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Abstract
This paper bridges discrete and continuous optimization approaches for decomposable submodular function minimization, in both the standard
and parametric settings. We provide improved
running times for this problem by reducing it to a
number of calls to a maximum flow oracle. When
each function in the decomposition acts on O(1)
elements of the ground set V and is polynomially
bounded, our running time is up to polylogarithmic factors equal to that of solving maximum
flow in a sparse graph with O(|V |) vertices and
polynomial integral capacities. We achieve this
by providing a simple iterative method which can
optimize to high precision any convex function
defined on the submodular base polytope, provided we can efficiently minimize it on the base
polytope corresponding to the cut function of a
certain graph that we construct. We solve this
minimization problem by lifting the solutions of
a parametric cut problem, which we obtain via
a new efficient combinatorial reduction to maximum flow. This reduction is of independent interest and implies some previously unknown bounds
for the parametric minimum s, t-cut problem in
multiple settings.

1. Introduction
A significant amount of work has been dedicated to the
study of submodular functions. While this topic has garnered a lot of excitement from the theory community due
to its the multiple connections to diverse algorithmic areas (Lovász, 1983; Grötschel et al., 1981), on the practical
side minimizing submodular functions has been intensively
used to model discrete problems in machine learning. MAP
inference in Markov Random Fields (Kohli et al., 2009),
*
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image segmentation (Arora et al., 2012; Shanu et al., 2016),
clustering (Narasimhan & Bilmes, 2007), corpus extraction
problems (Lin & Bilmes, 2011) are just a few success stories
of submodular minimization.
Polynomial time algorithms for this problem have been
known ever since the 80’s (Grötschel et al., 1981), and they
have seen major running time improvements in more recent years (Schrijver, 2000; Iwata, 2003; Fleischer & Iwata,
2003; Orlin, 2009; Lee et al., 2015; Chakrabarty et al., 2017).
However, the massive scale of the problems that use submodular minimization nowadays drives the need for further
developments.
One great advantage offered by the submodular functions
that occur in practice is that they are structured. For example, in many common cases (hypergraph cuts (Veldt
et al., 2020), covering functions (Stobbe & Krause, 2010),
MAP inference (Fix et al., 2013; Kohli et al., 2009; Vicente
et al., 2009)) these can be decomposed into sums of simple submodular functions defined on small subsets. For
these instances, prior work (Jegelka et al., 2013; Nishihara
et al., 2014; Ene & Nguyen, 2015; Ene et al., 2017; Li &
Milenkovic, 2018; Kumar et al., 2019) has focused on providing efficient algorithms in the regime where the functions
in the decomposition admit fast optimization oracles.
Notably, many of these recent developments have leveraged
a mix of ideas coming from both discrete and continuous optimization. In particular, Ene et al. (Ene et al., 2017) present
algorithms for decomposable function minimization that are
based on both continuous methods (i.e. gradient descent)
and discrete algorithms, as the authors employ a version of
the preflow-push algorithm for maximum flow (Goldberg &
Tarjan, 1988). 1
As this work was paralleled by multiple improvements to
the running time for maximum flow (Madry, 2013; 2016;
Liu & Sidford, 2020; Kathuria et al., 2020; Brand et al.,
2021; Gao et al., 2021), most of which stemmed from innovations in convex optimization, it seemed plausible that
the same new optimization techniques could be helpful for
1

In light of their result, there seems to be an apparent connection to max flow, but their algorithm is unable to black-box it.
This is because their scheme relies on local moves in an auxiliary
graph, which need to be carefully controlled in order to maintain
feasibility in the submodular base polytope.

improving the running times of other fundamental problems
in combinatorial optimization, including submodular function minimization. In this context, a particularly intriguing
question emerged:

Can we leverage the techniques used to obtain faster
algorithms for maximum flow to provide faster algorithms
for submodular function minimization?

We answer this question in the affirmative, by showing how
to solve decomposable submodular function minimization
using black-box access to any routine that can compute the
maximum flow in a capacitated directed graph. To compare
the running times, in the case where all the functions in the
decomposition act on O(1) elements of the ground set and
are polynomially bounded (such as the case of a hypergraph
cut function, with O(1) sized hyperedges), our algorithm
has – up to polylogarithmic factors – the same running time
as that of computing maximum flow in a sparse graph with
O(|V |) vertices, and polynomial integral capacities (Goldberg & Rao, 1998; Brand et al., 2021; Gao et al., 2021).
As it turns out, to achieve this it is not sufficient to directly use off-the-shelf maximum flow algorithms. Instead,
our approach is based on solving submodular minimization
in the more general parametric setting, where we further
parametrize the problem with an additional time-dependent
penalty term on the elements in the set, and want to simultaneously solve all the problems in this family. In turn,
our reduction requires solving the parametric minimum cut
problem, which has been intensely studied in the classical
graph theoretic literature (Gallo et al., 1989; McCormick,
1999; Tarjan et al., 2006; Granot et al., 2012). In this setting,
which is essentially a particular case of parametric submodular minimization, the capacities of certain arcs in the graph
evolve in a monotonic fashion.
While some of the existing work on parametric cuts and
flows does provide efficient algorithms via reductions to
maximum flow (Tarjan et al., 2006), the type of parametric capacities it supports does not cover the requirements
for our more general scenario. Therefore, we develop a
new efficient algorithm for computing parametric cuts under
a broad range of parametric capacities. Our algorithm is
nearly optimal from the perspective of weakly-polynomial
time algorithms, since its running time matches (up to polylogarithmic factors involving certain parameters) that of the
fastest maximum flow algorithm in a directed graph with
integer capacities. In addition, our reduction also provides
novel improvements in several other regimes, involving the
strongly polynomial case, and that of planar graphs, both of
which may be of independent interest.

1.1. Our Results
In this paper we establish further connections between discrete and continuous optimization to provide an efficient
algorithm for solving the decomposable submodular function minimization problem in the more general parametric
setting. Our algorithm is at its core based on a continuous
optimization method, but whose progress steps are driven
by a new combinatorial algorithm we devise for the parametric cut problem. In this sense, our approach leverages the
paradigm of combinatorial preconditioning from scientific
computing literature (Spielman & Teng, 2004; Bern et al.,
2006; Koutis et al., 2009; Toledo & Avron, 2010).
To properly state our main result, we need to introduce some
notation. Let V = {1, . . . , n} and let F : 2V → N be a
submodular set function with the special property that
F (S) =

r
X

Fi (S),

for all S ⊆ V ,

i=1

where each Fi : 2V → N is a submodular set function
acting on a subset Vi ⊆ V of elements, in the sense that
Fi (S) = Fi (S ∩ Vi ) for all S ⊆ V . Let EOi be the time
required to evaluate Fi (S) for any S ⊆ Vi , and let Oi be the
time required to minimize Fi (S) + w(S) over Vi , where w
is any linear function, and suppose that maxS⊆V F (S) =
(n + r)O(1) . Furthermore, for each i ∈ V let ψi : R → R
be a strictly convex function satisfying (n + r)−O(1) ≤
|ψi00 (x)| ≤ (n + r)O(1) and |ψi0 (0)| ≤ (n + r)O(1) .
Then our main theorem is the following.
Theorem 1.1. There is an algorithm which for all λ ∈ R
simultaneously optimizes the objective
!
X
0
min F (S) +
ψi (λ)
S⊆V

i∈S

by returning a vector x such that for any λ ∈ R the set
S λ = {u : xu ≥ λ} satisfies
!
λ

F (S ) +

X

ψu0 (λ)

≤ min
S⊆V

u∈S λ

F (S) +

X

ψu0 (λ)

+ ε.

u∈S

Furthermore, if Tmaxflow (n, m) is the time required to compute the maximum flow in a directed graph with polynomially bounded integral capacities, then our algorithm runs in
time

X
r
2
e
O max |Vi |
|Vi |2 Oi
i

i=1


+ Tmaxflow n, n +

r
X
i=1

|Vi |2


log

1



.

To better understand this result, let us consider the case
where each submodular function in the decomposition acts
on a small number of elements, i.e. |Vi | = O(1). 2 In this
case we have the following corollary:
Corollary 1.2. If each function Fi in the decomposition
acts on O(1) elements of the ground set, then we can the
solve parametric submodular minimization problem to 
precision in time


e Tmaxflow (n, n + r) log 1 .
O

While our statements concern the parametric setting, it is
easy to use them to recover the solution to the standard submodular minimization problem. Simply by letting ψi0 (t) = t
for all i, and thresholding the returned vector at 0 we obtain
the desired result. Using Goldberg-Rao (Goldberg & Rao,
1998) or the current state of the art algorithms for maximum flow (van den Brand et al., 2021; Gao et al., 2021),
we see that this significantly improves over all the previous algorithms for decomposable submodular minimization,
in the regime where all sets Vi are small. Following (Ene
et al., 2017) it has remained widely open whether algorithms
2
e
improving upon the O(min{n
, nr} logO(1) (1/)) running
time exist, and it has been conjectured that faster running
times could be obtained by leveraging the newer techniques
for graph algorithms based on interior point methods.

ones (Dadush et al., 2018; Jiang et al., 2020) leveraged
related techniques. On a different front, there has been significant work dedicated to obtaining strongly polynomial
time algorithms for this problem (Fleischer & Iwata, 2003;
Iwata, 2003; Iwata et al., 2001; Orlin, 2009; Schrijver, 2000;
Lee et al., 2015; Dadush et al., 2018; Jiang et al., 2020).
For the more structured regime of decomposable submodular function minimization, algorithms based on both discrete and continuous methods have been developed. Kolmogorov (Kolmogorov, 2012) has shown that this problem
reduces to computing maximum submodular flows, and
gave an algorithm for this problem based on augmenting
paths. This was followed by further algorithms based on
discrete methods (Arora et al., 2012; Fix et al., 2013). The
continuous methods are based on convex optimization on
the submodular base polytope, which is also used here. Notably, Stobbe and Krause (Stobbe & Krause, 2010) tackled
this problem using gradient descent, Nishihara et al. (Nishihara et al., 2014) used alternating projections to obtain an
algorithm with linear convergence, Ene and Nguyen (Ene
& Nguyen, 2015) achieved an improved algorithm with
a linear convergence rate based on accelerated coordinate
descent, while Ene et al. provided further improvements
both via gradient descent and combinatorial techniques (Ene
et al., 2017).

Using (van den Brand et al., 2021; Gao
et al., 2021), we obtain a running
 time of
e min{n3/2 + r, (n + r)3/2−1/328 } log 1/ .
O
A crucial subroutine our algorithm is based on is a novel
efficient algorithm for solving the parametric cut problem
using a maximum flow oracle. We give an overview of our
reduction and its additional applications in Section 3, and
describe it in detail in Appendix C.
1.2. Previous Work
Related Works on Submodular Minimization Submodular function minimization is a classical problem in combinatorial optimization, which goes back to the seminal work
of Edmonds (Edmonds, 1970). The first polynomial-time
algorithm was obtained by Grötschel et al. (Grötschel et al.,
1981) using the ellipsoid method. This was followed by a
plethora of improvements, among which the more recent
2

We emphasize the regime of O(1) sized supports because it
covers MAP inference with k-order potentials, for small k, which
appears in image segmentation tasks, such as those described
in (Ene & Nguyen, 2015; Ene et al., 2017). The latter explicitly presents the running time of their combinatorial algorithm
in terms of the maximum support size. Our algorithm yields an
improvement for moderately small values of maxi |Vi | (roughly
at most n1/3 ), and this situation can improve if faster maximum
flow algorithms are developed.

Related Works on Parametric Min Cut The seminal
work of Gallo et al. (Gallo et al., 1989) studied the generalization of the maximum flow problem where some edgecapacities, instead of being fixed, are allowed to be (possibly
different) monotonic functions of a single parameter. They
showed how to modify certain versions of the push-relabel
algorithm for ordinary maximum flow to the parametric
problem with the same asymptotic time complexity. In
particular, using the Goldberg-Tarjan max-flow algorithm
(Goldberg & Tarjan, 1988) they gave an O(nm log(n2 /m))
time bound for the parametric version. Their algorithm
can compute the min cuts either when a set of parameter
values are given (Gusfield & Martel, 1992) or the capacity
functions are all affine functions of the parameter λ.
Several other max-flow algorithms were also shown to fit
into their framework (see e.g., (Granot et al., 2012)) though
all requiring Ω(mn) time in the worst case. Further generalizations of the parametric min-cut problems have also been
considered (McCormick, 1999; Granot et al., 2012). When
all parameterized capacities are equal to the parameter λ,
Tarjan et al. (Tarjan et al., 2006) give a divide and conquer
approach that can use any maximum flow algorithm as a
black box, but is slower by a factor of min{n, log(nU )}.

2. Background and Preliminaries

is defined as follows:
B (F ) = {w ∈ Rn :w (A) ≤ F (A) for all A ⊆ V,

2.1. Notation

w (V ) = F (V )} .

def

We let [n] = {1, . . . , n}. We write k · kp for the `p norm,
P
1/p
i.e. kxkp = ( i |xi |p ) , with kxk∞ = maxi |xi |.
2.2. Submodular Set Functions and Convex Analysis
Let V be a finite ground set of size n, and we assume w.l.o.g.
that V = {1, . . . , n}. A set function F : 2V → R is submodular if F (A) + F (B) ≥ F (A ∪ B) + F (A ∩ B) for
any two sets A, B ⊆ V . We are concerned with
Pr minimizing
submodular set functions of the form F = i=1 Fi , where
each Fi is a submodular set function:
min F (A) = min

A⊆V

A⊆V

r
X

Fi (A) .

i=1

For the rest of the paper we will assume that Fi are nonnegative, integral, and that maxS⊆V F (S) ≤ Fmax . The
non-negativity constraint holds without loss of generality, as
we can simply shift each Fi by a constant until it becomes
non-negative. For rational functions that are represented
on bounded bit precision, the integrality can be enforced
simply by scaling them, at the expense of increasing Fmax .
As we will see, some of our subroutines depend on the
magnitude of Fmax , so we will generally assume that this is
polynomially bounded.
As in previous works (Ene et al., 2017; Li & Milenkovic,
2018), in this paper we are concerned with the regime
where each function Fi in the decomposition acts on few
elements of the ground set V .3 More precisely, for each
i ∈ {1, . . . , r} there is a small set Vi ⊆ V such that
Fi (A) = Fi (A ∩ Vi ) for all A ⊆ V . We assume w.l.o.g.
that Fi (∅) = Fi (Vi ), which we discuss in more detail in
Section D. The running time of our algorithm depends on
max1≤i≤r |Vi |. This assumption is important as, furthermore, the final running time of our algorithm depends on (i)
the time Oi to optimize functions of the form Fi (S) + w(S)
over Vi , where w is a linear function and (ii) the time EOi to
evaluate Fi for subsets of Vi . In the case where |Vi | = O(1),
this is also constant time.
n
Given an arbitrary vector w
P∈ R and a subset A ⊆ V , we
use the notation w (A) = i∈A wi .

Definition 2.1. Given a submodular set function F : 2V →
R, such that F (∅) = 0, its submodular base polytope B (F )
3

To be more specific, many previous works (Nishihara et al.,
2014; Ene & Nguyen, 2015; Ene et al., 2017; Li & Milenkovic,
2018; Kumar et al., 2019) only assumed that each Fi has access
to an optimization oracle. (Ene et al., 2017) used the additional
assumption of limited support to obtain an improved combinatorial algorithm. Similarly, (Li & Milenkovic, 2018) used this
assumption to provide a more efficient continuous method.

Definition 2.2. Given a submodular set function F : 2V →
R, F (∅) = 0, its Lovász extension f : Rn → R is defined
over [0, 1]n as the convex closure of F . However, it will be
more convenient to consider its extension of Rn , given by
Z ∞
f (x) =
F ({i : xi ≥ t}) dt
Z

0
0

(F ({i : xi ≥ t}) − F (V )) dt .

+
−∞

Fact 2.3. It is well known (Bach, 2011) that the Lovász
extension of a submodular set function F can be equivalently characterized in terms of its submodular base polytope B (F ). More precisely, if F (∅) = 0, then:
f (x) = max hw, xi .
w∈B(F )

For parametric submodular function minimization we consider a family of functions parameterized by α ∈ R:
X
Fα (A) = F (A) +
ψi0 (α) ,
(1)
i∈A

where ψj : R → R are strictly convex differentiable functions, satisfying limα→−∞ ψi0 (α) = −∞ and
limα→∞ ψi0 (α) = ∞, for all i. A common example is
ψj0 (α) = α, which imposes an `1 penalty on the size of
the set A. It is shown in (Chambolle & Darbon, 2009;
Bach, 2011) that minimizing Fα (A) for the entire range of
scalars α amounts to minimizing a regularized version of
the Lovász extension.
Lemma 2.4. Let Fα be the family of parameterized submodular set functions defined as in (1), where ψi are strictly
convex functions. Let f be the Lovász extension of F , and
consider the optimization problem
X
minn f (x) +
ψi (xi ) .
(2)
x∈R

i∈V

Let A = arg minA⊆V Fα (A), and let x∗ be the minimizer
of (2). Then
Aα = {i : x∗i ≥ α} .
(3)
α

For completeness we reproduce the proof of Lemma 2.4 in
Section B.
Via convex duality one can prove that minimizing (2) is
equivalent to a dual optimization problem on the submodular
base polytope B(F ):
X
min
ψi∗ (−wi ) ,
(4)
w∈B(F )

where

ψi∗

i∈V

is the Fenchel dual of ψi .

Definition 2.5 (Fenchel dual). Let g : Rn → R ∪
{−∞, +∞} be a convex function. Its Fenchel dual or convex conjugate g ∗ : Rn → R ∪ {−∞, +∞} is defined as
g ∗ (w) = sup hw, xi − g(x) .
x

We will refer to (2) as the primal problem and (4) as the dual
problem. The algorithm described in this paper will focus on
optimizing (4) while strongly leveraging the decomposable
structure of F . We assume that all functions ψi have “nice”
second derivatives, which will play an important role in the
algorithm, since this will also ensure that the minimizers of
(2) and (4) are unique.
Assumption 2.6. The function ψi is L-smooth and σstrongly convex for all i ∈ V . Equivalently for each i,
its second derivative satisfies 0 < σ ≤ ψi00 (x) ≤ L, for all
x ∈ R. Furthermore, |ψi0 (0)| ≤ (n + r)O(1) , for all i ∈ V .
This condition also helps us ensure that we can efficiently
convert between the primal and dual spaces onto which
the ψi and its Fenchel dual ψi∗ act. Also, whenever
it is
P
convenient,
we
will
use
the
notation
ψ(x)
=
ψ
(x
i
i ),
i∈V
P
ψ ∗ (y) = i∈V ψi∗ (yi ). A relevant example to consider is
ψi (x) = x2i /2, which corresponds to the standard parametric problem of minimizing F (S) + α · |S| for all values of
α > 0.
2.3. Overview of Approach
Decomposable Submodular Minimization Here we provide an overview of our approach for minimizing decomposable submodular functions. Our approach for the parametric
setting yields a strictly stronger result without sacrificing
running time, so we will focus on this more general problem.
Our approach is based on minimizing a convex function
on the submodular base polytope B(F ). As it has been
seen in previous works (Bach, 2011), in order to solve the
parametric problem (1), it suffices to solve the dual problem
(4), which is a convex optimization problem
P over B(F ). For
convenience let us denote by h(w) = i∈V ψi∗ (−wi ), so
that our objective becomes computing minw∈B(F ) h(w).
We use an iterative method, which maintains a point w ∈
B(F ) and updates it in such a way that the objective value
improves significantly in each step. To do so, we find a
polytope P such that
w+

1
· P ⊆ B(F ) ⊆ w + P
α

(5)

and such that we can efficiently minimize ψ over w + α1 · P .
If we can find the minimizer w0 over w + α1 · P , then moving
our iterate to w0 also guarantees that


1
h(w0 ) − h(w∗ ) ≤ 1 −
(h(w) − h(w∗ )) ,
α

where w∗ is the minimizer of h over B(F ). This is true
due to the convexity of h. Indeed, let w
e = w + t(w∗ − w)
∗
where t = max{t ≤ 1 : w + t(w − w) ∈ w + α1 P }; in
other words w
e represents the furthest point on the segment
connecting w and w∗ such that w
e still lies inside the small
polytope w + α1 P . Due to the sandwiching property of the
polytopes (5), we have that t ≥ 1/α. Hence, using the
convexity of h, we obtain that
h(w)
e − h(w∗ ) = h(w + t(w∗ − w)) − h(w∗ )

≤ (1 − t) (h(w) − h(w∗ )) ≤ (1 − 1/α)(h(w) − h(w∗ )) .

Since w0 minimizes h over w + α1 · B(F ), we must have
h(w0 ) ≤ h(w),
e and we obtain the desired progress in funce
tion value. Thus iterating O(α)
times we obtain a high
precision solution, which we then convert back to a combinatorial solution to the original problem using some careful
error analysis.
More importantly, we need to address the question of finding
a polytope P satisfying (5).
To do so, for each i, we define the “residual” submodular
functions Fi0 (A) = FiP
(A) − wi (A) for all A ⊆ V , where
r
wi ∈ B(Fi ) such that i=1 w
Pi r= w. The existence of such
a decomposition of w ∈ B( i=1 Fi ) is well-known, and
goes back to Edmonds (Edmonds, 1971). Very importantly,
we note that since Fi were non-negative, Fi0 remain nonnegative submodular set functions.
It is known (Devanur et al., 2013) that non-negative submodular set functions can be approximated by graph cuts.
Following the proof from (Devanur et al., 2013), for each i
we construct a graph on O(|Vi |) vertices whose cuts approximate the value of Fi0 within a factor of O(|Vi |2 ). Combining
all these graphs into a single one, we obtain a weighted
diPr
rected graph on O(|V |) vertices and O(|V | + i=1 |Vi |2 )
arcs such that its cut function G approximates F 0 within a
factor of O(maxi |Vi |2 ).
Crucially, we can show that if G is the cut function which
approximates F 0 , then we also have that
1
· B(G) ⊆ B(Fi0 ) ⊆ B(G) ,
maxi |Vi |2
and therefore it suffices to implement a routine that minimizes h over w + maxi1|Vi |2 · B(G) in order to obtain an
2
e
algorithm that terminates in O(max
i |Vi | ) such iterations.
To implement this routine, we devise a new combinatorial
algorithm for solving the parametric flow problem, with general parameterized capacities. By comparison to previous
literature, our algorithm efficiently leverages a maximum
flow oracle on a sequence of graphs obtained via contracting edges, and whose running time is up to polylogarithmic factors equal to that of computing a maximum flow

in a capacitated
directed graph with O(|V |) vertices and
Pr
O(|V | + i=1 |Vi |2 ) arcs.
Following this, we convert the combinatorial solution to the
parametric flow problem into a solution to its corresponding dual problem on the submodular base polytope, which
returns the new iterate w0 .
Throughout the algorithm we need to control the errors
introduced by the fact that both the solution we receive for
the parametric flow problem and the one we return as an
approximate minimizer of h over B(F ) are approximate,
but these are easily tolerable since our main routines return
high precision solutions.

3. Parametric Min s, t-Cut
In the general parametric min s, t-cut problem (Gallo et al.,
1989), the capacities of the source’s outgoing edges (s, v)
are (possibly different) nonnegative real nondecreasing functions of a parameter λ ∈ D, where D ⊆ R is some domain,
whereas the capacities of the sink’s incoming edges vt are
nonincreasing functions of λ. The goal is to compute the
representation of the cut function κ : D → R such that κ(λ)
equals the capacity of the minimum s, t-cut in Gλ obtained
from G by evaluating the parameterized capacity functions
at λ. It is known that κ consists of O(n) pieces, where each
piece equals the parameterized capacity of some fixed cut
in G as a function of λ.
More formally, let λmin ∈ D be such that the minimal
min s, t-cuts of Gλmin and Gλ0 are equal for all λ0 ∈ D,
λ0 < λmin . Similarly, let λmax ∈ D be such that the
minimal min s, t-cuts of Gλmax and Gλ0 are equal for all
λ0 ∈ D with λ0 > λmax . We will consider λmin and λmax
inputs to our problem. Then, there exist O(n) breakpoints
Λ = {λ1 , . . . , λk }, λmin = λ0 < λ1 < . . . < λk and an
embedding of vertices τ : V → Λ ∪ {λmin , ∞} such that
for all i = 0, . . . , k − 1, λ0 ∈ [λi , λi+1 ) ∩ D, κ(λ0 ) equals
the capacity of the cut S(λi ) = {v ∈ V : τ (v) ≤ λi } in
Gλ0 , and also S(λk ) is a min s, t-cut of Gλmax .
Motivated by our submodular minimization application,
our algorithm in the most general setting solves the εapproximate parametric min s, t-cut problem.
Definition 3.1 (ε-approximate parametric min s, t-cut). Let
Λ, τ , and S : D → 2V be as defined above. A pair (Λ, τ ) is
called an ε-approximate parametric min s, t-cut of G if:
1. For i = 0, . . . , k − 1, S(λi ) is a min s, t-cut of Gλ0 for
all λ0 ∈ [λi , λi+1 − ε) ∩ D.
2. S(λk ) is a min s, t-cut of Gλmax .
3. For i = 0, . . . , k − 1, S(λi ) ( S(λi+1 ).
We prove that an ε-approximate parametric min s, t-cut

yields breakpoints within ε additive error wrt. to the breakpoints of the exact parametric min s, t-cut. Our algorithm
solves the above problem assuming only constant-time
black-box access to the capacity functions.
Theorem 3.2. Let R = λmax −λmin be an integral multiple
of ε > 0. Let Tmaxflow (n0 , m0 ) = Ω(m0 + n0 ) be a convex
function bounding the time needed to compute maximum
flow in a graph with n0 vertices and m0 edges obtained from
Gλ by edge/vertex deletions and/or edge contractions (with
merging parallel edges by summing their capacities) for
any λ = λmin + `ε and any integer ` ∈ [0, R/ε]. Then, εapproximate parametric min s, t-cut in G can be computed
in O(Tmaxflow (n, m log n) · log Rε · log n) time.
The algorithm is recursive. In order to ensure uniqueness of
the minimum cuts considered, it always computes cuts with
minimal s-side.
Roughly speaking, given initial guesses λmin , λmax the algorithm finds, using O(log((λmax − λmin )/ε)) maximum
flow computations, the most balanced split λ1 , λ2 of the
domain such that (1) the s-sides for all the min-cuts of Gλ0
for λ0 > λ2 have size at least n/2, (2) the t-sides of all
the min-cuts of Gλ0 for λ0 < λ1 have size at least n/2, (3)
λ2 − λ1 ≤ ε. We then recurse on the intervals [λmin , λ1 ]
and [λ2 , λmax ] on minors of G with at least n/2 vertices
contracted. Even though the contraction requires merging
parallel edges in order to have at most m + n (as opposed
to 2m) edges in the recursive calls, we are able to guarantee
that the capacity functions in the recursive calls are all obtained by shifting the original capacity functions by a real
number, and thus can be evaluated in constant time as well.
Since the number of vertices decreases by a factor of two in
every recursive call, one can prove that for each level of the
recursion tree, the sum of numbers of vertices in the calls at
that level is O(n), whereas the sum of sizes of edge sets is
O(m + n log n) = O(m log n).
We show that the ε-approximate algorithm can be turned
into an exact algorithm in two important special cases.
First of all, if the capacity functions are low-degree
(say, at most 4) polynomials with integer coefficients in
[−U, U ], then one can compute parametric min s, t-cut only
O(polylog{n, U }) factors slower than best known maxflow algorithm for integer capacities (Gao et al., 2021;
van den Brand et al., 2021; Goldberg & Rao, 1998). Second, we can solve the discrete domain case, i.e., when D
has finite size ` with only O(polylog{n, `}) multiplicative
overhead wrt. the respective maximum flow algorithm.
Moreover, since our reduction runs maximum flow computations only on minors of the input graph G, it also
yields very efficient parametric min s, t-cut algorithms for
planar graphs. In particular, since near-optimal stronglypolynomial s, t-max flow algorithms for planar graphs are
known (Borradaile & Klein, 2009; Erickson, 2010), we

obtain near-optimal algorithms for the integer polynomial
capacity functions (as above) and discrete domains. What is
perhaps more surprising, using our reduction we can even
obtain a strongly polynomial exact parametric min s, t-cut
algorithm for planar graphs with linear capacity functions
with real coefficients. The algorithm runs in Õ(n1.21875 )
time and constitutes the only known subquadratic strongly
polynomial parametric min-s, t-cut algorithm.

Algorithm 1 Parametric Decomposable Submodular Function Minimization
1: Input: : error tolerance // Returns -optimal solution
of min ψ ∗ (−w)

The details of our parametric min s, t-cut algorithm and
its applications are covered in Appendix C. It should be
noted that the idea of using cuts contraction is not new and
appeared previously in (Tarjan et al., 2006). Compared
to (Tarjan et al., 2006), our reduction provably handles more
general parameterized capacity functions.4 As it does not
operate on any auxiliary networks that may not preserve
structural properties of G, but merely on minors of G, it
proves much more robust in important special cases such
as planar graphs. Finally, we believe that our reduction is
also more natural and operates on the breakpoints of the
cut function directly, whereas the reduction of (Tarjan et al.,
2006) operates on so-called balanced flows.

i ∈ [r], and construct G(V, E, c) by combining the
graphs Gi
r
P
Set φ(x) := ψ(x) + h wt−1,i , xi

w∈B(F )

2: Set w0,i = 0 for i ∈ [r] // Initialize a feasible solution
ψ ∗ (−w0 )+ψ(0)

3: Set T = α log
ε
4: for t = 1 . . . T do
Set Gi (Vi , Ei , ci ) = G RAPH A PPROX(wt−1,i ), for
5:

6:

i=1

7:
8:
9:
10:
11:
12:

1
Set w
e = F IND M IN C UTS(G(V, E, c), φ, 3L
) // Find
parametric min s, t-cuts
Round all the entries
e to the nearest integer
Prof w
Decompose w
e = i=1 w
ei , with w
ei ∈ B(Gi ) using
Lemma 4.3
Set wt,i = wt−1,i + w
ei , for all i ∈ [r]
end for

13: return

r
P

wT,i

i=1

4. Parametric Decomposable Submodular
Minimization via Base Polytope
Approximations

where the capacity of an edge (u, t) at time λ is cut + φ0u (λ)
and φ is a function satisfying Assumption 2.6. In particular,
our goal in this section is, given solutions to (6) for all λ, to
solve the following dual problem:

4.1. Algorithm Overview
In Algorithm 3 we give the description of our main routine.

min φ∗ (−w) .
w∈B(G)

(7)

4.2. Removing Assumptions
In Section 2 we assumed that for all i, Fi (∅) = Fi (Vi ) = 0
and Fi (S) ≥ 0 for all S. These assumptions hold without
loss of generality. In Section D we show how to preprocess
the input such that these assumptions are valid.
4.3. From Parametric Minimum Cut to Cut Base
Polytope Optimization

S⊆V
4

X

φ0u (λ) ,

As the cut functions G(S) that we will be concerned with
r
P
will be decomposable, i.e. G(S) =
Gi (S) for all S ⊆
i=1

In this section, we will focus on the problem of minimizing
a convex function over the base polytope of the s, t-cut
function of a graph G(V ∪ {s, t}, E, c). We define the s, tcut function G : 2V → R as G(S) = c+ (S ∪ {s}) for
S ⊆ V , and let B(G) be the base polytope of G. Now, the
parametric min s, t-cut problem can be written as
min G(S) +

Definition 4.1 (W -restricted function). A submodular function F : 2V → R≥0 is called W -restricted if F (S) =
F (S ∩ W ) for all S ⊆ V , where W ⊆ V .

(6)

u∈S

(Tarjan et al., 2006) only claim a O(min(n, log(nU ))) multiplicative overhead when all the parametric capacities are equal
to λ. Otherwise, it does not claim any bound, and when capacities are arbitrary linear functions their algorithm might pay O(n)
overhead in the worst case.

V , we introduce the following notion of a decomposition of
some w ∈ B(G) into a sum of wi ∈ B(Gi ).
Definition 4.2 (F -decomposition). Let F : 2V → R≥0 with
|V | = n be a submodular function that is decomposable, i.e.
r
P
F (S) =
Fi (S) for all S ⊆ V , where Fi : 2V → R≥0
i=1

are submodular functions. Then for any w ∈ B(F ) there
exist vectors w1 , . . . , wr ∈ Rn , where wi ∈ B(Fi ) for all
r
P
i ∈ [r] and
wi = w. We call the sequence of vectors
i=1

w1 , . . . , wr an (F1 , . . . , Fr )-decomposition of w, or just an
F -decomposition of w if the Fi ’s are clear from context.
What follows is the main lemma of this section, whose full
proof appears in Appendix E.1.
Lemma 4.3 (From parametric min-cut to cut base polytope

optimization). Consider
a graph G(V, E, c ≥ 0) and a
P
function φ(x) =
φu (xu ) that satisfies Assumption 2.6.
u∈V

Additionally, let G(S) = c+ (S) for all S ⊆ V be the
cut function associated with the graph, and suppose it is
r
P
decomposable as G(S) =
Gi (S) where Gi : 2V →
i=1

Z≥0 are Vi -restricted cut functions defined as Gi (S) =
ci+ (S) that correspond to graphs Gi (V, E, ci ≥ 0), and
r
P
c=
ci .
i=1
0
We define an extended
vertex
S
S set V = V ∪ {s, t} with edge
0
set E = E ∪
(s, u)∪
(u, t), the parametric capacity
u∈V

u∈V

the dual optimum. The running time of the algorithm is
!!
r
r
X
X
2
2
e
O
|Vi | Oi + Tmaxflow n, n +
|Vi |
.
i=1

The full proof of Lemma 4.4 appears in Appendix E.2.
4.5. Main Theorem
Proof of Theorem 1.1. We repeatedly apply Lemma 4.4,
and let w0 , . . . , wT be the iterates after T
=
∗
0
∗
(−w∗ )
α log ψ (−w )−ψ
iterations.
We
have
ζ

of an edge (u, v) ∈ E 0 as


0

max{0, φu (−λ)}
cλ (u, v) = max{0, −φ0u (−λ)}


cuv
and let (Λ, τ ) be a
of G0 (V 0 , E 0 , cλ ).

1
3L -approximate

if u ∈ V, v = t
if u = s, v ∈ V
otherwise

ψ ∗ (−wT ) − ψ ∗ (−w∗ )


1
(ψ ∗ (−wT −1 ) − ψ ∗ (−w∗ )) .
≤ 1−
α
Applying induction over T steps we obtain that
ψ ∗ (−wT ) − ψ ∗ (−w∗ )

T
1
≤ 1−
(ψ ∗ (−w0 ) − ψ ∗ (−w∗ ))
α

parametric min s, t-cut

There exists an algorithm that, given (Λ, τ ), outputs w
e∗ = argmin φ∗ (−w) and a G-decomposition
w∈B(G)
∗

w
e∗1 ,
...,w
e∗r of w
e . The running time of this algorithm
r
P
is O n +
|Vi |2 .
i=1

4.4. Dual Progress Analysis in One Step
The following lemma states that there is a step that improves
the dual function value by at least an α fraction of the
distance to the optimal value, where α is the approximation
factor we lose when approximating a submodular function
by a graph.
V

Lemma 4.4 (Dual progress in one step). Let F : 2 → Z≥0
be a submodular function that is separable, i.e. F (S) =
r
P
Fi (S) for all S ⊆ V , where Fi : 2V → Z≥0 are Vi -

i=1

≤ e−T /α (ψ ∗ (−w0 ) − ψ ∗ (−w∗ )) ≤ ζ .
We have obtained a high precision solution to the objective (4). Finally, setting ζ1 = poly( L
σ nFmax /ε) =
O(1)
(n + r)
/ε and applying Corollary B.4 to convert from
this solution to the actual sets, we obtain the desired solution.
As Assumption 2.6 implies ψ ∗ (−w0 ) − ψ ∗ (−w ∗ ) = (n +
r)O(1) , the total running time is

X
r
2
e
O max |Vi |
|Vi |2 Oi
i

i=1




r
X
1
2
+ Tmaxflow n, n +
|Vi |
log
.

i=1

i=1

restricted submodular functions with Fi (∅) = 0. Additionally, let ψ : Rn → R be a function that satisfies Assumption 2.6, where |V | = n.
Given a feasible dual solution w ∈ B(F ) and an F decomposition w1 , . . . , wr ∈ Zn of w, there is an algorithm
that outputs a vector w0 ∈ Zn , along with an (F1 , . . . , Fr )decomposition w01 , . . . , w0r ∈ Zn of w0 , such that
ψ ∗ (−w0 ) − ψ ∗ (−w∗ ) ≤


1−

1
α



(ψ ∗ (−w) − ψ ∗ (−w∗ ))

where α = max {|Vi |2 /4} and w∗ = argmin ψ ∗ (−w∗ ) is
i∈[r]

w∗ ∈B(F )
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