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Supplement Material for ‘Efficient Designs of SLOPE Penalty
Sequences in Finite Dimension’

A Introduction to MMSE AMP

We firstly introduce the procedure for general AMP procedure.

st = xTz® 4 g
BUHD = 1) (5(1) (A1)
Z0+) =y~ xg+) 4 L z0g,0 50y

n
Different 7 functions give different AMP, e.g. the soft-thresholding 7 gives the Lasso AMP; the SLOPE proximal
operator 7 gives the SLOPE AMP.

The MMSE AMP adopts the following denoiser n*) [1]
7]2@(5) =EB|B+mz=s] i=1,...,p
with z ~ N(0,1). In above, using the state evolution 6], 77 can be calculated iteratively as:

= o + SB[V (B 4 riosz) - B

Assume that the measurement matrix X has i.i.d. N'(0,1/n) entries. In many scenarios, the denoiser 7*) might
be hard to calculate. Here we provide a derivation about calculating 7 in the Bernoulli-Gaussian case: we

assume that true signal 3 “&" B where B is a Bernoulli-Gaussian distribution, i.e. B; = 0 with probability
e € [0, 1], otherwise 8; ~ N(0,0%).

E[B|B + iz =s] =E[BIB # 0,8+ nz = s;|P(B # 0|8+ 1z = si) (A.2)
It’s straightforward to see that, with f denoting the corresponding probability density function,
f(B+ 7z =58 ~N(0,0%))(1 —e)

P 0|18+ 1z=s;) = A3
BAOB+m==50) = Fg e — 1B~ N (.03 — ) + (= = s)e (49)
Meanwhile. we have
E[B|B # 0,8+ 1z = 5] = E[B|B ~ N(0,0%), B + Tz = si]
since B+ 1,2 ~ N(0,0% + 77), conditional expectation on joint normal distribution yields
2
o
E ~ N(0, 0% = 5] = ——L—s5; A4
[/3‘/6 N( 7UB>7ﬂ+TtZ 8] 023+Tt28 ( )

(A.3) and (A.4) give a simple way to calculate the denoiser using (A.2]).
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B Analysis of Gradient in PGD for «

Proof of Theorem[], Minimizing the estimation error is equivalent to minimizing 7. Since the AMP algorithms
are working on the finite dimension, we analyze the finite-size approximation of the state evolution |6, Equation

(2.5)]: 1
7= o+ LE o, (3+72) - 6

In finite dimensions, the expectation is taken with respect to Z. Differentiating both sides of the state evolution
with respect to o; and denoting 7’ = % gives:

1
277 = % <0721, + %EH prox; (B+7Z)— ﬁ”2>

da;
19 < )
" n oo > E(lprox,, (B+72)]; - B;) (B.1)

Recall 7); represents the j-th element of n := prox; (84 7Z). By chain rule
2 & 877 dn; Oay, dn» by,
o2rr = = E(n; — Z E(n il il
TT n ; (n; Z = B) lz day, dbk Ooy;

where we define ay := By + 72k, b := ax7. To calculate the derivatives, we pause to discuss forms of general
derivatives of n(a,b). Define

o 0 0
b).=d ey —— b B.2
Om(a,b) = ding -, 7o . aap]ma, ) (B.2)
o 0 0
dum(a, b) = dlag[ TR ] (a,b). (B.3)
According to |17, Proof of Fact 3.4] and [6, Proof of Theorem 1], we have
1
[01m(a,b)]; =
T #{L <k <p:na, bkl = [[n(a,b)];]}
and that
d .
dar ——[n(a,b)]; =I{|n(a,b)|; = |n(a,b)|x} sign(n;nx)[01n(a, b)];
for the derivative regardng the first variable. Recall that the permutation o : {1,...,p} — {1,...,p} is the
inverse mapping for ranking of indices such that |[n|;) = |[9],(;|. Similarly, according to [6, Proof of Theorem
1]:
d ——[n(a,b)]; = —sign([n(a, b)ls(x)) [n(a,b)];
dbk - g ma, o(k) dag(k) nla, i
=I{|n(a,b)|; = [n(a,b)low) } sign (1;) [O11(a, b)] .. (B.4)

In addition to I; defined in Section 2, we let K; := {k : [no)| = |n;|}, which is the set of ranking indices whose
corresponding entries share the same absolute value with 77j~ This notion will be used to replace the indicator

term I{|n(a,b)|; = [n(a,b)|,x) } above. We can rewrite as

) ) dﬂ@ak dnj (9bk
E(n; = 55) Z day, 80@ Z ~dby, Ao

1 kel;

!/
217" =

3w

J

|1 keK; Oa;

I
S
‘M“

E(n; — B;) sign(n; [ ! abk]

: Ijlke,

<
Il

Il
SRR
=

E(n; — B;) sign(n;) [II | > sign(mk) Zpr' — |K ‘ > (' + Ik = 1}7)1

1 kel; kEK;

<
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Merging the terms containing the derivative 7’ on one side gives

ib > E(n; - B))sign(n;)/ ||

J€IL(4)

= *ZE — B;) sign(n;) |I | Z sign(ng) Zpt' — |K | Z o’

kel;

keK;

Notice that |I;| = | K| due to ¢ being a permutation, we can simplify above as

or 1 .
Doy Em Z (n; — Bj) sign(n;)T

J€L5 (i)

where D(a, 7) in the denominator is

—TT

Do) = =+ 3 7 oy~ )] 2 s 2 o)

kel;

We next show that D(a, 7) is always negative. Firstly observe from (2.3) that

j=1
Now for the set I; with a fixed index 1,
Z(m BJ
Jjel; jEI
1 .
> H(Z(m ~ By)sign(n))?
tjer
|I | > (= B))sign(ny) > 77k sign(n) — ag-r ()7
JEI; kel;
|I | Z — B;) sign(n;) Z Zy;sign(nr) — cg-1(x)
JEI; kel;

This in turn implies that

Jj=1 ke,

Combining with yields D < 0.

C Analysis of Projection in PGD for «

C.1 Characterization of projection on S

P P P
S -8 => ﬁ > (e = Br)? Z IL — B;)sign(n;) > Zisign(ne) — ag-1(k)
j=1 "/ =1

kel,

(B.6)

(B.10)

(B.11)

We firstly prove that Algorithm [1] indeed finds the projection. To do so we firstly provide a detailed character-
ization of the projection, then prove that the output of Algorithm [I] matches the form of projection. We start

by defining blocks and segmentation blocks, upon which our proof highly relies. Suppose v = {1, ...
are subsequences defined as B(v,u) := {Vu; - - -, YutL(v,u)—1} Where length L(~,u) is defined as

p  otherwise

Yp s blocks

(C.1)
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where

k L—1
AL 1 1
L* = {1<L< —ulVO<k<p-— _L77§ u i<*§ ui}
min <L<p—u <kE<p—-u k+1i:0’y+L+ Li:O’Y-x-

Roughly speaking, L(+y,w) is the minimum value of a finite set (truncated at p when the set is empty). For each
element L in this set, the average value in sequence {7y, ..., Yus+r—1} is always larger than that of arbitrary
sequence {Yyir,---sYutrL+k} whose left start is y,4r. With such definition of blocks, we can now segment ~
into ¢ < p blocks:

v ={B(,1), B(v, L(7,1) + 1), B(v, L(v, L(7, 1) + 1) + L(7,1) + 1),...} £ {B1,..., B,}

We call By, ..., B, segmentation blocks for vector ~. It’s straightforward to see that By = B(~, Ly) where Ly,
satisfies L1 = L(+y, 1) and

k—1
Ly =L(v, ) Li+1)
i=1

Our result shows that for input vector =, its projection vector IIs() takes identical values inside each of the
segmentation blocks. Before formally stating the theorem, We first highlight the following fact that will be
frequently used in the proof of the theorem.

Fact C.1. For two sequences of length p: {a;} and {b;}, if 3" a; = >_b;, then function g(C) := >_(b; — a; + C)?
is monotonically increasing with respect to |C|.

Proof. Notice that
Z(bz — Q; + 0)2 = Z(bl - ai)z + ZQC(()Z - ai) +pC’2 = pCQ + Z(bz - ai)Q

Hence ¢g(C) is is monotonically increasing with respect to |C|. O

Theorem 3. Let B denote the segmentation block that contains ~y;, then

1
(Ils(7)); = max ﬁ Z 75,0
Vi €B

Proof. The proof consists of two steps. In the first step, we prove that for each segmentation block B, the
projection of each coordinates share the same value. That is, (Ils(v)); = C(B) as long as 7; € B. In the second

step, we show that this constant is the mean of the block truncated at 0: C(B) = max {ﬁ nyjeB Vi 0}.

Step 1 Without loss of generality, we consider B = B(«y,u). We know from definition of blocks that V1 <1 <
L —1, 3k s.t. k:% Zf‘zl Vudl—14i > %22:1 Yuti—1- We use induction to prove that (Ils(7))w = (s(V¥))uti,
V1 <1< L(vy,u) — 1. For I =1, assume (IIs(v))u > (Ts(v))ut1. Consider two cases: (i) (ILs(y))w > Y- (ii)
(Is(¥)u < vu- We now show that both cases lead to contradiction and hence do not hold. In case (i), we
consider
(Ear); = {maxm, (Ms(y)usi} ifi=u
(TIs(7)): otherwise

then obviously,
|5 (1) =

< (Ms(¥))u = ul

which leads to that %”(ﬁs (7)) = I3 < 3[(Ts(v)) — ¥[3. This contradicts to the definition of projection. In
case (ii), from definition of blocks we have that Jkg > 1 s.t. 1710 Zfil Yuti = Yu- Consider

(Os(¥)u ifiefut+1,...;u+ko}
(TIIs(v)); otherwise

(ﬁS(’Y))z = {
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Notice that k—lozgl Yuti > Yo > (Os(¥)e > (Ms(¥))u+1, we have for i € {u + 1,...,u + ko},
(Ts(v))i — (Is (’y))l’ is a constant independent of 7 and that

~ 1 ko 1 ko
(Is(v))i — %o Z’Yuﬂ < |(s(v))i — o Z%+i
i=1 i=1

According to Fact we define substitution for ¢ € {u + 1,...,u + ko}: b = é Zf“lyuﬂ, i = Yutis

bi+C1 = (Ts(7))s and b;+C5 = (Ts(y))i- Then since |Cy < Cy|, we have 3[|(TTs () =[5 < 3/ (Ts (7)) =713,
which contradicts to the definition of projection.

Now assume the statement holds for 1 <1 < ly—1, that is (ILs(y))y = - - - = (IIs (7)) uti1,—1, We want to prove that

(ILs(¥))w = (ILs(Y))u+1,- Since the projection is on S, by definition we know (ILs(+y)),, can never be smaller than
(ILs(Y))u+io- We now assume (ILs(7y))y > (ILs(¥))uti, and consider two cases: (i) (ILs(7y)). > % Eio 01 Vot
(il) (Ts(y))w < % Zio 01 Yu+i- To complete the proof, it suffices for us to show that neither of the cases can

hold without contradictions. In case (i), we consider

max{ % Z?:})l Yu+j>s (HS (7))u+lo}

(s (7)) = ifie{u,...,u+ly—1}
(s (7)) otherwise
then obviously for ¢ € {u,..., , |(Ts(7))s — (Is(7));| is a constant independent of i and that
N lo—1 =
(s (v))i — I Z Yuti| < |(s(¥))i — I Z Vuti
1=0 i=0

According to Fact using the same substitution as that in analysis of [ = 1, we have that %H (ﬁg ) =73 <

1{|(ILs(v)) — |13, which makes contradiction to the definition of projection. In case (ii), from definition of blocks
we have that kg > 1 s.t. kio Zfil Vutlo—1+i = L Zi‘) 01 Yu+i- Now we consider

Z

(MMs(¥)w fie{u+lo,...;,u+lo—1+ko}
(TIs(v)); otherwise

(s () = {

Notice that 1710 Zfil Vutlo—14i >+ Zio 01 Yuti > Ts(¥))u > Ts(¥))uti,, we have for i € {u+1o,...,u+1 —

=T
1+ ko}, (Ils(7)); — (Is(v)):| is a constant independent of i and that

ko—1

( Z ’7u+lg+z

Again according to Fact|C.1] we have 1| Is(v)) =2 < 1]
projection. This implies that it can never happen that ( s(vy

We have proved that (Ils(v))u = - = (ILs (7)) u+tL(v,u)
5.

Step 2 Now we already know that inside each segmentation block, the projection of each coordinate is a constant
C(B), we now optimize the sequence {C(B;)}._,. According to Fact inside each Bj;, the optimal constant

(i.e. constant gives smallest 5 error argmingso3 >onen (Vi — C)?) is : max {ﬁ 2B 'yj,O}. Meanwhile,

ko—1

Z Yu+lo+i

(IIs(5)) —~||3, which contradicts to the definition of
Y))u > (s (7))uti,, which completes the induction.
C(

/\4

||l>

B(u)) for each segmentation block B(u) of vector

it’s feasible to set

(Hs( )) = max |B| Z 7]7

Yi €B

since we have that max { “;i‘ ijeBi Vi 0} > max {T{rll ZweBHl Y4 O} by definition of blocks. This wraps
up the proof.

O
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C.2 Proof of Theorem [2]

We next prove the validity of Algorithm

Proof. Suppose v has segmentation blocks By, ..., By, we firstly prove that (As(v)); = (ILs(v)); for ¢ < |By].
We let v;(t) denote the value of 7, at the moment ¢ was assigned from ¢ to ¢ + 1 in Algorithm 1| (i.e. the time
when first ¢ iterations are finished). We also let v;(0) denote the initial value of «; in the input. Then clearly
(As()); = max{v;(p),0}. During the value-averaging step, the algorithm is constantly transporting values from
elements with larger index to those with smaller. Hence it’s straightforward to see that

J
D> ) =Dyt —1) (C.2)
j=1 j=1
for arbitrary J,t € {1,...,p}. First assume v1(p) = --- =g (p) > 7g, 41 (p). Since Algorithm [1f only involves

averaging values among subsequences, we have that Z?:l v;(p) = Z§=1 7;- Moreover since vz (p) > VL, +1(p),

there’s no value-averaging steps between any one of the first Zl elements and one of the rest elements. This
implies

I I
> i) => (C.3)
j=1 j=1

By definition of blocks, we know that 3k such that & ZZ 1V 4 2 % 217 =m(p). By 1.' we have that

27L1+1 — k Z’yLr‘rl 7L1+1(p)

Together with above, this implies that ~;(p) < Vi, +1(p), which contradicts to the assumption. Hence we have
that L, > L.

On the other hand, if fl > L, then at the moment i is assigned to be El + 1 in the algorithm (i.e. the time
when first L; iterations are finished), we must have that

S (L —1) S (L — 1)
>
Zl - Ll

This implies that
L L ¥
Z] S L1 (Ll -1) S Zj;1 V(L1 —1)

> C4
L1 — L1 Ll ( )
By (C.2) we have
Ly L =
Z] 175 Z]‘;1 v (L1 — 1)
< (C.5)
Ly Ly
Meanwhile at t = Zl — 1, the sum of first L1 terms is the same as that in «. This implies
Zl Zl Ly _
> uli-1) Z% > = vl
j=L1+1 Jj=Li+1 Jj=1 (06)
1
Z "
j=Li1+1

where the last inequality is given by (C.2). Combining (C.4)), (C.5)) and ((C.6)) yields

L L
D jmri 417 > P’
L1 — L1 - Ll
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This contradicts to definition of L; in 1' Hence we have that L; = L;. This means mp) = =v1,(p) >
vL,+1(p). Recall that (As(7)); = max{vy;(p),0}, this together with (C.3)) yields

Ly
(T (7)1 = max ;1';%0 — (As(M)

= =(As()L, > As(¥))Li+1

Now we have prove that (Ils(v)); = (As(vy)); for ¢ < |Bj| and that there is no interaction between element
in By and that outside B;. This implies that the existence of By does not affect the rest of output values
(As(7))i>|B,|- Hence we can ignore B; and repeat exactly the same procedure to prove that (Tls(v)): = (As(7)):
when |B;|+1 < i < |Bs| and that there is no interactions between element in By and that outside Bs. Iteratively
we can prove IIs(vy) = As(7y)

O
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