Data-driven Prediction of General Symplectic Dynamics via Generating Function Neural Network (GFNN)

A. Mathematical Proof
A.1. Proof of Thm. 5

Lemma 3. Consider & = f(x) and y = f(y), where f is
L-Lipschitz continuous. Then

lz(t) = y(@®) < exp(Lt)[|z(0) —y(0)[|.  (10)

Proof. Since
o) = a0)+ [ fGatr)ir
) =)+ [ s,
triangular inequality and Lipschitz continuity give
lz(t) —y(@)]
< 12(0) = (Ol + [ 1F(z(r) - fly(r)ldr
0
< [lz(0) = »(0)]] +/ Ljjz(7) — y(7) | dr.
0

Gronwall inequality thus gives Eq. (10). O

Lemma 4. Consider & = f(x), with 2(0) = z¢ and L-
Lipschitz continuous f. Then

exp(Lh) — 1

(k) — o < T

[f(zo)ll.  (11)
(Note “PER=L — O (p),)

Proof. Note
h
x(h) = xo —|—/O fz(r))dr
h
=t | f(@(r)) = f(@o) + flxo)dr.

Let D(t) := z(t) — 2. Then triangular inequality and
Lipschitz continuity of f give

h
D(h) < / LD(r) + | f(xo)|ldr

Gronwall lemma thus yields

exp(Lh) —1

D(h) < exp(Lh)D(0) + i

I[f (zo)ll-

Since D(0) = 0, Eq. (11) is proved. O

Proof of Thm. 5. Let E,, = ||x(nh) — x,]|| denote the pre-
diction accuracy, and ¢QO be the h-time flow map of the
latent dynamics, i.e., ¢! := x(h) where z(-) satisfies
& = f(x) subject to x(0) = x¢. Then

2((n+ DB) — zgr = 2l((n+ DR) = 6, + 6%, — i,
and therefore

Eni1 < llz((n+1h) — ¢ || + 1165, — 2l

h

Tn

The first term is exactly ||¢Z(nh) -
it is bounded by

H ¢Z(nh) - }xln

For the second term, Taylor expansion gives

oh =y + hf(xa) + 02 /2f (¢5,) f(45,)

for some £ € [0, h], and therefore

, and by Lemma. 3,

< exp(Lh)|z(nh) — x| = exp(Lh)E,,.

165, = @nsill = 0(f (@n) = F(2n)) +h2 /21" (65, ) (65,

< hd+ 12 /2) f' (¢S )1 F(85.)

Note || f/|| < L as f is C' and L-Lipschitz. For the f(¢5 )
factor, note Lemma. 4 gives

exp(L§) — 1
— — If @)l

||¢§:n — x| <
and therefore

1A = 1 (@) + F(85,) — flzn)ll
< @)l + 11£(65,) — fl@a)
<\ f (@)l + LlI¢S, — znll
< exp(LE)| f(@n)]|

Since 0 < & < h, exp(L&) is bounded. Moreover, f(xz,,) is
bounded because f is Lipschitz and therefore continuous
and x,, is assumed to be bounded. Therefore, there exists
constant C' such that

PRI W] Ege
Summarizing both terms, we have
Eny1 < B, exp(Lh) 4+ hé + Ch?/2.
Mathematical induction thus gives

En < Egexp(Lh)™

+ (eXp(Lh)N_l Fexp(Lh)N 24 4 1) (hd + Ch2/2)

_ exp(LT) — 1 2

= Eygexp(LT) + exp(Lh) =1 (hd + Ch*/2)
< Eyexp(LT) + %(hé + Ch2)2)
= %(5 +Ch/2).
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A.2. Proof of Thm. 3

Definition 5 (Diophantine condition). A frequency vector
w = {wi,ws,...,wq} satisfies Diophantine condition if
and only there exists positive constants 7y, v such that w
satisfies (v, v)-Diophantine condition.

Definition 6 ((+, v)-Diophantine set). For a set Q C R¢,
the corresponding (v, v)-Diophantine set is defined as

Q* (v,v) = {weq:

w satisfy (7, v) -Diophantine condition}.

Definition 7 (Diophantine set). For a set Q C R%, the
corresponding Diophantine set is defined as

o+« U Q* (y,v).

~>0,v>0

Theorem 6. For any bounded domain Q) C RY, there exists
C > 0, such that the Lebesgue measure of the complemen-
tary of (v, v)-Diophantine set with v > d is bounded from
above,

A\ (7,v)) <C -

Proof. See for instance (Hairer et al., 2006). ]

Theorem 7. For any bounded domain 2 C RY, Diophan-
tine frequencies exist almost everywhere.

Proof. Since A (Q\Q*) < A (Q\Q* (v,v)),Vy > 0,v > 0,
Thm. 6 gives, Vv > 0,

A\QY) <C -,

meaning that Diophantine frequencies exist almost every-
where in €. O

Remark 7. Even Diophantine frequencies exist almost ev-
erywhere in bounded domain Q C RY, Q\Q* is still an open
and dense set in R? (see for instance Hairer et al., 2006).

Lemma 5 (Cauchy’s inequality). Suppose that f is a holo-
morphic function on a closed ball B, (0*) C C withr > 0.
If |f (0)| < M for all 6 on the boundary of B, (6*), then
foralln > 0,

n!M

T.n

|7 (0%)

<

Proof. See for instance (Stein & Shakarchi, 2010). O

Definition 8 (average over angles). Assume F(0) is peri-
odic in each argument, i.e., F : Te — R, then the (angle)
average of F is defined as

(Qi)d /T F(0) d6.

F= (12)

Definition 9 (complex extension of T¢). The complex ex-
tension of T% of width p is defined as

B, (T%) = {6 € T* + iR [[Imd)|| < p} . (13)
Definition 10. For an analytic function f(-) =
[f1(), .., fa(-)] € C% we define the following norm

d
1Fllo.s = Y sup|fi(x)]- (14)
i—1 €S

Lemma 6. Suppose w € R? satisfies the (v,v)-
Diophantine condition and G(0) € R is a bounded and
analytic function on B, (Td). Then, with G being the aver-
age of G(0), the PDE

DF(0) - w+G(0) =G (15)
has a unique real analytic solution F(-) with F' = 0. More-

over, for every positive § < min (p,1), F' is bounded on
By—s (T) by

{ 1Fllo,, s ey < 106" Gllog 5, me)

||89F||oo75p,5(11‘d) < K16 ||GH00,B;,(']I“1) )
with o = v+d+1and kg = v 182", Kk =

voigdovtl (y 4 1)l

Proof. See for instance (Hairer et al., 2006). O]

Lemma 7. Consider a nearly integrable system with gen-
erating function S (Iy, 1) = So (Io) + 51 (Lo, p1). Sup-
pose Sy and Sy are analytic and bounded in a complex
neighborhood of D1 C R and D = Dy x T¢ respec-
tively. Then, there exists a real analytic canonical trans-
formation (J,0) < (I,p) generated by T (J,p) =
J -+ eTi (J, ), such that the generating function in
J, 8 variables takes the form of

S(Jo,ol) = S() (J0)+€2R2 (Jo,gl,E). (16)
with €2 Ry being a higher-order perturbation to a new inte-
grable system So. Moreover, this result is constructive: the
transformation J,0 < I, is given by T through

Ii - a T Ji7 1) .
2T (Jis i) Vi=0,1 (17)
and 7T is the solution to the PDE
BT (J, ) - w(J)+G1(J, o) =Gi(J), (18)

where w(-) = VS (-), G1(J,p) = S1(J, +hVSo(J)),
and G1(J) is its angle average.
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Proof. The generating function S in .J, @ variables (S) can
be converted in the following using Eq. (17),

S (Jo,01) = S (I, ¢1)
=S8 (Jo+€02T1 (Jo, #0), ¢1)
=80 (Jo +€02T1 (Jo, o))
+ €81 (Jo + €921 (Jo, o), Po + hdiS (1o, 1))
+ 0 (%)
=50 (Jo) +€92T1 (Jo, o) - VS (Jo)
+&81 (Jo, o + hVS(Jp)) + O (£?)
= S0 (Jo) + {0271 (Jo, p0) - VSo (Jo)
+51 (Jo, 0o + hVS(Jo) } +O (<)

19)

with h the constant in Eq. (4). Collecting all O(£?) terms,
denoting them by a remainder term Ry, and converting all
angles in Rs to 81, we have

S (Jo, 61)
=50 (Jo) + {0271 (Jo, o) - VSo (Jo)
+51 (JO, ®wo + hVS()(J()))} + EQR (J()7 01, E) .

(20)

As long as the terms underlined in Eq. (20) add up to a func-
tion of Jj only, S (Jo,01) won’t have angle dependence
till the O (52) term. This leads to a solvability requirement.
More precisely, let G1 (Jo, po) = S1(Jo, w0+ hVSy(Jp))

and G'1(Jp) be its angle average. Then the PDE

9Th (Jo, o) - VSo (Jo) + G1 (Jo, o) = G1(Jo)
(21

has a solution 77, and it makes the underlined terms G'1 (Jp).
Therefore, 77 and hence the generating function 7 can be
solved for from Eq. (21). The generating function SinJ,0
variables takes the form

S (Jo, 01) = So (Jo) + €° Ry (Jo, 01, ¢) ,
with 5(](J(]) = S()(Jo) + 5@(.]0). O

Remark 8. Note that boundedness of R, requires some
extra condition on V Sy (being Diophantine at some point;
see Lemma. 9 for details). With bounded Rs, the generating
Sunction S (-,-) in I, ¢ variables is near integrable of or-
der O (¢) while S (-,-) in J, @ variables is near integrable
of order O (52). Therefore, under the transformation T,
we get a ‘better’ set of variables J , 0 instead of I,p, as
the J, 0 dynamics is closer to being integrable, hence the
dynamics of J , 0 can be estimated for longer time.

Remark 9. As angles satisfy periodic boundary conditions,

T1 and S1 can be expanded in Fourier series
Ti(J,0) =Y ty(J)-'*9,
kezd

Sy (J,0) =Y sp(J) 0.

kezd

(22)

Plugging Eq. (22) into Eq. (18), we have
te - (k-w(J))+ s, =0.

Noting that if w doesn’t satisfy Diophantine condition, k -
w can be small and may even vanish for some k € 7%,
meaning that under some circumstances, the transformation
constructed by T (J, ) = J - +eT1 (J, ) is no longer
of near identity (Id + O(g)) as Ty is not of order O (1) any

more.

Lemma 8. Consider a nearly integrable system with gen-
erating function S (Iy, 1) = So (Io) +&S1 (Lo, p1). Sup-
pose Sy and Sy are analytic and bounded in a complex
neighborhood of Dy C R% and D = D; x T? respec-
tively. Then, there exists a real analytic canonical trans-
formation (J,0) < (I,p) generated by T (J,p) =
J-p+ ZkN:_ll e® - Ti. (J, ), such that the dynamics pro-
duced by the original generating function S rewritten in
J, 0 variables corresponds to a transformed generating
function S given by

S (Jo,01) = So (Jo) + ™ Ry (Jo, 01,¢) (23)
where eV Ry is a high-order perturbation to a new inte-
grable system Sy(Jy). Here, J,0 < I, is defined by T
through

Vi =0,1.

{Ii =T (Ji,¢i), (24)

0, =0T (Ji, i),

Proof. Apply T(J,p) = J - +eTi +eTa+ ... +
eN=1Tn_1 to S(Jo,0;) = S(Iy, 1) like in the proof of
Lemma. 7, Taylor expand, and put all O(¢"V) terms into
R ~. Then we have

S(Jo,61) = So(Jo)
+ £ (8:T1(Jo, po) - w(Jo) + G1(Jo, ¥0))

+ &% (02 T2(Jo, o) - w(Jo) + G2(Jo, ¥0)) (25)
+...
+ eV Ry (Jo,01,¢),

for some functions G, - - - ,G_1 periodic in the angles,

and w(-) := V.S(+). Similar to G in the proof of Lemma. 7,
Go,Gs, - -+ can be explicitly computed from Taylor expan-
sions, but our proof does not require their specific expres-
sions. Lemma. 7 solved for 7; (periodic in angles) by mak-
ing the underlined expression independent of the angles.
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Repeating a similar procedure at different orders of ¢, 7;
(periodic) can be obtained fori = 1,2, - - - . Specifically, 7T;
satisfies the PDE

02Ti(Jo, po) - w(Jo) + Gi(Jo, po) = Gi(Jo)  (26)

(The existence of the solution to this is proved in Lemma. 6).
In general,

N-1
S (Jo,61) = So (Jo) + Z "G, (Jo) + N Ry (Jo, 61)
h—1
=Sy (Jo) + eV Ry (Jo, 01),

with Sg (Jo) = So (Jo) + Sn—y €¥Gr, (Jo). O

Note that Ry is not necessarily uniformly bounded in the
whole data domain in Lemmas. 7 and 8, but in most cases,
the uniform boundedness can be established (Lemma. 9) and
under that circumstance, we will be able to quantitatively
estimate the J, @ dynamics (Lemma. 10).

Lemma 9. Consider a nearly integrable system with gen-
erating function S (I, 1) = So (Io) + &S1 (Lo, p1). Sup-
pose Sy and Sy are analytic and bounded in a complex
neighborhood of D1 and D = D; x T C R? x T? re-
spectively. There exists a real analytic symplectic change
of coordinates of order O (g): (I,¢) « (J,0) and under
this transformation, the generating function in J, 0 takes
the form

S (Jo,01) = So (Jo) +eN Ry (Jo, 01,¢).

Suppose that w(J*) satisfies the (v, v)-Diophantine condi-
tion for some J* € Dy. Then, for any fixed N > 2, there
exist positive constants €, ¢, C, p such that if € < g, then

<C
00,825 (J*)xB,(T4) —

|
with § = ¢(N? \10g5|)7u71.

Proof. Applying the canonical transformation 7 con-
structed in Lemma. 8, 3p’, C’ > 0 such that

[, 2000

Approximate S with respect to angle variables using Fourier
series Sy, till term m o [loge| such that the error is
of order O(¢") in a complex neighborhood of the torus
{J=J",¢cT}. Since |k-w (J*)| >~ |k|;", Vk €
74, then 3 sufficiently small ¢ > 0 such that

1 —v
k-w (D)= 5ylkl " Ikl < Nmo(28)

for all J € Bas(J*) with § = ¢(N? |10g6|)_”_1. As the
Fourier coefficients of S, vanishes for || k||, > Nm, thus
according to condition Eq. (28) and combining S = S, +
O(eN), 3 p" > 0and C” > 0, such that

HRN (J, ')Hoo,Bp,,mrd) <CWdry) @)

forall || J — J*|| < 24.

In general, 3C and ¢ independent p such that

< C(N,d,~,v).
00,B25(J*)xB,(T) ( 7 )

Jox o)

(for the specific forms of C’;C”, which are lengthy but
obtainable using tools of Fourier series and Cauchy’s in-
equality, see for instance (Hairer et al., 2006)). O

Lemma 10. Consider a nearly integrable system with gen-
erating function S (Iy, 1) = So (Io) +&S1 (Lo, p1). Sup-
pose Sy and Sy are analytic and bounded in a complex
neighborhood of Dy and D = D; x T¢ C R?* x T? re-
spectively. Then there exists a real analytic near identity
symplectic change of coordinates (I, ) — (J,0) of order
O(e) and under this transformation, the generating function
S in J, 0 variables takes the form

S(J,0) =S (J)+eNRy (J,8,¢).

where Sy only depends on actions. Suppose that w (J*) sat-
isfies the (v, v)-Diophantine condition for some J* € Dj.
Then, for any fixed N > 2, 3 positive constants g, ¢, C, p
such that if € < €, the dynamics of J, 0 (generated by S)
with || Jo — J*||, < c|loge| ™"~ satisfies

[ — Joll, < Cnhe®,

[0n — @ (Jo) nh — 60|, (30)

<C (112h2 +nh |log€\”+1) eV,
Here w (-) = VSy (-) and & (-) = VS (-).

Proof. According to Lemma. 9, 3¢ > 0,p > 0,C" > 0
such that for § = ¢(N? |log£\)_y_1, J € Bs(J*)and 0 €
B, (T4), )RN (J,B)‘ <O AsYJ € By (J7), By (J) C

Bos (J%), | Ry (j,H)‘ gC’foralljemandOE

Bas (J*),
B, (Td). Using Cauchy’s inequality (Lemma. 5), we have

HaQRNH <c 31)
OO,B(;(J*)XBP(Td)

and
. C'
HalRNH <= 32)
00,B5(JT*)x B, (T%) 1)
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Plug Eq. (31) in the dynamics of J, 0

. (33)

Ji = Jig1 +hdoS (Ji,0i41),
0,01 =0;,+h015(J;,0,41),

we have
||Ji+1 — Jin < ClhEN, Vi e N
= ||J, — Joll, < C'nhe".

for the J sequence. On the other hand, for 8 sequence, plug
Eq. (32) in Eq. (33), we have

- c’
H01'+1 - (01 + h&o (J’L))”Q S FhEN. (34)

Since w is analytic on a bounded domain, w is Lipschitz.
Thus, changing J; in Eq. (34) to Jo, 3C” such that

!

- C
||0i+1 — (01 + h (J()))||2 < C’/TthEN + FhEN.
Therefore, letting C' = max(C’, C""), we have

16 — (80 + nhid (Jo))ll,
n—1

<> 118is1 — (8; + hid (Jo))
=0

1
< Cnh (nh + 5) eV
v+1 N
< Cnh (nh+|1oge\ )e ,
and Eq. (30) is proved. O

Proof of Thm. 3. Since it is assumed that analytic .S;, and
SY satisfy

Z ||alSZ ('7 ) - aZSh ('a )||oo S 016

i=1,2

on a bounded domain D, S¢ is an O(e) perturbation of
Sy, (note they can also be different by an O(1) constant,
but adding a constant to a generating function does not
change its induced dynamics, and we thus assume with-
out loss of generality that there is no such constant differ-
ence). Therefore, as S}, is integrable, SZ can be written as
S (Io, 1) = Sp(Io) + £51(Io, ¢1) for some function S
modeling the (normalized) perturbation, and is thus nearly
integrable. The latent dynamics, i.e., the exact solution of
the integrable S}, (Iy) with initial condition Iy, ¢ is

I(t) = I,
@ (t) = (po + w (Ip) t) mod 2.

Applying Lemma. 10 with N > 3 (so that the (nh)’e™
term is of order O(g) when nhe = O(1)) , there exists a

near identity canonical transformation (I, ) — (J, 0) of
order € such that the solution of Sz in J, @ variable satisfies
J, — Joll, < Ce,
H 0H2 = ) (35)

165, — (60 + @ (Jo) nh)||, < C'enh,

for some constant C’ (¢ independent) Vn < h~le7!
(so that nhe is of order O(1)) with @ (-) defined in
Lemma. 10. Note that the canonical transformation holds
for all (I;,¢;) < (J;,0;), we have | I; — Ji||, < ke,
llpi — 0i]l, < ke, Vi € N for some constant & > 0 and
| (Jo) — w (Ip)|l, < K'e for some positive constants &'.
Applying triangular inequality, 3C' > 0, such that

1 — I0||2 < Ck,
[¢n — (o +w (Lo) nh)|, < Cenh,

forn < h~le™1L. O

Remark 10. h='c~! is actually a conservative bound for
n and one can extend the bound to be h=tc(1=N)/2 yN >
3. Since N can be arbitrary, even if € cannot be made
infinitesimal, as long as it is below a threshold, the time of
validity of the error bound in Thm. 3 can be extended to
arbitrarily long.

B. Experimental Details

Like most neural-network based algorithms for learning
dynamics, the full potential of GFNN is achieved in the
data rich regime. When preparing training data, we not only
prepared in an unbiased way, but also emphasized on fair
comparisons so that each of the existing methods is given
the same or more training data.

More specifically, for each experiment, the training set con-
tains a number of sequences starting with different initial
conditions. When training for predicting Hamiltonian dy-
namics (continuous), each sequence in the training set is stro-
boscopically sampled from simulated ground truth, which
is obtained using high-order numerical integrator with suf-
ficiently small timestep 7 < h. For each experiment, the
data set with sequences of length 2 will be denoted as Do,
and the data set with sequences of length 5 will be denoted
as Ds. VENN, HNN, SRNN (seq_len=2), and GFNN are
trained with the same data set Dy, while SRNN (seq_len=5)
is trained with D5. Note the number of flow maps (¢)
needed for each sequence in Dj is 4, while the number of
maps for each sequence of Dy is 1. Therefore, for fairness,
the number of sequences in Da, Ntrqin(D2), is set to be
four times n¢y-q:, (D5 ) in most examples (exceptions will be
explained).

All experiments are performed with PyTorch (CUDA) on
a machine with GeForce RTX 3070 graphic card, AMD
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Ryzen 7 3700X 8-Core Processor, 16 GB memory and the
Linux distribution of openSUSE Leap 15.2.

Codes are provided.

B.1. 2-Body Problem

The step size of each data sequence in Dy and D5 is h =
0.1. The ground truth trajectory is simulated using a 4th
order symplectic integrator with step size 10~3. The initial
condition of each data sequence is uniformly drawn from the
orbits with semi-major axis a € (0.8, 1.2), eccentricity e €
(0,0.05). In terms of the number of samples, 1¢yqin (D2) =
100, 000, n4rqin(Ds) = 100,000. Note SRNN (seq-len=5)
is provided more training data 1,4, (D5) than described
above, which would be 25, 000 instead, because less training
data didn’t provide good performance. The time derivative
data of the vector field based methods (VFENN, HNN) are
generated using (1st-order) finite difference.

S’,(’L is represented using multilayer perceptron (MLP), with
5 layers and 200, 100, 50, 20 neurons in hidden layers. The
Adam optimizer is utilized with batch size 200. The model
is trained for more than 20 epochs with initial learning rate
0.01. HNN, SRNN, SympNets are trained by their provided
codes. HNN, SRNN are trained under default training se-
tups and SympNets is trained using LA-SympNets with 30
layers and 10 sublayers (deeper than their default setups for
improved performance).

B.2. Hénon-Heiles System

The step size of each data sequence in D, and D5 is h = 0.5.
The ground truth trajectory is simulated using a 4th or-
der symplectic integrator with step size 102, The initial
condition of each data sequence is drawn from a centered
Gaussian perturbation of states along one orbit randomly
with variance 0.012. In terms of the number of samples,
Nerain(D2) = 100,000, Ntrain(Ds) = 25,000. The data
sets for the regular motion experiment and for the chaotic
dynamics experiment are generated separably around a tra-
jectory with energy level % and % respectively. The time
derivative data of the vector field based methods (VFNN,
HNN) are generated using (1st-order) finite difference.

The MLP that represents SY has 5 layers and 200, 100, 50,
20 neurons in hidden layers. The Adam optimizer is utilized
with batch size 200. The model is trained for more than
20 epochs with initial learning rate 0.01. HNN, SRNN are
trained by their provided codes under default training setups.

B.3. PCR3BP

The step size of each data sequence in D2 and D5 is h = 0.1.
The ground truth trajectory is simulated using RK4 with step
size 1073, The initial condition of each data sequence is

drawn from a centered Gaussian perturbation of states along
one orbit randomly with variance 0.052. In terms of the
number of samples, 7¢yqin (D2) = 100, 000, 12474in (Ds) =
25,000. The time derivative data of the vector field based
methods (VFNN, HNN) are generated using (1st-order)
finite difference.

The MLP that represents SZ has 5 layers and 200, 100, 50,
20 neurons in hidden layers. The Adam optimizer is utilized
with batch size 200. The model is trained for more than
20 epochs with initial learning rate 0.01. HNN, SRNN are
trained by their provided codes under default training setups.

B.4. Standard Map

The step size of each data sequence in D5 and D5 is h = 1.
The ground truth map is directly evolved from the discrete-
time evolution map Eq. (9). The initial condition of each
data sequence is drawn from a Gaussian perturbation of
states along one orbitrandomly with variance 0.52. In
terms of the number of samples in training / testing data,
Nirain(D2) = 1,000,000, Ntrqin(Ds) = 250,000. The
data sets of the regular motion experiment and for the
chaotic dynamics experiment are generated separably with
K = 0.6 and K = 1.2 and correspondingly different initial
conditions respectively. The time derivative data of the vec-
tor field based methods (VFNN, HNN) are generated using
(1st-order) finite difference (with At = 1).

The MLP that represents SZ has 5 layers and 500, 500, 200,
20 neurons in hidden layers. The Adam optimizer is utilized
with batch size 1000. The model is trained for more than
20 epochs with initial learning rate 0.001. HNN, SRNN
are trained by their provided codes under default training
setups.



