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Abstract

Risk-sensitivity plays a central role in artifi-
cial intelligence safety. In this paper, we study
the global convergence of the actor-critic algo-
rithm for risk-sensitive reinforcement learning
(RSRL) with exponential utility, which re-
mains challenging for policy optimization as it
lacks the linearity needed to formulate policy
gradient. To bypass such an issue of nonlin-
earity, we resort to the equivalence between
RSRL and robust adversarial reinforcement
learning (RARL), which is formulated as a
zero-sum Markov game with a hypothetical
adversary. In particular, the Nash equilib-
rium (NE) of such a game yields the optimal
policy for RSRL, which is provably robust.
We focus on a simple yet fundamental set-
ting known as linear-quadratic (LQ) game.
To attain the optimal policy, we develop a
nested natural actor-critic algorithm, which
provably converges to the NE of the LQ game
at a sublinear rate, thus solving both RSRL
and RARL. To the best knowledge, the pro-
posed nested actor-critic algorithm appears
to be the first model-free policy optimization
algorithm that provably attains the optimal
policy for RSRL and RARL in the LQ setting,
which sheds light on more general settings.

1 Introduction

Reinforcement learning (RL) (Sutton and Barto, 2018)
combined with deep neural networks achieves tremen-
dous successes in applications (Mnih et al.; 2015} |Silver
et al., 2016} 2017; |OpenAl, 2018} [Vinyals et al., [2019)
where powerful simulators enable the RL agent to learn
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by trial and error from massive experience data. In real-
world applications, however, due to practical concerns
such as damage avoidance, compared with minimizing
the cumulative cost in expectation, ensuring the safety
of the agent is often of higher priority (Garcia and
Fernandez| |2015; [Amodei et al.,|2016)). To this end, the
agent needs to account for the uncertainty in the cumu-
lative cost, which is known as the risk-sensitive criterion
of safe RL (Garcia and Fernandez| 2015)). In particu-
lar, the notion of risk reflects the intrinsic uncertainty
(Tamar et al. 2015)) that arises from the stochastic na-
ture of the underlying Markov decision process (MDP).
Correspondingly, risk-sensitive reinforcement learning
(RSRL) (Howard and Mathesonl [1972)) alters the opti-
mization problem of the agent by incorporating a risk
measure into the objective or constraint.

One of the most prevalent risk measures is the expo-
nential utility (Pratt, (1978), which finds wide appli-
cations in economics and operations research (Rouge
and El Karoui, [2000; Hu et al.l |2005)). In this setting,
the agent aims to maximize the expectation of the cu-
mulative cost transformed by the exponential function.
Despite its elegant form, due to the lack of linearity,
it remains challenging to establish the policy gradi-
ent theorem (Sutton et al., [2000), which leaves it an
open problem to apply model-free policy optimization
(Schulman et al., 2015, |2017)) to this setting.

To address the lack of linearity in RSRL with exponen-
tial utility, we resort to the equivalence between risk-
sensitivity and robustness (Osogami, [2012; |Hernandez,
Hernandez and Marcus)|, [1996; |Jaskiewicz, 2007)). In
particular, we show that our RSRL problem is equiv-
alent to robust adversarial RL (RARL) (Pinto et al.l
2017)), where both the cost and transition are perturbed
by a hypothetical adversary, giving rise to a zero-sum
Markov game that is amenable to model-free policy
optimization.

Towards theoretically understanding RSRL and RARL,
we focus on a simple yet fundamental setting with lin-
ear transition and quadratic cost (LQ), which captures
the key challenges of RSRL and RARL in more general
settings. Our goal is to obtain the Nash equilibrium
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(NE) of the resulting zero-sum Markov LQ game, where
the agent and hypothetical adversary are the minimiz-
ing and maximizing players, respectively. In particular,
the corresponding NE yields the optimal policy of the
agent, which enjoys robustness guarantees. However,
solving such an LQ game amounts to minimax opti-
mization with nonconvex-nonconcave objective, which
remains less theoretically understood. For example,
even gradient-based algorithms may diverge or cycle
(Daskalakis and Panageas|, 2018; Mazumdar and Ratliff]

2018)).

In face of the challenge of nonconvex-nonconcave op-
timization, we develop a nested natural actor-critic
algorithm (Kakade, |2002; Peters and Schaall 2008) for
solving the LQ game arising from RSRL and RARL.
To achieve algorithmic stability, we update the policy
of the agent at a faster pace, meaning that the agent
seeks to minimize the expected cumulative cost using
actor-critic given a fixed adversary. Once the agent
attains its optimal policy, the adversary seeks to un-
dermine its performance by maximizing the expected
cumulative cost. In particular, we prove that nested
natural actor-critic attains a sequence of policy pairs
that converge to the NE at a sublinear rate, which
implies that the agent attains the optimal policy of
RSRL and RARL.

Main Contribution. Our contribution is two-fold.
First, by exploiting the equivalence among RSRL,
RARL, and zero-sum games, we propose the nested
natural actor-critic algorithm to solve them together.
Second, when focusing on the LQ setting, we prove
that the nested natural actor-critic converges to the NE
at a sublinear rate. As a result, it attains the optimal
policy of RSRL and RARL, which is provably robust.
To the best of our knowledge, the proposed algorithm
is the first model-free policy optimization algorithm
for RSRL, RARL, and zero-sum games with provable
guarantees in the LQ setting.

Related Work. RSRL with exponential utility based
on Q-learning is studied in (Borkar, 2001; Borkar and
Meyn| 2002} Borkar], 2002} Mihatsch and Neuneier]
@D However, their asymptotic analysis only covers
the tabular setting. Meanwhile, the existing study of
robust MDP (Nilim and El Ghaoui, 2005, Xu and Man;
[2010} [Wiesemann et all 2013} [Wolff et al. 2012}
Delage and Mannor), [Cim et all, 2013} [Kalyana]
sundaram et al, 2002} [Le Tallec and RARL
(Pinto et al. |2017; Pattanaik et al., 2018) is either
model-based (Wolff et al., 2012; Delage and Mannor,
2010; [Kalyanasundaram et al.l 2002), Q-learning-based
(Nilim and El Ghaouil 2005; |Le Tallecl 2007)), or empir-
ical (Pinto et al.| 2017, [Pattanaik et al., 2018)) without
provable guarantees. In contrast, our proposed model-

free policy optimization algorithm allows for function
approximation and enjoys nonasymptotic guarantees
of global convergence. [Zhang et al| (2019a)) study the
policy optimization with robustness under the LQ set-
ting. However, this work only studies the convergence
of model-based policy gradient for Hs/H, robust con-
trol under the noiseless setting. Their work requires
the population version of the gradient, and is thus
essentially model-based.

Our work is also related to a vast body of literature
on zero-sum Markov games. See, e.g., |Littman| (1994);
[Lagoudakis and Parr| (2002); |Conitzer and Sandholm
(2007); [Pérolat et al.| (2016alb)); Yang et al.| (2019)); Zou
et al.| (2019)) and the references therein. However, the
study of model-free policy optimization for zero-sum
Markov games is limited. Existing work either does not
have provable guarantees (Lowe et al.,[2017; [Pinto et al.
2017)) or is restricted to the tabular setting (Bowling),
2001} [Pérolat et al., 2018; |Srinivasan et al. [2018).

In the context of policy optimization in the LQ setting,
our proof is based on the analysis of [Fazel et al.| (2018);
[Malik et al. (2018)); [Yang et al.| (2019)); [Zhang et al.
2019Db)); Bu et al.| (2019). Compared with [Fazel et al.
2018)); Malik et al.| (2018)); [Yang et al| (2019), our
setting of LQ game is significantly more challenging
as it involves minimax optimization with nonconvex-
nonconcave objective, whereas their setting only in-
volves minimization. Compared with
(2019b); Bu et al|(2019), whose analysis requires the
population version of policy gradient and is hence essen-
tially model-based, our analysis allows for model-free
policy optimization, which involves optimizing both
the actor and critic. See |Tu and Recht| (2018) for the
gap between model-based and model-free methods for
RL in the LQ setting.

Notation. We denote the spectral radius of any matrix
A by p(A). For any two matrices M € R™*" N €
R™ ™ we denote by (M,N) = Tr(MN) the inner
product over the matrix space. For any set X', we
denote the set of probability distributions on X by
P(X). For any matrix M, we denote by svec(M) the
vectorization of M, and by smat the inverse of svec.
We denote the tensor product of two matrices A and
B by A® B, and the n-th tensor power of a matrix A
by A®" := A A®...® A. We denote by opin(A) the
smallest singular value of matrix A.

2 Background

In this section, we first introduce the risk-sensitive
reinforcement learning (RSRL) and the robust adver-
sarial reinforcement learning (RARL) problem, and
proceed to formulate them as zero-sum games. After
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that, we introduce the linear-quadratic (LQ) setting
for the theoretical analysis of RSRL and RARL.

2.1 RSRL and RARL

RSRL. We consider a (single-agent) Markov decision
process (MDP) given by M = (X,U, P, ¢, Dy), where
X and U are the state and action spaces, respectively,
P: X xU — P(X) is the transition kernel, ¢ : X xU —
R, is the cost function, and Dy is the initial state
distribution. An agent interacts with the environment
in the following manner. At state x; € X, the agent
takes action u,; and receives a cost & = &(xy, u;). Then,
the system transits to the next state z;41 according
to the transition kernel P(-|z¢,u;). In RSRL, we are
interested in minimizing the following risk-sensitive
average cost criterion,

T
min lim 77! -logEp, [exp(Z E(xt,ut))], (2.1)
0

{us} T—o0 —

where the expectation is with respect to xg ~ Dy and
Tio1 ~ P(-|24,u;). However, the lack of linearity in
the RSRL objective defined in prohibits policy
optimization (Kakadel 2002; Peters and Schaal, [2008;
Schulman et al.l [2015] 2017) to minimizing it directly.
To bypass such an issue, we exploit the duality between
the logarithmic moment generating function and the
Kullback-Leibler (KL) divergence (Jaskiewiczl [2007),
that is, it holds for any p € P(X) that

logE, .., exp [g(as)] =
veP(X)

Here Dk, is the KL-divergence. This duality viewpoint
allows us to view (2.1]) as a two-player zero-sum game by
following the lines of Hernandez-Hernandez and Marcus
(1996); Jaskiewicz (2007)); [Saldi et al. (2018). Apart
from the original agent with action space U, we consider
a hypothetical adversary with action space V = P(X).
At state x4, the (original) agent chooses action u; € U,
while the adversary chooses action v, € V. Subject
to the influence of the adversary, the agent pays the
adversary a cost &(wy, us)—Dxr (v || P(- | 74, u¢)). Then,
the system moves to the next state z;11 according to
v¢. Then, RSRL defined in is reformulated as the
following zero-sum game,

T
minmax lim Ep, [T_l . Z c(x, uy, ut)]

(2.2)
{ut} {vi} T—o0 P

Here the expectation is with respect to zg ~ Dy,

Tie1 ~ v, and e(z, u,v) = é(z,u)— DxL(v || P(- |z, u)).

Letting ¥V = P(X) and P(:|z,u,v) = v(-), the zero-

sum game is given by the two-player MDP M =

(X, (U,V),P,c,Dy). In the context of zero-sum games,

sup By [g(x) — Drr(v | p)]-

if the solution to exists and the min and max op-
erators are interchangeable, we call the solution value
as the value of the game and the action sequences {u}}
and {v]} that attain the value of the game as the Nash
equilibrium (NE). Note that when the NE exists, {u]}
solves the minimization problem defined in .

RARL. The zero-sum game coincides with the
formulation of RARL (Pinto et al.,2017) for a manually
designed cost function ¢(x,u,v), where an adversary
with manually designed action space is induced. Specif-
ically, the optimization problem in RARL is formulated
as follows,

T

min max Th_r)n Eso~po {T71 . Z cxy, ug, Vt)}»
{ue} {ve} o0 =0

where the transition x;y1 ~ P(- |z, us, v¢) is impacted
by the action v; of the adversary. Note that here the
cost function and the action v; of the adversary are
manually designed (Pinto et al.,|2017). In particular,
RARL is formulated as a zero-sum game between the
agent and the adversary, whose NE corresponds to the
optimal solution to RARL.

2.2 Linear-Quadratic Setting

We now consider the linear-quadratic (LQ) setting
of RSRL and RARL, where we have X = R?% and
U = R™. Tt is known that RARL is a zero-sum
game by its formulation (Pinto et al., |2017)). In what
follows, we show that RSRL in LQ setting can also be
formulated a zero LQ game.

In the LQ setting, we consider the following linear
transition dynamics and quadratic cost function,

Tt41 = AJCt + But + €,

E(xt,ut) = I’:th + U:Rut

Here A € R¥?4 and B € R¥™ gpecify the linear
transition dynamics, e; ~ N(0,¥) is the Gaussian
noise, and Q € R4 R € R™*™ are positive definite
matrices that collectively define the quadratic cost
function. Note that the transition kernel P(-|z,u) =
N(Az + Bu, V) is Gaussian. In parallel to §2.1} we
induce a hypothetical adversary, which chooses action
vy € P(X) at state ;. The agent pays the adversary a
cost &(x¢, us) — D1 (¥4 || P(- | z¢,u¢)). Then, the system
moves to the next state x¢41 according to 1. The
resulting optimization problem takes the form of .
However, optimizing over all possible v, € P(X) is
not tractable. Hence, we instead consider a simpler
case, where v; is obtained from a Gaussian family
{N(v; + Azy + Bug, ¥) | vy € R?}. With a slight abuse
of notation, we write v; as the action of the adversary
in place of 14, since 14 is fully characterized by v;. It
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then holds that Dxr, (v || P(- | 2, u¢)) = v U 1o, We
remark that the Gaussian class of transition kernels
captures the most important properties of the original
model. That is, upon the impact of the adversary vy,
the system is able to transit to any next state xyy1
if the adversary takes action vy = x441 — Axy — Bug.
Thus, in parallel to §2.1) RSRL in the LQ setting is
formulated as the following zero-sum LQ game,

T

lim E [
R B

(E(xt,ut) — vg—\Iflvt)].
= (2.3)

Here the expectation is with respect to g ~ Dy, 441 =
Azi + Buy + v + e, and e; ~ N(0,¥). Note that the
transition kernel is given by P(-|x,u,v) = N(v+ Az +
Bu, ¥) and the cost function is given by ¢(z,u,v) =
ez, up) — v o,

2.3 Zero-Sum LQ Game

As discussed in §2.2] RSRL and RARL can both be for-
mulated as the zero-sum LQ game, which is introduced
in the sequel.

A zero-sum LQ game is given by a (two-player) MDP
M = (X,(U,V), P, c,Dy), where X = R? is the state
space, U = R™* and V = R™2 are the action spaces of
the agent and the adversary, respectively, P : X x U X
V — P(X) is the transition kernel, ¢: X xU x ¥V - R
is the quadratic cost function, and Dy € P(X) is the
initial state distribution. In the zero-sum LQ game, at
state z; € X', the agent chooses action u; € U, while
the adversary chooses v; € V. Then, the agent pays
the adversary a cost ¢(zy, us, v¢) that takes the form of

c(xy, ug,vp) = x;ert + u:Rut — v;rSvt (2.4)

and the system transits to the next state x;11 via the
following linear transition dynamics,

= AI’t + B’U,t + O’Ut + e¢. (25)

Tt4+1

Here A € R¥*4 B € R¥>™_ and C € R¥>™ spec-
ify the linear transition dynamics, e; ~ N(0,V) is
the Gaussian noise, and Q € R4*¢ R € R™>™1 G ¢
R™2%m2 are positive definite matrices that define the
quadratic cost function c. Specifically, for RSRL, we
set C = I; and S = U, For RARL, C and S are
manually designed (Pinto et al.,|2017). We characterize
the zero-sum LQ game by the following generalized al-
gebraic Riccati equation (GARE) (Bagar and Bernhard,
2008)),

P=A"PA+Q

_ (BTPA\' (R+BTPB
CTPA CTPB

(2.6)
BTPC

L /BTPA
—S+CcTPC CTPA)"

We denote by P* the positive definite solution to GARE

defined in ({2.6)), which corresponds to the value of the
game.

3 Nested Natural Actor-Critic

In this section, we establish NEsted Natural Actor-
Critic (NENAC), which aims to find the NE of (2.2).
We parameterize the joint policy of the agent and the
adversary by mg 1, : X — PU V), where (K, L) is the
parameter and 7, (u,v|x) = wg)(um) . W(LQ)(v | z).
For a given policy 7k 1, we define the ergodic cost
J(K, L) as follows,

M:

J(K, L) = lim BT, {

EONDO

T c(mt,ut,vt)}, (3.1)

Il
=]

where we denote by E™%.L the expectation with respect
to (ug,vy) ~ mrL(-|xe) and zip1 ~ P | @, ug, v).
Correspondingly, we define the (advantage) state value
function Vi : X — R and the (advantage) state-
action value function Qg : X XU xV — R as follows,

E”KL[fi

t=0

Vi,L(x (g, ug, v) — J(K, L)) ’l‘},

(3.2)

QK,L(I, u, U)
o0

= E™K.L [Z (c(a:t, ug,vy) — J(K, L)) ’m, u,v]. (3.3)

t=0

Here the expectations are conditioned on xy = =«
and 9 = x,uy = u,vyg = v, respectively. For no-
tational simplicity, we denote by px 1 € P(X) and
pr.L(x,u,v) = pr,r(z) T (u,v|z) € P(X XU XV)
the stationary distributions induced by 7k, on the
state space and state-action space, respectively. It
holds that

J(K,L) = Ez, ,[c(x,u,v)].

Our goal is to find the NE (K*, L*), which satisfies
that

min max J(K, L) = maxmin J(K, L) = J(K*,L").
K L K L

(3.4)
In order to stabilize the transition dynamics (Zhang

et al., 2019b]), our algorithm aims to solve the maximin
optimization problem,

maxmin J(K, L),
L K
as opposed to the minimax formulation in (2.2)). Note

that the optimum of the minimax and the maximin
formulation are equivalent as long as the NE exists.
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For a given L, the inner minimization problem is a singe-
agent reinforcement learning problem, which aims to
find the stationary-point solution K (L) to the inner
minimization problem. Moreover, we show that the
stationary-point solution K (L) is the optimal solution
to the inner minimization problem in the LQ setting.
See Lemma [£.4] for details. In general, the stationary-
point solution o may not be the global minimizer for the
inner minimization problem. Following from (Peters
and Schaall 2008), K (L) can be obtained by natural
actor-critic, which updates K via

K =K —~-[Z(K;L)] 'VgJ(K,L).  (35)
Here v > 0 is the stepsize, Vg J(K, L) is the policy
gradient with respect to K, and Z(K; L) is the Fisher
information of m ;, with respect to K, which is defined
as

I(K; L) (3.6)

=Epp . [VK log . (u, v | )V log mg 1 (u, | x)T]
By the policy gradient theorem (Sutton et al., 2000]),
we have that

Vi J(K, L) (3.7)
— -~

PK,L [VK IOg 7TK7L(U, v | .1?) : QK,L(x7 u, U)]y

where the expectation is with respect to (x,u,v) ~
pr,- As customary with the actor-critic scheme, we
parameterize the state-action value function Qg r in
by @)‘ with A\ as its parameter, which is esti-
mated at the critic step. Specifically, at the critic step,
we utilize policy evaluation (e.g. GTD) to estimate
Qk.L(z,u,v). Then, at the actor step, we update K

via (3.5) with @)‘ in place of Qk 1.

When the stationary-point solution K (L) of the inner
minimization problem is obtained, we update L via the
following projected nested natural policy gradient,

L= H[;{L . [I(L;K(L))}_leJ*(L)}. (3.8)

Here ¢ > 0 is the stepsize, L is the feasible parameter
set for algorithmic stability, which is specified later,
Z(L; K) is the Fisher information with respect to L,
and V5 J*(L) is the gradient of J*(L) = J(K(L), L),
where K (L) is stationary-point solution of the inner
minimization problem. Note that

ViJ*(L) =V K(L)VkJ(K(L),L) +V5J(K(L),L)
=V.J(K(L),L),

since K (L) is the stationary point. In parallel to (3.6))

and (3.7), Z(L; K) and V. J*(L) take the forms of
I(L: K)

=Es, . [Vilogmk,o(u,v|2)Vlog Tk (u,v] l‘)TL
ViJ*(L) =V J(K(L),L)

=Epn) 0 [VElogmr(ry,p(u,v | 2) - Qr(ry,L(w,u,v)].

Also, we utilize policy evaluation (e.g. GTD) to esti-
mate Qk (1), by Q*, where ) is the parameter. We
conclude the above discussion in Algorithm [2]in §A] for

a detailed description. In the next section, we present
NENAC for RSRL and RARL in the LQ setting.

4 NENAC for RSRL and RARL in
the LQ Setting

In this section, we develop NENAC for RSRL and
RARL in the LQ setting. We first introduce the fol-
lowing assumption on the existence of the solution P*
to .

Assumption 4.1. There exists a unique positive defi-
nite solution P* to GARE defined in . Moreover,
P* satisfies that S — C'TP*C = 0.

By |Stoorvogel and Weeren| (1994)); [Bagsar and Bernhard
(2008); |Al-Tamimi et al.| (2007)), Assumption [4.1| guar-
antees the existence of the NE, which satisfies and
yields the optimal solution of RSRL and RARL. Similar
assumptions are also made in the literatures of policy
optimization methods for zero-sum LQ games (Zhang
et al, 12019b; |Bu et al., |2019). Moreover, P* induces
an optimal policy pair (K*, L*) € R™*4 x R™m2*4 that
solves , which is executed via

Uy = *K*xt, UV = *L*Zt.

The linearity of the optimal policy inspires us to con-
sider the class of linear policies. However, due to the
lack of exploration, deterministic policies are prone
to causing suboptimal solutions in practice. Instead,
we prefer stochastic policies that encourages explo-
ration. Specifically, given matrices K € R™*? and
L € R™2*4 we are interested in the Gaussian policy
TK,L, Which is executed via

ug = —Kaxy + o1 -1}, v = —Lxy + 09 -n7, (4.1)

where 7} and 77 are independently drawn from Gaus-
sian distribution N (0, I,,,,) and N(0, I,,,) and 02,03 >
0 are variances. Note that the optimal deterministic
policy is included in the class of Gaussian policies
by setting 01 = o2 = 0. For notational simplicity,
given any o = (01, 02), we define the covariance matrix
U, =V +0?-BB" +03-CCT. Thus, the transition
dynamics of the state following policy mg 1, is given by

Ti11 = (A= BK — CL)x; + e, (4.2)
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where ¢, = e; + 01 -1} + 02 -1 ~ N(0,9,) (t > 0)
are i.i.d. Gaussian random variables. Note that the
dynamics {z;};>0 is a Markov chain. We establish the
following proposition, which characterizes the closed
forms of the objective functions and policy gradients
for RSRL and RARL in the LQ setting, whose proof is
contained in §C| of Appendix.

Proposition 4.2. We assume that 7 j, is stable in
the sense that p(A — BK — CL) < 1. Let Pk, be
the unique positive definite solution to the following
Lyapunov equation,

Pk =(Q+K'RK —L"SL) (4.3)
+ (A~ BK —CL)" Px (A — BK — CL).

For notational simplicity, we denote the second tensor
power of the state-action pair (z,u,v) by ®(x,u,v) =

(z,u,v)®? and define the parameter matrix A 1 as
follows,
ML AL AR
A?Ifl’L A?{%L Aé‘gL (4.4)
Agr Ak ARL
Q+ATPx A ATPg.B ATPg .C
=| B"PxrA R+B'Pk.B BT Py 1.C
CTPg A CTPxB —S+CTPg C

Then, the state value function Vi 1, and the state-action
value function Qi 1, are quadratic functions, taking the
forms of
VK,L(Z‘) = .’ETPK,L.’L‘ — TI‘(PK,LZK,L)7 (45)
QK,L('T7U7’U) = T‘I‘(AK,L(I’(xauv’U)) +QK,La (46)
where gk, = —0? - Tr(R + Px . BBT) — 03 - Tr(—S +
Py, LCCT). Moreover, we have the following Bellman
equation,
<AK,L, <I>(:v,u,v)> = c(z,u,v) — J(K, L)

+ ETEL [<AK,L, (2’ ', v")) ‘ T, U, v} , (47

where (z/,u’,v") denotes the subsequent state-action
pair of (z,u, v) following policy 7, 1. Furthermore, for
the natural policy gradient, we have

[T(K;L)] 'ViJ(K,L) = 2Ex 1,

., (4.8)
[I(L;K)} ViJ(K,L)=2Fk .
Here Ex 1 and Fi 1 are given by
E — A22 K+A23 L_A21 )
K,L K,L K,L K,L (4.9)

Frr = A%?,LL + A:;?,LK - A?kl,L-

where Ak 1, is defined in (4.4)).

Following of Proposition to estimate the nat-
ural policy gradient in and , it suffices to
estimate the parameter matrix A defined in (4.4).
Based on the Bellman equation in , we develop
a variant of GTD (Algorithm [3|) at the critic steps to
estimate Ak 1 using KK,L in Note that for RSRL
and RARL, we need to sample from the two-player
MDP M for the zero-sum game introduced in §2.3]
while we only have access to the single-agent MDP M
for single-agent RL in §2.1] We include the method
of sampling from M based on M in Other policy
evaluation methods, such as TD(\) and GTD2 (Sutton
and Barto), 2018), can also be applied to estimating
Ak 1. To apply Proposition the policy pair (K, L)
must be stable in the sense that p(A— BK —CL) < 1,
upon which we impose the following assumption.

Assumption 4.3. The NE (K*, L*) is stable in the
sense that p(A — BK* — CL*) < 1. We assume that

there exists an absolute constant x > 0 such that
Omin(Q — (L*)TSL*) > K.

This assumption assumes the stability of the NE, which
is also made in |Zhang et al.| (2019b); Bu et al.| (2019).
We define the following feasible parameter set £ for L,

L={LecR™* |5, (Q—L"SL) > r}. (4.10)
For algorithmic stability, we utilize a projection step
to ensure that L € £. Then, for a fixed L € L, the
inner minimization problem becomes a single-agent
LQ regulator problem, which can be solved by policy
optimization (Fazel et al.l 2018} [Yang et al., 2019).
In particular, to maintain a model-free algorithm, we
utilize the natural actor-critic (Yang et all 2019)) to
obtain the stationary-point solution of the inner mini-
mization problem. Specifically, based on and
of Proposition at the inner actor step, we update
K via

Kiy =K' =~ Ef, (4.11)

where
Sno_ X22 123 21
Et = AKZ”,L"K + AK;"’,L"L — A tn’Ln'

Here the superscription n and the subscription ¢ refer
to the n-th outer iteration and the ¢-th inner itera-
tion, respectively, v > 0 is the stepsize, and Ay rn
is the estimator of AK;L, L», which is obtained at the
inner critic step by using Algorithm [3] The following
lemma characterizes the optimality of K (L), which is
the stationary point of the inner minimization problem.

Lemma 4.4 (Optimality of K (L), Lemma 6.2 in|Zhang
et al.| (2019b))). Under Assumption for any L € L,
(K(L), L) is stable in the sense that p(A — BK (L) —
C’L) < 1. Meanwhile, there exists a positive definite
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solution Pj to the following Riccati equation for the
inner minimization problem,

P;=(Q-L"SL)+(A—CL)"P}(A-CL)

—~(A-CL)"P;C(R+B"P;B)"'CTP;(A - CL).

Moreover, it holds that P} < Py, for any K such that
(K, L) is stable.

For notational simplicity, we write K" = K% obtained
after 7 inner iterations, which approximates K (L™).
Recall that VJ*(L) = VJ(K(L),L). Thus, based
on and of Proposition we update L via

the following nested natural policy gradient,

L =Tk L 0 F), (4.12)

where
n 32 133 A31
Fn - AKH,L"LK + AK?L,LHL - AK'!L’LTL-

Here ¢+ > 0 is the stepsize, /A\Knan is the estimator
of Agn rn, which is obtained at the outer critic step
from Algorithm |3| and Hﬁn is the projection operator
defined as

4 (L) = argmin{(f - E)TZK(L)VL(E —L)}. (4.13)
Lel
Note that the matrix X (7,7, in the projection operator
is induced solely for technical reason and is adopt from
Zhang et al.| (2019b)). We obtain the following lemma
from |Zhang et al.| (2019b]), which characterizes the
global optimality of the stationary point of J(K, L).

Lemma 4.5 (Lemma 3.3 in|Zhang et al.| (2019b)). We
assume that the covariance matrix g ;, is full rank
for any stable policy pair (K, L). Let (K*,L*) be the
stationary point of J(K, L), i.e.,

ViJ(K*,L*) = VL, J(K*, L*) = 0.

Then, under Assumption (K*,L*) is the the NE
satisfying (3.4)).

Lemma [4£.5 characterizes the global optimality of the
stationary-point solution of the minimax optimization
problem. We conclude our algorithm in the LQ setting
in Algorithm

5 Main Results

In this section, we establish the global optimality and
convergence of Algorithm [II We first impose the fol-
lowing assumption on the stability of the initialization.

Assumption 5.1. We assume that in Algorithm
the initial policy pair (KO(L), L) is stable.

Algorithm 1 NENAC for RSRL and RARL in the
LQ Setting
Input: Initial parameters Ky and Lg. Stepsizes v and
¢ of the inner and outer loop, respectively. Number
of iterations 7 and N of the inner and outer loop,
respectively. Number of GTD iterations Ti%, and
T at the inner and outer critic steps, respectively.
Feasible parameter set £ defined in (4.10).
Initialization: K < Ko, L < Lg.
forn=20,1,..., N do
Initialization: K < Ky(L).
fort=0,1,...,7 do R
Inner Critic Step: Estimate Agx ; by A via
Algorithm [3| with number of GTD iterations
T, B+ A2K + AL — A2,
Inner Actor Step: K + K — - E.
end for R
8  Outer Critic Step: Estimate Ak by A via
Algorithmwith number of GTD iterations T¢}.
P e Ak + A% — A3 -
9:  Outer Actor Step: L« II.{L+ .- F}.
10: end for
Output: (K, L) that estimates (K*, L*), where K is
the optimal policy for RSRL and RARL.

The assumption that we have access to stable initial
policy pairs (K(L), L) for any L € L is commonly used
in the literatures on reinforcement learning in the LQ
setting (Dean et al.| 2017, 2018al)b}; [Fazel et al., |2018;;
Bu et al., 2019; [Yang et al., [2019; |Zhang et al., |2019b),
which ensures that J(Ko(L), L) < oo. Furthermore,
in Lemma we show that the policy pairs (K, L)
generated by Algorithm [I|are stable under Assumptions

43l and (.11

In Algorithm [T} we utilize Algorithm [3]for the policy
evaluation at the critic steps. We establish the fol-
lowing theorem that characterizes the convergence of
GTD (Algorithms 3. See Theorem for a detailed
dependency .

Theorem 5.2 (Global Optimality and Convergence
of Algorithm [3| Informal). Let A be the output of
Algorithm [3] after T iterations. We set the stepsize
a; = 1/+/t. Then, for sufficiently large T, it holds with
probability at least 1 — 7% that

~ log* T
I8~ Axeallt = (=),

Proof. See for a detailed proof. O

Theorem characterizes the global optimality and
sublinear rate of convergence of Algorithm [3] Similar
result is established in [Yang et al. (2019) for single-
agent LQ regulator. In contrast, we study the case of
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RSRL and RARL in the LQ setting, which involves
the zero-sum LQ games. Now we are ready to establish
the following theorem. See Theorem for a detailed
dependency.

Theorem 5.3 (Global Convergence of Algorithm
Informal). Suppose that Assumptions and
hold. Let {(K}*, L™)},¢>0 be generated by Algorithm
Then, with the proper choices of the stepsizes v > 0
and ¢ > 0 and the number of GTD iterations 7:%, and
9w, we have the following results.

(i) In the inner loop of Algorithm [I} the sequence
{K}'}1>0 converges to K(L") at the linear rate.
Specifically, for any € > 0, by setting the number
of iterations 7 = Q(log(1/¢)), we have that

J(K™, L") — J*(L") < ¢,
with probability at least 1 — €'©.

(ii) In the outer loop of Algorithm [1} the sequence
{(K™,L™)}»>0 converges to the NE sublinearly.
Specifically, we define Fj, = ¢! - [E{L + ¢ -
ﬁK(L),L} — L]. Then, for any € > 0, by setting the
number of iterations N = Q(¢72), we have that

1
v Z HFL”” <k,
N n=1

with probability at least 1 — £19.

Proof. See for a detailed proof. O

Theorem shows that Algorithm [I] converges sublin-
early to the NE, which implies that K™ converges to
the optimal policy for RSRL and RARL at sublinear
rate. Similar results are established in [Zhang et al.
(2019a)); Bu et al| (2019). However, their analysis is
based on the population version of policy gradient and
is hence essentially model-based. In contrast, we utilize
the actor-critic algorithm and hence allow for model-
free policy optimization. To the best of our knowledge,
this result is the first nonasymptotic convergence result
for actor-critic algorithms on RSRL and RARL.

6 Conclusion

In this paper, we establish the equivalence between
RSRL/RARL and zero-sum games in general and de-
velop NENAC (Algorithm to find the NE of zero-sum
games in general. Meanwhile, towards the theoretic
understanding of RSRL and RARL, we study the LQ
setting, where RSRL and RARL are equivalent to zero-
sum LQ games. Based on the policy gradient theorem
for zero-sum LQ games in Proposition [£.2] we develop

NENAC (Algorithm 1) for RSRL and RARL in the
LQ setting, which provably converges to the optimal
solution of RSRL and RARL at the sublinear rate.
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A Pseudocode of NENAC for Zero-Sum Games in General

In this section, we present the detailed description of NENAC for RSRL and RARL in general, which is introduced
in Note that the computation of the natural policy gradients requires taking expectation with respect to px 1,

Algorithm 2 NENAC for Zero-Sum Games in General
Input: Initial parameters Ky and Lg. Stepsize ¢ of the outer loop. Stepsize 7 of the inner loop. Number of
iterations T of the inner loop. Number of iterations A of the outer loop. Feasible parameter set L.
1: Initialization: K + Ky, L + Ly.
2: forn=0,1,...,N do
3:  Initialization: K + Ko(L).
4: fort=0,1,...,7 do R
5 Inner Critic Step: Estimate Qg 1 by Q* via policy evaluation (e.g. GTD).
6: Inner Actor Step: K «+ K — v Z(K; L)_lE(z,u_'u)NﬁKyL[vK log mg (u,v|x) - @’\(m,um)].
7
8

end for
Outer Critic Step: Estimate Q. 1 by @A via policy evaluation (e.g. GTD).
9:  Outer Actor Step: L < I {L+ ¢ -Z(L; K) 'E(; u.0)~pr B[V TE L(0,0 | 2) - Q* (z,u, )]}
10: end for
Output: (K, L) that estimates (K*, L*), where K is the optimal policy for RSRL and RARL.

which is the stationary distribution induced by 7 ;. For RSRL and RARL in general, such an expectation can
be obtained by sampling from pg . For RSRL and RARL in the LQ setting, we develop a more efficient method
to obtain the natural policy gradient, which is introduced in §4

B Proof of the Main Results

In this section, we present the proof of Theorem To this end, we first restate Theorem with detailed
dependency as follows.

Theorem B.1 (Theorem [5.3| restated). Suppose that Assumptions and [5.1) hold. Let {(K7",L™)}i.n>0
be generated by Algorithm [I} Then, the following properties hold.

(i) For a fixed n, let K; = K] and L = L™. We set the number of GTD iterations at the inner critic step
Tin) = Q(e~®), the stepsize of the inner loop

¥ < (IR + omin (W) - | BI? - (J(Ko, L) +x)]

and the number of inner loop iterations 7 = Q(log(1/¢)). Then, with probability at least 1 — €9, it holds
that
J(K7, L) — J(K(L), L) < e
(ii) We set the number of GTD iterations at the outer critic step T9W = Q(e719), the stepsize ¢ < 7 for some

> 0, and the number of outer loop iteration N'= O(¢~2). Then, it holds with probability at least 1 — '°
that

N
NS P <e.

n=1

Proof. Our analysis consists of two parts. In the first part, we show the global convergence of the inner loop.
Then, in the second part, we show the global convergence of the outer loop, which corresponds to the global
convergence of Algorithm [1} In what follows, for notational simplicity, we denote (g (1,7, by ¢; for any notation (.

Global Convergence of the Inner Loop. The proof of the global convergence of the inner loop is based on
Yang et al.| (2019); Fazel et al.| (2018). For notational simplicity, let K; = K* and L = L™ for a fixed n. In the
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inner loop, we solve the following optimization problem
min J(K’, L),
for a fixed L € L, where L is defined in . For a fixed L, we have that v; = —Lx; + o9n?. Thus, the transition
takes the following form of
Zi41 = Axy + Buy + C(—Lay + Ugnf) +e = Apz, + Bur +ecy, (B.1)
where we write
A, =A-CL, ect=e+og- Cn?. (B.2)
The cost function takes the form of
c(z,u) =E, [xTQa: +u' Ru— (—Lx + 0on?) " S(— Lz + oan?)]
=2'Qrr+u Ru+E, [(UQ?]Z)TS(O'27]2)} , (B.3)
where we write
QL=Q—LTSL. (B.4)

Note that E,z2[(02n?) T S(02n?)] is independent of K and L. Thus, the cost function in (B-3) is equivalent to the
following cost function

cr(z,u) =2 Qrr +u' Ru. (B.5)

Thus, the inner loop is equivalent to a single agent LQ control problem with transition dynamics(B.1)) and cost
function (B.5)). For a fixed L € £, we update K via

By =AR | K +ANPL—A} |, Ky =K, —~-E,
where A K1 is the output of Algorithmthat estimates Ak 1. Ideally, K; converges to K (L), which is the optimal
solution of the inner minimization problem.

We then establish the following lemma that characterizes the difference between Py ; and Py s, which serves as
a fundamental lemma though the proof.

Lemma B.2 (Cost Difference). Let (K,L) and (K’,L’) be stable policy pairs. Let {z}}:>0 be the sequence
generated by z(, = z,2},, = (A — BK' — CL')z; for t > 0. Then, it holds that

2" Py px— ! P o= E Ak, p k1 (24),

t>0
where
Ax o p(r) =22 (K' —K) Eg e +2" (K'— K)'(R+ B P B)(K' — K)x
+22" (L' = L)Fg e +a" (L' = L) (=S + C"Pg ,C)(L' — L)z
+2¢"(L' ~L)"C"Pg . B(K' — K)x.
Proof. See a detailed proof in §E.4 O

Applying Lemma we establish the following lemma, which characterizes the gradient dominance of J(K, L)
with respect to K.

Lemma B.3 (Gradient Dominance of J(K, L)). For any stable policy (K, L), under Assumption we have
that

Omin(¥) - |[R+ B Pk . B|| ™" Tr(Ef  Ex,L) (B.6)
< J(K,L) = J(K(L),L) < 1/omu(R) - |5} || - Te(Eg , Ex,L)-
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Proof. See for details. O

By [Polyak| (1963)), Lemma is sufficient to show the linear convergence in objective function of natural policy
gradient if we have the exact Ef, ;. Since we only have the estimation EK,,,L of Ek, 1, we need to aggregate
the error of estimating Ek, ; by EA?KhL. Note that we assume (Ko, L) is a stable policy pair by Assumption
which implies that J(Kj, L) is finite. We use mathematical induction to prove that {J(K;, L)};>o is a monotone
decreasing sequence. Suppose that J(K;, L) < Jp (Ko, L) < co. We define K7, as the parameter obtained by a
single step of natural policy gradient with Ef, ;, as follows

Kt/+1 = Kt — 'YEKt,L'

We use K/, as the interpolating term of K; and K;,. The following lemma that characterizes the decrease of
J(Kig1, L)-

Lemma B.4. We set v to satisfy that

7 < (1B + omin(Wa) - IBIP - (J(Ko, L) +x))
Then, we have that
J(Kj 1, L) — J(Ky, L) < =7 0min(Vo) - omin(R) - |S7 )71 - (J(Ke, L) — J(K(L), L).
Proof. See a detailed proof in §E.6 O

In the sequel, we set v to satisfy

7 < (IRI + (W) - | BI? - (o, 1) +0))

We establish the following lemma that characterizes the difference |J(K;y1,L) — J(K} 1, L)|.

Lemma B.5. At the the t-th inner iteration, we set the number of GTD iterations Ti%, at the inner critic step
in Algorithm [1)) to satisfy that

Poly (J (K, L), | Kellr. | Llle. ") )
T, > . (B.7)
Omin(TK,.L) - (1 —p(A—BK; — CL)) . (J(Kt,L) - J(K(L),L))
Then, we have that
|J(K{ 11, L) — J(Ki41, L)
<1/2-7 - owin(¥o) - omin(R) - IS (J(Ke, L) — J(K(L), L)),
with probability at least 1 — (T0%,) 4.
Proof. See a detailed proof in §E.7} O

We set 701 to satisfy (B.7) of Lemma By Lemma [B.4[and we have with probability at least 1 — (7%,)~*
that

J(Kis1, L) = J (K, L) < [J(Kjyy, L) = J(Kiga, L) + J(Kiyy, L) = J (K, L)

<
< —1/2-7 - Oin(¥) - oin(R) - IS5 - (J(Ke, L) — J(K(L), L)) <0, (BS)

which shows that the sequence {J(K}, L)};>o decreases monotonously. By rearranging the inequality (B.8)), we
have with probability at least 1 — (T3,)~* that

J(Kip1, L) — J(K(L),L) < [1 =7/2 omin(¥e) - omin(R) - IS1 1|71 - (J(K4, L) — J(K(L), L)),
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which shows the linear convergence of the inner loop of Algorithm [I} Specifically, to ensure that J(K;, L) —
J(K(L),L) < €, we set the number of iterations 7 of the inner loop of Algorithm [1| to be

(B.9)

T>7 omin(Ve) ™ omin(R) ™ |23 - log (2[J(KO’L) ;J(K(L%L)] >,

where we use that fact that —log™ (1 —z) < 2! for 0 < z < 1. Recall that we set Trp = Q(¢~?) to ensure the
condition (B.7), which implies that the failure probability of each inner critic step is (Ti%)~* = O(¢?°). Thus,
by noting that the total number of iterations is T = Q(log(1/¢)), we have that the failure probability of the
inner loop in Algorithm [1]is bounded by O(€?° - log(1/€)) < €%, Thus, we show that when we set the number
of inner loop iteration to be T = Q(log(1/¢)) and the number of GTD iterations at the inner critic step to be
T = Q(e75), it hold that J(K7, L) — J(K(L), L) < € with probability at least 1 — ¢~1%. Thus, we complete the
proof of part (i) of Theorem

Global Convergence of the Outer Loop. The proof of the global convergence of the outer loop is based on
Zhang et al| (2019b), which is based on the population version of the policy gradient and the exact K(L). In
contrast to their model-based analysis, our analysis is based on the actor-critic scheme, which requires us to
propagate the errors due to the estimation of K (L) and the policy gradient. In the outer loop, we update L via

Ln+1 — Hﬁ{Ln + L ﬁn}y ﬁn - K%{Qn,LnKn + K(;?H7LHL’H, - K%{ln7Ln,

where K™ = KZ%. By part (i) of Theorem we have that K™ approximates K(L™) in the sense that
J(K™, L") — J(K(L"),L) < e. We define

LMt =TI {L" + - F}. b, (B.10)

where £ is defined in (410 and 117 = IT." is defined in (£.13)). We use L"*! to connect L"*! and L". We obtain
the following lemma from Zhang et al.| (2019b) for the projection operator IT%.

Lemma B.6 (Lemma 6.3 in|[Zhang et al.| (2019b))). The set £ is convex and compact, and the projection operator
II; is convex. For and Ly, Ly € R**™2 it holds that

Tr(S;HE{L1 — Lo} (L1 — Lo)) > Tr(23IE{L1 — Lo} 'TIE{L1 — Lo}).

By Lemma we establish the following lemma, which lower bounds the value difference xTPE/SU — xTPL*x.

Lemma B.7. Suppose that (K',L’),(K(L),L) are two stable policy pairs. Further, let 2, = z,2},, =
(A— BK' — CL')z}. Then we have

o Propa—a  Pie >y 2, (U — L) Fpay =Y 2 (L' — L) WL (L — L)z}

t>0 t>0
where W, takes the form of
W,=S-C'P;C+C"P;B(R+B"P;B)"'B'P;C
=S-CT((P) '+ BST'BT)'C.
Proof. See §E.8|for a detailed proof. O

Recall that J*(L) = ming J(K, L) is the inner minimum value for a fixed L. We show that {J*(L™)},>0 is
monotonously decreasing by induction. We assume that J*(L") < J*(L°). We define

Fpo=b (ME{L" 0 Fp.} - L. (B.11)

It then holds that Lt = " 4. F1n. We establish the following lemma to demonstrate the increase from
J*(L™) to J*(L™T1).
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Lemma B.8. There exist some positive constant z > 0 such that for any stepsize ¢ € (0, 1],
JH(L"HY) = JH(L") > /2 Ouin(We) ™ - || Fpn ||

Proof. See §E.9|for a detailed proof. O

We now bound the difference J*(L"+1) — J*(L"*!). We obtain the following lemma from [Zhang et al| (2019b)
that demonstrates the Lipschitz continuous of J*(L).

Lemma B.9 (Proposition B.1 in |[Zhang et al., (2019b)). For any L, L’ € L, there exists a constant BL > 0 such
that it holds when ||L — L'|| < B% that

1P; = Pl < B -|IL = L',
for a constant BE.

By Lemma and of Proposition we have that
| J* (L) = TN < BE - |9 || - IL™H = L, (B.12)
for ||L"+1 — L*+1|| < BE. By the definition of L™ in and the convexity of Iz in Lemma [B.6} we have that
|L = LY < 0 | B — Bl (B.13)

Thus, we proceed to bound the difference between ﬁn and F7,.. By the triangle inequality, we have

|Ep — Finll < || Fp — Fenopn|| + || Ficn o — Fin- (B.14)
By (B.12), (B.13), and (B.14)), we have that
| T (LYY — J*(L"Y| < o BE [, || - (| — Fen oo || + | Fren,n — Fia)). (B.15)

For the first term on the right-hand side of (B.15]), we have that
|y — Frn ol < [[Agn pn — Agn oo - (IE || 4+ |IZ7 + 1). (B.16)

Thus, by Theorem the difference ||F),, — Fgn pn|| is sufficiently small when we set the number of GTD

iterations T9W at the outer critic step to be sufficiently large. For the second term on the right-hand side of

(B.15), we establish the following lemma. The following lemma bounds the difference ||Fgn n — Ff. || on the
right of (B.15).

Lemma B.10. For stable policy pair (K, L), it holds that that
|Fice = Fill < € (0K, L) = J(K(L), L)),
where C' > 0 is a constant.

Proof. See for a detailed proof. O
Thus, by plugging and Lemma into , we have that
| J5 (L) = L)
<1 BE 0l (1Rkn i — Aol (14 L7 1) + - (K™, 2%) = (@) (B17)
By Lemma to establish the increase from J*(L") to J*(L"*1), it suffices to show that

TP = L] < /4 Oan(T) - [ Fin | (B.18)
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By comparing (B.17) and (B.18]), we note that (B.18]) holds if the following two inequalities holds simultaneously
1/8 - omin(¥o) " - || Fpn |2
BE 1%l - (1K™ + | L] + 1)

1/8- O'min(\IJo)il : ”ﬁL"H2
C- By - [%,]]

|Akn n — Agen o] <

(B.19)

J(K™ L") — J*(L") < (B.20)

We now fix a ¢ > 0 and consider || F»| > e. By Theorem if we set the number of GTD iterations at the outer
critic step T = Q(e~10), we have that the condition (B.19) holds with failure probability O(¢%"). Meanwhile,
following from by setting the number of inner loop iterations 7 = (log(1/¢)) and the number of GTD
iterations at the inner critic step 71 = Q(e71%), we have that the condition holds with failure probability

0O(?%). Note that when (B.19)) and (B.20) hold, by (B.18) and Lemma we have that
A(JH (L) = JH(L"))

[Fon|* < O (B.21)
Upon telescoping (B.21)), we have that
N-1 N-1
1 ~ 1 ~ Omin(¥o) [J* — J*(LO)]
— Frollp < | = Fral2 <2 .
Nn:oHLHF_ NT;)HL”F—\/ N

By setting /' = Q(¢72), we have that N 1. 2/7:/:—01 |Fpn|| < e. By the union bound, the failure probability is
N - (0(e29) + O(e*)) < £1°. Thus, we complete the proof of Theorem O

C Policy Gradient Theorem in the LQ setting

We first give a detailed version of Proposition [£:2] The proof is a modification of that of Proposition 3.1 in [Yang
et al.| (2019), which establishes the policy gradient theorem for the single-agent linear quadratic regulator under
the ergodic setting. Compared with [Yang et al.| (2019), we need to consider the system determined by the two
competing players. Note that Proposition recovers Proposition 3.1 in |Yang et al.| (2019)) when L = 0.

Proposition C.1. We assume that the policy 7wk is stable in the sense that p(A — BK — CL) < 1. Let
Pg 1, %k 1, be the unique positive definite solutions to the following Lyapunov equations
Pk =(Q+K'"RK -~ L"SL)+ (A— BK —CL)" Px.(A— BK — CL), (C.1)
Y=V, +(A-BK —-CL)Yk(A-BK —-CL)". (C.2)
Then, the Markov chain x;41 = (A — BK — CL)z; + € has a stationary distribution px, = N(0,Xk,). We

denote the second tensor power of state-action pair (z,u,v) by ®(z,u,v) = (z,u,v)®?. We define the parameter
matrix Ak r for the function Qg 1, as follows,

AR, AZp AR Q+ APy A APk 1B ATPg .C
A=A, AR, ARZ.|=| B'PxtA R+B'Pg B  B'Pg.C : (C.3)
A:;(l,L A?(Z,L A%?,L CTPK’LA CTPK’LB -S+ CTPK,LC

Then, the state and state-action value functions are quadratic functions, taking the form

Vi.rp(r) =2 Prrz — Tr(Pr Yk 1), (C4)
Qk.,r(z,u,v) = Tr(Ag, 1 P(z,u,v)) + gk, L, (C.5)

where qx.;, = —0% - Tr(R+ P, BBT) — 03 - Tr(—S+ Py ,CCT) is independent of (x,u,v). We have the following
Bellman equation,

Tr(Ak, L ®(z,u,v)) = c(z,u,v) — J(K, L) + E™" [Tr(AKLfI)(x',u',U’)) ‘x,u, v}, (C.6)
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where (2/,u/,v") denotes the subsequent state-action pair following policy 7k 1. Further, for the ergodic cost
J(K, L), it holds that

= Tr( Q+K'RK — LTSL)Yk 1) + 01 Tr(R) — 03 Tx(S),

Tr(Px. Vo) + 02Tr(R) — 02Tx(S), (C.7)
ViJ(K,L)=2((R+ B" Pk, B)K — B'Px .(A— CL))Sk, = 2Ek 1Yk, 1, (C.8)
ViJ(K,L)=2((—S+C" Pk, C)L — C" Py 1(A— BK))Xk 1 = 2Fk 15k 1. (C.9)

Here Ek 1 and Fi 1, are given by
Eg=(R+B"PgB)K —B"Pg(A—CL) = AR K+ A2 L— A}, (C.10)

Frp=(=S+C"PgrC)L—CTPr (A— BK) = AR L+ AR K — A} . (C.11)

where Ak 1, is defined in (C.3)). Further, 2Ek 1 and 2Fk 1 corresponds to the natural gradient of J(K, L).

Proof. By direct computation, the Markov chain defined in (4.2]) has a stationary distribution N(0, X 1), where
Yk, 1 is the positive definite solution to the Lyapunov equation (C.2)). By the definition of J(K, L) in (3.1)), the
ergodic cost J(IK, L) is the the cost evaluated on the stationary distribution px r,, which implies that

J(K,L) = Ermpr pu~mre.n(- | ) [c(m, u, v)]
=Tr((Q+ K'RK — LT SL)Yk 1) + 01Tt (R) — 03 Tx(S). (C.12)
This establishes the first equality of (C.7]).
For notational simplicity, we define the following operators for the stable policy pair (K, L)

Ti(Q) =Y (A~ BK — CL)'Q((A~ BK — CL)") ", (C.13)
t>0

T, (@)=Y ((A- BK - CL)") Q(A~ BK — CL)", (C.14)
t>0

which satisfy the following Lyapunov equations
T (Q) =Q+ (A—-BK — CL)Tk..(Q)(A— BK —CL) ", (C.15)
TeL(Q) =Q+ (A-BK — CL) Tk 1.(Q)(A - BK — CL). (C.16)
For any positive definite matrices Q7 and Qs, since p(A — BK — CL) < 1, it holds that
Tr(Q T, (22)) = 3 Tr(Ql(A — BK — CL)'Qy((A - BK — (JL)t)T)
>0
_ ZTr(((A ~ BK - CL)") (A - BK — CL)th)
t>0
= Tr(Tx. L (91)Q). (C.17)

Combining (C.1), (C.2), (C.15), and (C.16), we have Px.1, = Tg (@ + KTRK — LT SL) and Yx 1, = Tre, (V).
Thus, by (C.17)), it holds that

Tr(Q@+ K "RK —LTSL)Ykr) =Tr((Q + KTRK — LT SL) Tk 1.(¥,))
=Tr(T.L(Q+ K "RK — LTSL)¥,) = Tr(Pg LV, ).
Combining with (C.12)), we establish the second equality of (C.7). Second, we proceed to establish the state value
) in (C.4

function Vi r(x C.4)) and state-action value function Qg 1 in (C.5)). By the definition of Vi 1 (z) in (3.2), it
holds that

Vi,o(x ZEWKL $t,ut,vt)|$0Zl“,utZ—th‘FUl??tlaUt:—th-i-UW?]
>0
= Z (E”K tlz](Q+ K"RK — L"SL)x, |z = 2] — J(K) + o7 Tr(R) — O’%TI‘(S)).

t>0
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Combining with the linear transition (4.2)), Vi (z) is quadratic in z. We write Vg (z) = xTVK’Lx + vk, 1, for
matrix Vg j, and constant vy r,, which are determined in the sequel. Note that Vi () satisfies the following
Bellman equation,

Vie,0(®) = E(uv)momi 1 [c(x,u,v)] — J(K,L)+Eg 1 [V(x’) | x],

where 2’ is the subsequent state of x following the policy 7 1. Therefore, the matrix Vg, satisfies the following
equation.

2" Vigr=2(Q+K'RK -~ L"SL)x+x2"(A— BK —CL)"Vk 1 (A— BK — CL)z,

which implies that Vg, satisfies the same Lyapunov equation as Pk . By the uniqueness of P 1, we deduce
that Vi 1 = Pk r. Combining with the fact that E,,, . [Vk, r(z)] = 0, we complete the proof of (C.4).

Furthermore, by the definition of Qx r(x,u,v) in (3.3), we have the following equation.
QK)L(.Q?, u, ’U) = c(x, u, U) - J(K) +Ek,1 [VK,L(x/> | x,u, U] . (018)

Combining (C.4) and (C.18), by direct computation, we obtain (C.5]), and then the Bellman equation (C.6|) of
Rk, 1. follows.

In the following, we proceed to characterize the expressions of policy gradient (C.8) and (C.9)). By (C.7)), it holds
that

ViJ(K,L) = 2RKS k. + Vi Tr(QoSk.1), (C.19)
Vi J(K,L) = —2SLYk 1 + Vi Tr(QoYk 1), (C.20)

where Qo = Q+ K "RK — LT L. We first compute the expression (C.8)). Note that Tr,.(¥,) = Xk 1, and (C.15)),
for the second term on the right of (C.19), we have that

ViTr(QoEk,r) = VkTr[(A— BK — CL)'Qo(A — BK — CL)Sk 1
= 2B"Qy(A - BK — CL)Yk 1 + VkTr(Q:1%k.1),

where Q; = (A — BK — CL)"Qo(A — BK — CL). Moreover, we denote by Q; := (A — BK — C’L)tTQO(A —
BK — CL)'. Note that Y, Q; = Pk, 1, and that @; — 0 when ¢ goes to infinity, we have that

VeTr(QoYk ) = —2B" [ > Qi|(A— BK — CL)Sk 1 + Vi Tr(QiSk.1)
t=0

= —2B'"Pg (A— BK — CL)Yk .

Combining with (C.19)), we establish (C.8). Similarly, we establish (C.9).

Finally, we establish the fact that Fx ; and F p, relate with the natural policy gradients. For the Gaussian policy
7k, defined in (4.1]), the corresponding Fisher information, denoted by Z(K, L), has the following structure

[Z(K;L)] KKy, = Eompr p,(uw)~mic s Vi, logmg,(u,v]| )V, log Tk, 1(u,v | )]
= 0;2 : EszK,L,(u,v)N‘rrK,L [nz'lxj : 7731%"} = 0;2 Ly (EK,L)jj"
Similarly, we have that
[Z(L; K)]L“Li/j/ =057 Nizir - (Sk.1)j57-
Thus, the natural policy gradients take the form of
[Z(K;L)] Vi J(K,L) = Vi J(K, L)S5!, = 2Bk 1,
[Z(L; K)) 'V J (K, L) = Vi J(K, LS5, = 2Fkp.

Therefore, we conclude the proof of Proposition . O
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D Gradient Temporal-Difference

In this section, we present the GTD algorithm that estimate Ay j, defined in at the critic steps. Our GTD
is based on |Yang et al.| (2019)), which develop GTD for the single-agent LQR problem. We extend this approach
to the two-agent zero-sum LQ game. For notational simplicity, we denote by z = (z, u,v) the state-action pair,
and by Z = X x U x V the state-action space.

To solve the RSRL and RARL, we need to sample from the MDP M for the two-player zero-sum game introduced
in while we only have access to the original MDP M = (X,U, P, ¢, Dy) in for the single-agent RSRL and
RARL. To sample from M in the sequel, we first sample the initial state z¢o ~ Dy. At state z; (t > 0), the agent
takes action u; and receives a cost ¢;. Then, the system transits to the next state z,4,. Letting ¢; = ¢; — v;'— Svy
and x;41 = Zy41 + Cvy, we have that {(x¢,¢;)}i>0 is a trajectory from the MDP M by following {u;} and {v;}.

We define the following feature vector

¢(2) = svec[(2)®?], (D.1)

for any z € Z. We denote the vectorization of Ax by A\* = svec(Ag ). Note that we omit the dependence of
A* on (K, L) for notational simplicity. Then, we write the Bellman equation in (4.7) of state-action function as
follows,

(9(2), \*) =¢c(2) — J(K, L) + <EZ'~13(. | simren) [(/)(z’)] , )\*>.

Here 2z’ = (2/,u/,v’), and the expectation E is with respect to the conditional distribution ]5( |z 7Kr,L)

that takes the form of

2~ B(-|2)

P( | z7mgL) = P(@' | 2) mg (/0 | 2).

() (45)

Along the formulation of [Liu et al.| (2015); [Yang et al.| (2019)), we define the following notations,

We define

TK’L - EZNHK,LJ/N]S(‘ | 257k, L) [QS(Z) [¢(Z) B d)(zl)] T] ’
bKvL = EzwﬁK7L,z’~ﬁ(< | zmK,L) [C(Z)¢(Z)] : (Dg)

Here pg 1 is the stationary distribution induced by 7 1, over Z, which takes the form of
pr.L(2) = pr.p() -7 L(u,v]x), Vz = (z,u,v) € X xU X V.

Then, by direct computation, we have the following linear equation

<]E<z>~ﬁ:L [6(2)] 32@) r= (JEI;;LL» ' (D-4)

The solution of (D.4]) is unique if the matrix Tk 1 is invertible, which is verified by the following lemma.

Lemma D.1. For any policy 7 1, that is stable in the sense that p(A — BK — CL) < 1, the matrix T j, defined
in (D.3)) is invertible, and it holds that

2
ITx.cll < 2(0f + 03 + A+ K+ 1LIP) - [ISx.]) "

It then holds that S% ; is the unique solution of (D.4).

Proof. See a detailed proof in §D.2} O
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The linear equation defined in (D.4]) is equivalent to the following minimization problem,
. 2
min 18" = J(K, L) + ||Eonp .. [0(2)] B + Ti B> — b,z

where the expectation is with respect to By Fenchel duality, solving the above linear equation is equivalent to the
following minimax problem,

. _ _ . /
51161%}3 15%%(%; G(B,w) = ]EZNﬁK,L,z’NP(' | zimx, L) [g(’B’ w; %,z )]7 (D.5)

where ¢ is defined as follows,

9(B,wiz ) = [B = ()] -w' = 3 - wl3 + (6()- {8 + [6() — o)) 7 — ()} w?). (D)

By the property of Fenchel duality and (D.4)), the optimal solution of (D.5]) is (5*,0). We note that g(3,w; z, ')
is convex with respect to 8 and concave with respect to w. To solve minimax problem defined in (D.5|), we apply
stochastic primal-dual update to (8, w) as follows,

Bir1 = Uxy {ﬁt — o - Vg(Be, we; 2t Zt+1)}7

W41 = HXW{wt — Qg ng(ﬂtawt; Zt, Zt+1)},

where {Zt}t>0 is drawn from zg ~ D, 24411 ~ ]3( | z¢;mk.1). Here for the stability of the algorithm, we project 5

and w to some compact sets X'p and Xy, which are defined as follows,

X ={6:0< " <J(K L)1) < Rs}, (D7)
Xy = {w wt| < J(K, L), |[w?]|s < RW}. (D.8)
Here Rp and Ry, are defined by
Rp =C - (J(K,L)/omn(¥,)) + Co, (D.9)
Rw = C-Rp - 0uin(Q — LTSL)™ - (d+ | K2 + |L]2)* - (K. L)* + Co, (D.10)

for absolute constants C' > 0 and C. We conclude the above discussion in Algorithm [3]

We establish Theorem [5.2] that characterizes the sublinear convergence of Algorithm [3] For the completeness, we
restate the theorem as follows.

Theorem D.2 (Convergence of GTD (Algorithm [3)). Let A be the output of Algorithm [3|after T iterations.
We set the stepsize a; = 1/v/t. Then, For the sufficiently large T, it holds with probability at least 1 — 7% that

Poly (J(K, L), | Klle, IL]lr, omin(@ = LTSL) 1) g p
Omin(Tk,L) - (1 —p(A—BK —CL)) VT '

A = Ak ]} <

where Poly is a polynomial.

Proof. See §DT]for a detailed proof. O
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Algorithm 3 GTD for Estimating Ak 1.

Input: Policy 7k 1, number of GTD iterations T'rp, and step sizes {oy}7_.
Initialize the primal and dual variables 3y € Xg and wg € X,.
Sample z¢ ~ D. Take action (ug, vg) ~ 7(-| o), and observe the cost ¢y and next state 1. Let zg = (o, uo, vo)
fort=1,2,..,T do
Take action (us,vy) ~ mx (- |z¢), and observe the cost ¢; and next state x;y1. Let 2z = (24, us,v) and
é(z) = svec(zz ).
Bl =Bl — au- [k + (0(a1), v,

B2 = B2 — au- [ (6(20-1) — 6(z0)) dlz1-1) Ty,

wi = (1— ) wiy+a- [l —cil,

wf = (L= an) - wiy + - 9(ai1) [Bly + [6(2e-1) = 0] B2y — i .
Project ; and w; to the space Xz and Xy, specified in and .

end for .
B\ — 21 B — Do QW
?:1 ay ’ 23:1 ap

Output: A= smat(BQ) that estimates Ag r.

D.1 Proof of Theorem [5.2]

Proof. The proof of Theoremis based on|Yang et al.|(2019)). In comparison, we establish the global convergence
of GTD for the two-agent zero sum LQ game, whereas they do it for the single-agent LQR. The proof of Theorem
takes three steps. First, we prove that the optimal solution of is contained in the parameter domain
Xp x Xw. Second, we define the optimality gap of the minimax problem in , and relate the gap to the
difference between current iterates and the optimal solution. At last, we prove that the optimality gap converges
to zero sublinearly.

We first establish the following lemma that shows the saddle point of the objective function defined in (D.5]) is
contained in the parameter domain Xp x Xy .

Lemma D.3. For any 8 € X, we define
w(f) = argmax G(8, w).
Then, it holds that w(3) € Xy . Moreover, the optimal solution (8*,0) of (D.5) is contained in Xy x Xp.

Proof. See a detailed proof in O

To analyze the convergence of Algorithm [3] we define the optimality gap for (D.5|) as

Gap(8, @) = max G(8,w) - Jin G(B,w), (D.11)

for any (B\, W) € Xp x Xy . We establish the following lemma relating the primal-dual gap defined in (D.11) to
the gap between (3, @) and the saddle point (5*,0).

Lemma D.4 (Bound Parameter Difference via Objective Difference). For any (3, @) € X5 x Xy, let A = smat(532).
Then we have

Gap(3, 0)

2
<
lF < Omin(Tr,L)?

)

8" — J(K, L)|” + |A - Az

where Tk 1, is defined in (D.3)).

Proof. See §E.2]for a detailed proof. O
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Note that Algorithm [3]is a stochastic gradient based method. We have
G(B7 ’LU) = EZNPKYLVZ/N]B(. ‘ Z) I:g(ﬁ7 w; z, Z/)]

where g is defined in . The expectation is taken with respect to z ~ pg 1, where pk 1 is the stationary
distribution induced by policy 7k 1. But the trajectory {z;};>0 is generated from zyp ~ D, 2441 ~ ﬁ( | z), which
implies that {z;} is not drawn from the stationary distribution px ;. Such a case has been studied in Wang
et al.[ (2017). However, different from the setting in Wang et al.| (2017)), our function g(8,w; z, z’) is not Lipschitz
continuous in (8, w), which makes the analysis of [Wang et al.| (2017)) not applicable for our setting. To bypass
such an issue, we prove that the function g is Lipschitz continuous in (8, w) with high probability, which allows
us to apply Theorem 1 in Wang et al.| (2017 to establish the following lemma.

Lemma D.5. It holds for the output (B\, w) of Algorithm [3[ after T iterations that
(log T)*

Gap(B, ) < Poly(J(K, L), R, Rw, omin(Q — LTSL)™1) - 0= VT

with probability at least 1 — 7%,
Proof. See a detailed proof in §E.3] O
Combining Lemma, Lemma [D.4 and Lemma we complete the proof of Theorem [5.2 O

D.2 Proof of Lemma [D.1]

Recall that we denote by z = (z, u, v) the state action pair. and by 2’ = (2’,4/,v") the subsequent state action
pair following 7g . Then, by (2.5), we have that,

2 =Uz+¢, (D.12)
where U and ( are defined as follows.
Iy €t
U=|-K|(A B C), (:=|-Ke+on]. (D.13)
—L —Le; + 027)2

Here n; ~ N(0,I,,),n2 ~ N(0,I,,,) are Gaussian noises. By the fact that p(MN) = p(NM) for any matrices
M, N and that p(A — BK — CL) < 1, we have that p(U) < 1. We denote the covariance matrix of ¢; by ¥,,
which takes the form of

N I, L\ /0 0 0
U,=(-K|o|-K]| +[0 o?L,, 0
L - 0 0 03,

Recall that we denote by pg 1 the stationary distribution of (x,u,v) induced by 7x .. We denote the covariance
matrix of px 1 by pk,r, which takes the form of

- Iy L\ " 0 0 0
ZK,L = -K EK,L -K +10 O'%Iml 0 . (D14)
L L 0 0 o2,
By (D.14)), we upper bound the norms of ) K, as follows,
ISkl < otma +o3ma + (d+ | K|F + IL]F) - 1Sk, (D.15)
ISkl < of 403+ 1+ K[>+ I ZI°) - [k, 2]l (D.16)

By the fact that p(U) < 1 and the definition of ¥ 1 in (C.2)) of Proposition we conclude that iK’L is the
unique positive definite solution of the Lyapunov equation,

Sk =Vo +USg U (D.17)

We prove a stronger lemma to establish Lemma [D1]
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Lemma D.6. For any policy 7k 1, that is stable in the sense that p(A — BK — CL) < 1, it holds for the matrix
Tk 1, defined in (D.3]) that

Tkr=Crr®Lk1)— CrU)© CrUT) = Ckr Sk ) I-UT @UT). (D.18)
Moreover, Tk 1, is invertible and it holds that

2
ITx.cll < 2(0f + 03 + A+ K[+ I1LIP) - [ISx.]) " (D.19)

Proof. We first prove (D.18) of Lemma[D.6] We denote the right-hand side of (D.18) by
T=Crr®%k1) - CrUNQCrU)=Crr@Sr)I-UT @UT).

In what follows, we show that for any matrices M, N, it holds that svec(M )Tk rsvec(N) = svec(M)ZTsvec(N).
By (D.12) and the fact that ¢(z) = svec(zz") in (D.I)), we have that

¢(z) — ¢(z') =svec[zz| — (Uz+)(Uz+()'].
By the fact that z and ¢ are independent and the definition of Tk 7, in , we have that
Tk =Eonpp, [svec(zzT)svec(zzT ~Uzz'UT - \TIU)T]
Let M and N be two matrices. Then, we have that
svec(M )T g psvec(N) = E. 5, ;. [(zzT, M) -(zz" —Uzz'UT — ¥, N)]
=Eopy, [z MzzT (N —UTNU)2| = E.oppe, [2TM2] - (¥, N)
= 2(M, Sk (N —UTNU)Sk L)+ (M, Sk 1) - [(N - U'NU,Sg1) — (¥, N)]. (D.20)

where the last equality holds because of the following lemma

Lemma D.7. Let g ~ N(0, I;) be some standard Gaussian random vector in R? and let Ay, A3 be two symmetric
matrices. Then we have

E[gTAlg . gTAgg] =2Tr(A; Ag) + Tr(Ay) - Tr(As).

Proof. See e.g. |[Nagar| (1959); [Magnus et al.| (1978) for a detailed proof. O

By , we have that
(N-U'NU,Sk1) = (N,Skr) — (N, USk LU = (N, T,).
Therefore, by , we have that
svec(M)T g psvec(N) = 2(M, S (N — U NU)Sk 1)
= 2svec(M)T(§]K,L ® EK,L — f);gLUT ® EK,LUT)SVGC(N)T
= 2svec(M) " [(Cr,r @ S )T —UT @ UT)]svee(N)T. (D.21)
Since holds for any matrices M, N, we have that
T = (EK,L ® iK,L)(I —UTeU",
which concludes (D.18). By the fact that p(U) = p(A — BK — CL) < 1, we concludes that T 1, is invertible.
Finally, we upper bound ||k .||. By the triangle inequality, we have that
1Tkl < 1k @Sl - A+ [UT @UTY)
<|ISx.cl?- L+ IU)2)
< 2|Ex.]? (D.22)

where the last inequality follows from the fact that p(U) < 1, and the second inequality holds as a result of the
following lemma from |Alizadeh et al.| (1998)
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Lemma D.8 (Lemma 7.2 in|Alizadeh et al.| (1998)). Let A, B € R™*™ be two matrices that can be diagonalizable
simultaneously, and let Ay, ..., A, and pq, ..., 4y, be the eigenvalues of A, B respectively. Then, the eigenvalues of
A® B are given by {1/2- (Ajp; + Ajp;), 4,7 € [m]}.

Plugging (D.16)) into (D.22)), we have that

2
1€kl <2(0f + 03 + L+ K2+ L1 - [[Zx.cl)
which completes the proof of Lemma [D.6] O

E Proof of Supporting Lemmas

E.1 Proof of Lemma [D.3

Proof. We first show that w(8) € Xw for any 8 € Xp. By the definition of G(8,w) in (D.5]) and the property of
quadratic function, we have that

w(B) = argmax G(B,w) =B, o 5 ine [H(2238):
where we define H(z.z; ) as follows
H'(2.2;8) = 8" = c(2), (E.1)
H (2,2 8) = {8 + [0(2) = 6()] B = e(2) [ 0(2). (E:2)

Thus, it suffices to bound H(z, 2’; 3) for any 8 € X5. We bound the two components H'(z,2’; 3) and H?(z, 2'; 3)
separately. We first bound H'(z, 2’; 8). By (E.I)), we have that

W B = B, s ) oo o) [Hl(z,z’;ﬁ)}’ — 8" - J(K,L)| < J(K, L), (E.3)

where the second inequality follows from the fact that 8% € [0, J(K, L)]. We now bound H?(z,z’; 3). By (E.2),
we have that

W (B) =E, s B e n) (22 8)] = B Bone, [0(2)] + Fi,18% — bic s
where Tg 1, and by, are defined in (D.3)). By the fact that 8 € Xp in we have that
[w?(B)|| < J(K, L) - ||Eonp, [0(2)]|| + I1Tx.Lll - BB + [lbx L. (E4)

We now bound the three terms on the right-hand side of (E.4). In what follows, we use the same notation 5 KL
defined in (D.14)). For the first term on the right-hand side of (E.4), we have that

[Eznic. [0(2)] || = 2k Llle < 0F - ma + 03 - mo + (d+ | KE + [ LIE) - 12k, (E.5)
For the second term on the right-hand side of (E.4), by Lemma [D.6] we have that

2
15, Lll2 < 2(0F + 03 + (L+ | K|* + [[LI*) - [Zxcll) " (E.6)
For the last term on the right-hand side of (E.4), it suffices to bound bg 1, we now study the linear operator

induced by by, . For any positive definite matrix M € R(@+m)x(d+m1) e have

(brc,L,svec(M)) = E.py . | (#(2),svec(M)) - (¢(2),svec(diag(Q, R, —5)))

= 2(Sk,pdiag(Q, R, —S)Sk,r. M) + (Sk, 1, diag(Q, R, —9)) - (k.. M) (E.7)

where the first equality follows from the fact that c¢(z) = (¢(z),svec(diag(Q, R, 5))), and the second equality
follows form Lemma [D.7] Thus, we have that

Iore.Lll < 3(1Q1r + 1Rl + ISle) - X5, 17
2
<3(1QIr + IRl + ISlle) - (oFma + o3ma + (d+ | KlE + [ LIE) - |Zx.cl) (E.8)
where the last inequality follows from (D.15). We establish the following lemma to bound || g, ||.
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Lemma E.1. For any stable policy 7, r,, we have
HZK,L” S [J(K, L) + X] /Jmin(Q - LTSL)& HPK,L“ S [J(Ka L) =+ X] /Umin(\pa)~
Here  is defined as x := (—o2Tr(R) + 02Tr(S))™.

Proof. By (IC.7) in Proposition we have that
JK,L)+x>Tr((Q — L"SL+ K"RK)Yk 1) > omin(Q — LTSL) - || Sk 1,
J(K,L)+ x > Tr(Pr,.¥Y5) > 0min (Vo) - || Pr,z]|-

Therefore, we conclude the proof. O
Plugging (E.F)), (E.6), and (E.8) into (E.4), by Lemma[E.1] we get that
- _ 2
[w*(B)| < C - (d+ | K| + |ILIF)* - Rp - omin(Q — LTSL) ™ - (J(K, L) + x)” + Co, (E.9)

where C,Cy > 0 are constants. Thus, combining (E.3), (E.9), and the definition of Ay in , we concludes
that w(B) € Xw for any § € Xp.

It remains to show that 5* € Xp. By the definition of 5* in (D.2) and the definition of Xp in (D.7)), it suffices to
bound ||Ag,r|r. By the definition of Ak, in (4.4), we have that

Q-l—ATPK’LA ATPK’LB ATPK’LC

Axr=| B'PxpA R+ B'Pg.B BT Pk 1.C
C' Pk A C"PxkrB  —S+CTPg . C

@ T
= R +(A B C) PK’L(A B C)
-S
which implies that
IAk.zlle < 11Qlr + I Rlle + [IS|l + (IAIF + 1 BlIF + ICIIF) - | Px.zll- (E.10)

Apply Lemma to (E.10]), we get that
1Ak Llle < [Qlr + I Rlle + 1Sl + (IAIE + IBIE + 1CI[E) - (S, L) +X) /0min(¥s)
=Co+C - (J(K,L)+ X)/Omin(¥s). (E.11)

By and definition of Rp in (D.9), we conclude that 3* € Xp. Thus, we complete the proof. O
E.2 Proof of Lemma [D.4]
Proof. First, by the definition of G(3,w) in , we have for any B € Xp,w € Xw that

B = JE D+ 5 Eenii, [902)] + T — b = max G(Bw) < Gan(F, ), (B.12)

where the last inequality follows from the following inequality

min G(f8,w) < nin G(B,w(B)) = G(6",0) =0.

BEXB

By the definition of 8* in (D.2)), we rewrite the left-hand side of (E.12) as follows

2

1 0 3 _ B* 2 (171 2 R 2
- > minE . —JK,L A—A 3 E.13
H (]E [6()] sK,L) (5= 2 omin(Tacr)” - (157 = JUGLF 414 = Arc ) (£.13)
Combining (E.12) and (E.13)), we have that
(18" = J(K, L) + A = Ak Ll*) < 1/0min(Tk,)* - Gap(B, @), (E.14)

which completes the proof of Lemma [D-4] O
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E.3 Proof of Lemma [D.5]

Proof. First, let us characterize the geometrically 8-mixing property of our problem via the following lemma.

Lemma E.2 (Geometrically 8-mixing). Consider a linear transition z;11 = Uz + e, where z; € RP is the
Markov Chain and e; ~ N(0, V) is the Gaussian noise independent of {2;};>0, and U € RP*P satisfies that
p(U) < 1. We denote by v; the distribution of z; and by N(0,3) the stationary distribution of z;. We define
the k-th mixing time coefficient 3(k) as follows

B(k) = supE-~y, [IP-, (- |20 = 2) = Prv(o,200) () llTv]-
Then, it holds that
Bk) < Cpu[Tr(Se) +m(l = p)72]/2p",
where p € (p(U), 1), and C, iy is a constant depending on U and p.

We obtain the following theorem from Wang et al.[ (2017) to establish Lemma

Theorem E.3 (Theorem 1 in [Wang et al| (2017))). Let Xy and Xp be two convex, closed, and bounded sets
and the radius of Xy x Xy is D > 0. Consider the following minimax stochastic optimization problem

ﬂne%\?g Jnax G(B,w) = Eenz(g(B,w; &)

where ¢ is a random variable drawn from =. The function ¢ is convex in 8 and concave in w. We assume Z is
the stationary distribution of a Markov Chain {&}$2, with uniform mixing time 7(7n) for any n > 0. Meanwhile,
we assume that for almost every &, the function g(8,w;§) is Ly Lipschitz continuous for every g € Xg,w € Xy .
The stochastic gradient Vgg(8, w; &) and V,,g(8,w;§) are Lao-Lipschitz continuous for every 8 € Xp,w € Xy
and almost every £. For any non-increasing step size oy, the projected primal dual stochastic gradient method
updates 8 and w by

Bey1 = My [ﬁt - Q- Vﬁg(ﬁtv Wt §t)], w1 = My [wt +ag - Viug(Be, we; ft)].

for t € [T — 1]. Let

ZtT=O o By Ztho QWi

T T :
Dm0t Do Ct

Then, for any d,7 > 0 such that 7(n) < T/2, it holds with probability at least 1 — ¢ that

B =

. w =

- T 4 T T
— mi o) < .n. 2
s OB.w) = goip GB.w) < (Foe) {o+ i 3ot A3
T ) 1/2
+16DL, - [27(77) og (r(m)/8) - (3 a2 + T(n)al)] } (E.15)
t=0
where we define
Ao =D*+12Day - 7(n), Ay =4LD, Ay =10Ly + (24L} +8L1L>D) - 7(n). (E.16)

Specifically, for geometrically 3-mixing process defined in Lemma[E.2] we have the following corollary.

Corollary E.4. Use the same setting as in Theorem [E:3] We assume that the k-th mixing time satisfies
B(k) < Cep* for some C¢ > 0,p < 1. We set step size oy = a/+/t for some o > 0. Then, we have that, with
probability at least 1 — ¢,

_ , C-D?>+ L3+ L1LyD log®T +log(1/8) = C-CelyD
— v) < . .
wety (6, w) Bexs GB,@) < log(1/p) VT i T
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Proof. The proof follows direct computations. By the property of geometrically S-mixing processes, we define
mixing time by 7(n) = log(n/C¢)/logp and n = C¢/T. We set o = a/v/T and the constants Ag, Ay, Ay as
(E16). Note that 3, 1/t ~log T, >"}_, 1/v/t ~ 2/T. Thus, we bound the first three terms of the right-hand
side of as follows

Ay < C-D?-logT/log(1/p),
T

Ay n- Y ap <C-CelyDJT,
t=0

T
A2) af <C- (L1 + L3 + L1 LyD) - log® T/VT.
t=0

For the last term, we have

T 1/2
16DL, [27’(7]) log (7(n)/6)( Z o + 7(77)041)} !
t=0

< C - DLy logT/log(1/p)\/loglog T + log(1/6).

Thus, we conclude the proof of Corollary [E.4] O

However, since z ~ pk, 1, is not bounded, the function f(8,w;z,z") defined in is not Lipschitz continuous
with probability bigger than 0, which prevents us to apply Theorem 1 in Wang et al.| (2017) directly. Instead,
the following lemma confirms that z is bounded with high probability, so f is Lipschitz continuous with high
probability.

Lemma E.5 (Hansen-Wright inequality). Let A € R™*™ be a matrix and let n ~ N(0, I,,,) is a Gaussian random
variable. Then there exists some constant C' > 0 such that for any ¢ > 0, it holds that

P(ln" An —E(n" An)| > t] < 2exp (- Cmin{t?||A]|5 ]| A]7'}).
Proof. See Rudelson et al.| (2013) for a detailed proof. O

Applying Lemma to z ~ pr.r. = N(0, EK,L), where iK,L is defined in (D.17)), we have that
P(ll2)? = Tr(Srcn)| > 1) < 2exp (= Comin {2 S a1 [Srcnl 1), (E.17)

for an absolute constant C. We set t = Cy - |[Sx ||l - log T for sufficiently large C; such that C'- Cy > 6. Then,
we have that

- |Sxellp® = OF -1og” T |IZK, LI - |Zxells® = OF - (d+m1)  og? T > ¢+ [Srerl| (E.18)

where the first inequality holds as a result of the relation between operator norms and Frobenius norms, and the
second inequality holds for sufficiently large T such that C1(d +m;)~tlogT > 1. Define

E = {llz)? — Tr(Zx,) < C1 - [|Ex.n] - log T}, (E.19)

for t € [T]. We wite & = Ni<t<7&. Combining (E.17) and (E.18) we get P(&;) > 1 — 27 5. Applying union
bound to 1 <t < T, we have that P(£) > 1 —27T°. On event &, by (E.19), we have that

max 2> < C1 - [k pll - log T+ Te(Sk.p) < C-log T[Sk 1, (E.20)
which illustrates an upper bound on the feature vectors ¢(z;),1 <t < T, since we have Hqﬁ(z)”z =z|3

To prove Theorem we consider the minimax optimization problem (D.5|) restricted on the set £. For any z,
we define

& = {lllg:llz = Tr(Ex.1)| < Cr - [Tk, - log T} (E.21)
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Thus, by (E.19), we have P(E,) > 1 — 2T~5. For the feature vector ¢, vector function H, and objective function
g and G, we define

(2) = ¢(2) - Le.,
H(z, 2 ) = H(z,2'18) - Le. - Le,,,
c(z) = c(z) - 1g,, (E.22)
g(ﬁ7w7z7z/) = 9(57’(1};272,’/) : ]]-Ez ']lfzm
é(ﬁ’ ’lU) = Ezr’vpK’L,z’N};(» | 27K, L) [§(57 w; z, Z/)} .

We note that when conditioned on &, the output of the primal dual stochastic update applied on G is the same
as that on G. We denote the duality gap for G by Gap(8, @) = maxyer,, G(8,w) — mingex, G(5,w). Since g is
Lipschitz continuous, we apply Corollary to bound the primal dual gap Gap(8, @).

To apply Corollary we first establish upper bounds of the V(g )9, V%76§ and Vi’wg to show that g and Vg
are Lipschitz continuous, where g is defined in (E.22)). By direct computation, we have that

Vg =w' +¢(z) w?, V23 = [0(2) "] [0(2) — 6(2)] (E.23)
Vg =Bt —¢z) —w', V2§ = H*(2,2'; B) — w?. (E.24)
By and , we have that
IVsdllz < C- (logT)* - |[Z]3- (E.25)
For the gradient with respect to w, we first bound H2. By ,

12 < (18" + (I6() | + 61 - B + (I1Qlle + IR][e + IS &) - [6()1]) - l6()1]

which concludes that

IVwgll < \/Iﬂ1 —2z) + w P+ (02| + | H2 (2,25 8)])2
< C-(logT)* (J(K, L) + R + Riy + [Srcnl[f) 5k r - (1:26)
Meanwhile, we have V%ﬂﬁ = 0 and that V2, g = —I, which, combined with (E.25) and (E.26)), implies that g

and Vg are Lipschitz continuous with respect to 5 and w. Let E, w be the output of GTD (Algorithm |3) applied
on G. Then, by applying Corollary we have with probability at least 1 — 7~ that

Gap(8 - ~ 4
Gap(67{5) S POly(J(K’ L)’RBaRW7 ||2K,L||F) . (].(ligpz)—‘z/f
R R owin(@ — LT5L) 1) - 1281
< Poly(J(K,L), Rp, Rw,omin(Q — L' SL)™") (1= pVT’ (E.27)

where the second inequality holds as a result of Lemma and p € (p(A— BK —CL),1).
We note that when the event £ = N;<;<7& holds, it holds that (3, w) = (E, w). Thus, it remains to bound the
difference |Gap — Gap|. For any § € Xp,w € Xy, we have that
|é(ﬁ,’lﬂ) - G(ﬂaw” = |<Ez,z’ [ﬁ(z,zl’ﬁ) - H(Z,Z/7IB):|7’(U>|
< |Ez,z’ [ﬁ1(27 Zl; 6) - H1(27 Zl; B)] | ' ‘](Ka L)
+ HEz,z’ [ﬁQ(z’ Z/; ﬁ) - Hz(za Z/; ﬁ)] H . RWa (EQS)

where the expectation is with respect to z ~ pg 1,2’ ~ 13( | z; 7k, 1,). For the two terms on the right-hand side of
(E.28)), we have that

H'(z,7';8) — H*(2,7'; 8) = c(z) e, (E.29)
ﬁQ(z, 2 B) — H*(2,7; B) = H?(z, 2 B)Lee + () B2 p(2) - 1g. - ge,, (E.30)

z
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We first bound the right-hand side of (E.29). Applying Cauchy-Schwarz inequality to the first term of the
right-hand side of (E.28) and (E.29), we have that

|H'(2,2';8) — H' (2,23 B)| < \/11’(55) “Eonpie, [(2)?]. (E.31)

Since z, 2" ~ N (0, §K7L), we have that
E.. [[|6(2)*] = - [II6(z)]*] < C - Ik, pl, (E.32)
for an absolute constant C. Thus, we have that
. 2
EZNﬁK,L [C(z)Q] = ]EZNﬁK,L [((b(z)TsveC(dlag(Q, R, _S))) ]
< C-(1QIF +IRIE + ISIF) - Bk Ll1F (E.33)
By plugging (E.33) into (E.31)) and the fact that P(£,) > 1 — 275, we have that
|Ez,z’ [ﬁl('zﬂ Z/; 6) - Hl(zu Z/; 6)} ’ <C- T_3 : (HQ”% + ||R||%‘ + ||S||12:)1/2 : ||§JK,L
We now bound the right-hand side of (E.30). By the Cauchy-Schwarz inequality, we have
||Ez,z’ [ﬁ2(27 2'; B) — Hz(z’ 2 ﬂ)} ||2
< VBED - \[E. o [|H2(2, 23 )12] + \BES) - \/Ex o [Il0(=)T 52 - 6(2) 3], (E.35)

For the first term on the right-hand side of (E.35]), by the definition of H? in (E.2)) and the Cauchy-Schwartz
inequality, we have that

E.. [ H?(2 2 8)|?]
<4182 Eerw [19()IP] + /Beor [Je()1] - Ee o[l 0()[4]+
B [16()TB21] - B [16(2) 4] + /By [16(2)T 8214 - B oo [I6(2)11])- (E-36)
Plugging (E.32) into (E.36), by (E.33)), we have for an absolute constant C' that
E...o[|H2(2, 25 8)[2] < O (J(K,L)? + B + QU3 + IR + IS13) - ISl (E37)
Plugging (E.37) into (E.35), by P(£.) > 1 — 2775, we have that

||]Ez,z’ [}NI2(Z’ Z/; ﬂ) - H2(Za Z/; ﬂ)} ||2

IF. (E.34)

<C-T7 (J(K,L)? + B+ |QIE + [RIZ + 1512) " 1Sk 13- (E.38)
Plugging (E.33)) and (E.38)) into (E.28]), we have that
G(B,w) = G(B,w)| < C-T7? - (J(K,L)* + R + Riy) - | S |, (E.39)

for an absolute constant C. So for sufficiently large T', we have that |é(ﬁ, w) — G(B,w)| < T~, which implies
that

(Gap(B, @) — Gap(B, ®)| < max |G(5,w) - G(B,w)| + max |G(8, 8) — G(8,)| <27~ (E.40)

Finally, note that £ holds with probability 1 — T-5. Thus, by (E.27), we have with probability at least
1—277° > T~* that

Gap(B,w) < Poly(J(K, L), Rp, Rw,0min(Q — LT SL)™1) - _(logT)" L1
Y — ) ) b) b min (1 - p)\/T
p D . T 1y . (logT)4
< Poly(J(K,L), Rp, Rw, 0min(Q — LT SL)™) FEPW, (E.41)

where p € (p(A — BK — CL),1). Thus, we complete the proof of Lemma [D.5] O
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E.4 Proof of Lemma [B.2l

Proof. Note that Pg 1, and Pg 1 satisfy the Bellman equation in (C.1). Using the operator 7 defined in (C.14)),
we have that Px/ 1 = Ty, 1, (Q + (K')TR(K') — (L')TS(L')), which implies that

LETPK/,L/:E
=>"eT[(A-BK' —cL)]"(Q + (K")TR(K') — (L')TS(L'))(A — BK' — CL')!
t>0
=> (@) (Q+ (K TR(K') — (L) TS(L'))x}
t>0

So we have that
CUTPK/ LT — .’ETPK LT

_Z{ (Q+K'"RK' — L'"SL))a, + 2}, Px.pa),, — ) PKth}
t>0

= Axpgu(@),

t>0
where
Ak i 0 (x)
= x’T{(Q +K'"RK' —I'"SL') + (A - BK' —CL')" Pg (A= BK' — CL') — PK,L}x’
=22 (K' —K)' Expex+2" (K —K)' (R+B"PxB)(K' — K)x
+2¢" (L — L)Fgpz+x' (L' = L)" (=S4 C" P C)(L' — L)x
+2¢" (L'~ L)'CT Pk B(K' — K)z,
which completes the proof. O

E.5 Proof of Lemma [B.3|

Proof. First, for the upper bound in , by (C.7) and Lemma we have that

J(K, L) = J(K(L), L) = Tr((Pr,. — PE)¥s) = —E50 o [AR e (7)), (E.42)

where z},, = (A — BK(L) — CL)z}. By completing the square, for any K, K’, we have
Ak k(@) =22 (K' = K) ' Ex o +a' (K' = K)(R+ B' P ,B)(K' — K)x
— Ty [mT [K'— K+ (R+ B PxuB) 'Ex ] (R+ BT Px.B)
(K~ K+ (R+ BT P, B) B 1]
— Tr(za"Ej(R+ B" P, B) ' Ek)
> —Tr(za' E(R+ B' P, B) 'Ek), (E.43)
where the equality holds when K’ = K — (R+ B' Pk, B)"'Ek . By and , we have that
J(K,L)— J(K(L),L)
< |(R+ BT Pg..B)!| -Tr( v | Yz ] ) Te(E} 1 Fx.p)- (E.44)
t>0
On the other hand, we have

Eognnow,) [ Yoz} '] = %~N(07%>[TK<L),L(~T$T)] = YK (w).L;
t>0



Provably Efficient Actor-Critic for Risk-Sensitive and Robust Adversarial RL: A Linear-Quadratic Case

which combining with owin(R + BT Pk 1. B) > omin(R) and (E.44)), we have that

J(K,L) = J(K(L), L) < 1/owin - [ISL ]| - Te(B  Bx,p)-

Meanwhile, to establish the lower bound, note that in (E.43) the equality is obtained when K’ = K — (R +
BT Pk .B)"'Ek 1, so we have

= *Eg;[gNN(o,\Ifg)[Z Af oo ()]
>0

= Tr(Bf o (R+ BT Pic..B) ' Ex.o5xc.1)
> 1/0min(V,) - |R+ B" Pk 1 B|| ' Tr(Ej [ Ex,L)-

E.6 Proof of Lemma [B.4l

Proof. According to |Polyak (1963), we need to show that |J(Kj,,,L) — J(K¢ L)| is bounded by
O(Tr(EI—';“LEKhL)). By Lemma we have

J(Kiyy, L) = J(Ky, L) = Tr((Pyy,, L = Pr,.n) Vo)

=—2v-Tr(Eg, Bk, L Sk,.L) +7° - Tr(Eg, ,(R+ B Pk 1. B)Ek, L Yk,.L)

S 72#}/ ) Tr(EI—EhLEKhL . EKt7L) + ’)/2||R + BTPK,LB” . Tr(EI—Et,LEKtvL . EKf,,L)
< =27 TT(EI—EtyLEKt,L “Eki,L)
+P(R] + Ouin (o) - [ B - (J (Ko, L) + X)) - Te(EE, 1 B S, 1), (E.45)

where the last inequality is a result of Lemma and the induction assumption J(Ky, L) < J(Ko, L). Set v >0
to be sufficiently small such that

~1
v < IRl + omin(¥o) - | BII* - (J(Ko, L) + x)] (E.46)
Combining (E.45) and (E.46)), applying Lemma [B.3|and the fact Xk, 1 = ¥,, we get that

J(Kt/-&-la L) - J(Kt7 L) - Tr(EI—;,,,LEKuL : EKuL) <=7 Umin(\llﬂ) ’ TI‘(E]—E“LEK“L)

<
< =7 0min(Yo) - Omin(R) - ISk, ™" (J(Ky, L) — J(K(L), L)). (E.47)

This inequality also implies that J(K},,L) < J(K;, L) < J(Ko, L). Further, (E.47) implies that

J(Kip1, L) = J(K(L),L) < [1 =7 0min(¥o) - Omin(R) - 152, [17']
(J(Ky, L) = J(K(L), L))

E.7 Proof of Lemma [B.5]
Proof. We now bound the difference of J(K{,,L) and J(K;41,L). By (C.7) in Proposition we have that

|J(Kt+1a L) - J(KéJrlv L)| = |Tr((PKt+17L - PK/

t410

L)\IJJM < ||\IIO'HF : ||PKt+17L - PK/

t410

Ll (E.48)

We modify Lemma 24 in [Fazel et al| (2018) to construct an upper bound of ||Pg,., 1 — Px;

7.,.rll, which is
established in the following lemma.



Yufeng Zhang, Zhuoran Yang, Zhaoran Wang

Lemma E.6 (Perturbation of Pk, for fixed L). Suppose that K’ is a small perturbation of K in the sense that

min \Ija
1K - K'|| < Tmin (Vo) . (E.49)
4- ISkl - 1Bl - (1A - BK — CL|| +1)
Then, we have that
1Prr,z = Pl < Comin(¥o) - 12kl - IKIP - [R] - | BI| - 1K — K. (E.50)

Proof. See a detailed proof in |Fazel et al.| (2018). Note that for fixed L, the problem is equivalent to single agent
LQR problem. O

To verify condition (E.49) of Lemma in what follows, we establish an upper bound of
418k, 0zl - 1Bl - (|A = BKyp1 = CL|| +1) - [ Ke1 — K-
By the fact that [|[A — BK — CL|| < 1, and Lemma [E.I] we have that

4 ISkl 1Bl ([A = BE gy = CL| +1) - [ Kir — Kiy |
<8|IB|| - (J (K41, L) + x) - [ K1 — Ki 4l (E.51)

By the definition of K/, we have that
1K1 = K| <y (L+ G+ LD - Ak L — A i) (E.52)
Combining (E.51) and (E.52), to ensure condition (E.49)), it suffices to make the following inequality holds
8y - IBIl - (J(Ker1, L) +x) - (L4 B + L] - [Ak,z = Axl]) < Omin(Tsr). (E.53)
On the other hand, to establish Lemma[B.5] we need to ensure the following inequality

C 0in (Vo) (I8 rp gzl - 1 1 RN I BI - 1K eqr = K|

min

<1/2-7 - omin(¥s) - Omin(R) - sz”il : (J(Kta L) - J(K(L),L)),
which is implied by
C - J(Ko(L), L) - [|Keya | (1 + [ Keya | + L) - [ As, = sy o] < (J(K, L) = J(K(L), L)), (E.54)

Here we apply Lemma [E.1] and assume that ||R||,||B||, omin(¥,) are constants. Thus, to ensure (E.54)) and (E.53)),
we need to ensure

J(Ky, L) — J(K(L), L)
C - J(Ko(L), L)? - | Kpgal? - (1 + [[ K|l + 1L1])

Ak, L — A, ol < (E.55)

By Theorem (E.55) holds with probability 1 — T{S by setting

. Poly (J(Ky, L), [| K¢, || Lllp, 1) 5
T\ omin(Tk,.L) - (1 - p(A— BK; - CL)) ’ (J(K“L) N J(K(L)’L)) 7

which completes the proof.
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E.8 Proof of Lemma
Proof. Applying Lemma we have that

T T px E /
x Pxrpx—x Pro= Ak (y,L.x,0 (Th),
>0

where z( = x,7;,; = (A — BK' — CL')x}. Moreover, by completing the square and that Ej = 0, we have
Ay (@) =2 (K' = K(L)) (R+ BT PfB)(K' — K(L))x

+20 (L~ L)Ffz +2" (I = L)"(-S+CTP;C) (L' — L)x
+2:"(L' = L)' C"P}B(K' — K(L))z

=2 (I - L)' Fjz +2" (L' = L)(-S+ C"P,C)(L' — L)x
+2T[K'—K(L)— (R+ B P;B)"'BTP;C(L' — L)] (R+ BT P{B)
[K'-K(L)— (R+B"P;B)"'B"P;C(L' — L)
—2' (' -L)"C"P;B(R+B"P;B)"'B"P;C(L' — L)z

>2:" (I = L)"Fja—a' (L' = L)"Wy(L' — L)x.

By Woodbury matrix identity, we have that
W,=85-C"[P; —P;B(R+B'P;B)"'B'P;|C
—S-CT[(Pp)'+BS'BT]'C

which means that W} is monotonically decreasing when P; is increasing. O

E.9 Proof of Lemma [B.8
Proof. By applying Lemma [B7] we have that

T T =
" P}z —ax Pl.a > 20 E a Fl Fiaaxl — 0% E al Ff Win Fpnal,
5>0 s>0
o / _ Tn+1 /
where o, = z,2,,, = (A — BK(L"*') — CL)x.

After taking expectation with respect to x ~ N (0, ¥, ), combining with (C.7) and that Tt (U,) = Y% i, we
have that

LYY = JHL) > 20 T (2% FfaFp) — 2 Te(S% sy Fpu Wi Fra). (E.56)
We now bound the two terms on the right-hand side of (E.56|) separately.
First, we bound the first term on the right of (E.56)). Applying Lemma and tangle inequality, we have

To(S% s P Ffn) > Te(S5n FLuFrn) = [|Shais — Sholl - | Te(FL FE))- (E.57)

To bound the second term of (E.57)), we obbtain the following lemma from |[Zhang et al.| (2019b]).

Lemma E.7 (Lemma 6.8 in [Zhang et al.| (2019b)). Under Assumption for any L, L' € L, there exists some
constants Bﬁ, 85782{ > 0, such that if

. IBII[BE| A~ BK(L) — CL|| + | PE | [IC|I]
|L — L'|| < min{ BE, .
“ BE|B[l|C]

2(|A - BK(L) — CL| + 1) (BX|B|| + IICII)} (E.58)

(BE)?2IBI?+ IC|1? + 2B B]|C||
it holds that
L7 =Sl <4(lA = BK(L) — CL|| + 1) (BZ |1 B| + IC|) - | L — L'||.
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Thus, if we set £z > 0 to denote the infimum taken over all of the constraints of |L' — L] in (E.58), i.e.,

. IB||[BF||A — BK(L) — CL|| + || P|lIIC]I]
K: = inf ¢ BE, ,
{ BZ|Bl|C|
2(||[A - BK(L) = CL|| + 1) (BE Bl + IC|)
(BE)?|BII2+ CN1? +2BE (| B|[|C|

combining with (E.57)), we have

Tr(S} 00 Ffn Fin) 2 omin(¥o) ™! [|Fpn |7
— 160~ (| A= BE(L) = CL|| + 1) (BZ | B + [CI) | FrallE I F7n |le, (E.59)

provided that

|L"HY = L = o - | Fpn|| < K. (E.60)

Note that we can bound ||Fy» || by the following lemma from Zhang et al.| (2019b).
Zhang et al. (2019b)). Let ||F,| be the projected policy gradient defined in (B.11)).

Lemma E.8 (Lemma 6.9 in
Then it holds that

jﬁamla )| Fulle < Vo (L))

_ 2L +2x IWL||[J(K*,L*) — J*(L)]
Umln(‘lj ) ’

where p = min{d, ma}.

By Lemma to ensure (E.60]), we have the following requirement.

_L R IC,C Umln( )
<1y =
2J (K (L"), L") + 2¢ |Weall[J(K*,L*) — J(K(L™), L")]
For the second term on the right side of (E.56)), noticing that by Lemma [E.I]and Lemma[B.7] it holds that
S s FL Wi Fin < 1S5l - [Wen i - 1B 2 < v/imz Il (o)
Thus, substituting (E.59)) and (| - ) to , we have that
JE(L™), L) - |IS]e - omin (Vo)

J(L™Y) = J5L") > 1 Omin (Vo) ™4 | Fpn||2(1 — 0 - /2 p
— 160 (||A = BK(L) = CL|| + 1) (BZ || B|| + |CI) || FL.»

JK(L"), L) - [|S][e

F), (E.62)
which gives the other requirement on ¢

J(K(Ln)7Ln) : HSHF 'Umin(\Ilo)

L§22:§-{\/m2

+16- (||[A = BK(L) — CL| + 1) (BZ B[ + |ICII) | F7x

-1

d

Note that if we denote 7 = infrc.{t¥, 7L}, then 7 > 0. Further, by (E.62), for any ¢ € (0,7), it holds that
THL"Y) = (L") 2 0/2 - 0min(Wo) " - | Fpn 3,

which completes the proof. O
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E.10 Proof of Lemma [B.10
Proof. By the expression of Fg 1, in (C.11)), we have

|Fr,r — F;|| = |CT Px.r,(CL+ BK — A) — CTP;(CL+ BK(L) — A)||
<|cl-[IPEI- 1Bl - | K — K(L)|| + | Px,. — Pi|l - ||[A— BK — CL||]
<|C[l- 1Bl - |P*]l - | K = K(L)|| + || P, — PEl], (E.63)

where the last inequality holds as a result of the fact that p(A — BK — CL) < 1, and P* > P}. For the first term
on the right-hand side of the last inequality, by Lemma we have that

J(K,L) — J*(L) = Tr((K “K(L)T(R+BTP;B)(K — K(L)) - \I/a)
> Omin(¥o) - Tr((K — K(L))"(R+ B P{B)(K — K(L)))
> Umin(R) ' Umin(q/o) : ||K - K(L)H%‘ (E64)

For the second term on the right-hand side of the last inequality, by , we have that
| P,z — Prll < omin(¥s) " [J(K, L)- J*(L)]. (E.65)

Thus, plugging (E.64) and (E.65)) into (E.63|), we have that

* — — * * 1/2
1Fi. = FEl| < Omin(R) ™2 - omin(¥o) "2 Ol 1B - 1P - [J(K, L) = J*(L)]

+ Omin(Po) " IC|| - [J(K, L) = J*(L)]
<C-[J(K,L)— J(K(L),L)],

for an absolute constant C, which completes the proof. O
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