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Appendix: Provable Hierarchical Imitation Learning via EM

Organization. Appendix A presents discussions that motivate Assumption 3. In particular, we show that
Assumption 3 approximately holds in a particular class of environment. Appendix B provides details on
Algorithm 1, including the comparison with the existing algorithm from (Daniel et al., 2016b), the forward-
backward implementation and the derivation of the @Q-function from (7). In Appendix C, we prove our theoretical
results from Section 4. Technical lemmas involved in the proofs are deferred to Appendix D. Finally, Appendix E
presents details of our numerical example omitted from Section 5.

Additional notation. For any two probability measures v1 and v over a finite sample space 2, let ||-||rv be
their total variation distance. |1 — va||py = maxgca [V1(E) — vo(E)|. Let (-, -) be the Euclidean inner product.

A Discussion on Assumption 3

In this section we justify Assumption 3 in a particular class of environment. Consider the stochastic process
{X;0}2, = {St, As, Oy, By; 0332, generated by any (op, s1) and an options with failure hierarchical policy
with parameter 6. It is a Markov chain with its transition kernel parameterized by 6, and its state space
X =8xAx O x{0,1} is finite. Denote its one step transition kernel as Qg and its ¢ step transition kernel as
QY. In the following, we show that {X;;60}72, is uniformly ergodic when the environment meets the reachability
assumption: Vs, si11 € S, there exists a; € A such that P(sg11|s¢,at) > 0.

Proposition 5 (Ergodicity). With Assumption 1, 2 and the reachability assumption stated above, for all 8 € O,

a Markov chain with transition kernel Qg has a unique stationary distribution vg. There exist constants a € (0,1)
and C > 0 such that for all§ € © and t € N4,

Sup max HQf,(x7 ) = V@HTV < Cal.

pcO TEX

Proof of Proposition 5. We start by analyzing the irreducibility of the Markov chain {X;;0}$2, with any 6.
Denote the probability measure on the natural filtered space as Px. The dependency on 6 is dropped for a cleaner
notation, since the following proof holds for all 8 € ©. For any z,Z € X, let = (s,a,0,b) and & = (3, a, 6713).
For any time ¢,

Px(Xtyo = 2| Xy =) = Z Px(Xip2 = 2| Xy = 2,541 = 5, A1 = @)Px(Si41 = 5, A1 = a| Xy = o).
seS,acA

From Assumption 1, there exists a state 3 such that Va € A, Px(Si+1 = 5, Ar1 = a|X; = ) > 0. Consider the
first factor in the sum,

]P)X(Xt_;,_g = i'|Xt =x, St—‘,—l = .§, At—‘,—l = C_L) = PX(St+2 = .§|St+1 = 5, At+1 = C_L)
X Px(Biy2 = b,0112 = 6, A1z = | Xy = 2, 8141 = 5, Ayy1 = G, Sp42 = §).

From Assumption 1, the second term on the RHS is positive for all 5 € S and a € A. From the reachability
assumption, for any 5 there exists an action a such that Px (Siyo = §|Si+1 = §, Ary1 = a) > 0. As a result, for
any z,7 € X, Px(Xi12 = 2| Xt = x) > 0, and the considered Markov chain is irreducible.

As shown above, for all € O, min, zex Q3(x,7) > 0 where Q3 is the two step transition kernel of the Markov
chain {X;;0}2,. Due to Assumption 2, min, zex Q3(z, Z) is continuous with respect to 6. Moreover, since 6
is compact, if we let § = infpe @ min, zex Q3(z, ) we have § > 0. The classical Doeblin-type condition can be
constructed as follows. For all # € @ and x,x € X, with any probability measure v over the finite sample space
X,

Qf(x,7) > v(7). (9)

A Markov chain convergence result is restated in the following lemma, tailored to our need.

Lemma A.1 ((Cappé et al., 2006), Theorem 4.3.16 restated). With the Doeblin-type condition in (9), the Markov
chain {X4; 0152, with any 6 € © has a unique stationary distribution vg. Moreover, for all 0 € O, x € X and
te Ny,

16 () = volly < (1= 8)/2.
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Letting C = (1 —§)~! and a = (1 — §)'/2, we have

Eir ) < (1- &2l < ot
sggglgHQe(wh) Vo||py < (1= 08)2 < Ca O

Proposition 5 shows that in {X;; 0}¢2,, the initial distribution (of X7) is not very important since the distribution
of X; converges to vy uniformly with respect to X; and 6. As a result, {O;_1,5:}$2; also converges to the unique
limiting distribution, regardless of the initial distribution. When sampling the observation sequence from the
expert, we can always start sampling late enough such that Assumption 3 is approximately satisfied. Note that
the proof of Proposition 5 does not use the failure mechanism imposed on the hierarchical policy, implying that
the result also holds for the standard options framework.

B Details of the algorithm

B.1 An error in the existing algorithm

First, we point out a technicality when comparing Algorithm 1 to the algorithm from (Daniel et al., 2016b). The
algorithm from (Daniel et al., 2016b) learns a hierarchical policy following the standard options framework, not
the options with failure framework considered in Algorithm 1. To draw direct comparison, we need to let ( = 0 in
Algorithm 1. However, an error in the existing algorithm can be demonstrated without referring to (.

For simplicity, consider Oy fixed to og € O; let 2 < ¢ < T — 1. Then, according to the definitions in (Daniel et al.,
2016b), the (unnormalized) forward message is defined as

Oéf(Ot,bt) = PO,oo,sl(Alzt = a1:4,0; = 04, By = bt‘S2:t = 32:t>~
The (unnormalized) backward message is defined as
5E)\T(0t7 bt) = Pe,oo,sl(At+1:T = at+1:T\St+1:T = St+1:T, O; =04, By = bt)-

The smoothing distribution is defined as

’Yte\T(Otv bt) = PO,Og,sl (Ot = O¢, Bt = bt|52:T = Sa.T, Al:T = al:T)~

We use the proportional symbol o to represent normalizing constants independent of o; and b;. (Daniel et al.,
2016b) claims that, for any o; and by,

’Yt9|T(0tv bt) X af(otv bt)ﬁta\T(Otv bt)
However, applying Bayes’ formula, it follows that
7t9|T(0t7 be) X Pg.og,s1 (A1 = a1.7|S2.:1 = 2.7, Op = 04, By = b)Pp oy ,5, (O = 04, By = by|So.r = s2:7).

Using the Markov property,

Pg.oy.5, (A1.7 = a1.7|S2.0 = S2.17, Or = 04, By = by) = Py oy .5, (A1t = a1.4|S2:7 = S2.7, O = 01, By = by)
X P9,Oo,sl(At+1:T = a441.7|S2.7 = S2.7, Oy = 04, By = by).
Therefore,
VzT(Ot, be) < Pgog.sy (A1 = a1:4, O = 04, By = by|So.p = Sz:T)ﬁf\T(Ot, be).
Applying Bayes’ formula again, it follows that
Po.0.5, (A1:t = a1:¢, Op = 04, By = by|Sa2.7 = sa2.7)
X Py og.s1 (A1t = a1:t, O = 04, By = by|Sa: = S2:1)
X Po.og,s1 (St41:7 = St41:7]S2:0 = S2.1, A1:4 = a1.4, O = 04, By = by)

= 04?(01:, bt)]P)Q,oo,sl(St—i-l:T = 3t+1:T\St =54, A =0a4,0p = 0, By = bt)-

For the claim in (Daniel et al., 2016b) to be true, Py o5, (Si+1:7 = St41.71S1 = s, A = ar, Oy = 0y, By = by)

should not depend on o; and b;. Clearly this requirement does not hold in most cases, since the likelihood of the
future observation sequence should depend on the currently applied option.
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B.2 Proof of Theorem 1

We drop the dependency on 6, since the following proof holds for all § € @. The proportional symbol  is used
to replace a multiplier term that depends on the context.

1. (Forward recursion)

First consider any fixed og. For a cleaner notation, we use p as an abbreviation of Py ,, s,. Let Hy, H> be any
two subsets of {St, A, O, Bt}thl, and let hy, ho be the sets of values generated from H; and Hs, respectively,
such that the uppercase symbols are replaced by the lowercase symbols. (H; and Hy are two sets of random
variables; hy and he are two sets of values of random variables.) Then, for all (og, 1), p is defined as

p(hilha,00,51) =Py o5, (H1 = h1|Hy = hy).
If the RHS does not depend on o¢ and s1, we can omit it on the LHS by using p(hi|he). Vt € [2: T7,

p(szzt, A1:t, Ot, bt|00» 81)

= p(52:ta ai:t—1, O0t, bt|007 Sl)ﬂ'lo(at‘shot)

Z p(82:t7 @1:¢—1, 0, by, 0t—1|00, Sl)ﬂlo(at|5t, Ot)

Ot—1

= Zp(52:tva1:tfla 0t71|003 31)7Tb(bt|8t, Otfl)ﬁhi(0t|5t,0t71a bt)ﬂlo(at|8t, 0t)~

Ot—1

Furthermore,

p(Sz:t,a1:t—170t—1|00,51) = p(52:t—1aal:t—lvot—1|00751)P(3t|5t—17at—1)

X g p(32:t—1aal:t—laot—labt—1|00751)7
bi—1

where x replaces a multiplier that does not depend on 0;_1. Taking expectation with respect to Oy gives the
desirable forward recursion result. For the case of ¢ = 1, the proof is analogous.

2. (Backward recursion)
For any og, Vt € [1: T — 1],
ﬁf\T(Onbt) X P(St41:T, At41:7|5¢, At 01, by)
= p(st+2:T7at+1:T|3t+1a Ot)P(St+1|St,at)

X E p(3t+2:T7at+1:T|3t+17Ota0t+17bt+1)p(0t+17bt+1|5t+17Ot)a
0t41,bt41

where the multipliers replaced by o are independent of o; and b;. Moreover,
P(St42.7, Qe y1:7]St 41,08, 0141, beg1)

= D(St42:7, At42:7|St+1, 0t, 0441, bey1, Ar41)D(A41]St41, 08, 0141, bri1)

= Bf+1|T(Ot+1abt+1)p(at+1|5t+1a0t70t+17bt+1)~

Plugging in the structure of the policy gives the desirable result.
3. (Smoothing)
Consider any fixed 0. For any t € [2: T1,

p(SZZTa a1.T, Ot, bt|007 81) = p(SQ:ta Q1:t, Ot, bt‘007 SI)P(St-H:T, at+1:T|31:t7 Qa1:t, Ot, bt7 00)

= p(82:t, Q1:t, Ot, bt\Oo, Sl)p(5t+1:T7 at+1:T|3t7 Qt, Ot, bt)~
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Taking expectation with respect to Og on both sides yields the desirable result. Notice that the second term on
the RHS does not depend on Og, therefore is not involved in the expectation. For the case of ¢ = 1 the proof is
analogous.

4. (Two-step smoothing)

For any ¢ € [3 : T, consider any fixed o,

p(32:Ta ay1.T,0t—1, bt‘OOa 81)
= Z p(52:T7 a1.7,0¢—1,b¢,bi—1 |00, 81)

be—1

= E p(52:t—17a1:t—1aOt—labt—1|007Sl)p(st:T7at:Tabt‘slzt—laal:t—lvot—labt—hoo)
bi_1

= ZP(SQ:t—hal:t—laOt—lvbt—1|00751)P(5t|5t—17at—l)p(5t+1:Taat:T7bt|5ta0t—1)~
bi_1

Take expectation with respect to Oy on both sides. Notice that only the first term on the RHS depends on og.
We have

Y7 (081, b¢)

X Z a,u,tfl(otfla btfl)P(5t|5t71; atfl)p(3t+1:T, a¢.T, bt|8t, 0t71)
be—1

o< 7y(belse, 00— 1)p(Se 11, rrl s, b 00-1) Y | i1 (041, be-1)
b1

= Wb(bt‘shotfl) lzp(3t+1:T7at:T70t|5t7bta0t1)] Zamtfl(Otflabtfl)

o bt—1

X Wb(bt‘shotfl) [Zﬂhi(otlstaot17bt)77lo(at3t70t)ﬂtT(0tabt)‘| Za,u,tfl(otflybtfl)7

ot bt—1

where the multipliers replaced by o are independent of 0;_; and b;. For the case of ¢ = 2 the proof is analogous. [

B.3 Discussion on the Q-function

In our algorithm, as motivated by Section 3, we effectively consider the following joint distribution on the
graphical model shown in Figure 1: the prior distribution of (O, S1) is ¥, and the distribution of the rest of the
graphical model is determined by an options with failure policy with parameters ¢ and 8. From the EM literature
(Balakrishnan et al., 2017; Jain and Kar, 2017), the complete likelihood function is

L(si.7,a1.7, 00.:1, b1:750) = 0(00, 51)P0,00,5, (S2:7 = S2.7, A7 = ar.7, O1.7 = 01.7, Bi.r = bi.r).

The marginal likelihood function is
L™ (s1.7,a1.7;0) = Z (00, 51)Pg,09,5, (S2:7 = s2.7, Ar.7 = ar.7, O1.7 = or.7, Bi.r = bi.1),

oo:1,b1:1

where the superscript m means marginal. From the definition of smoothing distributions, we can verify that
m -0) = 6 \—1
(SlzTaal:T7 ) (Z'y,p,) .

The standard MLE approach maximizes the logarithm of the marginal likelihood function (marginal log-likelihood)
with respect to 6. However, such an optimization objective is hard to evaluate for time series models (e.g., HMMs
and our graphical model). As an alternative, the marginal log-likelihood can be lower bounded (Jain and Kar,
2017, Chap. 5.4) as

L(si.7,a1.7, 001, b1:7 0)
L™(s1.1,a1.7;0)

log L™ (s1.7, a1.7;6") > Z

0o0:T,b1:T

log L(s1.7, a1.7, 001, bi.73 0"),
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where 6 on the RHS is arbitrary. The RHS is usually called the (unnormalized) Q-function. For our graphical
model, it is denoted as @, 7(0']0).

Qu,T(Q/W) = Z ’)(003 Sl)Pb‘,oo,sl(SQ:T - 82:T7A1:T = ap.r, Ol:T = on.T, Bl:T = bl:T)

00:7,b1:T
] ~
Xz, log[D(00, 51)Pyr 04,5, (S2.7 = S2.7, Av.r = ar.7, Or.1 = ov.1, Bir = bi.7)].

The RHS is well-defined from the non-degeneracy assumption. From the classical monotonicity property of EM
updates (Jain and Kar, 2017, Chap. 5.7), maximizing the (unnormalized) Q-function Q. r(6'|0) with respect to
#' guarantees non-negative improvement on the marginal log-likelihood. Therefore, improvements on parameter
inference can be achieved via iteratively maximizing the (unnormalized) @-function.

Using the structure of the hierarchical policy, @, r can be rewritten as

T

QIMT(QIW) = Z Z ’?ﬁ,ﬂT(Ot*hbt)[logwb(b”staOt71§9l/7)]

t=204_1,b

T T
+ ) Ah (o b)llog mio(arlse, 06 0,)] + > > A% yr(on b = 1)[log mhi(or]si; 6,)]

t=1 o4,bt t=1 o

+ 227# Z 1(00|51)Po.0g.5, (So:7 = s2.7, A1.7 = ar.1, By = by)[log m(b1]s1, 00;6;)] + C,

00,b1

where C contains terms unrelated to #’. Consider the first term on the last line, which partially captures the effect
of assuming o on the parameter inference. Since this term is upper bounded by maxy, s, o, |10g 7s(b1]51, 00; 07)],
when T is large enough this term becomes negligible. The precise argument is similar to the proof of Lemma C.2.

Therefore, after dropping the last line and normalizing, we arrive at our definition of the (normalized) @-function
in (7).

C Details of the performance guarantee

C.1 Smoothing in an extended graphical model

Before providing the proofs, we first introduce a few definitions. Consider the extended graphical model shown in
Figure 4 with a parameter k; k € N.

GO O
@@.@"@ ...... 1L

Figure 4: An extended graphical model for hierarchical imitation learning.

Let the joint distribution of (O_g, S1—x) be v*. Define the distribution of the rest of the graphical model using an
options with failure hierarchical policy with parameters ( and 6, analogous to our settings so far. With these two
components, the joint distribution on the graphical model is determined. Let Py ; be such a joint distribution; v*
is omitted for conciseness.

We emphasize the comparison between Py and Py, s, - The sample space of Py is the do-

main of {S1_k.1+k, A1—k:r+k, O—k:r+k, Bi—k:r+r}, whereas the sample space of Py, s, is the domain of
{52:T7A1:Ta01:T7BI:T} since (00751) is ﬁxed to (00,81).

Consider the infinite length observation sequence {si, a;}tez corresponding to any w € €, where ) is defined in
(8). Analogous to the non-extended model (Figure 1), we can define smoothing distributions for the extended
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model with any parameter k. For all § € © and ¢t € [1 : T], with any input arguments o; and b, the forward
message is defined as

af (00,b0) =20 1. Poi(S1kit = S1—kuts A1kt = a1k, O = 0y, By = by).
The backward message is defined as
ﬁz,t(Ot, bt) = Zg,k,tpa,k(5t+1:T+k = St4+1:T+k, At+1:T+k = Clt+1:T+k|St = 3t7At =at, 0 =04, By = bt)~
The smoothing distribution is defined as
Voi (06, be) = 20 1 Po ik (S1—peTth = S1—kT ks Al—peT 4k = @1k 4k, Or = 04, By = by).
The two-step smoothing distribution is defined as
Yo 1(00—1,be) = 25 1 Po i (S1-persk = S1—keT s A1—kTk = A1k k> Or—1 = 04—1, By = by).

The quantities zg7k7t, Zch,t and zg,k are normalizing constants such that the LHS of the expressions above are

probability mass functions. In particular, since k > 0, we can define az’t for t = 0 in the same way as t € [1: T].
The dependency on T in the smoothing distributions is dropped for a cleaner notation.

Recursive results similar to Theorem 1 can be established; the proof is analogous and therefore omitted. As
in Theorem 1, we make extensive use of the proportional symbol o which stands for, the LHS equals the RHS
multiplied by a normalizing constant. Moreover, the normalizing constant does not depend on the input arguments
of the LHS.

Corollary 6 (Forward-backward smoothing for the extended model). For all § € © and k € Ny, with any input
arguments,

1. (Forward recursion) ¥Vt € [1 : T,

Otz,t(ot,bt)O( Z Wb(bt|8t,0t-1;9b)ﬁhi(0t\5t70t—1,bt;9hi)7fz()(at\5t70t;9lo)az,t_1(0t—1,bt—1)- (10)

0t—1,bt—1
2. (Backward recursion) Vt € [1: T — 1],

Br 1(04,be) o Z o (be4118141, 063 06) Thi(01+1|8t41, 01, bet15 Oni)
0t41,bt41

X Tio(@t+1|8t415 0141 elo)ﬂz,Hl (0t41,be41).  (11)

3. (Smoothing) ¥Vt € [1: T1,
Yo.1(00,be) o< af (04, be) BY. 4 (01, by). (12)

4. (Two-step smoothing) ¥t € [1: T),

5000 1,b1) ox molbrl s, 0015 60) {Z s 0ul5t, 001, b B 1o ()51, 013 610) B (01, b»}

O

x {Za%t_l(ot_l,bt_l)} (13)

bi_1

The following lemma characterizes the limiting behavior of ’yz,t and ’yz’t as k — oo.

Lemma C.1 (Limits of smoothing distributions). With Assumption 1, 2 and 3, for all T > 2,0 € O, w € Q and
t € [1:T], the limits of {727t}keN+ and {;Yz,t}kel\u as k — oo exist with respect to the total variation distance.

Let vgo’t = limg 00 ’y,% and ﬁgo’t = limg 00 ’?g,t' They have the following properties:

1. ’ygo’t and &ﬁo,t do not depend on T.

2. ’ygo’t and ﬁﬁo’t are entry-wise Lipschitz continuous with respect to 0 € 6.

The proof is given in Appendix D.4. The dependency of 7207,5 and &go,t on w is omitted for a cleaner notation.
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C.2 The stochastic convergence of the Q-function

In this subsection, we present the proof of Theorem 2.

First, consider 79, , and 7%, defined in Lemma C.1. Using the arguments from Section 4, they can also be

analyzed in the infinitely extended probability space (X%, P(XZ), Py« ,+), where P(-) denotes the power set. We
only define ’ygo,t and &gw for w € Q; for other sample paths, they are defined arbitrarily. Since Pg« ,«(2) = 1,
such a restriction from X% to Q does not change our probabilistic results.

For any sample path w, let w(s;) and w(a;) be the values of Sy and A; corresponding to w. With a slight overload
of notation, let w(t) = {w(s:),w(as),w(o),w(bs)}, which is the set of components in w corresponding to time ¢.

Forall# € 6,0 € 6, we Qand t € N, define

Fr010;0) == > AL (00-1, be;w) [log my(belw(se), 0013 03)] + D AZ (0, by w) [log mo(w(ar) [w(se), o1 07,)]

0r—1,bt ot,bt

+ Y 2% (04,00 = ;) log mhi (01 |w(s1); 04:)]
where the dependency of the RHS on w is shown explicitly for clarity. |f;(6’|6;w)| is upper bounded by a constant
that does not depend on 6, 6, w and ¢, due to Assumption 1 and 2. Moreover, for all §, w and ¢, f;(6'|0;w) is
continuously differentiable with respect to 6’ € 0; for all ¢, w and ¢, f:(6'|f;w) is Lipschitz continuous with
respect to # € O, due to Lemma C.1.

Next, define

Q(0'10) := Ep- ,-[f1(6']6;w)]- (14)
The subscripts #* and v* in Eg+ ,- denote that the expectation is taken with respect to the probability measure
Py .
With the above definitions, we state the complete version of Theorem 2. The @Q-function defined in (7) is written
as Q,,7(0'|0;w), showing its dependency on the sample path.

Theorem 7 (The complete version of Theorem 2). With Assumption 1, 2 and 3, consider Q(0'|0) defined in
(14), we have

1. Forall® € ©, Q(0'|0) is continuously differentiable with respect to 8’ € 6, where O is defined in Assumption 1.
The gradient is
VQ(0')0) = Ep- [V f1(0|0; w)].
Moreover, as the set of mazimizing arguments, arg maxy ¢ o Q(G’\H) is nonempty.

2. AsT — o0,

sup sup |Q,,r(0'|0;w) — Q(0'10)| = 0, Pye e -a.s.
0,00cO uneM

Before proving Theorem 7, we state the following definition and an auxiliary lemma required for the proof. For
all 0,0" € 6, w € Q and T > 2, the sample-path-based population @-function Q5 (0'|¢;w) is defined as

7(0'10; w) th (0'10; w) (15)

The superscript s in Q% ; stands for sample-path-based. If the sample path w is not specified, Q3 1(¢'|0) is a
random variable associated with probability measure Pp- . Note that due to stationarity, for any 6, 0 and T,
Q(0'10) = Eo- .- [Q3 1 (0"]0; w)].
The difference between Q3 7 and @, 7 is bounded in the following lemma.
Lemma C.2 (Bounding the difference between the Q-function and the sample-path-based population @-function).
With Assumption 1, 2 and 3, for all T > 2 and w € §Q,
sup bup Q2 1(0'16;w) — Qur(¢|0;w)| < const - T,
0,6'cOp

where const is a constant independent of T and w.
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The proof is provided in Appendix D.5. Now we are ready to present the proof of Theorem 7 step-by-step. The
structure of this proof is similar to the standard analysis of HMM maximum likelihood estimators (Cappé et al.,
2006, Chap. 12).

Proof of Theorem 7. We prove the two parts of the theorem separately.

1. For all ¢ € O, there exists dp: > 0 such that the set {6; [|§ — 6'[|]2< dp-} C O. For all § € © and w € Q, due to
the differentiability of f1(0'|6;w) with respect to €', there exists a gradient V f1(6'|0;w) at any 6’ € @ such that

] . _ / . _ / . '“_ ’
i sup 000 = A0 0) — (VA @), 0 -] _
0205¢8:1-0'|2<5 16 —0'l2

We need to transform the above almost surely (in w) convergence to the convergence of expectation, using
the dominated convergence theorem. As a requirement, the quantity inside the limit on the LHS needs to be
upper-bounded. For all 0 € ©, 6 € O, w e Q and 0 < § < by,

qp  N01w) — A1) — (VA@0:).6 - 0)]
Ged;)15—0']|2<5 160 —0"[|2
alp- . Q. Q. n__ ol
sup |f1(9\9,w~) fl(e |0,UJ)| + sup |<vf1(9~‘0aw)a0 9>| (16)
G150 |2 <6,/ [0 — 0|2 G;10—07|2<5,r 10— 62

<

Since Continuously~differentiable functions are Lipschitz continuous on convex and compact subsets, 7,;, 7, and
7y, as functions of § € © are Lipschitz continuous on {6; |6 — 6'||2< d¢- }, with any other input arguments. From
the expression of f1, we can verify that for any fixed 6 and w, f1(0|0;w) as a function of € is Lipschitz continuous
on {6;]|6 — 6'||»< dp}, and the Lipschitz constant only depends on 6’ and &y:. Consequently, the RHS of (16) can
be upper-bounded for all w € Q. Applying the dominated convergence theorem, we have

0109- _ 0. _ 9. g _ o
giI%IEG*,V* sup |f1(9|9,0)) fl(e |9aw) <Vf1(9 |07w)70 0 >| =0. (17)
—

0 8;)G-0"||2<5 16— 0|

On the other hand, notice that for alld € ©, ¢/ € © and § > 0,

1Q(019) — QO'16) — (Bg- [V f1(¢/]6; )], 6 — 0

sup —
Ge &3]|6—0"[|2<5 160 — 6|2
_ sup [Eo- - [f1(0]0;w) — f1(0']0;w) — (Vf1(0']0;w),0 — 0")]|
Ge &3]|6—0"[|2<5 16— 6"[]2
nln. _ Q- _ Q. n_p
< Epo sup |f1(010;w) — f1(0 \9,9) (Vi(0'|0;w),0 —0")]
e 8;G—0"|2<s 160 — 0"[|2

Combining with (17) proves the differentiability of Q(6’|6) with respect to 8’ € © for any fixed 6. The gradient is

VQ(0'10) = Eg« - [V £1(0'10; w)).

Analogously, using the dominated convergence theorem we can also show that the gradient VQ(¢’|0) is continuous
with respect to 8’ € O. Details are omitted due to the similarity with the above procedure. It is worth noting
that we let 0’ € © instead of ©. In this way, the gradient VQ(6'|#) can be naturally defined when ¢’ is not an
interior point of 6.

From differentiability and @ C @, Q(¢’ |0)) is also continuous with respect to §" € 6. Since © is compact, the set
of maximizing arguments arg maxy o Q(6’|0) is nonempty.
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2. We need to prove the uniform (in #,60" € © and p € M) almost sure convergence of the Q-function Q,, 7(0'|0;w)
to the population Q-function Q(#'|@). The proof is separated into three steps. First, we show the almost sure
convergence of Q3 7(6'|0;w) to Q(0'|0) for all 6,0’ € O using the ergodic theorem. Second, we extend this
pointwise convergence to uniform (in 6,60") convergence using a version of the Arzela-Ascoli theorem (Davidson,
1994, Chap. 21). Finally, from Lemma C.2, the difference between @, 7(0'|f;w) and Q3 1(6'|;w) vanishes
uniformly in p as T — oo.

Concretely, for the pointwise (in 6,0") almost sure convergence of Q% 1(¢'|0;w) as T' — oo, we apply Birkhoft’s
ergodic theorem. Let 7 : X% — X7 be the standard shift operator. That is, for any t € Z, Tw(t) = w(t+1). Due
to stationarity, 7 is a measure-preserving map, i.e., Pg« ,« (T 1F) = Py - (F) for all F € P(X%). Therefore, the
quadruple {XZ, P(XZ), Py« ,«, T} defines a dynamical system.

Here, we need some clarification on some concepts and notations. Consider the Markov chain {X;}{°, =
{St, As, Oy, B: }$2, induced by the expert policy, let IIx g« be its set of all stationary distributions. Comparing
IIx g« to Iy~ from Assumption 3, they both depend on the true parameter 8*; the former corresponds to the chain
{St, A¢, Oy, B: }$2 1, while the latter corresponds to the chain {O;_1,5:}$2;. From the structure of our graphical
model, they are equivalent by some transformation.

From Section 4, Pg- .~ is defined from an element of IIx ¢~ that depends on v*. Denote this stationary distribution
as 1. Since v* is an extreme point of IIp- (Assumption 3), ¢ is also an extreme point of ITx g-. Then, we can
apply a standard Markov chain ergodicity result. From (Hairer, 2006, Theorem 5.7), the dynamical system
{XZ,P(XT),Pp« ,, T} is ergodic. For our case, Birkhoff’s ergodic theorem is restated as follows.

Lemma C.3 ((Hairer, 2006), Corollary 5.3 restated). If a dynamical system {X%, P(X%), Py« ,+, T} is ergodic
and f: X% — R satisfies Eg« ,+[f(w)] < o0, then as T — oo,

T-1

% F(T'w) = Eps o [f(w)], Po+p-a.s.
t=0

For our purpose, observe that for any 6,60’ € O, f,(0'|0;w) = f1(6'|0; T'~'w). Therefore, applying the ergodic
theorem to Q3 1(6'(0), as T — oo,

o (0'10;w) = Q(O']0), Pye ,--aus. (18)

To extend the pointwise convergence in (18) to uniform (in 6, 6’) convergence, the following concept is required.
The sequence {Q3, 1(¢'|0)} indexed by T as functions of 6 and ¢’ is strongly stochastically equicontinuous
(Davidson, 1994, Equation 21.43) if for any € > 0 there exists § > 0 such that

lim sup sup |Q5e (011015 w) — Q5 (05025 w)| < &, Ppe e-aus. (19)
T—00 61,61,02,0,€ 05|01 —02|2+]|6] —05]2<5

Indeed this property holds for {Q3_ 7(0|6)}, as shown in Appendix D.6. The version of the Arzela-Ascoli theorem
we use is restated as follows, tailored to our need.

Lemma C.4 ((Davidson, 1994), Theorem 21.8 restated). Given (18) and (19), as T — oo we have

sup Q3 1(0'16;w) — Q(0'10)| — 0, Po- e -a.s.
0,0'co

Combining Lemma C.2 and Lemma C.4 concludes the proof of the second part. O

On the concavity of Q(-|f). As discussed after introducing Assumption 4, we expect the following to hold in
certain cases of tabular parameterization: for all § € @, the function Q(:|0) is strongly concave over 6. Details
are presented below.

Consider ¢, for example, we need to provide sufficient conditions such that the following function is strongly
concave with respect to 6, € O, given any 6 € 6.

Qu(03]0) = > Ege e [3% 4 (00, b1; w) log my (b1 |w(s1), 00; 6;)] -

00,b1
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Let the marginal distribution of v* on Sy be vg . If v§ is strictly positive on S, then we rewrite Qb(9§)|9) as

Qu(0,]0) = Z Z V5, (51)Ege 5,51 [Vo.:(00, b1;w)] log my(b1|s1, 003 6}).

00,b1 s1E€S

In the case of tabular parameterization, 7, (b1 |s1, 00; ;) is an entry of ; indexed as 0} (b1, s1,00); its logarithm is 1-
strongly concave on the interval [0, 1]. Q;(6}|6) is strongly concave with respect to 6, if Eg« (s, =5, [% (00, b1; w)]
is strictly positive for all oy and b;. We conjecture that this requirement is mild, but a rigorous characterization
is quite challenging.

C.3 The convergence of the population version algorithm

We first present the complete version of Theorem 3, where an upper bound on + is also shown. Notice that we
assume all the assumptions, including Assumption 4 and 5.

Theorem 8 (The complete version of Theorem 3). With all the assumptions,

1. (First-order stability) There exists 0 < v <7 such that for all 0 € 6,,

|VQ(M1(0)|0) — VQ(M (6)67)

l, <7110 =07,
Specifically, the upper bound 7 is given by

_ 4|O|L0*,r <

v = 5 sup 29/79*> (2 max sup ||V10g7rb(b1|sl,oo,tﬁ)b)H2
=2 e 4

0'€O,
+ max sup ||Vlog7rlo(a1|51,01,910)”2—|—max sup ||V logmpi( 0181,49,”)”2>

$1,01,01 g €@, S1,01 61 . €Op;

¢ 1s the failure parameter in the options with failure framework; €y is a mixzing constant defined in Lemma D.1;
Ly~ , is a Lipschitz constant defined in Lemma D.2; zg: g- is defined in Lemma D.5.

2. (Contraction) Let k = ~/X. For all 0 € 6,

|M(6) — 6*

o SRI0 =07,

If k < 1, the population version algorithm converges linearly to the true parameter 68*.

Proof of Theorem 8. We prove the two parts separately in the following.

1. For convenience of notation, let VQ(0'|0) = [V,Q(0'0), Vi,Q(#'|0), Vi Q(0'|0)] such that, for example,
VQ(0')6) is the gradient of Q(¢'|0) with respect to 8. Using the expressions of VQ(¢'|0) from Theorem 7, we
have

IVQ(M (6)[0) — VQ(M(6)]6%)]|,, < [|[Ve@(M <>|9> Q(M( )6,
+ [ VieQ(M(0)16) — VieQ(M (0)|6%)]], + || VaiQ(M(0)]6) — Vi Q(M (6)]6%)

-
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Consider the first term,

[VLQ(M (0)]6) — ViuQ(M (9)]6%)],

= ||Eg~ p+ Z ['720’1(007b1;w) —ﬁg’l(oo,bl;w)} [Vlogwb(b1|w(81),00;.7\_4(9)1,)] }

00,b1 9

< Z Ee*,u*{ [’72071(007171;“]) —72;1(00,51;@} [V log my(bi]w(s1), 00; M (6))] }
00,b1 2
< % B { [ onsbrs) = 32 (o0, |V 08 b1, cos (O] |
00,b1
<y sup [logm(bulssonsb5) Eae e { 3 (3% o bric) = 32 s(on, i) |
00,51 bl 9’691, Oo’bl
< 2 max sup [Vlogm(bilsi,00i0) x sup 3% 1(w) = 3%, (@)
00,51,b1 0,0, weN TV
8|O|Lg+ "
< 7‘ |2 o, (sup 29/79*> max sup HV]ogwb(bl\sl,oo,Hb)HQ e —6*, .
Ebg 0’ €O, 00,51,b1 aleeb

We use the triangle inequality and the Jensen’s inequality in the third and the fourth line respectively. The fifth
line is finite due to 6 being compact and the continuity of the gradient (Assumption 2). The last line is due to
the limit form of Lemma D.7, similar to the argument in Appendix D.4. Notice that the coefficient of ||§ — 6|2
on the last line does not depend on 6.

Analogously, we have

IV1eQ(M (8)]6) — VieQ(M(6)[67)]|, <

4|1O|Lg~ (

= swww)<mxswnw%%mm@magw—ww
b

0’co, 5$1,a1,01 91',06910

VR QM (0)]6) — Vi QM (0)]67)], <

4‘O|L9*,r <
e2¢

0'€ O, S1:01 g1 € On;

hi

sup 29/79*> (max sup ||V logmhi(o1]s1; ;“)2> 10— 0%,
Combining everything, we have the upper bound on 7.

2. The proof of the second part mirrors the proof of (Balakrishnan et al., 2017, Theorem 4). The main difference
is the construction of the following self-consistency (a.k.a. fixed-point) condition.

Lemma C.5 (Self-consistency). With all the assumptions, 6* = M (0*).

The proof of this lemma is presented in Appendix D.7. Such a condition is used without proof in (Balakrishnan
et al., 2017) since it only considers i.i.d. samples, and the self-consistency condition for EM with i.i.d. samples
is a well-known result. However, for the case of dependent samples like our graphical model, such a condition
results from the stochastic convergence of the Q-function which is not immediate.

For the rest of the proof, we present a brief sketch here for completeness. Due to concavity, we have the first
order optimality conditions: for all 8,0’ € O, (VQ(M(6*)|6*),0 — M(6*)) <0 and (VQ(M()|6),6" — M(6)) < 0.

Using 6* =
0ec o,

(VQM(0)[07) = VQ(07107), 0" — M(6)) < (VQ(M (0

From Assumption 4, LHS > X||6* — M (0)||3. From Cauchy-Schwarz and the first part of this theorem, RHS <

1o — 9*||2 Canceling ||60* — M (0)||2 on both sides completes the proof.

V67 = M(0)]2

M (6*), we can combine the two optimality conditions together and obtain the following. For all

— M(0)).

O
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C.4 Proof of Theorem 4

1. We first show the strong consistency of M, r(6;w), the parameter update of Algorithm 1, as an estimator of
M (0). This follows from standard techniques in the analysis of M-estimators. In particular, consider the set of
sample paths w such that w € Q and arg maxy cg Q,,7(6'|0;w) has a unique element M, 7(6;w). Such a set of
sample paths has probability measure 1.

For all 0 € ©, T > 2 and pu € M, with one of the above sample path w,
QUIT(6)16) ~ QM r(6:)|6) ]
QM (0)10) — Qur(M(0)[0;w) + Qur (M (0)|0; w) — Qur (M1 (0;w)|0; w)
+ QM,T( u,T(97w)|07w) - Q(MT(H,(U)W)

0<

<

<2 sup |Q(0']0) — Qur(0'|6;w)|.
0'ce

From Theorem 7, Py- ,+-almost surely, supg gc g Sup,e pm|Q(6010) — Q. 7(6'|0;w)|— 0 as T — oo. Therefore,

sup sup [Q(M(0)|0) — Q(M,,r(0;w)|0)] — 0, Py« ,--a.s.
€O, pneM

An equivalent argument is the following. Pp- ,«-almost surely, for any 6 > 0 there exists T, € N such that for
all T > T, supye g Sup,,c pm[Q(M(0)]6) — (MN,T(O;w)W)] < 6. In particular, for any € > 0, let

. o _
=gt QIO ~ s QE9)].
2 0o, 0'€6;)|0' =M (0)||2>¢

From the identifiability assumption (Assumption 5), the RHS is positive. Therefore, such an assignment of § is
valid. Consequently, for all T'>T,,, 8 € 6, and u € M,

QM (0)10) — Q(M,.r(6;w)|0) < Q(M(0)[0) — sup Q')

0'€0;||0’—M(0)||2>¢

which means that || M, 7(0;w) — M(0)||2< e. Taking supremum over 6 € 6, and u € M, we summarize the
argument as the following. Py~ ,«-almost surely, for any € > 0 there exists 7, € N1 such that for all T' > T,,,

sup sup HMH,T(QW) - M(9)||2 <€

0€0, neM

Such a result is equivalent to the uniform (in 6 and p) strong consistency of M, 7(0;w) as an estimator of M (6).
As T — oo,

sup sup || M, r(0;w) — M(0)||2 — 0, Py« --a.s.
o€ O, neM

This result is insufficient for Part 1, since T, is sample path dependent. To get rid of this sample path
dependency, we use the dominated convergence theorem. Notice that Py ,«-almost surely, for all T > 2,
SUPge g, SUP e m || My, (0;w) — M(0)]|2 is bounded due to the compactness of ©. Therefore we have

lim Eg« . {sup sup HMNT (6;w) || }
T—o0 €O, nemM

For any ¢ > 0, there exists T'(¢) € N4 such that for all T > T'(q),

Eg« »» [sup sup HM;AT (0;w) M(0)||2:| <4q
0€ 6, neM

Applying Markov’s inequality, for any A > 0,

IN
Bl=

1
Py (sup sup ||MM,T(9;w) H2 > A) Z S {bup sup H w1 (05 w) ||
€O, neM e O, peM



Zhiyu Zhang, Ioannis Ch. Paschalidis

Scaling ¢ yields the desirable result.

2. The proof of Part 2 is the same as (Balakrishnan et al., 2017, Theorem 5). We present a sketch
for completeness. For all T E_I(A,q), condition the following proof on the high probability event that
SUDge g, SUPe M HMM)T(H;w) — M(Q)H2 < A.

Assume [|#("=Y) — §*||,< r, which holds for n = 1. Then, using the triangle inequality, the result from Theorem 3,
the above concentration and A < (1 — k)r, we have the following for any p.

po-o

= e

o+ [Mrton D) a1 D,

< k)07 — 07| +A, (20)

and [|0(™ — 6*||2< kr + (1 — k)r = r. From induction, the one step relation (20) holds for all n € N, . Unrolling
(20) and regrouping the terms completes the proof. O

D Proofs of auxiliary lemmas

This section presents proofs omitted in earlier sections. Assumptions 1, 2 and 3 are assumed.

In particular, the first three subsections develop a few essential lemmas required for the proofs in later subsections.
In Appendix D.1, we show an important mixing property of the options with failure framework. In Appendix D.2,
such a mixing property is used to prove a general contraction result of our forward-backward smoothing procedure
(Theorem 1 and Corollary 6), similar to the concept of filtering stability in the HMM literature. At a high
level, considering the forward-backward recursion in the extended graphical model (Corollary 6), this result
characterizes the effect of changing # and the boundary conditions O‘Z,o and Bz,T on the smoothing distribution
'yz’t, given any observation sequence {s;, a;s}tez. Due to this high level reasoning, we name this result as the
smoothing stability lemma. Appendix D.3 provides concrete applications of this lemma to quantities defined in
earlier sections.

D.1 Mixing

Recall that ¢ is the auxiliary parameter in the options with failure framework.

Lemma D.1 (Mixing). There exists a constant £, > 0 and a conditional distribution T, ,(0¢, be|se; 0) parameterized
by 0 such that for all € O, with any input arguments by, sy, 0;—1 and og,

0 < epCTop(0r, be|st; 0) < my(be|se, 0415 0)Thi(01|5t, 06— 1, be; Oni) < €5 ' |O|Fo (01, belse; 0).
Proof of Lemma D.1. The proof is separated into two parts.

1. We first show an intermediate result: there exists a constant e, > 0 and a conditional distribution 7 (be|s¢; 65)
parameterized by 6, such that for all 8, € 6, with any input arguments b;, s; and 0;_1,

0 < ep@p(be|se; ) < mo(be|se, 0113 0) < & T (be]se; Op).

This can be proved as follows. Let ¢, = infg,co, ming, s, 0, , 7(be|st,00—1;65). Similar to the procedure in
Appendix A, from the non-degeneracy assumption, the differentiabiilty assumption and © being compact, we
have ¢, > 0. For any 6, € ©;, with any input arguments b; and s, let f(bs, s¢;05) = min,, , co mp(be|St, 0115 0).
Observe that ¢, < f(b, s¢;0) < 1. Let €, = ¢,/2 and

_ . _ f(btvst;eb)
o) = 5= TR

Clearly epmp(be|se; 0y) > 0. Moreover, for any o;—1, ep@p(belse;0p) < 2¢pTp(be|se; O) < f(bt, s450p) <
7y (be|st, 0113 0p).
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On the other hand, with any input arguments,
ey Ty (belse; Op) > &5 M ep/2 = 1 > my(by|se, 00-1;0p),

which completes the proof of the first part.

2. Define 7, (01, be|se; 6) as follows. With any input arguments, let
To,b(0t, by = 0]sy;0) := mp(by = O|s4;605)/]O],
Tob(08,br = 1545 0) 1= Ty (b = 1]s¢; 0p)Thi(0t]5t; Oni)-
Clearly e,(7o,5(0, be|s¢; ) > 0. Omit the dependency on 6 for a cleaner notation since every term is parameterized
by 6. When b; = 1, with any other input arguments,
epTp(by = 1]s¢)mhi(0t|st) < mp(be = 1|84, 00—1)Thi(0¢|8¢, 00—1,bs = 1) < 51,7177%(1% = 1|s¢)mhi(0e]se)-

Similarly, when b; = 0 and 0; = 04_1,

< my(by = 0[s¢, 00—1)Thi(0r = 04—1]5¢, 0¢—1,b = 0)

< E;lﬁ'b(bt = 0|St).

Finally, when b, = 0 and oy # 04_1,
Ebﬁ'b(bt = 0|St)C/|O|§ Wb(bt = O|St, Ot—l)ﬁ-hi(ot|8t70t—la bt = 0) S Eb_lﬁ_b(bt = O|st)C/|(9|

Combining the above cases and the definition of 7, (0, b¢|s¢; @) completes the proof. O

D.2 Smoothing stability

Before stating the smoothing stability lemma, we introduce a few definitions. The quantities defined in this
subsection depend on an observation sequence {s;, a; }+cz, but such a dependency is usually omitted to simplify
the notation, unless specified otherwise. Consistent with our notations so far, in the following we make extensive
use of the proportional symbol .

D.2.1 Forward and backward recursion operators

With any given observation sequence {s;,a;}¢cz and any 6 € ©, define the filtering operator F{ as the following.
For any probability measure ¢ over O x {0,1}, F/y is also a probability measure such that with any input
arguments o; and by,

Flo(onb) oc Y mu(belse, 00—1500)Tni(0n]st, 01, be; Oni)Tio(ar|se, 043 010) (04 -1, br—1). (21)

ot—1,bt—1

The RHS has exactly the form of the forward recursion, therefore the recursion on both az’t in (2) and ozf%t in
(10) can be expressed using F. For generality, let {¢!};cz and {@f }tez be any two indexed sets of probability
measures such that F¢f | = ! and Ftégbf_l = gbf. We restrict {) }1ez and {gﬁf}tez to be strictly positive. Due
to Assumption 1, such a restriction is valid. Notice that 6 and 6 here can be equal. We use the seemingly more

complicated notation {cﬁf}tez because even if 6 = 0, {¢?},cz and {@f}tez are still different; in this case they are
just two different sets of probability measures satisfying the same recursion FY.

Similarly, we define the backward recursion operator Bf as follows. For any probability measure p over O x {0, 1},

BYp is also a probability measure such that with any input arguments o; and by,

BYp(os,by) o Z T (beg1[St415 065 06) Thi (0141|5141, 0t5 beg15 Oni) Tio (A 1]St415 00413 010) P01 41, beyr).  (22)
0¢41,bt41
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The recursion on both ﬂf‘T in (4) and 52,15 in (11) can be expressed using BY. Let {p?},cz and {ﬁf}tez be any two
indexed sets of probability measures such that BYp? , = p¢ and Btéﬁ?Jrl = 9. We restrict {pf}icz and {50 }icz
to be strictly positive.

The operation ® is defined as follows: {(¢? ® ﬁé)t}tez is an indexed set of probability measures such that for any
input arguments o; and by,

(0" @ p7)e (04, be) o @ (01, be) Pl (01, bt). (23)

Finally, we clarify the use of o in the above definitions. In (21), (22) and (23), the normalizing constants replaced
by o are independent of the input arguments (o, b;).

D.2.2 Forward and backward smoothing operators

For any 97é € O and any t, with any observation sequence {s;, a; }+cz and any input arguments o; and by, observe
that

(@ @ p")ilor,br) o< > wy(bilse, 01-1; 06)Fni (0r] 51, 011, brs Oni) o (aul 51, 015 61o)
0t—1,bt—1
(@7 @ p?)e—1(0r—1,bi-1)
Pl (0r—1,bi—1)

X p?(otv bt)

)

and
pl1(01-1,bi1) o Z (b |5t 0013 05) T (0f |5t 001, b O )0 (ar s, 03 010) pf (0}, B).

o},b}
To simplify notation, let
h(0; 011, 8¢, as, 08, b¢) = p(bs|s¢, 0015 0p)Ti(0¢|5¢, 001, bt Oni) Tio(at|s¢, 015 010). (24)

Then,

R h j. B 0 N Y, 3 3
Clo;,e Z (0;04—1, St, at, 01, b ) pi (04, b¢) (@7 @ p”)¢—1(04—1,b1—1)

(¢° @ p)e(01,b;) = :
Zo@bé h(ov Ot—1, St, Qt, 027 bé)pt‘g(ogr bé)

ot—1,bt—1

0,0 - ..
where C’f;’ is a normalizing constant such that

00 175,a,0,b)p(07b)
( ) Z D0ub t=1, ot ™, Pt Bt ¢ t( @ p7)i—1 (011, bt—1).

0
t
Z A h(e Ot— 175t5at50t7bt)pt0( £7b2)

ot—1,bt—1

From (25), we define the forward smoothing operator Kﬁi’f on the probability measure (cﬁé ® p%)¢_1 such that as
probability measures,

(¢’ ® )1 K50 = (6% ® ).

The subscript F' in K%t stands for forward. K%f depends on the the parameters 0 and 9 the observation

{s¢,as }rez and the specific choice of {pf}1cz. In the general case of 0 # 0, K Ft is a nonlinear operator which

requires rather sophisticated analysis. However, when 6 = 9, it is straightforward to verify that the normalizing
constant C’Ie,’e =1, and Kf,’(z becomes a linear operator.

In fact, the linear operator Kf,’z can be regarded as the standard operation of a Markov transition kernel on
probability measures. With a slight overload of notation, define such a Markov transition kernel on O x {0,1},
entry-wise, as the following. For any (o, b;) and (04—1,b—1) in O x {0,1},

h(aﬂ Ot—1, St, Gt, Ot, bt)Pf(Ota bt)

K970(Ot bt|0t—1 bt—l) = .
e 7 Zo;,b; h(0; 01-1, 54, az, 0}, by) pf (0}, b})

(26)
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We name this Markov transition kernel as the forward smoothing kernel. Such a definition is analogous to
Markovian decomposition in the HMM literature (Cappé et al., 2006). The only caveat here is that we also allow

perturbations on the parameter. The resulting operator Kf;f is nonlinear and no longer corresponds to a Markov
transition kernel.

To proceed, we characterize the difference between operators th and K?t when 6 and 6 are close. First, we
show a version of Lipschitz continuity for the options with failure framework.

Lemma D.2 (Lipschitz continuity). For all 8 € © and § > 0, there exists a real number Lg s such that with
any input arguments o;_1, S¢, at, oy and by, the function h(é, 0t—1,St,at,0t,bt) defined in (24) is Lg s-Lipschitz
with respect to 0 on the set {0~, 6eco, ||§ —0]|2< 6}. Moreover, Ly s is upper bounded by a constant that does not
depend on 0 and 6.

Proof of Lemma D.2. Due to Assumption 2, with any input arguments o;_1, s¢, at, o; and by, h(é; 0t—1, St, At, Ot, by)
is continuously differentiable with respect to # € ©. As continuously differentiable functions are Lipschitz
continuous on convex and compact subsets, h(9~; 0t—1, St, Gt, 01, by) is Lipschitz continuous on @, hence also on
{0~; 6eco, Hé — 0||2< 6}. The Lipschitz constants depend on the choice of input arguments o;—1, s¢, at, o; and by.

We can let Ly 5 be the smallest Lipschitz constant on {8;0 € O, |6 — 0]|2< §} that holds for all input arguments
0¢—1, St, at, o¢ and b,. Clearly Lg s is upper bounded by any Lipschitz constant on @ that holds for all input
arguments, which does not depend on 6 and §. O

Next, we bound the difference between operators K;Z and K%Z

Lemma D.3 (Perturbation on the forward smoothing kernel). Let ¢ be any probability measure on O x {0,1}.
Let Kf;t and Kﬁ:f be defined with the same observation sequence {s;,a;}icz and the same choice of {pf}icz.
Their difference is only in the first entry of the superscript (9 m KF’O 0 in K% ?) Then, for all t, ¢, 6, 0,
{st,ar}iez and {p}}icz,

maXo, _1,04,be h(0;0¢—1, 8¢, a¢,04,by) Le,”éfenz 16— 0]]2

H@Ké,e _ (PKMH
Fit Fit S — - - - .
TV © miny, 0,6, M(0;0i-1,5¢, ar, 01, by) ming, 0,6, P(0; 001, 8¢, ar, 01, by)

Proof of Lemma D.3. From the definitions, for any ¢, ¢, 6, 6, {st,as }tez and {p?}iez,

0,0 0,0
HSDKF,t - <PKF,t

DY

ot,bt |ot—1,bt—1

TV
[C%eh(é; Ot—1, St, Qt, Ot, bt) - h(9; Ot—1, St, Qt, Ot, bt)}

Zo;,b; h(0; 01—1, st, ar, o, b;) pf (0}, b})

02‘791”‘(@7 0¢—1, St, G, O¢, bt) - h(&, Ot—1, St, ¢, O¢, bt)’ ptg(otv bt)

pf(ot,bt)go(ot,l,bt,l)

1 Zot,bt
S 2 (p(ot—labt—l).
? Ot7§71 Eo;,bé h(e’ 0t—1, St Ot, Owlfa b{‘,)pf(ogﬁv b:ﬁ)
From the definition of the normalizing constant 0}9779 . we have
Otabt ‘9 01—1, St At 04, by) pf (04, by)
( ) Z Z h(9 o S+ Q.0 b) 9(0, b/)w(off—lvbt—l).
0t—1,bt—1 o},b} t—1y 9oty Uty Uy Py (0%, 0}
Therefore,
: 7]
000 < ma. Zohbt h(?70t—1’st7at70tabt)pt (Otabt)7
o Zotvbt h(a’ Ot—1, St, G, Ot, bt)p?(otv bt)
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and
o
B Z Zot,bt[h(é;ot*hSt7at70t’bt) _h(e;otflaSt7at70t7bt)}pt9(0t7bt)¢(0 b ) Cé,@
0t _1.bi_1 Zot7bt h(e;otflaStvatvotabt)p?(otabt) et F

i 0,6
Lg,Hé_eHZ”e —0]]2CF

mil’lot71 Zot,bt h(@, 0¢—1, St, Q¢, O¢, bt)p?(Ot, bt) .

IN

As a result, for any given o;_1, 0; and by,

0,07 (4
‘CF h(a;Ot_l,St,CLt,Ot,bt) - h(a;ot—lashahot)bt)

IN

C?’g ‘h(é; Ot—1,5t, ¢, 0,b:) — h(0;0¢—1, S¢, ar, 04, bt)‘ + ‘C?e - 1‘ h(0;04—1, s¢,at, 04, by)

h(97 Ot—1, St, Gt, O¢, bt)
minog_l Zo;,b; h(a; 0:&—1’ St Ot 027 b;)ﬁf(dﬁ bi)

IN

1+

1 Lo oo |0 - 9H20§’9~

Combining everything together,

6,0 0,0
Ky, —pKg
HSO Ft = PRE Ly
Zot by h(9 Ot—1,5t,a¢,0t, bt)ﬂf(oubt)

min, : ZOQ b, h(8;0},_,,5¢,a¢,04,b; )pf(o;,b;)

< L HH 9H ¥ % max
0, ”9 02 F Ot—1 220;71); h(ﬂ,ot_l,st,at,ot,bg)pt (O;,b;)
A 6,0
_ Lo, j6-0) 19 — 01l2C
mino;71 Zoé,bé h(07 02—17 Sty At Oéa b:ﬁ)p?(oga bé)
< M8Xoi_1,00bs h(0; 011, 5t,at, 04, b) Le,\|e§49||2||‘9 =02 .

mine, 0,5, 1(0;0t-1, 8¢, ar, 04, by) mily, 0,6, M(0; 001, ¢, ar, 01, by)

On the other hand, we can formulate a backward smoothing recursion as

(0 @ 7Y, (or, by) = 000 Z h(0; 00, 5t11, ars1, 0111, b)) (08, b0) (97 @ 5°) i1 (0141, begr) (27)

B A O(~ 1
> op 10504, Sep1, aryr, 061, beyr )t (0}, B7)
0141,be41 9%

where C%e is a normalizing constant such that

9 04, S a 0¢11,bs41)00 (04, bt) R

b ty St+1, At4+1, Ot+1, 0t+1 )Pt (Ot, Ot N

( ) Z St : : : : 9 : ~ (0% @ )41 (0141, begr)-
0t41,bes1 Zot,b' h(9 Ota St41, At 41, 0t41, bt+1)g0t (ot7 bt)

The subscript B in Kg ; stands for backward. Similar to the forward smoothing operator K’ Ft, we can define the

backward smoothing operator K'Y B’,t from (27) such that as probability measures,
(9" @) e K5 = (" @ ).

Analogous to K?;g, in the general case of 6 # é, K%’Ot is a nonlinear operator. However, if § = é, Kg’z becomes a
linear operator and induces a Markov transition kernel. The following lemma is similar to Lemma D.3. We state
it without proof.



Provable Hierarchical Imitation Learning via EM

Lemma D.4 (Perturbation on the backward smoothing kernel). Let p be any probability measure on O x {0,1}.
Let Keat and Ko be defined with the same observation sequence {s;,a;}icz and the same choice of {¢%}icz.

Then, fO’/‘ any t, P; 97 07 {sh at}tEZ and {(pt }t€Z7

MaXo, 0441,b441 h(@; Oty St41, At 41, Ot41, bt+1)

0,0
T

TV~ MiNg, o, be41 (0508, 5641, @t 4150641, be41)

y Ly ooy, 110 — Oll2

minot:0t+17bt+1 h<9’ Oty St+1, At+1, Ot+1, btJrl)
Notice that the bounds in both Lemma D.3 and Lemma D.4 depend on the observation sequence {s;, at}+cz.

D.2.3 A perturbed contraction result for smoothing stability

For any t1,t; € Z with t; <5, let I = [t1 2]. Remember the following definition from Appendix D.2.1, with
the index set restricted to I: for any 6,0 € ©, {p?}4er and {gpt }te]l are two indexed sets of probablhty measures
defined on O x {0,1} such that, for all ¢ € I, (1) if t # t1, F/¢? | = ¢ and Ftegot 1= 0% (2) ¢ and @Y are
strictly positive on their domains. {p?};c1 and { o }te]l are two indexed sets of probablhty measures defined on
O x {0,1} such that for all t € I, (1) if t # to, BYp?, | = pf and prH_l = pt, (2) p? and pY are strictly positive
on their domains. 6 and 6 are allowed to be equal.

The smoothing stability lemma is stated as follows.

Lemma D.5 (Smoothing stability). With {p?}icr, {@f}teﬂ, {09} ter and {ﬁ?}teﬂ defined above,

X t2=ti |0z
0 0\ (a0 0 <(1— &6 0,6 9H0 ol 16 _ g
H(s@ © Pt = (@O P )| = < |0|) +—bC H
to—t1
[CRET M CE O = (1 EbC) + 1PE0ilosi-onn 5 0|,
' Hirv — |0 &¢

where zg g: is a positive real number dependent only on 8 and 0. Specifically,

[maxot,l,ot,bt h(9, Ot—1, Sffa a;ga O¢, bt)] V [maxot,hot,bt h(éa O¢—1, 3;7 CL;, O¢, bt)]

20,00 = max =
si,ap  [min h(6;0¢—1, s}, a}, 04, by)][min h(0; 01, s}, a}, 01, bt)]
% 0t—1,0t,b¢ ) Ot—1, 5S¢, Uy, Ot, Ut 0t—1,0¢,bt y Ot—1, S¢,y Ay, Oty Og

Intuitively, if 6 = 6, Lemma D.5 has the form of an exact contraction, which is similar to the standard filtering
stability result for HMMs. Indeed, our proof uses the classical techniques of uniform forgetting from the HMM
literature (Cappé et al., 2006). If 6 is different from 6, such a contraction is perturbed. For HMMs, similar results
are provided in (De Castro et al., 2017, Proposition 2.2, Theorem 2.3).

Proof of Lemma D.5. Consider the first bound. It holds trivially when ¢5 = ¢;. Now consider only t5 > t;. Using
the forward smoothing operators, for any t; <t < to,

0,0 N 0,0 ~0
(0 @ p") i1 K50 — (97 @ p?) 1 K38 = (07 @ p%) — (¢ ® p7)s.
Therefore,

< [[[6” @ "1 = (@ @ "] K

H(weé@pg)t — (@’ ® %), HTV

TV

0 0,0 N 0,0
+[|@° © e KRE — (80 © o KR

where the first term is due to ngi being a linear operator.
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From Lemma D.3, the second term on the RHS is upper bounded by z, 5L, 4_g, |0 — 6]|2. As for the first term,
we can construct the classical Doeblin-type minorization condition (Cappé et al., 2006, Chap. 4.3). Applying
Lemma D.1 in the definition of the Markov transition kernel Kle;:f (26), we have

5127C To,b(0t, be|S¢50)mi0(at|se, Ot glo)Pf(0t7 br) 5127C _0

K% (04, b|04—1,b—1) > 2= = 20 (0, D). 28
pelon O bt 2 T aalot bl ol 10 ) o 0 O] P 2

Observe that 7%, just defined is a probability measure. Further define K} entry-wise as

0,0 £r¢ - 0,0 €2 _p
KF,,t(Ot;bt|0t—1abt—1) = ( - |(bg> <KF:t(0t7bt|Ot—1;bt—l) - |(L:)|77'F¢(0t7bt)>-

We can verify that K %f is also a Markov transition kernel. Moreover,

0 e2(¢ ¥ _
[((po ® po)t_l - (<p0 ® pe)t_l} Kf,:? = < - |(b,)|) {(@0 ® Pe)t—l - (@0 ® Pe)t—1} Kf;:?.

To proceed, the standard approach is to use the fact that the Dobrushin coefficient of f{g’f is upper bounded by
one. For clarity, we avoid such definitions and take a more direct approach here, which reduires the extension of
the total variation distance for two probability measures to the total variation norm for a finite signed measure.
For a finite signed measure v over a finite set €2, let the total variation norm of v be

1
Wy =5 Y v
weN

When v is the difference between two probability measures v; — va, the total variation norm of v coincides with
the total variation distance between vy and v4. Therefore, the same notation ||-||Tv is adopted here.

Let M(O x {0,1}) be the set of finite signed measures over the finite set O x {0,1}. From (Cappé et al., 2006,
Chap. 4.3.1), M(O x {0,1}) is a Banach space. Define an operator norm |[|-||op for K%? as

=00
&%

= Sup{Huf(%(i

iy =1v e MO x {011}

op

Since R’%‘Z is a Markov transition kernel, \\K%:?||Op: 1 (Cappé et al., 2006, Lemma 4.3.6). Therefore,

0 0 20 0
[T CE-Y M

N 0,0 N 0,0 0,0
< H {(Wa ® pa)trl - (809 ® pe)t2*1:| KF,tz + ’ (@0 ® Pe)trl (KF,tz - KF,tQ) H
TV TV
2
€46 0 0 A0 0 =00 A
N (1 - IOI> [(w @)1= (PR )tfl} K5t |yt Z0.0L0,10-011, 10 = Oll2

2
;¢ 0 0 0 o0 jg 0.0
< (17l e - @ o], &2,

T 2.0Lg19-0),110 — Oll2
P

2
;¢ 0. 8 b e H R
= - = 1 — _ L, 5 0—0|s.
< |O|> (90 Qp )t2 1 (90 Qp )t2 1 v +2979 ‘97“9—9H2” ||2

The second inequality is due to the sub-multiplicativity of the operator norm. Finally, the desirable result follows
from unrolling the summation and identifying the geometric series.

The proof of the second bound is analogous, using the backward smoothing operators instead of the forward
smoothing operators. Details are omitted. O

Note that Lemma D.5 only holds when considering the options with failure framework. For the standard options
framework, the one-step Doeblin-type minorization condition (28) we construct in the proof does not hold anymore,
due to the failure of Lemma D.1. Instead, one could target the two-step minorization condition: define a two step
smoothing kernel similar to K f?’,f and lower bound it similar to (28). Notations are much more complicated. For
simplicity, this extension is not considered in this paper.
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D.3 The approximation lemmas

This subsection applies Lemma D.5 to quantities defined in earlier sections.

First, we bound the difference of smoothing distributions in the non-extended graphical model (as in Theorem 1)
and the extended one with parameter k (as in Corollary 6). The parameter 6 in the two models can be different.
The bounds use quantities defined in Appendix D.1 and Appendix D.2. Recall the definition of 2 from 8.

Lemma D.6 (Bounding the difference of smoothing distributions, Part I). For all 0.0 €0, ke Ny and p e M,
with the observation sequence {s;,a}tcy corresponding to any w € Q, we have

1. Vte[l:T),
—1 T— . R
H,YG _ 'Yé H < 1 _ ﬁ ' + 1 — sgic ' + 2|O|2079L9x‘|9_9”2 éi HH

it =ty < {1 o 0 E% .

2.Vte[2:T],
A 2N 12 2NTt 40|z, 5Ly 13 o -
0 A0 <of1- 58 - 5 0.0 06=012 |1 — HH .
[t =38, < o) T\ o) F e 2

Similarly, we can bound the difference of smoothing distributions in two extended graphical models with different
k and different parameter 6.

Lemma D.7 (Bounding the difference of smoothing distributions, Part II). For all 9,6 € O and t € [1:T], with
any two integers ko > k1 > 0 and the observation sequence {s, a; }tez, corresponding to any w € 0, we have

t+k1—1 T+k,—t N ~
H”O g H (1" (e 2012050 1501z |15 QH
kst = k2ot py = |0 |0 e 2’
t+k1—2 T+k,—t R .
Hﬁe 50 o1\ T (poaey T MO e-an. |1 0”
e~ Tty <2 o 0 e 3

It can be easily verified that in Lemma D.6 and Lemma D.7, the bounds still hold if # and 6 on the LHS are
interchanged. We only present the proof of Lemma D.6. As for Lemma D.7, the proof is analogous therefore
omitted. Our proof essentially relies on the smoothing stability lemma (Lemma D.5).

Proof of Lemma D.6. Consider the first bound. For a cleaner notation, let

_1O1z.6Lg 90y,

A
3
&

0i é—eHz.

Apply Lemma D.5 as follows: V¢ € [1: T, let ¢ = azﬂf and @f = a‘g,;yt; let pf = ﬂflT and ﬁf = 51(3,15- Due to
Assumption 1, the strictly positive requirement is satisfied. Then, we have

6 0 6 0 t—1
&t By oy By g2
- ‘ : ‘ S bC +A0’é7

0 0 5 o
<Oéu7t7 6t|T> <O[§:7t, ﬂtg\T> v |O‘
7 0 j j -
Ot 'ﬁt\T . aZ,t'ﬂﬁ,t < (1 _ 5%C)T ! LA
5 5 5 > 0,6
<O‘Z7tv B§T> <O‘Z7t7 5;2,,) 0

TV
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where - denotes element-wise product and (-, -) denotes Euclidean inner product. Therefore,

0 0 0 0
|| Yt ﬂtlT _ ey Bry

6 6
H'V#ﬂT — Vit

0 30 ) g0
TV <O‘,u,t7 »3t|T> <aZ,wﬁZ,t> TV
of o .o 00 B A :
3 H’t ﬁt|T - ak,t . 5t|T Oékﬂg . BﬂT _ a%t . 512715
= 0 ) ) ) 4
{a a1 /6t|T> <O‘z,t7 5]59|T> TV <C¥z,t7 Bf|T> <0¢z,t’ 512,0 -

EbC b< .
§<1 |0|) +(1 |O> 124,

Next, we bound the difference of two-step smoothing distributions Hﬁﬁ 0T ig,tHTv. Although the idea is
straightforward, the details are tedious. For any t € [2: T, from (6) we have

'72,t\T(0t*15 bt)

_ 7 t|T Otabt
75(belse, 0013 06) | D Tni(0n]se, 01-1, be; Oni) i (ar|se, 043 010) 5 ——— | > al i(o-1,bi1)
aut(otvbt be_s

K

Ot
Thi 0t|8t,0t 17btaehz)ﬂlo(at|5taotaglo)')’ut|T(0t;bt)[th . Zt 1(04—1, be—1)]my (be|se, 00—1; 6p)

Wb(bt‘styot 15 00)Thi (0t se, 0f 17btaehz)ﬂ-lo(at‘staotaglo) Qi 10041, be—1)

>

Ot 0 1:bt—
B Z Tb bt|5t70t 1500)Thi(0t]st, 01— 1,bt79hz)[zbf L zt 1(06-1,b¢-1)]
Z 7Tb bt‘stvot 1;9b)ﬂ-hz(0t|sta0t 1abt70hl)[2b, 1 Zt l(ot 17bt 1

7 Vo (08, br).

The denominators are all positive due to the non-degeneracy assumption. It can be easily verified that the
normalizing constants involved in the second and the third line cancel each other. As abbreviations, define

99(0t71,st,0t,bt) = 7y (be| e, 00—1;0p)Thi(0t|St, 00 —1, by; Opi),
gé(ot—l’st’ohbt) 1= my (be|se, 0—1; 0p) Thi(0e|5e, 01, be; Ons),

g% (01-1, s, 01, bt)[th,l afb,t—l(ot—la bi—1)]

9% (041, 51,00, 00) 32, az,t—l(og—la be1)]’

fg,t<0t*17 St, Ot, bt) = E

04
9% (01-1, 81,01, bt)[ZbH O‘Z,tq(Ot—lv bi—1)]
20271 ge(oé—l’ 5t Ot bt)[th,l O‘Zﬂt—l(og—l? bt—l)]

flg,t(ot717 St, Ot, bt) =

Then,

o 1 ; ;
HVZ,t\T - VZ,tHTV =3 DI (015600, b7 (01, br) — fg,t(ot—lvstaotvbt)’yz,tT(Otvbt)]‘

0¢—1,bt Ot
< 1 o b)) — o b 0 b
=5 fu,t(Ot—l,St,Ot, t) fk,t(ot—lastaota t) ’YWg\T(Ot, t)
0t—1,bt,0¢

> fioisse00,by) ‘Vz7t|T(0tv be) — Vz,ﬂT(Ot,bt)‘ : (29)

01—1,bt,0¢
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Now, we bound the two terms on the RHS separately. Consider the first term in (29),

1 ~
Z ‘fit(otflastaotvbt) _fl?,t(otfhstvotabt) '72¢|T(0t7bt)
0t—1,0¢,b¢
1 ‘ (011,81, 01, b1)0f, 1(0t 1,0t-1)
< —max
2 ovbe o1 1bt1 Zot " 9°(0}_1. 51,00, by)cx ay11(011, 01 1)

90(0%17 St, Ot bt)az7t_1(0t71> btfl)

2ol b 90(02717St’Ot’bt)az,t—l(oéflvbgfl)

01,91

1 . 0, ,
g max Z O‘Z,t—1(0t—1,bt_1) g% (011, 5¢, 01, t)

otbe 90(02717Stﬂohbt)az,t—l(oéflv ;71)

’ /
0t—1,b¢—1 [ A

99(0t7173t>0t7bt)

9%(0,_1, 5t 01, bt)ai,tfl(f)%_p by_1)

(30)

/ ’
Zot_l,b

t—1

Denote the two terms on the RHS of (30) as Ay and Aj respectively. To bound A;, we can apply Lemma D.5 on
the index set [1 : t — 1] as follows, assuming ¢ > 2. For any ¢’ € [1:¢ — 1], let ¢f, = aﬁyt, and @Y, = ozzﬁt,. For any

(ot,bt), let pf_l(ot_l,bt_l) = ze_lge(ot_l,st,ot,bt), where zg is a normalizing constant. For 1 <# <t —1, let

p) = Blpl . Then,
£,
A < b A, 5.
1—( 0|) T2

Next, we bound A, as follows. Straightforward computation yields the following result.

Such a bound holds trivially if ¢t < 2.

h(97 0¢—1, St, A, O¢, bt)

Ay -
Zogfl,bgfl h(0;0,_1, 5t, at, 01, bt)ai,t_l (01,0t 1)

fmax E akt 1(0¢-1,bt-1)
2 Ot;bt

ot—1,bt—1

h(ea O¢—1, St, A, O¢, bt)

Zofﬁ 1,b; 1 h(é’ 0:5—1’ St, at, Ot, bt)az,tfl(oi—lﬁ 2_1>
Zot—hbt—l
max

L 0 ’ ’
0¢,b¢ 202717%71 h(@, Otfl’ S¢, Qt, O¢, bt)ak,t_l(otfl, btfl)

h(0;0t-1, st, at, 01, by) — h(é; Ot—1, St, At, Ot, bt)’ az,t71(0t—17 be—1)

A

maXo, ,04,b¢ h(9§0t7173t7at70t7bt) - h(9§0t7175t7at70tabt) A
< N

1 . — 0,6’
Mo, _1,04,b; h(@, Ot—1, St, Qt, Ot, bt)

where we use the definition of h(0;0:_1, $¢, as, 04, by) in (24).

As for the second term in (29),

Z F2 (001, 56,00, be) |7h (0, be) — iy (02, br)

0t—1,bt,0¢
0 0 19 &6
bl < (1- |0|) +(1- |0> +2Bes
Combining the above gives the desirable result. O

D.4 Proof of Lemma C.1

Based on Lemma D.7, for all T > 2, § € © and t € [1 : T, with any observation sequence, both the sequences
{VZ,t}keﬁu and {:Yz,t}keN+ are Cauchy sequences associated with the total variation distance. Moreover, the
set of probability measures over the finite sample space @ x {0, 1} is complete. Therefore, the limits of both
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{’Yz,t}kel\u and {ﬁzt}keNJr as k — oo exist with respect to the total variation distance. From the definitions of
{’Yz,t}lceN+ and {3} ,}ren, in Appendix C.1, it is clear that their limits as k& — oo do not depend on 7.

The Lipschitz continuity of 'ng’t also follows from Lemma D.7. Specifically, for all 9,0 c O and t € [1:T], with
any observation sequence,

6 (7]
H’Yoo.,t ™ Yoo, t

2|0|z, sL, 5
< | |9,9 0.10-6ll2 |5 _ o

™V~ e3¢

Hz'

The coefficient of || — 0]|2 on the RHS can be upper bounded by a constant that does not depend on 6 and 6.
The same argument holds for &go’t. O

D.5 Proof of Lemma C.2

For a cleaner notation, we omit the dependency on w in the following analysis. From the definitions, for all
0,60’ € © and € M,

S0, (0'10) — Q.7 (6']6)

T
1 - -
= T{ Z Z ['Ygo’t(otfl,bt) - '72¢|T(0t71,bt)] log 7y (bt |, 0115 63)]

t=2 04_1,bt
T
+y > [’Ygo,t(ou be) — .oy (0, bt)} [log mio(at|st, or; 6]
t=1 o,bt
T
+>.D [Vzo,t(otvbt =1) =3 yr(on, b = 1)} [log 7hi(0¢|st; 01)] + 67‘7“}7
t=1 o+

where the last term is a small error term associated with ¢ = 1 such that,

lerr| =

> 481 (00,b1) [log o (by |51, 003 6;)] ‘ < max [logm,(ba|s1, 00: 6})]-
1

;81,00

00,b1

The maximum on the RHS is finite due to the non-degeneracy assumption. Furthermore,

Q2.2 (0/10) — Qur(9'10)]

T
1 - -
< = max  |log 7y (be|st, 0113 60p)] E ‘Wgo (01—1,by) —72t|T(0t—17bt)‘
T bt,8¢,06—1 ’ ’
t=2 0t—1,b¢
T
0 0
+ E . a?}fﬁt |log mio(ac| s, 013 6}, gb "Yoo,t(0t7bt) - 'YH,HT(Oty be)
t= O0t,0¢

T
0 0
+ ;g%§|log7hi(0t|st;9%i)| Z "Yoo,t(ot,bt =1) =70t by = 1)’ + |err|}.

Ot

Since the bounds in Lemma D.6 hold for any k > 0, they also hold in the limit as & — oo. Therefore, for any 6, u

and any t € [1: T,
2 t—1 2 T—t
0 0 &€ €6
Pl < (-7) +(-Ter)

For any 6, u and any t € [2: T,

2 t—2 2 T—t
0 0 <of1- ¢ =
[ 7WHTV = o) 0]
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Combining everything above,

Q5. 7(0'10) — Qur(0'10)]

IN

)

T
+2 { max [log 7, (a|st, 045 0),)] + max [log 7h: (0¢| 843 0};) } Z H’sztlT — 'ygo,t
t=1

T
1 - -
L], e losmibiscor )| [1+23 [ 2%
t=2

bt,8t,0¢—1

o

1 6|0]
< =91+ = ! -150,
< 7{ (1 50) e i)
410 c
+ C| Lmsa’f, log 7o (at|st, 01567, JFmaXHOgWhZ(Ot'St’GM)@ } - (T )7

where C(6') is a positive real number that only depends on ¢’ and the structural constants |O|, ¢ and ;. Due to
Assumption 2, C'(¢’) is continuous with respect to ¢’. Since @ is compact, supgy o C(8’) < co. Therefore,

1
|Q 7(0'10) — Q. r(0')0)] < 7 5up C(9).
0'cO

Taking supremum with respect to 6, 6/ and p completes the proof. O
D.6 Proof of the strong stochastic equicontinuity condition (19)

First, for all § > 0 and w € €2,

lim sup sup |Q 91‘917 ) — &,T(9§|92§W)|
T—o00 61,0],02,0,€0;]01—02]2+]0] —05]2<5

. 1
< hmsupf sup | £:(01161;w) — f(05]602;w)] .
T—oo 01,07,02,05€ 05|01 —02|2+]|0; —05[12<5

Due to the boundedness of f;(8'|6;w) from Appendix C.2, we can apply the ergodic theorem (Lemma C.3). Py« -
almost surely,

T
. 1
limsup — Y sup | f:(07101;w) — fe(05]02;w)]
T—o00 =1 91,91,92,9%69;“91—02H2+H9’1—9'2H2§5
- E[ sup f1<01|91;w>f1<9;|02;w>|]
01,0 ,02,0,€ 0|01 —02||2+][07—05]|2<d
< Ee[ up |f1<9'1|91;w>—f1<e;|el;w>|}
01,01,05€ 05|01 —05|2<6

+ Eg { sup | f1(05]01;w) — f1(9’292;w)|}

01,02,05€0;]|01—02]|2<6
Notice that for all 8y, 0/, 6} and w,

[£1(01101; w) = f1(02161; )| < max [log mni(or|w(se); 01 ) — log Tni(or]w(se); O,p))|
+ max |log Tio (w(ae) |w(se), or; 01 o) — logmio(w(ar)|w(se), o3 9’2,10)‘

+ max |log7rb(bt|w(st) 0r_1;0, ) — logm,(bt\w(st),ot,l;%)b)’.

Ot —

The RHS does not depend on ;. Due to Assumption 2, 7;, 7, and 7, as functions of the parameter 6 are
uniformly continuous on @, with any other input arguments. Therefore it is straightforward to verify that, for
any w € €,

lim sup | £1(07101;w) — f1(05]61;w)| = 0.
009,01 ,05€ 0107 —04]12<5
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Applying the dominated convergence theorem,

lim Eg- - sup |f1(07101;w) — f1(05]61;w)| | = 0.
6=0 01,01,05€ 05|07 —05]|2<6

Similarly, using Lemma C.1 we can show that for any w € (),

lim sup 1£1(051013w) — f1(04]62; )] = 0.
6=00,,0,,0,€05]]01—02]|2<5

Using the dominated convergence theorem gives the convergence of the expectation as well. Combining the above
gives the strong stochastic equicontinuity condition (19). O

D.7 Proof of Lemma C.5

Consider the following joint distribution on the graphical model shown in Figure 1: the prior distribution of
(Op, 51) is v*, and the joint distribution of the rest of the graphical model is determined by an options with
failure policy with parameters ¢ and 6. Notice that this is the correct graphical model for the inference of the
true parameter 6*, since the assumed prior distribution of (Og, S1) coincides with the correct one.

For clarity, we use the same notations as in Appendix B.3 for the complete likelihood function, the marginal
likelihood function and the (unnormalized) Q-function. Specifically, such quantities used in this proof have the
same symbols as those defined in Appendix B.3, but mathematically they are not the same.

Parallel to Appendix B.3, the complete likelihood function is
L(s1.7, a1.1, 00:7, bi:1; 0) = v* (00, $1)Po,0y,5, (S2:7 = S1.7, Ar.7 = a1.7, O1:7 = o1.7, Brir = bu.p).

The marginal likelihood function is

L™ (s1.1,a1.7;0) = ZV*(OO, 51)Pg 09,5, (S2:7 = s1.7, A1.7 = ar.7).
oo
Let pu* be the conditional distribution of Oqy given s;. For any oy € O,
v* (09, 51)

0, €O V*(OE)’ Sl) .

1 (ools1) = 5

Therefore, for the inference of 6* considered in this proof, the (unnormalized) Q-function can be expressed as

A L(s1.r,ar.T,00.r, b1.7;0)
N 9/ 0 — ’ bl ) bl 1 L ) ) ) b ) .0/
Qu-,r(6']0) Eb: L™ (s1r, avrs 0) og L(s1.r, ar.t, oo.r, b1.7;0")
00:7,01: T
= Z W (00|81)Pp 0,5, (S2:7 = s2.7, Ar.r = ar.r, Or.r = o, Bir = bir)
00:7,b1:T

x 2 . log[v* (00, $1)Por o1 s, (S2:r = $1.7, Arer = ar.r, Orir = ovr, Brp = brr)].

We can rewrite Q#*,T(ﬁ’ |#) using the structure of the options with failure framework, drop the terms irrelevant to
0" and normalize using T. The result is the following definition of the (normalized) @-function:

> o0.by V1 (00181)Po,0q,5, (S2.:7 = 2.7, A1 = ar.r, B1 = bi)[log mp(b1]s1, 00; 6p)]
T2, v*(00,51)Pg 00,5, (S2.:7 = s1.7, A1 = ar.r)

Qr(6'6) ==

T T
1 1
tr S A yr(onbi)log mio(arse, o1 67,)] + T D> A (00 be = D[log mai(or|se; 6]

t=1 o,,b; t=1 o:

T
1 -
+TZ D A0 yr(0r-1,be) [log my (bess, 0113 6)]-

t=204_1,b¢
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We draw a comparison between Q%(6'|0) and Q. r(0'|0) defined in (7): their difference is in the first term of
Q7 (0']60). Maximizing Q% (6'|0) with respect to ¢ is equivalent to maximizing the (unnormalized) Q-function
Qu+7(0']0). In Algorithm 1, since Q7 (6'|0) is unavailable, we use Q,~ 7(6'|f) as its approximation.

Q%5(0'|0) depends on the observation sequence, therefore it is a function of a sample path w € Q. In the following
we explicitly show this dependency by writing @*(0'|0;w). Clearly, for all 8,6’ € 6, w € Q and T > 2,

N 1
Q7 (010;w) — Q= 7 (6']0; w)| < 7 Sup  max [log 7y (b1 |s1,00; 03| -
9’c @ b1,51,00
Combining this with the stochastic convergence of ()~ 7 as shown in Theorem 2, we have, that for any 0 € O, as
T — o0,
— 0, Pp= +-a.s.

Q701075 w) — Q(6]07)

Using the dominated convergence theorem, such a convergence holds in expectation as well. For any 6 € 6,

i Ege e [Q(61070)] = QUO10°).

Since maximizing Q7(0|0*) with respect to ¢ is equivalent to maximizing the (unnormalized) Q-function
Q- 7(010%), the standard monotonicity property of the EM update holds as well. For all 8 € O, w € Q
and T > 2,

log L™ [w(s1:7), w(ar:r); 0] — log L™ [w(s1:7), w(arr); 0%] = T [Q7(0]6%; w) — Q7(67]67; w)] -
Taking expectation on both sides, we have

L™ (s1.7,a1.7;0) <0
Lm(slzTyal:T;e*) -

E@*’V*[LHS] = Z Lm(51:T7a1:T;9*)log

$1:7,01:T

due to the mnon-negativity of the Kullback-Leibler divergence. Therefore, Eg« ,-[Q%(0]0*;w)] <
Eg« - [Q7(67]0%;w)], and in the limit we have Q(0]6*) < Q(0*[0*) for all & € 6. Applying the identifiabil-
ity assumption for the uniqueness of M (6*) completes the proof. O

E Additional experiments and details omitted in Section 5

E.1 Generation of the observation sequences

We first introduce the method to sample observation sequences from the stationary Markov chain induced by the
expert policy. Using the expert policy and a fixed (o, s1) pair, we generate 50 sample paths of length 20,000.
Then, the first 10,000 time steps in each sample path are discarded, and the rest state-action pairs are saved
as the observation sequences used in the algorithm. For different T', we just take the first T time steps in each
observation sequence.

Such a procedure is motivated by Proposition 5: it can be easily verified that Assumption 1 and 2 hold in our
numerical example. Therefore, from Proposition 5, the distribution of X; approaches the unique stationary
distribution regardless of the initial (0, s1) pair. In this way, Assumption 3 is approximately satisfied.

E.2 Analytical expression of the parameter update

For our numerical example, the parameter update of Algorithm 1 has a unique analytical solution. For all § € O,
weQ,T>2and p € M, we first derive the analytical expression of M, 7(;w)x; which is the updated parameter
for 7p; based on the previous parameter . Such a notation for parameter updates is borrowed from Assumption 5.
Using the expression of the @-function (7), we have

T
M, r(0;w)n; € arg maXZZ'VZ,ﬂT(Ot»bt = 1)[log 7 (0¢]s¢50},:)],
01,:€Oni y—1 o4
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where s; on the RHS is the state value w(s;) from the sample path w. We omit w on the RHS for a cleaner
notation. Let f(6},) denote the sum inside the argmax. Then,

F0,,) = Z {7 r(oy = LEFTEND, b, = 1)[log myi(0; = LEFTEND|s,; 60},)]

+70 yyr(0, = RIGHTEND, b, = 1)[log 74 (0; = RIGHTENDs,; 9;”.)]}

Il
B

{’yz,tlT(ot — LEFTEND, b; = 1) []l[st = 1,2]log ), + 1[s; = 3,4] log(1 — ;”.)}

o
Il

1

+40 yr(0; = RIGHTEND, b; = 1) {]1[& = 3,4]log @}, + 1[s; = 1,2] log(1 — ;“.)} }

Taking the derivative of f(6},), we can verify that f(6};) is strongly concave. Therefore, the parameter update
for 7y, is unique.

0.1, it M, 7(6;w)n < 0.1,
M, 7(0;w)hi = & M7 (0;w)ni,  if 0.1 < M, p(0;w)ni < 0.9,
0.9, if M, 7(0;w)pi > 0.9,

where MM,T(H; W)p; is the unconstrained parameter update given as

_ o1 yr (0 = LEFTEND, b, = 1)1[s, = 1,2]
Zt:l Zot 727t|T(0t, by =1)

1 (0;0)ni

i1 70 (0 = RIGHTEND, b, = 1)1[s; = 3, 4]
T .
Zt:l Zot lyz’t‘T(Oh bt = 1)

Similarly, the unconstrained parameter updates for m;, and m, are the following:

M, 7(6;w) EZ {mm (o = LEFTEND, b;)1[a; = LEFT]

tlbt

+78 yr(0; = RIGHTEND, b;)1[a; = RIGHT] }

T
- 1 ~ ~
M, r(0;w), = 71 Z Z {’Vﬁ,ﬂT(Otl» by = 1)1[event] + 72_¢|T(0t71> by = O)Jl[ﬂevent]},
t=2 0¢—1
where the event = {(s; = 1,0;-1 = LEFTEND) V (s; = 4,0, = RIGHTEND)}. The parameter updates
M, r(0;w)1 and M, r(0;w), are the projections of M, 7(0;w)i, and M, 7(0;w), onto [0.1,0.9], respectively.

E.3 Supplementary results to Figure 3

In this subsection we present supplementary results to Figure 3. In Figure 3, err(n,T) is defined as the average of
||0(") — 0*||2 over all the 50 sample paths. Here, we divide the set of sample paths into smaller sets and evaluate
the average of [|0(™) — 6*||y over these smaller sets separately. The settings for the computation of parameter
estimates are the same as in Section 5. The following procedure serves as the post-processing step of the obtained
parameter estimates.

Concretely, as defined in Section 5, we obtain a sequence {||0(™ — 0*||2; w, T} nejo:n) after running Algorithm 1
with any sample path w and any T. After fixing T and letting n = N, [|§N) — 6*||5 is a function of w only. With
a given threshold interval I = [I}, I5], we define a smaller set of sample paths as the set of w with |[§(™) — 6% |,
greater than the I;-th percentile and less than the Io-th percentile. Let err(n, T, I) be the average of ||[§(™) — 6% |,
over this smaller set of sample path specified by interval I. For T' = 8000, the values of err(n,T, I) with specific
choices of I are plotted below. If I = [0,100], err(n, T, I) is equivalent to err(n,T) investigated in Section 5.
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Figure 5: Plots of err(n,T,I) with varying n and I; T is fixed as 8000.

Figure 5 suggests that with probability around 0.6, our algorithm with the particular choice of 7' and (°) achieves
decent performance, decreasing the original estimation error by at least a half. A worth-noting observation is
that, for all the choices of I (including I = [90, 100] representing the failed sample paths), err(n,T,I) roughly
follows the same exponential decay in the early stage of the algorithm (roughly the first 10 iterations). The same
behavior can be observed for T' = 5000 and 7" = 10000 as well. It is not clear whether this behavior is general or
specific to our numerical example. Detailed investigation is required in future work.

E.4 Varying u

In this subsection we investigate the effect of p on the

performance of Algorithm 1. Intuitively, from the uniform 0.18
forgetting analysis throughout this paper, it is reasonable — = 0.2
. . 0.16 — = 0.5 | |
to expect that at each iteration, the effect of y on the H 08
p=0.

parameter update is negligible if T is large. However, such . 0.14
a negligible error could accumulate if N is large. The effect
of p on the final parameter estimate is not clear without
experiments. D o1

We use the same observation sequences as in Section 5. 0.08 \\\ /

T is fixed as 5000. 6 = (0.5,0.6,0.7), and the pa-

rameter space for all the three parameters remains the 0'060 260 460 6(;0 8(30 1000
same as [0.1,0.9]. For all s1, u(ogp = RIGHTEND|s;) € Number of iterations (n)
{0.2,0.5,0.8}. The performance of the algorithm is eval-
uated by err(n,T) defined in Section 5. The result is  Figure 6: Plots of err(n,T) with varying n and y;
presented in Figure 6, which shows that indeed, the effect T is fixed to 5000.

of 1 on the final performance of the algorithm is negligi-

ble. For n = 1000, max, err(n,T) is 0.7% higher than

min,, err(n,T).

E.5 Random initialization

Up to this point, all the empirical results use the same initial parameter estimate 6(0) = (0.5,0.6,0.7) on all the
50 sample paths. In this subsection, we evaluate the effect of the initial estimation error {#(®) — 6*}, on the
performance of the algorithm, by applying random #(?). Such a randomization is not considered in Section 5
since more explanations are required.

In this experiment, we use the same observation sequences as in Section 5. T is fixed to 8000. For all sy,
w(op = RIGHTEND]|s;) = 1. The parameter space for all the three parameters remains the same as [0.1,0.9].
For each observation sequence, we first generate three independent samples zp;, x;, and x; uniformly from the
interval [0,1]. Then, #(?) is generated as follows: with a scale factor w € {0.1,0.2,0.3}, let 9,(3) = 0}, — wxp,,

91(2) = 0}, — wx, and 01(70) = 0; — wxy. As a result, 0°) dependent on w is different for different observation
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sequences. The choices of (9 are not symmetrical with respect to 8* due to the restriction of the bounded
parameter space. For the parameter estimates obtained from the computation, err(n,T’) is defined as in Section 5.
The result is shown in Figure 7.

0.35 ‘ : : : 4
—\\ = 01 —\\ = 01
0.3+ — = 0.2 —y = (.2
w=03 A5F w=03| |
025 —
= c
£ 02 T 2t .
E 9,
@
0.15 8
25+ 8
0.1
0.05 : ‘ ‘ 3 ‘ ‘ ‘ ‘
0 200 400 600 800 1000 0 2 4 6 8 10

Number of iterations (n) Number of iterations (n)

Figure 7: Plots of err(n,T) with varying n and 6(%); T is fixed to 8000.

From Figure 7, the curves corresponding to w = 0.1 and w = 0.2 qualitatively match the performance guarantee
in Theorem 4. The algorithm achieves decent performance when {#(®) —#*1, is intermediate (the case of w = 0.2),
where the average estimation error err(n,T) is reduced by at least a half. If {#(®) — *}, is small (the case of
w = 0.1), the parameter estimates cannot improve much from (). If {#(®) — §*}1, is large (the case of w = 0.3),
the algorithm cannot converge to the vicinity of the true parameter, which is consistent with our local convergence
analysis.



