

Proof. Let us consider a fixed w. Since the G-Lipschitz condition implies |V{(w;-)|| < G, from the Hoeffding
concentration bound we know that with probability at least 1 — § over S,

IVFs(o) ~ VE(@)] < G/ 252,

Then with probability at least 1 — ¢,

IVEs (@)oo < [VE(@)]|oo + IV Fs (@) = VF ()]0

A7
SIVE@) e + [IVES(0) ~ V(@) < [VE@) oo + Gy B2 -

Since with probability at least 1 — ¢/, the empirical risk Fig is uag-strongly convex, the bound in Lemma 2 implies
. . L . . .
that the following holds for sufficiently large T' > O (ng log (W)) with probability at least 1 — 4/ :

(T

Fo(af}) < Fs(m) + SERE@/)

2p2km

Invoking Lemma 4 to the above with w = u?Eng), w' = w and € =

1- 4,

kG2 log(1/3)

Stk yields that with probability at least

K2k M2k M2k M2k n

Using (A.7) and union probability argument we obtain that with probability at least 1 — § — &/,

2v/2k||V Fs(0)|| 00 2 2V 2k||V Fs()|| 0o G |kl 6
0T g < WOHIVE@)l 20 2VOIVEs0)] 0a(p/9)

- 2V2k||VF(0)|leo = 3G [klo 1)
”ngk) 71@“ < H ( )H + = g(p/ )
' K2k 2k n
Consequently from the condition on Wy, we must have supp(u?;k)) D supp(w) holds with probability at least
1—-8§-4.,. O

We are now ready to prove the main result of Theorem 2.
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Proof of Theorem 2. In what follows, we denote J = supp(wgk)) and w’ = arg min

define the following three events associated with the sample set S:
G?k(log®(pn) + log(ep/k)) + log(1/6)
pn ’
G?k(log®(pn) + log(ep/k)) + log(1/5)> }
pn ’

WEW supp(w)C J F(w). Let us

& {F(mgk) —F(w)<O (

& {ral)) - Fup) < 0
&y = {supp(w) C j}
We claim that & N &3 D & N E;. Indeed, for any S € & N E3, we have

supp(w) C J

~(T _ ~(T
=SF(igy) — F(w) < (@) - F(w

¥

<0 G?k(log®(pn) + log(ep/k)) + log(1/6)
—_ pn b)
which implies S € £ and thus S € & N &;.

Given the condition on @ and ¢/, < %, it follows from Lemma 9 that supp(w) C J holds with probability at least

1-3 e,

1)
P(&)>1- 5.
2
In the meanwhile, noting 1I)(5Tk) = wg and invoking Lemma 8 yields
1)
P(&)>1-— >

Combining the above leads to
P(&) > P(E1NE) >P(EaNEs) > 1 —P(E) —P(E3) > 1 6.

This proves the desired bound (keep in mind the monotonicity of restricted smoothness and strong convexity). [

C.2 Proof of Theorem 3

We need the following lemma which can be derived based on the concentration bound of sub-Gaussian random
variables.

Lemma 10. Under Assumption 5, for any 6 € (0,1) it holds with probability at least 1 — § that

[VEs (@) < oy 282/,

Proof. Consider a fixed index j € [p]. Since V;{(w;£) are assumed to be o?-sub-Gaussian and VF(w) =
Ee¢ [VA(w;€)] = 0, we must have V;j£(w; ) are zero-mean o2-sub-Gaussian. Thus it is known from the Hoeffding
inequality that for any ¢ > 0,

_ 1 B ne?
P(|V;Fs(@)| > ¢) =P E%Vﬂ(w;fi) e gexp{_w}.

By the union bound we have

_ TLE2
B[V Fs(@)|oe > <) < pexp{ ~2o5 |

By choosing € = 4/ M in the above inequality we obtain that with probability at least 1 — 9,

2
IVEs(@)] < |/ 27200

This completes the proof. O
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We are now ready to prove the main result of Theorem 3.

Proof of Theorem 3. Since by assumption Fg(w) is Lgg-smooth and pyp-strongly convex with probability at

least 1 — ¢/, Lemma 2 shows that Fs(ngk)) — Fs(w) < e with probability at least 1 — 8/, provided that t >

@ (% log (%)) Then by invoking Lemma 4 we obtain that with probability at least 1 — 4/,

16k||VEs(w)||? 4 16k||VFs(w)||? 4
' Moy, H2k Hiyg Hak

From Lemma 10 we know that with probability at least 1 — 9,

[VES(0)] < oy 282/,

Then by union probability the following holds with probability at least 1 — 6 — d,:

32 [(ko?1 1) 4
||nglz _ u—)||2 < . < a Og(p/ )) + € )
’ 1k n Hak

Based on the Lipschitz smoothness of ' we can show

T . _L _ 16L [ ka*log(p/d) 2L¢
ﬂ@ﬁ—ﬂméw&—wWSQ(n)+.
4k Hak
Setting € = uﬁ (M) yields the desired high probability bound of sparse excess risk. O

C.3 Proofs of Corollary 2 and Corollary 3

We first prove Corollary 2 which is an application of Theorem 3 to sparse linear regression models.

Proof of Corollary 2. Let £ = {x,e} in which x is zero-mean sub-Gaussian with covariance matrix ¥ = 0 and
£ is zero-mean o2-sub-Gaussian. Since z and ¢ are independent, it can be directly verified that VF(w) =
Ee [Vl(w;€)] = E. 5 [—ex] = 0. Given that 3;; < 1, it can be shown that V;¢(w;§;) = —e;[z;]; are zero-mean
o%-sub-Gaussian variables, which indicates that Assumption 5 holds. Clearly, F'is L-smooth with L = A\pax(3).

Based on Lemma 6 and the fact ||w||; < Vk||w|| when |Jw||o < k, it holds with probability at least 1 —exp{—con}
that Fg(w) is pag-strongly convex with

1 ke log(p)
Hak 2 Amm( ) n

Provided that n > 4’;\#0&@, we have g5 > i)\min(Z) holds with probability at least 1 — exp{—con}. Similarly,

we can show that Fg(w) is Lgg-smooth with Lz = O(Amax(X)). Provided that

rzo (i ()

is sufficiently large, by applying the high probability bound in Theorem 3 we obtain that with probability at

least 1 — 6 — exp{—con},
F(w‘(SJC))—F(w)<O(§2é((§E)) <k I:f( / )>>

This proves the desired bounds. U

In what follows we prove Corollary 3 as an application of Theorem 3 to sparse logistic regression models.
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Proof of Corollary 3. Let & = {z,y} in which x is zero-mean sub-Gaussian with covariance matrix ¥ > 0 and
T
y € {—1,1} is generated by P(y|r;w) = %. The logistic loss function at &; is given by £(w;&;) =

log(1 + exp(—2y;w " x;)). We first show that VF(w) = E¢ [V£(w; )] = 0. Indeed,

Ee [VE(w; €]
=E,,, [Vlog(l + exp(—2yw ' 2))] = E, [Ey, [Vlog(1l + exp(—2yw ' z)) | z]]
=E, [P(y =1|2)Vlog(l +exp(—2w'z)) + P(y = —1 | 2)Vlog(1l + exp(2w ' z))]
B [ exp(20'z) —2zexp(—2w'zx) 1 2xexp(2wTaz)} _ 0
P 1+ exp2uwTx) 1+exp(—2wTz)  14+exp(2wTx)l+expRw’z)|

. _ —T
Next we show that V;{(w;¢) = 723@;’(;2?;”;%“;) ) is a zero-mean sub-Gaussian random variable. Clearly,

E[V;¢(w;&)] = 0. Since y € {—1,1} and [z]; is g—;—sub—GauSSian, we can show the following

P (Vtw6) 2 0) = b (LSPCHE D) 5 1) cp ()2 1) < 2o (- 25).

Then based on the result of Rigollet (2015, Lemma 1.5) we know that for any A > 0,

20.2
Ee[oxp(\7 )] < exp (£ ).

which shows that V;£(w; €) is o%-sub-Gaussian. This verifies the validness of Assumption 5.

%&%@7 then it holds with probability at least 1 — exp{—con}

é‘:pz‘g;:; It is standard to verify that F' and Fs are O(1)-smooth

By invoking Lemma 6 we obtain that if n >

that Fg(w) is pag-strongly convex with pgp >

almost surely. Therefore, provided that

exp(R) NAmin (2)
N (5) 0 (k exp(R)o? log(p/9) ))

is sufficiently large, by applying the bound in Theorem 3 we obtain that the following bound holds with probability
at least 1 — § — exp{—con} :

r20(

Flugy) = F) <0 (fzti@) (W o Wé))) '

This concludes the proof. O
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