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Abstract

A major challenge in reinforcement learning is
the design of exploration strategies, especially for
environments with sparse reward structures and
continuous state and action spaces. Intuitively, if
the reinforcement signal is very scarce, the agent
should rely on some form of short-term memory
in order to cover its environment efficiently. We
propose a new exploration method, based on two
intuitions: (1) the choice of the next exploratory
action should depend not only on the (Markovian)
state of the environment, but also on the agent’s
trajectory so far, and (2) the agent should utilize a
measure of spread in the state space to avoid get-
ting stuck in a small region. Our method leverages
concepts often used in statistical physics to pro-
vide explanations for the behavior of simplified
(polymer) chains in order to generate persistent
(locally self-avoiding) trajectories in state space.
We discuss the theoretical properties of locally
self-avoiding walks and their ability to provide a
kind of short-term memory through a decaying
temporal correlation within the trajectory. We pro-
vide empirical evaluations of our approach in a
simulated 2D navigation task, as well as higher-
dimensional MuJoCo continuous control locomo-
tion tasks with sparse rewards.

1. Introduction

As reinforcement learning agents typically learn tasks
through interacting with the environment and receiving rein-
forcement signals, a fundamental problem arises when these
signals are rarely available. The sparsely distributed rewards
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call for a clever exploration strategy that exposes the agent
to the unseen regions of the space via keeping track of the
visited state-action pairs (Fu et al., 2017; Nair et al., 2018).
However, that cannot be the case for high-dimensional con-
tinuous space-and-action spaces, as defining a notion of den-
sity for such tasks is intractable and heavily task-dependent
(Andrychowicz et al., 2017; Taiga et al., 2019).

Here, we introduce an exploration algorithm that works
independently of the extrinsic rewards received from the
environment and is inherently compatible with continuous
state-and-action tasks. Our proposed approach takes into
account the agent’s short-term memory regarding the action
trajectory, as well as the trajectory of the observed states
in order to sample the next exploratory action. The main
intuition is that in a pure exploration mode with minimal
extrinsic reinforcement, the agent should plan trajectories
that expand in the available space and avoid getting stuck in
small regions. In other words, the agent may need to be “per-
sistent” in its choice of actions; for example, in a locomotion
task, an agent may want to pick a certain direction and main-
tain it for some number of steps in order to ensure that it
can move away from its current location, where it might be
stuck at. The second intuition is that satisfying the first con-
dition requires a notion of spread measure in the state space
to warrant the agent’s exposure to unvisited regions. More-
over, in sparse reward settings, while the agent’s primary
intention must be to avoid being trapped in local regions by
maintaining a form of short-term memory, it must still em-
ploy a form of memory evaporation mechanism to maintain
the possibility of revisiting the informative states. Note that
in continuous state-and-action settings, modern exploration
methods (Ostrovski et al., 2017; Houthooft et al., 2016b;
Ciosek et al., 2019) fail to address the fore-mentioned details
simultaneously.

Our polymer-based exploration technique (PolyRL) is in-
spired by the theory of freely-rotating chains (FRCs) in
polymer physics to implement the aforementioned intu-
itions. FRCs describe the chains (collections of transitions
or moves) whose successive segments are correlated in their
orientation. This feature introduces a finite (short-term)
stiffness (persistence) in the chain, which induces what we
call locally self-avoiding random walks (LSA-RWs). The
strategy that emerges from PolyRL induces consistent move-
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ment, without the need for exact action repeats (e.g. methods
suggested by (Dabney et al., 2020; Lakshminarayanan et al.,
2017; Sharma et al., 2017)), and can maintain the rigidity
of the chain as required. Moreover, unlike action-repeat
strategies, PolyRL is inherently applicable in continuous
action-state spaces without the need to use any discrete rep-
resentation of action or state space. The local self-avoidance
property in a PolyRL trajectory cultivates an orientationally
persistent move in the space while maintaining the possibil-
ity of revisiting different regions in space.

To construct LSA-RWs, PolyRL selects persistent actions in
the action space and utilizes a measure of spread in the state
space, called the radius of gyration, to maintain the (orienta-
tional) persistence in the chain of visited states. The PolyRL
agent breaks the chain and performs greedy action selec-
tion once the correlation between the visited states breaks.
The next few exploratory actions that follow afterward, in
fact, act as a perturbation to the last greedy action, which
consequently preserves the orientation of the greedy action.
This feature becomes explicitly influential after the agent is
exposed to some reinforcement, and the policy is updated,
as the greedy action guides the agent’s movement through
the succeeding exploratory chain of actions.

2. Notation and Problem Formulation

We consider the usual MDP setting, in which an agent in-
teracts with a Markov Decision Process hS; A; P; ri, where
S RYs and A RYA are continuous state and action
spaces, respectively; P 'S A T (S 1 [0;1]) repre-
sents the transition probability kernel, andr: S A T R
is the reward function. Moreover, we make a smoothness
assumption on P,

Assumption 1 The transition probability kernel P is Lips-
chitz w.rt. its action variable, in the sense that there exists
C > Osuch that for all (s;a;a") 2S A A and measur-
able setB S,

jP(Bjs;a) P(Bjs;a")j Cka ak: (1)
Assumption 1 has been used in the literature for learning in
domains with continuous state-action spaces (Antos et al.,
2008), as the assumption on the smoothness of MDP be-
comes crucial in such environments (Antos et al., 2008;
Bartlett & Tewari, 2007; Ng & Jordan, 2000). Note that we
only use the Lipschitz smoothness assumption on P for the
theoretical convenience, and we later provide experimental
results in environments that do not satisfy this assumption.
Furthermore, we assume that the state and action spaces are
inner product spaces.

We show the trajectory of selected exploratory actions in the
action space A as a = (ap;::;;ar, 1) and the trajectory of
the visited states in the state space S as s = (Sp; !} ST, 1)

where Te denotes the number of exploratory time steps in
a piece-wise persistent trajectory, and is reset after each
exploitation step. Moreover, we define

(s; A):=T1s2SjPr[St, =sjst. 1;ar. 1] > 0g
)

as the set of probable states S 2 S observed at time Te
given St, 1 from g and the selected action ar, 1 from

A. For simplicity, in the rest of this manuscript, we de-
note ( s; a)by . Inaddition, the concatenation of the
trajectory s and the state S visited at time step Te is de-
noted as the trajectory & := ( s;s). For the theoretical
analysis purposes, and in order to show the expansion of
the visited-states trajectory in the state space, we choose to
transform g into a sequence of vectors connecting every
two consecutive states (bond vectors),

1 =fligle, ', where 'i=si si 12 (3)
Finally, we define Self-Avoiding Random Walks (LSA-
RWs), inspired by the theory of freely-rotating chains
(FRCs), where the correlation between ji  jj consecutive
bond vectors is a decaying exponential with the correlation
number Lp (persistence number). Lp represents the number
of time steps, after which the bond vectors forget their initial
orientation.

Definition 1 Locally Self-Avoiding Random Walks
(LSA-RWs) A sequence of random bond vectors
1 = fWigiT§1 is Locally Self-Avoiding with persistence
number Lp > 1, if there exists by = 0 for all i;J 2 [Te]
such that, 1) E[kwik?] = b2 and 2) E[wi:w;]  bZe = ”,
where E[:] is computed over all configurations of the chain
induced by the dynamic randomness of the environment
(equivalent to the thermal fluctuations in the environment in
statistical physics).

The first condition states that the expected magnitude of
each bond vector is by. The second condition shows that
the correlation between ji ~ Jj consecutive bond vectors
is a decaying exponential with the correlation length Lp
(persistence number), which is the number of time steps
after which the bond vectors forget their original orientation.
Note that despite the redundancy of the first condition, we
choose to include it separately in order to emphasize the
finite expected magnitude of the bond vectors.

3. Methods

We introduce the method of polymer-based exploration in
reinforcement learning (PolyRL), which borrows concepts
from Statistical Physics (de Gennes, 1979; Doi & Edwards,
1988) to induce persistent trajectories in continuous state-
action spaces (Refer to Figure 1 for a schematic of simplified
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Figure 1. A chain (or trajectory) is shown as a sequenc&gofandom bond vectorsl gi-1 1. In a freely-jointed chain (FJC) (a), the
orientation of the bond vectors are independent of one another (Random Walk). In a freely-rotating chain (FRC) (c), the correlation angle
is invariant between every two consecutive bond vectors, which induces a nite stiffness in the chain. (b, d) A qualitative comparison

between an FJC (b) and an FRC with 5:7 (d), in a 2D environment of siz€00 400 for 20000number of steps.

polymer models and the Supplementary Information (Secsantage of using LSA-RWSs to explore the environment can
tion 1) for more information regarding polymer models).be explained in terms of their high expansion rate, which
As discussed below, our proposed technique balances explis-presented in Proposition 2 in the Supplementary Infor-
ration and exploitation using high-probability con dence mation (Section 1)). If the compu'fedug2 is in the range
bounds on a measure of spread in the state space. AlgorithfaB; UB ], the agent continues to perform PolyRL action
1 presents the PolyRL pseudo code. The method of actiosampling method (Algorithm 2 in the Supplementary Infor-
sampling is provided in Algorithm 2 in the Supplementary mation). Otherwise, it samples the next action using the
Information (Section 3). target policy. Due to the persistence of the PolyRL chain of
exploratory actions, the orientation of the last greedy action
. : .is preserved fokp (persistence) number of steps. As for the
such that every two consecutive action vectors are restricted . o : )
rajectories in the state space, upon observing correlation

in their orientation with the mean [correlation] angleln angles above= 2, the exploratory trajectory is broken and

order to induce persistent trajectories in the state space, t ﬁ o . .
. - . e next action is chosen with respect to the target policy
agent uses a measure of spread in the visited states in order

to ensure the desired expansion of the trajectgryn S.

The PolyRL agent chooses the sequence of actiors in

We de neradius of gyration squared 4. Theory
ng( s) = 1 d?(s; s): (4) Inthis section, we derive the upper and lower con dence
Te 1, s bounds on the local sensitivity for the radius of gyration

fth d of the visited states in th ts uared betweery and g(AII proofs are provided in the
as a measure ol the spread ot tne visited states in tne s pplementary Information). Given the trajectogyand

Spacg, wr:jered(s; s) is a metric dfedned on tt?e State e corresponding radius of gyration squatd s) and
spaces, and serves as a measure of distance between ﬂb(?érsistence numbép . > 1, we seek a description for the
visited states and the empirical mean of all visited states permissible range dfi2( 2) such that the stiffness of the
. g(s

S '__Alsf |g10wn as the center of masg, is calculated as, trajectory is preserved. Note that the derived equations for

ST T s2sS the upper and lower con dence bounds are employed in the
At each time step, the agent calculates the radius of gyrd&olyRL algorithm (Algorithm 1) in bounding the change in
tion squared (Equation 4) and compares it with the obtainele§ to ensure the formation of locally self-avoiding walks in

value from the previous time step. If the induced trajectorythe trajectory of visited states in the state space.

in the state space is LSA-RW, it maintains an expected stiff;,. o
. High-probability upper bound - We de ne the upper local
ness described by a bounded changUén Refer to Theo- S 2 :
. . oo : . sensitivity onU on observing new stagg_ 2 S as,
rems 3 and 4 in Section 4 for detailed information regarding vy g UP ving new stag.

the calculation of the bounds. In brief, the two theorems
present high-probability con dence bounds on upper local
sensitivityU B and lower local sensitivity B , respectively.
The lower bound ensures that the chain remains LSA-RWsiven the observed state trajectogywith persistence num-
and expands in the space, while the upper bound preventerLp , the upper local sensitivity LSy 4> provides the

the agent from moving abruptly in the environment (The admaximum change observed upon visiting the next accessible

ULSygz( s):= sup UF( Q) UZ( s): (5)

STeZ
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Algorithm 1 PolyRL Algorithm statess; 1 ands;. Then we have,
Require: Exploration factor , Average correlation angle " w1 #
i i 1 .
and Correlation variance? ksr, K=K 1, + — i K2 6)

for N in total number of episodeto
1 e N fAnincreasing function of the the

episode numbag. The result of Lemma 2 will be used in the proof of Theorem

Sampleao ands, from an initial state-action distribu- 3, as shown in the Supplementary Information (Section 2).

tion, and Exploit-ag O fIf Exploit- ag is 1, the ! - .
agent uses the target policy to select action, and e>!p Theorem 3, we provide a high-probability upper bound

plores otherwise OnULSug:('s).
repeat
if Exploit- ag == 1 then
Draw a random number N (0;1)

Theorem 3 (Upper-Bound Theorem)Let 2 (0;1) s
be an LSA-RW i% induced by PolyRL with the persistence
numberLp ¢ > 1 within episodeN,! ¢ = f! ;g ! be

if then L the sequence of corresponding bond vectors, wigre 0
at faction is drawn from the target pol- 4o otes the number of bond vectors within andb, be
Icyg the average bond length. The upper con dence bound for
else ) ULSyg2( s) with probability of at least. is,
Exploit-ag O

Start a new exploratory trajectory by setting the
radius of gyration squared to zero

Draw random number N (; ?2) UB=(Te; s) 4 7
ar  poyru(; @ 1) 1 RX ' e
end if += (Te oy s)+ T2 ie s
else e =1

Compute the change in the radius of gyration
squared UZ lettingd = L»-norm and
using eq. (4). 1

where,

. — 2
CalculateUB andLB using egs. (7) and (11). (Tei s)= 3 Y(s) ®)
if UZ LB and U7 UB then 33 kPT_elli!ikZ
Draw random number N (; 2) (Teibo; s)= T + "# 9)
a  poyre(; & 1) ¢ €
else

. Equation 7 provides an upper bound on the pace of the trajec-
Exploit-ag 1, anda; D ;
) tory expansion in the state space (denoted lh;é UBin
end if ; : .
end if Algorithm 1) to prevent the agent from moving abruptly in
. . the environment, which would otherwise lead to a break in
until the agent reaches an absorbing state or the maxi- . . . _y
. . : its temporal correlation with the preceding states. Similarly,
mum allowed time steps in an episode . e i
we introduce the lower local sensitivity S 42, which pro-
end for . - S
vides the minimum change observed upon visiting the next
accessible state® 2

High-probability lower bound - In this part, We de ne
states®2 . With the goal of constructing the new trajec- the lower local sensitivity otng2 upon observing new state
tory  such that it preserves the stiffness inducedbywe ~ STe 2S as,
calculate the high-probability upper con dence bound on o 2 2 .

ULSyq42. Todo So, \F/)ve write tze t?epr)mz(s; s) in Equation LLSug:( s) = S|Tr:f2 Ug( ) Ug(s): (10)
4 as a function of bond vectots, which is presented in ) .
Lemma 2 given thad = L ,-norm. We further substitute the We further compute the high-probability lower con dence

resultingUZ( s) in Equation 5 with the obtained expression bound onLLS g2 in order to guarantee the expansion of
from Equation 4. the trajectory s upon visiting the next state.

Theorem 4 (Lower-Bound Theorem) Let 2 (0;1) and

s be an LSA-RW g induced by PolyRL with the per-

Lemma2 Let s = (so;:::;st, 1) be the trajectory of sistence numbetp ; > 1 within episodeN, ! | =

visited statessy, be anewly visited stateand = s s; 1 {1 ;g', ! be the sequence of corresponding bond vectors,
be the bond vector that connects two consecutive visitedthereT, > 0 denotes the number of bond vectors within
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andh, be the average bond length. The lower con dencea perturbation mechanism at either the action-space or the
bound onLLS yg2( s) at least with probabilityl s, policy parameter-space level. These methods subsequently
o I employ stochasticity at the policy level as the main driving
LB =( Te; )+ (1 2 2) force for exploration (Deisenroth et al., 2013). Methods that
(Toihy o)+ (e 1T)(2Te Z)t%ehl%“ . (1)  @pply perturbation at the parameter level often preserve the
é noise distribution throughout the trajectory (Ng & Jordan,
2000; Sehnke et al., 2010; Theodorou et al., 2010; Fortu-

where,
nato et al., 2017; Colas et al., 2018; Plappert et al., 2018),
(Tel s)= T 1 UZ('s) (12)  and do not utilize th.e t.rajectory_information in this rggard.
e . Furthermore, a majority of action-space perturbation ap-
(Teibo; s)= @ + k' 5 ik (13) proaches employ per-step independent or correlated pertur-
Te Té bation (Wawrzyiski, 2009; Lillicrap et al., 2015; Haarnoja

etal., 2017; Xu et al., 2018). For instance, (Lillicrap et al.,
Equation 11 provides a lower bound on the change in the015) uses the Ornstein—Uhlenbeck (OU) process to pro-
expansion of the trajectorg(g. UZ LB asshownin duce auto-correlated additive noise at the action level and
Algorithm 1). thus bene t from the correlated noise between consecutive

The factor 2 [0; 1] that arises in Equations 7 and 11 con-2ctions.

trols the tightness of the con dence interval. In order toWhile maintaining correlation between consecutive actions
balance the trade-off between exploration and exploitatioris advantageous in many locomotion tasks (Morimoto &
we choose to increasewith time, as increasing leads  Doya, 2001; Kober et al., 2013; Gupta et al., 2018), it brings
to tighter bounds and thus, higher probability of exploita-technical challenges due to the non-Markovian nature of the
tion. In addition, the exploration factordetermines the induced decision process (Perez & Silander, 2017), which
probability of switching from exploitation back to starting a |eads to substantial dependence on the history of the visited
new exploratory trajectory. Note that for experimental purstates. This challenge is partially resolved in the methods
poses,welet =1 e N, where the exploration factor that bene t from some form of parametric memory (Plap-
2 (0;1) is a hyper parameter ardl is the number of  pert et al., 2018; Lillicrap et al., 2015; Sharma et al., 2017).
elapsed episodes. However, they all suffer from the lack aiformed orienta-
The following corollary is an immediate consequence oftioqal persistencel.e. the aggnt's persistence in sele_cting
Theorems 3 and 4 together with Assumption 1. gcuons that preserve the. orlentat_lon of the state trajectory
induced by the target policy. Particularly in sparse-reward
Corollary 5 Given that Assumption 1 is satis ed, any ex-Structured environments, where the agent rarely receives
ploratory trajectory induced by PolyRL Algorithm (ref. Al- informative signals, the agent will eventually get stuck in a
gorithm 1) with high probability is an LSA-RW. small region since the analytical change on the gradient of
greedy policy is minimal (Hare, 2019; Kang et al., 2018).
The proof is provided and discussed in the Supplementarience, the agent's persistent behaviour in action sampling

Information (Section 2). with respect to the local history (short-term memory) of
the selected state-action pairs plays a prominent role in ex-
5. Related Work ploring the environments with sparse or delayed reward

A wide range of exploration techniques with theoretical StrUCtUres.

guaranteese(g. PAC bounds) have been developed for
MDPs with nite or in nitely countable state or action 6. Experiments

spaces (Kearns & Singh, 2002; Brafman & Tennenholtz, . . .
2002; Strehl & Littman, 2004; Lopes et al., 2012: Azar Ve assess the performance of PolyRL in comparison with

etal., 2017; White & White, 2010; Wang et al., 2020) how_that of other state-of-the-art exploration approaches com-

ever extending these algorithms to real-world settings WithIned with Oﬁ'pOI'CY learning methods. In partlc.ular, we
continuous state and action spaces without any assumptidftegrate PolyRL with three learning algorithms: (1) the

on the structure of state-action spaces or the reward fun&-1€aming method ((Watkins & Dayan, 1992)) with linear
tion i impractical (Haarnoja et al., 2017: Houthooft et al, fUnction approximation in a 2D sparse continuous state-and-
20164). action navigation task, where the performance of PolyRL

_ _ _ is compared with that of-greedy; (2) the Soft Actor-Critic
Perturbation-based exploration strategies are, by nature, aBAC) algorithm (Haarnoja et al., 2018), where PolyRL is
nostic to the structure of the underlying state-action spacesombined with SAC (SAC-PolyRL) and replaces the ran-

and are thus suitable for continuous domains. Classigom exploration phase during the r&6; 000steps in the
perturbation-based exploration strategies typically involve






