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Abstract
We investigate k-means clustering in the online no-substitution setting when the input arrives in
arbitrary order. In this setting, points arrive one after another, and the algorithm is required to
instantly decide whether to take the current point as a center before observing the next point. De-
cisions are irrevocable. The goal is to minimize both the number of centers and the k-means cost.
Previous works in this setting assume that the input’s order is random, or that the input’s aspect
ratio is bounded. It is known that if the order is arbitrary and there is no assumption on the input,
then any algorithm must take all points as centers. Moreover, assuming a bounded aspect ratio is
too restrictive — it does not include natural input generated from mixture models.

We introduce a new complexity measure that quantifies the difficulty of clustering a dataset
arriving in arbitrary order. We design a new random algorithm and prove that if applied on data with
complexity d, the algorithm takesO(d log(n)k log(k)) centers and is anO(k3)-approximation. We
also prove that if the data is sampled from a “natural” distribution, such as a mixture of k Gaussians,
then the new complexity measure is equal to O(k2 log(n)). This implies that for data generated
from those distributions, our new algorithm takes only poly(k log(n)) centers and is a poly(k)-
approximation. In terms of negative results, we prove that the number of centers needed to achieve
an α-approximation is at least Ω

(
d

k log(nα)

)
.

Keywords: k-means clustering, online no-substitution setting, adversarial order, complexity mea-
sure, the online center measure, mixture models

1. Introduction

Clustering is a fundamental task in unsupervised learning with many diverse applications such
as health Zheng et al. (2014), fraud-detection Sabau (2012), and recommendation systems Logan
(2004) among others. The goal of k-means clustering is to find k centers that minimize the k-means
cost of a given set of points. The cost is the sum of squared distances between a point and its closest
center. This problem is NP-hard Aloise et al. (2009); Dasgupta (2008), and, consequently, approx-
imated algorithms are used Arthur and Vassilvitskii (2006); Aggarwal et al. (2009); Kanungo et al.
(2004). An algorithm is an α-approximation if the k-means cost of its output is at most α times the
optimal one.

In this paper, we focus on the online no-substitution setting where the points arrive one after
another, and decisions are made instantly, before observing the next point. In this online setting, the
algorithm decides whether to take a point as center immediately upon its arrival. Decisions cannot
be changed; once a point is considered a center, it remains center forever. Conversely, points that
are not centers cannot become centers after the next point is received. This set-up is summarized in
Algorithm 1. In this setting, the goal is two-fold: (i) minimizing the cost of the returned centers,
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Algorithm 1: Online no-substitution setting
C ← {} ; // set of centers
for t ∈ {1, 2, 3, . . . , n} do

decide whether to add xt to C; // only xt can be added to C at time t,
and no center can be removed from C

end
return C

C, and (ii) minimizing number of centers, |C|.
The importance of the online no-substitution setting is motivated by several examples in Hess

and Sabato (2020). Here is one of them: suppose we are running a clinical trial for testing a new
drug. Patients come one after another to the clinic, and for each of them we must decide whether
or not to administer the drug. Our choices are immutable: once a patient takes the drug, it cannot
be untaken, and once a patient leaves the clinic, we cannot decide to test the drug on them. Our
overall goal is to administer the drug to a small representative sample of the entire population. In
this example, the patients are the points, and the people given the drug are the centers. The number
of patients that took the drug is the number of centers, which should be small as it is an experimental
drug and thus risky. Assuming an appropriate distance measure between any two people, a low cost
k-means clustering provides a good representation of the entire population. In this setting, previous
works Hess and Sabato (2020); Moshkovitz (2019) present algorithms under the assumption that
the order is random. However, this is not always the case. In the motivating example, the elderly
patients might tend to arrive earlier than the younger ones. To account for this, in this paper we
focus on the case that the order is arbitrary and might be adversarial.

It is known that if n input points arrive in arbitrary order, then Ω(n) centers are needed, as
we demonstrate next. To prove this lower bound for any α-approximation algorithm, consider an
exponential series of points in R: (2α)1, (2α)2, . . . . This sequence is constructed so that each point
is very far away from the points preceding it. At each time step t, suppose that the algorithm
doesn’t select the current point, (2α)t. Because the number of points, n, is not known in advance,
the algorithm must assume at all times that the series might stop. If this happens, the algorithm
cost is roughly (2α)t, because of the cost incurred by the point (2α)t. On the other hand, the cost
of the optimal clustering is roughly (2α)t−1, which violates the fact that the algorithm is an α-
approximation. Therefore, the algorithm must select every point in the sequence. Observe that this
lower-bound dataset is well-designed and pathological. This leads to the following questions: are
there more “natural” datasets that require Ω(n) centers, and can we find a property that is shared by
all hard-to-cluster datasets?

In this paper, we define a new measure for datasets that accurately captures the hardness of
learning in the no-substitution setting with arbitrary order. We show that the lower-bound patho-
logical example from above is the only reason for necessarily taking a large number of points as
centers. We also design a new algorithm that takes a small number of centers whenever the new
measure is small. Additionally, we prove that for data generated from many “natural” distributions
(like Gaussian mixture models), the new measure is small (O(k2 log n)). The reason, intuitively, is
that when sampling n points for many distributions, the largest subset with distances exponentially
increasing is of length O(log n). This allows taking only polylog(n) centers. This number of cen-
ters is so small that it is close to the number of centers needed if the order is random Moshkovitz
(2019).
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1.1. Problem setting

Fix a dataset X with |X| = n points. We define a clustering of X both by its clusters and its centers
C = {(C1, c1), (C2, c2), . . . , (Ck, ck)}, where X = C1 t . . . t Ck is a partition of X , and ci is the
center of the cluster Ci. A clustering’s k-means cost with distance metric1 d is equal to

L(C) =
∑̀
i=1

∑
x∈Ci

d(x, ci)2.

The optimal k-clustering, optk, with cost cost(optk), is the one the minimizes the cost

optk = arg min
C=((C1,c1),...,(Ck,ck)) s.t.

X=C1t...tCk

L(C).

Sometimes we define a clustering only by its centers or only by its clusters, and assume that the
missing clusters or centers are the best ones. The best center for a cluster is its mean, and the best
clusters for a given set of centers c1, . . . , ck are the closest points to each center Ci = {x : i =
arg minj∈[k] d(x, cj)}.

The focus of the paper is the no-substitution setting where points arrive in an arbitrary order.

An online algorithm should return a clustering that is comparable to optk. But, for that to hap-
pen, the number of centers must be larger than k Moshkovitz (2019). Therefore, online algorithms
return ` ≥ k centers. We formally define “comparable to optk” in the following way. An α-
approximation algorithm relative to optk is one that returns a clustering C = ((C1, c1), . . . , (C`, c`))
such that with probability2 at least 0.9, L(C) ≤ α · L(optk). The goal is to find an α-approximation
algorithm that returns ` centers and aims to minimize two values: both α and `. There is a trade-off
between the two. Here are two extreme examples. If ` is large and equals n, then α is small and
even equal to zero. If α can go to infinity, then ` can be small and equal to 1. In this paper, we
focus on the case that k � n or even k a constant. Thus, α should be independent of n and might
be equal to poly(k).

1.2. Our results

In this paper, we design an algorithm that can learn in the no-substitution setting, even when points
arrive in an arbitrary order. We showed that it is not possible for all datasets. Therefore, we
introduce a new complexity measure that quantifies the hardness of learning a dataset in this setting.
We show that the number of centers taken by the algorithm depends on the new complexity measure,
and prove it is small for many datasets. We now formally define the new complexity measure.

An essential notion is a diameter of a set of points. For a set of points X its diameter, diam(X),
is the distance of the two farthest points, diam(X) = maxx,x′∈X d(x, x′). The diameter of a clus-
tering C is the maximal diameter among all of its clusters, diam(C) = maxCi∈C diam(Ci). The

1. d should be for all x, y (i) non negative d(x, y) ≥ 0 (ii) d(x, x) = 0 and (iii) symmetric d(x, y) = d(y, x)
2. The probability is over the randomness of the algorithm; 0.9 can be replaced by any constant close to 1, this constant

was used in Moshkovitz (2019).
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best-`-diameter (or `-diameter for short) of a set of points X , diam`(X), is the diameter of the
clustering with ` clusters and smallest diameter

diaml(X) = min
C=((C1,c1),...,(C`,c

`)) s.t.
X=C1t...tC`

diam(C).

Earlier, we presented an exponential series that required taking Ω(n) centers. This lower-bound
dataset required many centers because there is an order of the dataset where each new point seems
to start a new cluster at its arrival. Intuitively, a new point xt starts a new cluster if its distance to
the closest point in Xt−1 = {x1, . . . , xt−1} is farther than the diameter of the best clustering of
Xt−1 into k − 1 clustering. More formally, the new complexity measure, Online Center measure,
OCk(X), is defined as follows.

Definition 1 The Online Center measure of a set X , denoted OCk(X), is the length of the largest
sequence of points in X , x1, . . . , xm ∈ X , such that for every 1 < j ≤ m,

min
1≤i≤j−1

d(xi, xj) > 2diamk−1({x1, x2, . . . , xj−1}).

The new measure, OCk(X), of a dataset X with |X| = n and k clusters is an integer in [n]. The
constant 2 can be replaced by any scalar α > 1, see Lemma 7. As a sanity check, note that the
lower-bound dataset has the highest OC possible, n, and indeed, the maximal number of centers is
required for this dataset.

In the paper, we show that if the data is sampled from a “natural” mixture distribution then
OCk(X) = O(k2 log n). Many distributions satisfy this:

Theorem 2 (informal) With probability of about 1 − 1
n , sample X of n points from k mixture of:

Gaussian, uniform, or exponential distributions has OCk(X) = O(k2 log n).

One of the main contributions of this work is designing an algorithm in the no-substitution
setting that uses a small number of centers, even if the points’ order is adversarial. We prove that
Algorithm 2 uses O(OCk(X) log n) centers, when k is constant.

Theorem 3 (main theorem) Let A be an α-approximation offline algorithm and X a set of points
to be clustered. Algorithm 2 gets as an input X in the no-substitution setting in arbitrary order and
returns a set of centers S with the following properties

1. with probability 0.9, the cost is bounded by

cost(S) ≤ 1358αk3cost(optk)

2. expected number of centers is bounded by

E[|S|] ≤ 160OCk(X)k log(k)(log n+ 1).

The main theorem gives an upper bound on the expected number of centers taken by Algorithm 2
and its approximation quality. In particular, it takes O(OCk(X)k log(k) log(n)) centers, and it is
an O(αk3)-approximation. This means an exponential increase in the number of centers, without
any information on the data. Note that the algorithm does not need to know what OCk(X) is.
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Furthermore, if the data is generated from a distribution, the algorithm does not need to know this
distribution, and it does not learn this distribution.

The idea of the algorithm is the following. For any optimal cluster C∗i , it is well known that if
we take each point in C∗i with probability inversely proportional to |C∗i |, then we get a good center
for the entire cluster C∗i . We cannot use this observation as-is because in the online setting, when a
point xt appears, we do not know the cluster C∗i that it belongs to, and more importantly, we do not
know its size, |C∗i |. The algorithm tries to give an estimate for |C∗i |. If this estimate is too small,
the algorithm might take too many centers. If the estimate is too large, the algorithm might not take
a good center from each optimal cluster. To find a reliable estimate, we use, as a subroutine, an
approximated clustering algorithmA for the offline setting. After we observe a new point xt we call
A on the points observed so far, including xt and get clustering Ct. We use the cluster that xt is in,
xt ∈ Cti , to estimate the probability to take xt. The value |Cti | might be too small and unreliable.
Therefore, the algorithm merges into Cti all clusters that are close to Cti . We show that after this
merge, the estimation is just right, and we can bound both the approximation and the number of
centers taken by the algorithm.

Another contribution of the paper is a proof that OCk(X) lower bounds the number of centers
taken by any algorithm in the online no-substitution setting. We prove that if OCk(X) is large,
many centers need to be taken by any algorithm.

Theorem 4 (lower bound) Let X be an arbitrary set of points. There exists an ordering of X such
that any α-approximation algorithm on X , the expected number of centers is Ω

(
OCk(X)
k log(nα)

)
.

To illustrate our results, in Table 1, we summarize some of them for constant k. Each cell in
the table states the number of centers suffice to achieve Θ(1)-approximation. In case the order is
random, Moshkovitz (2019) presented an algorithm that takes onlyO(log n) centers, no matter what
the dataset is, and proved that the pathological dataset presented earlier provides a matching lower
bound. In case the order is arbitrary and there are no assumptions on the dataset, Ω(n) centers
is required, as discussed earlier. In this work, we fill up the gap and show that if OCk(X) =
polylog(n), then the number of centers is upper and lower bounded by polylog(n), which means
that, up to a polynomial, we use the same number of centers as the random order case.

OC
order

random worst

arbitrary Θ(log n) Ω(n)
polylog(n) O(log n) Θ(polylog(n))

Table 1: Number of centers needed to achieve Θ(1)-approximation compared to optk with constant
k. The size of the input is n. In light blue, the contribution of this work. See the text for
more details.

1.2.1. SUMMARY CONTRIBUTIONS

The contributions of the paper are summarized as follows.
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Complexity measure. We introduce a new measure, OCk(X), to identify X’s complexity when
clustering it in the online no-substitution setting and arbitrary order. It helps to quantify the number
of points in X needed to be taken as centers. The new measure is the longest sub-series in X such
that any point is far from all points preceding it.

Algorithm. We design a new random algorithm in the online no-substitution setting. It uses, as a
subroutine, an approximated clustering algorithm A for the offline setting. For each new point xt,
the algorithm uses A to cluster all points observed so far. Then it performs a slight modification to
A’s clustering by merging all clusters that are close to xt. The new cluster that xt is in, xt ∈ Cti ,
will determine the probability of taking xt as center. See more details in Section 4.

Provable guarantees. We prove that when running the new algorithm on data X with an α-
approximation offline clustering algorithm, it takes O(OCk(X) log(n)k log k) centers and is an
O(αk3)-approximation. We show that the number of centers needed to achieve an α-approximation
is at least Ω

(
OCk(X)
k log(nα)

)
. Specifically, suppose OCk(X) = polylog(n) and k, α are constants. In

that case, the number of centers is lower and upper bounded by polylog(n), which is, up to a
polynomial, similar to the random order case.

Applications. We prove that if the data X is sampled from a “natural” distribution, such as a
mixture of Gaussians, then the new measure, OCk(X), is equal to O(k2 log(n)). Together with
our provable guarantees, this implies that for data generated from “natural” distributions, our new
algorithm takes only poly(k log(n)) centers and is a poly(k)-approximation.

1.3. Related work

Online no-substitution setting. Several works Liberty et al. (2016); Moshkovitz (2019); Hess and
Sabato (2020) designed algorithms in the online no-substitution setting. The works Hess and Sabato
(2020); Moshkovitz (2019) assumed the order is random, and Hess and Sabato (2020); Liberty et al.
(2016) assumed the data or the aspect ratio is bounded. Both assumptions simplify the problem.
In this paper, we explore the case where the order is arbitrary, and data is unbounded. This paper
shows that the number of centers is determined by d = OCk(X). If the aspect ratio is small, then
so is d, which implies similar results to Liberty et al. (2016). However, notably, small d does not
force the entire data to be bounded or have a small aspect ratio. Thus we can handle cases previous
works could not.

Online facility location. Meyerson Meyerson (2001) introduced the online variant of facility lo-
cation. Demands arrive one after another and are assigned to a facility. Throughout the run of
the algorithm, a set of facilities F is maintained. Upon arrival of each demand p there is a choice
between (1) instant cost, d(p, `), to p’s closest location l ∈ F (2) open a new facility. Opening
a facility is irreversible. The total cost is |F | +

∑
p d(p, `). Several variants of this problem were

investigated (e.g., Fotakis (2011); Lang (2018); Feldkord and Meyer auf der Heide (2018)). One
of the main differences between the online facility location and the online no-substitution setting
is the term that we try to minimize: either the sum of |F | +

∑
p d(p, `) or both terms separately.

This seemingly small difference has a significant effect. For example, suppose
∑

p d(p, `) is of the
order of n. The online facility location algorithm can take |F | = n, permitting the trivial solution
of opening a facility at each location. On the other hand, in the no-substitution setting, |F | should
be small.
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Streaming with limited memory. There is a vast literature on algorithms in the streaming setting
where the memory is limited Muthukrishnan (2005); Aggarwal (2007). One line of works uses core-
sets Har-Peled and Mazumdar (2004); Phillips (2016); Feldman (2020), where a weighted subset,
S, of the current input points Xt is saved such that a k-means solution to S has similar cost as Xt.
Another line of work saves a set of candidate centers in memory Guha et al. (2000); Charikar et al.
(2003); Shindler et al. (2011); Guha et al. (2003); Ailon et al. (2009). A different line of work had
assumptions on the data like well-separated clusters Braverman et al. (2011); Ackerman and Das-
gupta (2014); Raghunathan et al. (2017). Notably, in the setting of streaming with limited memory,
decisions can be revoked, unlike this paper’s requirement. Enabling a decision change when new
information presents itself allows the algorithm to take a smaller number of points as centers.

2. Preliminaries

Notation. For convenience, we will denote the optimal cost with k centers asLk(X) = L(optk(X))
and the cost of centers C as L(X,C). It will be frequently useful to consider the costs associated
with using a single cluster center. Because of this, we let L(X,x) denote L(X, {x}) and L(X)
denote L1(X).

1-means clustering. The optimal center of a cluster is its mean. The following well-known lemma
will prove useful in our analysis.

Lemma 5 (center-shifting lemma) Let X ⊂ Rd be a finite set and let µ = 1
|X|
∑

x∈X x. For any

x ∈ Rd, we have L(X,x) = L(X) + |X|d(x, µ)2.

3. Online clustering using (α, k)-sequences

In this section, we introduce (α, k)-sequences, which are the principle object from which OCk(X)
is constructed.

Definition 6 Let α > 1. An (α, k)-sequence is an ordered sequence of points x1, y2, . . . , xm such
that for 1 < j ≤ m,

min
1≤i≤j−1

d(xi, xj) > αdiamk−1({x1, x2, . . . , xj−1}).

An (α, k)-sequence can be thought of a “worst-case” sequence for an online clustering algo-
rithm. For each successive point, the algorithm is strongly incentivized to select that point, since
doing so would incur a large cost compared to the cost for any other point.

The exact value of α in Definition 6 is insignificant, it solely essential that α > 1. Converting
an (α, k)-sequence into a (β, k)-sequence for some β 6= α has only slight effect on the length of
sequence. We formalize this in the following lemma, which will also play a key role in providing
lower bounds on the number of centers an approximation online algorithm must choose. See section
section 5 for the proof.

Lemma 7 Suppose 1 < α < β. Let x1, x2, . . . , xn be an (α, k)-sequence. Then there exists a
sub-sequence of length at least

⌊
n

2k logα β

⌋
that is a (β, k)-sequence.
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Lemma 7 shows that we can construct (α, k)-sequences from each other for different values of
α at a relatively small reduction in sequence length. Because of this, the complexity measure we
suggest, OCk, essentially fixes α = 2. Throughout this paper, we express both upper and lower
bounds on the number of centers an online algorithm chooses given input X through OCk(X).

4. An Algorithm for Online Clustering

In this section, we present and analyze our new online algorithm. At a high level, at each time
step t, the algorithm computes an offline k-clustering of the points received so far x1, x2, . . . , xt.
It then maximally merges clusters containing xt (without increasing the total cost by more than
a constant factor), and finally chooses xt with probability inversely proportional to final merged
cluster containing it.

The intuition here is that points end up in small merged clusters are more likely to be difficult
to cluster with other points, while points in large ones are more likely to be easily clustered with
others. Correspondingly, points in small clusters are chosen with high probability while points in
large clusters are chosen with small probability.

To reduce the number of centers chosen, the algorithm modifies the offline clustering of the
points x1, . . . , xt by maximally combining clusters so that xt is contained in as large a cluster as
possible without increasing the total cost too much. After doing so, it then chooses xt as outlined
above.

Algorithm 2: Online clustering algorithm for arbitrary order
Input: A stream of points X = {x1, x2, . . . , xn}, a desired number of clusters k, an offline cluster-

ing algorithm A
Output: A set of cluster centers C ⊆ X
C ← {}
for t ∈ {1, 2, 3, . . . , n} do
Ct ← A({x1, x2, . . . , xt}, k)
Ct = {(C1

t , c
1
t ), (C

2
t , c

2
t ), . . . , (C

k
t , c

k
t )}

without loss of generality d(c1
t , xt) ≤ d(c2

t , xt) ≤ · · · ≤ d(ckt , xt)
without loss of generality cit is the optimal cluster center for Cit
vt ← max({i :

∑i
j=1 |C

j
t |d(cjt , c

i
t)

2 ≤ 100L(C1
t , C

2
t , . . . , C

k
t )})

st ←
∑vt

j=1 |C
j
t |

with probability 20k log k
st

, C = C ∪ {xt}
end
return C

Let vt be defined as in Algorithm 2. It will prove useful to think of the center cvtt as replacing
the centers {c1

t , c
2
t , . . . , c

vt
t }. In essence, Algorithm 2 clusters C1

t , C
2
t , . . . , C

vt
t with center cvtt , and

clusters Cjt with cjt for j > vt. To this end, we let ct(x) denote the center that x is clustered with at
time t. In particular, for any x ∈ {x1, x2, . . . xt}, let

ct(x) =

{
cvtt x ∈ Cjt , j ≤ vt
cjt x ∈ Cjt , j > vt

.
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In the following lemma, we show that this “new” clustering still keeps the total cost at each time
t bounded. That is, the new clustering used by Algorithm 2 is anO(1)-approximation to the optimal
k-clustering at every time t.

Lemma 8 For any 1 ≤ t ≤ n,
∑t

i=1 d(xi, ct(xi))
2 ≤ 101αLk({x1, x2, . . . , xt}).

Proof Observe that for j ≤ vt, we have
∑

xi∈Cjt
d(xi, ct(xi))

2 = L(Cjt , c
vt
t ), while for j > vt,

we have
∑

xi∈Cjt
d(xi, ct(xi))

2 = L(Cjt , c
j
t ) = L(Cjt ). Summing these equations over all j and

applying the center-shifting lemma, we have

t∑
i=1

d(xi, ct(xi))
2 =

k∑
j=1

∑
xi∈Cjt

d(xi, ct(xi))
2

=

vt∑
j=1

L(Cjt , c
vt
t ) +

k∑
j=vt+1

L(Cjt )

=

vt∑
j=1

L(Cjt ) + |Cjt |d(cjt , c
vt
t )2 +

k∑
j=vt+1

L(Cjt )

= L(Ct) +

vt∑
j=1

|Cjt |d(cjt , c
vt
t )2.

By the definition of vt, we have that
∑vt

j=1 |C
j
t |d(cjt , c

vt
t )2 ≤ 100L(Ct). Substituting this,

implies that
∑t

i=1 d(xi, ct(xi))
2 ≤ 101L(Ct). Since A is an approximation algorithm with approx-

imation factor α, we have that L(Ct) ≤ Lk({x1, x2, . . . , xt}), which implies the lemma.

In section 4.1, we show that this algorithm is an online poly(k)-approximation algorithm, and
in section 4.2, we analyze the expected number of centers chosen.

Theorem 23 implies that although there exist input sequences X for which any online approxi-
mation algorithm must take many centers (i.e. Ω(n)), for input sequences X that are sampled from
some well-behaved probability distribution, it is possible to do substantially better regardless of the
order X is presented in.

4.1. Approximation factor analysis

The analysis of our algorithm hinges around the following known observation: taking a point at
random from a single cluster yields a decent approximation for a cluster center. For completeness,
we formalize this observation with the following lemma.

Definition 9 Let S be any set of points, and let G ⊂ S be defined as G = {x : L(S, x) ≤ 3L(S)}.
We refer to the points g ∈ G as good points.

Lemma 10 Let S be any set of points, and let G ⊂ S be the good points in S. Then |G| ≥ |S|2 .

9
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Proof Let n = |S| and µ = 1
|S|
∑

s∈S s denote the mean of S. For x /∈ G, L(S, x) > 3L(S). By

Lemma 5, L(S, x) = L(S) + nd(x, µ)2. Therefore d(x, µ)2 > 2L(S)
n . However,

∑
x∈S d(x, µ)2 =

L(S) by definition. Thus we have

L(S) ≥
∑
x/∈G

d(x, µ)2 >
2L(S)|S \G|

n
.

This implies |S\G|n < 1
2 , which means |G| > n

2 , as desired.

Lemma 10 implies that if points from S are independently selected with probability Θ
(

1
|S|

)
,

then it is likely that some point g ∈ G will be selected. We will use this idea to argue that Algorithm
2 selects good points from each cluster in optk(S) with high probability.

Theorem 11 Let A be an offline clustering algorithm with approximation factor α. Suppose run-
ning Algorithm 2 on X, k,A returns a set of centers C. Then with probability 0.9 over the random-
ness of Algorithm 2,

L(X,C) ≤ 1358αk3Lk(X).

Before giving a proof, we first describe our proof strategy and give some helpful definitions and
lemmas.

Let C1
∗ , C

2
∗ , . . . , C

k
∗ denote the optimal k-clustering of X , and let G1, G2, . . . , Gk denote the

sets of good points in each cluster. We also let |X| = n.
Our proof strategy is the following. We will first show that there exist clusters Ci∗ for which we

are likely to choose some center g ∈ Gi. Therefore, for these clusters, we have a 3-approximation
of the optimal cost. For the remaining clusters, we will argue that clusters that are not likely to have
a good point chosen must be “close” to some other cluster. We will then conclude that the good
points that we have already selected will serve as an approximation for all cluster Ci∗, which implies
that the total cost is bounded by some constant times Lk(X).

We begin with the first step. Using the notation from Algorithm 2, we let st = | ∪vti=1 C
i
t |.

For cases in which we don’t explicitly note the index t, we will let s(x) denote the same thing (i.e.
s(xt) = st). Here, s(x) can be thought of as the set of points clustered with x (or near x).

Lemma 12 Fix any 1 ≤ i ≤ k. Suppose that for at least half the points g ∈ Gi, s(g) ≤ k|Ci∗|.
Then with probability at least 1− 1

k5
, Algorithm 2 selects some g ∈ Gi.

Proof For any g with s(g) ≤ k|Ci∗|, Algorithm 2 selects g with probability at least 20k log k
k|Ci∗|

≥
10 log k
|Gi| . Since there are at least |G

i|
2 such points g, and since each point is selected with an indepen-

dent coin toss, Algorithm 2 selects no such points with probability at most
(

1− 10 ln k
|Gi|

) |Gi|
2 . By

standard manipulations, we have

(
1− 10 ln k

|Gi|

) |Gi|
2

≤ e−5 ln k =
1

k5
,

as desired.

10
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Ci∗: ith optimal cluster ci∗: center of Ci∗
Cj∗ : jth optimal cluster cj∗: center of Cj∗
Z: ∪vtj=1C

i
t z: cvtt

Y : Cj∗ ∩ Z y: 1
|Y |
∑

y′∈Y y
′

Figure 1: Proof idea of Lemma 13. We derive upper bounds on all the dotted lines.

Next we do the second step, in which we handle clusters for which we are not likely to choose
some good point g ∈ Gi.

Lemma 13 Fix any 1 ≤ i ≤ k. Suppose that for strictly less than half the points g ∈ Gi,
s(g) ≤ k|Ci∗|. Then there exists j with |Cj∗ | > |Ci∗| such that

|Ci∗|d(ci∗, c
j
∗)

2 ≤ 1254αLk(X),

where ci∗ and cj∗ denote the centers of Ci∗ and Cj∗ respectively.

Proof Let t be the last time such that xt is a good point from Ci∗ (i.e. xt ∈ Gi), and such that
st > k|Ci∗|. By assumption, for strictly more than |G

i|
2 points x in Gi, s(x) > k|Ci∗|. This implies

that |{x1, x2, . . . , xt} ∩Gi| ≥ |G
i|

2 . The idea is to analyze the algorithm at time t.
Let Z denote the combined cluster that xt is assigned to at time t by Algorithm 2, that is

Z = ∪vti=1C
i
t and z = ctvt . In particular, we have that st = |Z|. Because |Z| > k|Ci∗|, there exists

1 ≤ j ≤ k such that |Cj∗ ∩ Z| > |Ci∗|. We claim that for this value of j, Cj∗ satisfies the desired
properties in the lemma.

Our goal is to find an upper bound on d(ci∗, c
j
∗). To do this, we will find bounds on d(ci∗, xt), and

d(xt, z), and d(z, cj∗), and then use the triangle inequality. For bounding d(z, cj∗) in particular, we
will consider the intersection ofZ andCj∗ which we denote as Y = Cj∗∩Z. We let y = 1

|Y |
∑

y′∈Y y
′

be the average of all points in Y , and will subsequently bound d(z, cj∗) by bounding d(z, y) and
d(y, c∗j ).

We will argue this by finding bounds on d(ci∗, x), d(x, z), d(z, y), and d(y, cj∗), and then using
the triangle inequality. Figure 1 gives a picture that summarizes this argument. We will derive upper
bounds on all the dotted lines.

11
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Claim 1: |Ci∗|d(ci∗, xt)
2 ≤ 2Lk(X).

Since xt ∈ Gi, we have L(Ci∗, xt) ≤ 3L(Ci∗). Therefore, we have L(Ci∗) + |Ci∗|d(ci∗, xt)
2 ≤

3L(C∗i ). Subtracting L(C∗i ) from both sides and substituting L(Ci∗) ≤ Lk(X) gives the result.

Claim 2: |Ci∗|d(xt, z)
2 ≤ 526αLk(X).

Let G ⊂ Gi denote the set of all good points present at time t in Ci∗. In particular, we let
G = {x1, x2, . . . , xt} ∩Gi. Recall that from the definition of t, we have |G| ≥ |G

i|
2 ≥

|Ci∗|
4 .

For any x′ ∈ G let z′ be its closest center in {cvtt , . . . , ckt }. In particular, we have z′ =
arg min

cjt∈{c
vt
t ,...,c

k
t }
d(x′, cjt ). The key observation is that xt must be closer to z than it is to z′ (from

the definition of z). Applying the triangle inequality, it follows that d(xt, z)− d(xt, x
′) ≤ d(x′, z′).

Observe that xt and x′ are both good points, and consequently by the argument in Claim 1,
|Ci∗|d(ci∗, xt)

2 ≤ 2Lk(X) and |Ci∗|d(ci∗, x
′)2 ≤ 2Lk(X). Thus by applying the triangle inequality

again, |Ci∗|d(xt, x
′)2 ≤ 8Lk(X).

Suppose that d(xt, z) ≤ d(xt, x
′). Then this implies |Ci∗|d(xt, z)

2 ≤ 8Lk(X) which implies
the claim. In the other case, we assume d(xt, z) ≥ d(xt, x

′), which implies that (d(xt, z) −
d(xt, x

′))2 ≤ d(x′, z′)2. The idea now is to sum this equation over all x′ ∈ G and substitute
|Ci∗|d(xt, x

′)2 ≤ 8Lk(X) to get that

|G|

(
d(xt, z)−

√
8Lk(X)

|Ci∗|

)2

≤
∑
x′∈G

d(x′, z′)2.

Since G ⊂ {x1, x2, . . . , xt}, it follows that
∑

x′∈G d(x′, z′)2 is at most the cost of assigning
each xi to their nearest center in {cvtt , c

vt+1
t , . . . , ckt }. This is upper bounded by Lemma 8, implying

that
∑

x′∈G d(x′, z′)2 ≤ 101αLk(X). Substituting this and observing that |G| ≥ |C
i
∗|

4 , we have that

|Ci∗|d(xt, z)
2 ≤ |Ci∗|

(√
101αLk(X)

|G|
+

√
8Lk(X)

|Ci∗|

)2

≤ |Ci∗|

(√
404αLk(X)

|Ci∗|
+

√
8Lk(X)

|Ci∗|

)2

≤
(√

404αLk(X) +
√

8Lk(X)
)2

≤ 526αLk(X),

as desired.

Claim 3: |Ci∗|d(z, y)2 ≤ 101αLk(X).
Observe that the cost incurred by Y at time t by the modified offline clustering (with cen-

ters {cvtt , c
vt+1
t , . . . , ckt }) is L(Y, z) = L(Y ) + |Y |d(z, y)2. By Lemma 8, this cost is at most

101αLk(X), and since |Y | > |Ci∗|, the result follows.

Claim 4: |Ci∗|d(y, cj∗)
2 ≤ Lk(X).

Since Y ⊆ Cj∗ , the cost L(Y, cj∗) at time t by the modified offline clustering is at most L(Cj∗).
Because |Y | > |Ci∗|, we have that |Ci∗|d(y, cj∗)

2 + L(Y ) ≤ L(Cj∗) ≤ Lk(X), which implies the
result.

12
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Putting it all together. Armed with all 4 of our claims, we can prove the lemma using the triangle
inequality,

|Ci∗|d(ci∗, c
j
∗)

2 ≤ |Ci∗|(d(ci∗, xt) + d(xt, z) + d(z, y) + d(y, cj∗))
2

≤ |Ci∗|

(√
2Lk(X)

|Ci∗|
+

√
526αLk(X)

|Ci∗|
+

√
101αLk(X)

|Ci∗|
+

√
Lk(X)

|Ci∗|

)2

≤ (
√

2α+
√

526α+
√

101α+
√
α)2Lk(X)

≤ 1254αLk(X).

We now complete the proof of Theorem 11.
Proof (Theorem 11) Let T denote the set of all i such that for at least half the points g ∈ Gi,
s(g) ≤ k|Ci∗|. Although T is a random set, its randomness only stems from the randomness in
the approximation algorithm A. Crucially, the set T is independent from the results of the random
choices (i.e. the last line of the for loop in Algorithm 2) that ultimately determine which elements
of X we select in C. Thus, in this proof we will treat T and s(g) as fixed entities, and evaluate all
probabilities over the randomness from the random choices.

Using a union bound along with Lemma 12, we see that with probability at least 1− k
k5
≥ 0.9,

we will choose some g ∈ Gi for all i ∈ T . Recall that C denotes the output of Algorithm 2.
Therefore, with probability 0.9, for all i ∈ T , we have

L(Ci∗, C) ≤ 3L(Ci∗).

Next, select any 1 ≤ i ≤ k with i /∈ T . Although applying lemma 13 may not result in j ∈ T ,
it will result in j such that |Cj∗ | > |Ci∗|. Therefore, applying this lemma at most k times will
continually result in increasingly large sets |Cj∗ |. Since such a Cj∗ is guaranteed to exist, this must
terminate in some j ∈ T .

Therefore, using the triangle inequality in conjunction with Cauchy Schwarz we see that there
exists j ∈ T such that

|C∗i |d(ci∗, c
j
∗)

2 ≤ 1254αk2Lk(X).

Let g be a good point with g ∈ Gj . By the same argument given in Claim 1, |Ci∗|d(g, cj∗)
2 ≤

|Cj∗ |d(g, cj∗)
2 ≤ 2Lk(X). Therefore, by the triangle inequality

|Ci∗|d(ci∗, g)2 ≤ |Ci∗|
(
d(ci∗, c

j
∗) + d(cj∗, g)

)2 ≤ 1357αk2Lk(X).

By Lemma 5, this implies

L(Ci∗, g) = |C∗i |d(ci∗, g)2 + L(Ci∗) ≤ 1358αk2Lk(X).

As shown earlier, Algorithm 2 selects some g ∈ Gj with probability at least 0.9 for all j ∈ T .
Therefore, with probability 0.9, Algorithm 2 outputs C such that

L(X,C) ≤
k∑
i=1

L(Ci∗, C) ≤
k∑
i=1

1358αk2Lk(X) = 1358αk3Lk(X)

as desired.
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4.2. Center complexity analysis

We now bound the expected number of centers outputted by Algorithm 2.

Theorem 14 Let A be an offline α-approximation algorithm. If Algorithm 2 has output C, then

E[|C|] ≤ 160k log kOCk(X)(log n+ 1).

Before proving Theorem 14, we introduce some useful definitions and lemmas.
As before, we let X = {x1, x2, . . . , xn} denote our input, and let st be as defined in Algorithm

2. Observe that xi is selected as a center by our algorithm with probability 20k log k
si

. Therefore, the
expected number of centers satisfies

E[|C|] =
n∑
i=1

20k log k

si
.

Our goal will be to show an upper bound on this expression. To do so, we will need the following
constructions. For any 1 ≤ t ≤ n, define the following.

1. Let Pt ⊆ {x1, x2, . . . , xt} denote Pt = C1
t ∪ C2

t · · · ∪ C
vt
t . This represents all elements that

were clustered with xt by Algorithm 1 at time t.

2. For any xt, we let rt = r(xt) = d(x, cvt+1
t ). Thus r(xt) represents the distance from xt to

the closest center at time t that is not used for clustering Pt.

3. Let Qt denote the set of all x ∈ {x1, x2, . . . xt} \ Pt such that d(x, ct(x)) ≥ 1
5r(xt), where

ct(x) denote the cluster center ctj that x is assigned to at time t by offline clustering algorithm
A.

Finally, we will use these sets Pt, Qt for 1 ≤ t ≤ n to construct one directed graph G as
follows. Let G have vertex set {1, 2, 3, . . . , n} and every vertex j have edges pointed to all i for
which xi ∈ Pj or xi ∈ Qj . In particular, the set of edges in G denoted E(G) satisfies

E(G) = {(j, i) : xi ∈ (Pj ∪Qj)}.

Our strategy will be show the following:

1. Any independent set I ⊂ G forms a (2, k)-sequence.

2. G has an independent set of size at least 1
8(logn+1)

∑n
i=1

1
si

.

These two observations will imply that

E[|C|] =
n∑
i=1

20k log k

si
≤ 160k log kOCk(X)(log n+ 1),

which is the desired result. We now verify these observations with the following lemmas.

Lemma 15 If i1 ≤ i2, · · · ≤ ir is an independent set in G, then xi1 , xi2 , . . . , xir form a (2, k)-
sequence.

14
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Proof Fix any 1 < s ≤ r, and for convenience let t = is and let Is = {xij : 1 ≤ j < s} denote the
set of points before xis . The key observation is that Cvt+1

t , Cvt+2
t , . . . , Ckt partition Is into at most

k − 1 sets. For any xij ∈ Is, xij /∈ Pt ∪Qt. Therefore, d(xij , c(xij )) <
1
5r(xt).

This means we have a partitioning of Is into k − 1 sets each of which has diameter strictly less
than 2

5r(xt). Meanwhile the distance from xt to the closest point in Is is at least r(xt)− 1
5r(xt) =

4
5r(xt). This is strictly more than double the (k − 1)-diameter of Is. Since s was arbitrary, we see
that the precise condition for a (2, k)-sequence holds as desired.

Lemma 16 For any t, |Pt ∪Qt| ≤ 2st − 1. Thus the vertex t has out-degree at most 2st − 1 in G.

Proof Recall that st was defined as st = |C1
t ∪ C2

t ∪ · · · ∪ C
vt
t | = |Pt|. Therefore, it suffices to

show that |Qt| ≤ st − 1.
Assume towards a contradiction that |Qt| ≥ st. Let Lt denote the cost of the original clustering

chosen by Algorithm A at time step t. That is Lt =
∑k

i=1 L(Cit). By definition, each element in Qt
incurs a cost of at least 1

25r
2
t . Therefore, we have that Lt ≥ str2t

25 .

Next, we bound the cost of assigning C1
t , C

2
t , . . . , C

vt
t , C

vt+1
t to cvt+1

t . To do so, observe that
d(xt, c

i
t) ≤ rt for any i ≤ vt + 1. This is because the centers cit are arranged in increasing order by

their distance from xt. Therefore, by the triangle inequality, for any 1 ≤ i ≤ vt, d(cit, c
vt+1
t ) ≤ 2rt.

This implies that

vt∑
i=1

|Cit |d(cit, c
vt+1
t )2 ≤

vt∑
i=1

|Cit |4r2
t

≤ 4str
2
t

≤ 100Lt,

with the last inequality holding because Lt ≥ str2t
25 . However, this contradicts the maximality of vt,

which implies that our assumption was false and |Qt| < st as desired.

Next, we will find a lower bound on the size of the largest independent set in G. Our main tool
for doing so is Turan’s theorem which we review in the following theorem. For completeness, we
also include a proof.

Theorem 17 (Turan’s theorem) Let H be an undirected graph with average degree ∆. Then there
exists an independent set in H consisting of at least |H|∆+1 vertices, where |H| denotes the number of
vertices in H .

Proof Let |H| = m and let our vertices be labeled 1, 2, 3, . . .m. Let vertex i have degree ∆i.
Take a random ordering of the vertices in H . Proceed through the vertices in this order and select a
vertex if and only if none of its neighbors has already been selected. At the end of this process, we
are clearly left with an independent set I . The probability that vertex i is included in I is precisely

1
∆i+1 , since i will be chosen if and only if it appears before its ∆i neighbors. Thus, by linearity of
expectation, we have that E[|I|] =

∑m
i=1

1
∆i+1 . Thus there exists an independent set I∗ with size at

least
∑m

i=1
1

∆i+1 .

15
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To finish the proof, let f(x) = 1
x , thus |I∗| ≥

∑m
i=1 f(∆i + 1). The key observation is that f is

a convex function on the interval (0,∞), and thus by Jensen’s inequality, we have that

|I∗| ≥ mf
(∑m

i=1 ∆i + 1

m

)
= mf(∆ + 1) =

m

∆ + 1
,

as desired.

Lemma 18 G has an independent set of size at least 1
8(logn+1)

∑n
i=1

1
si

.

Proof Let dm denote the outdegree of vertex m. Partition the vertices of G, {1, 2, 3, . . . , n} into
sets S0, S1, S2, . . . , Slogn such that

Si = {j : 2i−1 ≤ dj < 2i}.

We let S0 be the set of all vertices with degree 0. Let Gi denote the subgraph of G induced by Si.
The main idea is to use Turan’s theorem on each graph Gi, and then use the fact that there are log n
graphs Gi to consider.

Observe that Gi has at most |Si|(2i − 1) edges. By considering the undirected version of G
(simply drop the orientation of each edge), it follows that the average degree is at most |Si|(2

i+1−2)
|Si| =

2i+1 − 2. Therefore, by Turan’s theorem, Gi has an independent set Ii of size at least |Si|
2i+1 . As a

result, we have that ∑
j∈Si

1

dj + 1
≤ |Si|

2i−1
≤ 4|Ii|.

Let I denote the largest independent set of G. It follows that I ≥ |Ii| for all i. Summing the above
inequality over all i, we see that

n∑
j=1

1

dj + 1
≤ 4

logn∑
i=0

|Ii| ≤ 4|I|(log n+ 1).

By Lemma 16, dm ≤ 2sm − 1. Upon substituting this, the desired result follows.

We are now ready to prove Theorem 14.
Proof (Theorem 14) Let I be the largest independent set of G. By Lemma 15, we have that
|I| ≤ OCk(X). By Lemma 18, we have that

1

8(log n+ 1)

n∑
i=1

1

si
≤ |I| ≤ OCk(X).

Multiplying by log n, we see that

E[|C|] =

n∑
i=1

20k log k

si
≤ 160k log kOCk(X)(log n+ 1),

as desired.
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5. Lower Bounds

In this section, we prove lower bounds on the number of centers any online algorithm with approx-
imation factor α must take. We first express these bounds in terms of (1

2

√
nα, k)-sequences, and

then convert them to bounds involving OCk(X) by utilizing Lemma 7. The basic idea is that in an
(1

2

√
nα, k) sequence, the points spread out at an extremely quickly rate. Therefore, each subsequent

point must be selected for otherwise it incurs are large cost.
Proof [of Lemma 7] For any 1 < m ≤ n, let dm denote the distance from xm to the closest point
preceding it, that is, dm = min1≤i≤m−1 d(xi, xm).

First, we claim that for anym > k, there exists 1 ≤ i ≤ k−1 such that dm > αdm−i. To see this,
observe that by the definition of a (α, k)-sequence, it is possible to partition {x1, x2, . . . , xm−1} into
k − 1 sets so that each has diameter strictly less than dm/α. By the pigeonhole principle, at least
one of xm−1, xm−2, . . . , xm−k+1 must be partitioned into a set with more than 1 element. Letm− i
be this value. Then, it follows that dm/α > dm−i.

Next, by repeatedly applying this claim, starting with xn, we can construct a sequence of points
xi1 , xi2 , . . . , xir such that r ≥ n

k and dij > αdij−1 for all 1 < j ≤ r. Note that this sequence is
constructed in reverse order by starting with ir = n, and then setting ir−1 = ir − i where i is the
value found by the argument above with 1 ≤ i ≤ k − 1.

Finally, let s = dlogα βe. It follows that for all j, dij > αs−1dij−s+1 >
β
αdij−s+1 . Using the

definition of an (α, k)-sequence, we have that for any j,

dij >
β

α
dij−s+1

>
β

α
αdiamk−1({x1, x2, . . . , xij−s})

≥ βdiamk−1({xij−s , xij−2s , xij−3s , . . . }).

By repeatedly setting j to be multiples of s, we see that xis , xi2s , . . . , xibr/scs , is a (β, k)-
sequence. Thus, all the remains is to bound its length. Substituting r ≥ n/k, we have that
b rsc ≥

⌊
n

kdlogα βe
⌋
, which implies the result.

Lemma 19 Let x1, x2, . . . , xn be an (1
2

√
nα, k)-sequence. Then the expected number of centers

taken by any streaming algorithm that guarantees approximation factor α is at least 0.9n.

Proof Consider any 1 < m ≤ n. Let dm denote the distance from xm to the closest point preceding
it; that is, dm = min1≤i≤m−1 d(xi, xm). The key observation is that if the algorithm doesn’t choose
xm, then it must pay a cost of at least d2

m at time m (since xm must be clustered with some cluster
center in {x1, x2, . . . , xm−1}). Because n is not known in advance, any streaming Algorithm must
ensure that the cost at all times t is relatively low. We will show that d2

m is large enough so that
failing to pick it will incur a cost at time m that is too high.

Consider the following clustering of {x1, x2, . . . , xm}. Let xm be its own cluster, and then
cluster {x1, x2, . . . , xm−1} into k − 1 clusters each with diameter strictly less than 2dm√

nα
. This is

possible because of the definition of an (1
2

√
nα, k)-sequence. It follows that each point is clustered

with radius at most dm√
nα

in this clustering, and thus the entire cost is strictly less than d2m
α . As a

result, it follows that the total cost is small, that is, Lk({x1, x2, . . . , xm}) < d2m
α .

17
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Thus if an algorithm has approximation factor of α, it must select xm with probability at least
0.9 for all 1 ≤ m ≤ n, since otherwise it incurs cost at least d2

m > αLk({x1, x2, . . . , xm}).While it
is possible that centers chosen in the future may incur a smaller cost for xm, because n is unknown
we can simply have the streaming stop at this point. The result follows.

By combining Lemmas 7 and 19, we get a lower bound for the number of centers an online
algorithm must select given a worst case ordering of a dataset X .

Theorem 20 Let X be an arbitrary set of points. There exists an ordering of X such that a
streaming algorithm with approximation factor α must select at least 0.9b OCk(X)

kdlog2
1
2

√
nαec points in

expectation.

6. Bounds on OCk(X) for mixture distributions

In this section, we consider the case where the input data X is generated from some distribution
D over Rd. While each point xi ∈ X is independently sampled from D, we make no assump-
tions about the order in which these points are presented to our algorithm. Furthermore, in the
k-clustering setting, it is natural to assume that D is a mixture of k distributions D1,D2, . . . ,Dk
over Rd such that each Di corresponds to an “intrinsic” cluster of D. In particular, we will find
bounds on OCk(X) under the assumption that each Di is a relatively well behaved distribution.

We begin by defining the aspect ratio of a set X , which will subsequently be used to bound
OCk(X).

Definition 21 The aspect ratio of a set of points S = {s1, s2, . . . , sn}, denoted asp(S), is the ratio
between the distance of the farthest two points of S and the closest two points of S. That is,

asp(S) =
maxi 6=j d(si, sj)

mini 6=j d(si, sj)
.

Let X be a dataset drawn from D. As shown in Lemma 7, any (2, k) subsequence have points
with distances that grow exponentially. Furthermore, by the pigeonhole principle, at least 1/k of
the elements in any (2, k) sequence must come from some distribution Di. It follows that we can
relate OCk(X) to the aspect ratio asp(Xi), where Xi denotes the points in X drawn from Di.

Lemma 22 For any set of points X and any k ≥ 1, if OCk(X) ≥ 1, then for some 1 ≤ i ≤ k,
asp(Xi) ≥ 2OCk(X)/k2 .

Proof Let {x1, x2, . . . , xOCk(X)/k} ⊂ X be the largest (2, k) sequence in X for which all xj are
drawn from some Di. Such a sequence must exist by the definition of OCk(X) and by a simple
pigeonhole argument.

For any 1 < m ≤ OCk(X), let dm = min1≤i≤m−1 d(xi, xm). By the argument given in the
proof of Lemma 7, for any m > k there exists 1 ≤ i ≤ k−1 such that dm > 2dm−i. Thus applying
this argument OCk(X)/k times, we see that dOCk(X) > 2OCk(X)/k2di for some 2 ≤ i ≤ k. The
result follows from the definition of the aspect ratio.

We will now show that for a broad class of distributions D over Rd, namely those for which
each Di has finite variance and bounded probability density, that asp(X ∼ Dn) = O(n3). This in
turn will imply that OCk(X) ≤ O(k2 log n).
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Theorem 23 Let D be a distribution over Rd that is a mixture of distributions D1,D2, . . . ,Dk.
Suppose there exist constants D, ρ such that the following hold:

1. For each 1 ≤ i ≤ k, the expected squared distance from x ∼ Di to its mean is bounded. In
particular,

Ex∼Di [d(x,Ex′∼D[x′])2] ≤ D,

for some 0 < D <∞.

2. D (the entire mixture distribution) has probability density at most ρ for some 0 < ρ <∞.

Then for X ∼ Dn, with probability at least 1− 2
n , OCk(X) = O(k2 log n).

Theorem 23 is proved through the following lemmas.

Lemma 24 (VC theory) Let X denote any probability distribution over Rd. For any ball B ⊂ Rd,

let E[B] denote Px∼X [x ∈ B]. For any 0 < δ < 1, let αn =

√
4(d+2) ln(16n/δ)

n . Then with
probability 1− δ over S ∼ X n, for all balls B ⊂ Rd,

|S ∩B|
n

≤ E[B] + α2
n + αn

√
E[B].

For a proof of Lemma 24, see Lemma 1 of Dasgupta et al. (2007).

Lemma 25 Let D be as described in Theorem 23. Then for X = {x1, x2, . . . , xn} ∼ Dn, with
probability at least 1− 1

n , mini 6=j d(xi, xj) = Ω( 1
n).

Proof Let αn =

√
4(d+2) ln(16n2)

n (we are setting δ = 1/n in the notation from Lemma 24). Let
r > 0 be arbitrary. Then by Lemma 24, for all balls of radius r, we have that with probability 1− 1

n

over X ∼ Dn, |X∩B|n ≤ Px∼D[x ∈ B] + α2
n + αn

√
Px∼D[x ∈ B]. We can bound Px∼D[x ∈ B]

by integrating the probability density of D over B. In particular, if Cd denotes the volume of the
unit ball in Rd, we have that Px∼D[x ∈ B] ≤

∫
B ρdµ = ρCdr

d where ρ is the upper bound on the
probability density of D. Substituting this, we see that with probability at least 1 − 1

n , for all balls
of radius r,

|X ∩B|
n

≤ ρCdrd + α2
n + αn

√
ρCdrd.

By setting r = Ω( 1
n), and observing that α2

n << 1/n as n → ∞, we see that with probability
at least 1 − 1

n , |X ∩ B| < 2 for all balls of radius r. By the triangle inequality, this implies that
mini 6=j d(xi, xj) ≥ 2r = Ω( 1

n), as desired.

Lemma 26 Let D be as described in Theorem 23, and X = {x1, x2, . . . , xn} ∼ Dn. Let Xi be
set of points in X sampled from Di (as described earlier). Then with probability at least 1− 1

n , for
all 1 ≤ i ≤ k, maxxa 6=xb∈Xi d(xa, xb) ≤ O(kn2).
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Proof Fix any 1 ≤ i ≤ k. By the triangle inequality,

max
xa 6=xb∈Xi

d(xa, xb) ≤ 2 max
xa∈Xi

d(xa, µ
i),

where µi = Ex∼Di [x]. Also, |Xi| ≤ |X| = n. Therefore, by markov’s inequality, we see that
Px∼Di [d(x, µ)2 > Dkn2] ≤ 1

kn2 . Therefore, by a union bound over all xa ∈ Xi, with probability
at least 1− 1

nk , d(xa, µ
i)2 ≤ Dkn2 for all xa ∈ Xi. Taking a union bound over all 1 ≤ i ≤ k, gives

the desired result.

We are now in the configuration to prove Theorem 23.
Proof (Theorem 23) By Lemmas 25 and 26, we have that for all 1 ≤ i ≤ k, with probability at least
1 − 2

n , asp(Xi) ≤ O(kn3). By Lemma 22, we have that for some i, OCk(Xi) ≤ k2 log(asp(X))
which implies that OCk(X) ≤ O(k2 log n) as desired.

As an immediate consequence of Theorem 23, we see that for mixtures of k Gaussians, as well
as for mixtures of k uniform distributions, OCk(X) is O(k2 log n).

7. Conclusion and open questions

We design a new k-means clustering algorithm in the online no-substitution setting, where impor-
tantly, points are received in arbitrary order. We introduce a new complexity measure, OCk(X), to
bound the number of centers the algorithm returns. We show that the complexity of data generated
from many mixture distributions is bounded by OCk(X) = O(k2 log n). We prove that the algo-
rithm takes onlyO(OCk(X) log(n)k log(k)) centers, and the algorithm is a poly(k)-approximation.
We complement this result by proving a lower bound of Ω

(
OCk(X)
k log(αn)

)
on the number of centers

taken by any α-approximation algorithm.
An obvious direction for future work is to improve the algorithm’s parameters or prove they

are tight. We proved that our algorithm is poly(k)-approximation. Can it be improved to Θ(1)-
approximation? For constant k we bounded the number of centers, taken by our algorithm, by
O(OCk(X) log(n)) and showed a lower bound of Ω(OCk(X)/log(n)), for any Θ(1)-approximation
algorithm. There is a gap of polylog(n) between our lower and upper bounds on the number of
centers. An interesting future work would be to close this gap.

The new algorithm and complexity measure are suggested to handle the case the order of the
data is arbitrary, but can they also help if the order is random? It is known, Moshkovitz (2019), that
if the order is random, then Ω(log n) centers are necessary. This lower bound was proved using a
high OC complexity dataset, which is equal to n. Suppose the data’s complexity is OCk(X)� n.
Can the number of centers taken by a poly(k)-approximation algorithm be dependent solely on
OCk(X) and not on log(n)?
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