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A Proof for Proposition

For the notational simplicity, we omit all the index of attention head (k) and denote W,z as x. First, since both
v and p are real-valued, it suffices to consider only the real portion of e** when invoking Theorem |1} Thus, using
Re[e®®] = Re[cos(z) + isin(x)] = cos(z), we have

v(z,z') = Rely(x,2")] = /pr (w) cos(w ' (z — ') dw.

Next, we have

[ petwreos (7 0 = a")

/pw( )cos (w' (z — ') dw+//2ﬁ w) cos (w' (z + ) + 2by,) dbydw
= / /27r L (@) [cos (w (& — a')) + cos (w (2 + 2') + 2by,)] dbydw
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/ / —pw ) [2cos(w @ +by) - cos(w 2’ + by)] dby,dw
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= / P (w )/ > {\/ﬁcos(wTa: +by) - V2cos(w 'z’ + bu)} dbydw
Q 0 m
= E[pu(2) - du ()]
where ¢, (z) = v/2cos(w'z + by), w is sampled from p,,, and b, is uniformly sampled from [0, 27]. The equation
(¢) holds since the second term equals to 0 as shown below:

2m 2
/ / P (w) cos (wT(x + ') + 2b,) dbydw = / P (w) / cos (wT(x + ') + 2by) dbydw
aJo Q 0

= /pw(w)~0-dw:O.
Q

Therefore, we can obtain the result in Proposition

B Proof for Proposition

Similar to the proof in Appendix [A] we omit all the index of attention head (k) and denote W,z as = € X for the
notational simplicity. Recall that we denote R as the radius of the Euclidean ball containing X" in Section In
the following, we first present two useful lemmas.

Lemma 1. Assume X C R? is compact. Let R denote the radius of the Euclidean ball containing X, then for
the kernel-induced feature mapping ® defined in , the following holds for any 0 < r < 2R and ¢ > 0:

IP’{ sup |®(z) B(@) — v(z,2)| > e} < 2N(2R,7) exp {—Dj} iy

z,x'eX €

where O'z = Eyp, [ww] < 00 is the second moment of the Fourier features, and N'(R,r) denotes the minimal

number of balls of radius r needed to cover a ball of radius R.

Proof of Lemma[l. Now, define A ={6:§ =2 —a’, ,z,2’ € X} and note that A is contained in a ball of radius
at most 2R. A is a closed set since X is closed and thus A is a compact set. Define B = N (2R, r) the number of
balls of radius r needed to cover A and let d;, for j € [B] denote the center of the covering balls. Thus, for any
0 € A there exists a j such that 6 = §; + ' where |7/| < 7.

Next, we define S(§) = ®(z) ' ®(z") — v(z,2’), where § = x — 2’. Since S is continuously differentiable over the
compact set A, it is L-Lipschitz with L = supsc [[V.S(9)|]. Note that if we assume L < o and for all j € [B] we
have |S(d;)| < §, then the following inequality holds for all § = §; + 1" € A:

1S(0)] = [S(6; + )| < LId; — (6; + )| +15(5;)] < TL+§ <e (10)
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The remainder of this proof bounds the probability of the events L > ¢/(2r) and |S(d;)| > €/2. Note that all
following probabilities and expectations are with respect to the random variables w1, ..., wp.

To bound the probability of the first event, we use Proposition [1| and the linearity of expectation, which implies
the key fact E[V(®(x) " ®(2'))] = Viv(z,2"). We proceed with the following series of inequalities:

]

E[L?] =E {§2£|VS(5)
=F [ sup ||[V(®(z)T® (")) — Vu(x,x’)IIQ]
(%)
< 9F
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:2E{ sup IIV@(:E)T‘I’(:U’))IIQ} +2 sup_||E[V(®(x)" @(a"))] ||

z,x' €X z,x’'e€X

w0 4E[ sup |[V(®(a) @(w’))ﬂﬂ,

r,x'€X

where the first inequality (i) holds due to the the inequality ||a + b||> < 2||a||* + 2[|b]|* (which follows from
Jensen’s inequality) and the subadditivity of the supremum function. The second inequality (iz) also holds by
Jensen’s inequality (applied twice) and again the subadditivity of supremum function. Furthermore, using a
sum-difference trigonometric identity and computing the gradient with respect to § = x — 2/, yield the following
for any z,2' € X:

V(®(x) ®(z) ( Zcos 9::1:)))
—Zwlsm (x —2')).

Combining the two previous results gives

E[L?] <4E | sup ||—szsm T(x—a:’))|2]
z,x'€X
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which follows from the triangle inequality, |sin(-)| < 1, Jensen’s inequality and the fact that the w;s are drawn
i.i.d. derive the final expression. Thus, we can bound the probability of the first event via Markov’s inequality:

P [L > %} < (47:"”)2. (11)

To bound the probability of the second event, note that, by definition, S(J) is a sum of D i.i.d. variables, each
bounded in absolute value by & (since, for all z and 2, we have |[v(z,2")| < 1 and |®(z)T®(2')| < 1), and
E[S(d)] = 0. Thus, by Hoeflding’s inequality and the union bound, we can write

B
. € € De?
P[3 € I8 156)| = 5] < Y P (15691 > ] < 23w (-5 ). (12)
j=1
Combining , , , and the definition of B we have
D 4ro,\?
P {sup|5( i) > e} <2N(2R,T) exp{—e} + (rap> .

seA 8 €
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O

As we can see now, a key factor in the bound of the proposition is the covering number N (2R, r), which strongly
depends on the dimension of the space N. In the following proof, we make this dependency explicit for one
especially simple case, although similar arguments hold for more general scenarios as well.

Lemma 2. Let X C R? be a compact and let R denote the radius of the smallest enclosing ball. Then, the

following inequality holds:
3R\*
NR,r)<|{— ] .

r

Proof of Lemmal[2. By using the volume of balls in R, we already see that R?/(r/3)¢ = (3R/r)? is a trivial
upper bound on the number of balls of radius r/3 that can be packed into a ball of radius R without intersecting.
Now, consider a maximal packing of at most (3R/r)? balls of radius r/3 into the ball of radius R. Every point in
the ball of radius R is at distance at most r from the center of at least one of the packing balls. If this were not
true, we would be able to fit another ball into the packing, thereby contradicting the assumption that it is a
maximal packing. Thus, if we grow the radius of the at most (3R/r)? balls to r, they will then provide a (not
necessarily minimal) cover of the ball of radius R. O

Finally, by combining the two previous lemmas, we can present an explicit finite sample approximation bound.
We use lemma [I]in conjunction with lemma [2| with the following choice of r:

2(6R)? exp(ng6 )
= ,

(=)

which results in the following expression

2d
24Ro) \ *2 Deé?
P >e| <4 —2 -— .
pso1= =4 (222) e ()

Since 32Ro,/e > 1, the exponent 2d/(d + 2) can be replaced by 2, which completes the proof.

C Algorithm

Algorithm 1: Learning for DAPP

Input: The data set X = {x;};=1, , with n samples, where each sample & = {xz}fV:Tl is a series of events,

N7 is the number of events in the time horizon T

Define the number of iterations 7, the number of samples in a mini-batch M, and the number of random
Fourier features D;

.....

while | < n do
Randomly draw M sequences from X denoted as X; = {z; : x; € X}j=1, M3
Generate D Fourier features from p,, denoted as (All = {wg = G(%;0),2 ~ ps}=1,...D;

0, + Update 6; by maximizing using stochastic gradient descent given X, {;
l+—1+1;
end
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Algorithm 2: Efficient thinning algorithm for DAPP

input 6,7, M;

output A set of events H; ordered by time.;
Initialize H; = (), t = 0, m ~ uniform(M);
while t < T do

end
end

Sample u ~ uniform(0, 1); m ~ uniform(M); D ~ uniform(0,1);
x' < (t,m'); X <= A(a'|h(z")) given history H;
t+—t—Inu/);
z < (t,m); X < Mz|h(z)) given history Hy;
if DX > X then
| He+ HeU{(E,m)} m/ < my

Algorithm 3: Event selection for online attention

Input: data x = {x;}52,, threshold 7;

Initialize @*) =0,k =1,..., K;

)

for i =1 to +00. do

end

end
end

end

5%
= (k)
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for k=1 to K. do

A a8 Ui
Initialize 7 = 0, ") = 0;
for j=1toi—1do

k k)~

) LS”J-( )y ) (2, 25);
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if i > 7 then
) )\ axgmin {P):

zjit;<t;
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