Quantifying and Reducing Bias in Maximum Likelihood Estimation of Structured Anomalies
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Figure S1: Data X = (X1,...,X,) ~ ASDS(A () as in Figure 2 in main text. (A) F-measure of the MLE Ags versus

for means 1 > figetect- Note that the MLEs AS for the connected family & = C¢ and unstructured family S = P,, have
low F-measure for small means /i, consistent with the Bias(| Ag|/ n) for these families shown in Figure 2. (B) F-measure
of our estimator AGMM versus p for means p1 > figetect- (C) Bias( |A5| /n) of the MLE versus p for means g > 1 and for
graph cut family S = 7¢ , with different bounds p on the cut-size and. (D) Bias(| Agmu|/n) of our GMM estimator versus
w for means p > 1 and for graph cut family S = 7, with different bounds p on the cut-size.

A. Calculating /igetect

detect 18 the smallest mean g such that the GLR test asymptotically solves the ASD Detection Problem with the probability
of a type 1 or type 2 error going to 0 as n — oo (Sharpnack et al.l 2013a). We empirically determine jigetect by finding the
smallest mean p such that the Type I and Type II errors of the GLR test statistic ts (Equation (2) in the main text) are both
less than 0.01.

B. Additional Experiments
B.1. F-measure

Although Conjecture|l|is about the Bias(|21\3 |/n) of the MLE As, we also observe that larger Bias(|21\5| /mn) reduces the
F-measure between the anomaly A and the MLE ;1\5. Using the data described in Section in the main text, we find
a noticeable difference in F-measure between anomaly families where |5’ (A)| is exponential — the connected family Cg
and the unstructured family 7, — and anomaly families where |S(A)| is sub-exponential — the interval family Z,, and the
submatrix family M y (Figure[ST|A).

In contrast, our GMM-based estimator EGMM has a much smaller difference in the F-measure for anomaly families where
|S(A)| is exponential versus anomaly families where |S(A)| is sub-exponential (Figure [S1|B). This result is consistent
with the reduced bias of the GMM-based estimator AGMM (Figure 2 k main text). Interestingly, even for our reduced bias
estimator, we still observe a mild difference in F-measure between the families with exponential |S (A)| versus the families
with sub-exponential |S(A)|.

B.2. Graph Cut Family

We examine the Bias(\A\TGW |/n) of the size of the MLE A\Tc,p for the graph cut family 7¢ ,, where G is a /n x \/n
lattice graph, for different values of the bound p on the cut-size. For each value of p, we select an anomaly A € Tg,,
with size |A| = 0.05n uniformly at random from 7¢ ,. (Note that the cut-size of A is not fixed, as we select A
uniformly at random from the set 7 , of all subgraphs of G with cut-size less than p.) We then draw a sample
X = (X1,...,X,) ~ ASD7, (A, ) with n = 900 observations and compute the MLE ETG,p' We repeat for 50

samples to estimate Bias(|/T7-Gyp |/n).

While the eranh cut anomaly family is often studied in the network anomaly literature (Sharnnack et al| 2013brat Sharp-
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Figure S2: Left: Graph G = (V, E) with two disjoint connected components: Vyun, a path graph, and Ve, a clique
graph, with [Vpan| = [Veiique] = 5. Right: Bias(|As|/n) versus mean 4 for the connected anomaly family S = C¢ with
n = |V| = 500 vertices and an anomaly A with size |A| = 0.05n, for means ;& > figerect- The blue line corresponds
to an anomaly A C Vi, and the green line corresponds to an anomaly A C Vijique. This experiment suggests that the

Bias(|21\5 | /n) is determined by the |S(A)|, rather than |S|, consistent with Conjecture

, the cut-size bound p is typically left unspecified. When p is constant |S(A)| is polynomial in n, but when p is
close to the number of edges in G then |5’ (A)| is exponential in n (]Nagamochi et a1.|, |1994|). So by Conjecturewe expect
the bias of the MLE A\Tc;,p to depend on p. Indeed, we observe that the Bias(| A7, ,|/n) of the MLE is small when p is
small and the Bias(|/T7-Gyp |/n) of the MLE is large when p is large (Figure C), which is consistent with Conjecture

Our results demonstrate that careful attention to the cut-size bound p is required when the MLE A7,  is used for anomaly
estimation.

For the same data, we find that our GMM estimator EGMM has small bias regardleis of the cut-size bound p (FigureD).
This isAconsistent with Corollary |1} and demonstrates that our GMM estimator Ay is a less biased estimator than the
MLE A7, , regardless of the cut-size bound p.

B.3. Dependence of Bias(|As|/n) on |S(A)| versus |S|

In this section, we construct an anomaly family S where |S| is exponential, but |S(A)| is exponential for some anomalies
A and sub-exponential for others. We then use this anomaly family S to provide evidence that Bias(|As|/n) depends on
the number |S(A)| of subsets in S that contain the anomaly A, rather than the size |S| of the anomaly family.

Let G = (V, E) be a graph whose vertices V' = Viun U Viiique can be partitioned into two disjoint connected components:
Vpatn, @ path graph, and Vijique, a clique (Figurelgzl, left). (Note that the path graph Vpu, and the clique Vjique are disjoint,
unlike the graph from Figure 2.) Both the path graph Vjun and the clique Vijigue have size |[Voan| = [Vian| = 5, where
n = 900.

Let S = Cg be the connected family for graph G, and let A € Cg be a set of size |A| = 0.05n. The size |S| of the anomaly
family S is exponential in n, as |S| = O(2%). However, |S(A)| depends on the anomaly A: if the anomaly A C Vju is in
the path graph component, then \S’ (A)| = O(n?) is sub-exponential in n. On the other hand, if A C Vyjique is in the clique
graph component, then |S(A)| = O(2°45") is exponential in n.

Empirically, we observe that if 11 > figetect> then BiaS(|A\3| /n) = 0if A C Vpan and Bias(|ﬁg| /n) > 0if A C Viiique

(Figure right). This finding is consistent with Conjecture |1{ and demonstrates the dependence of Bias(|ﬁg|/ n) on
|S(A)| rather than |S|.
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B.4. Highway Traffic Data with Edge-Dense Family

We compare our estimator EGMM and the MLE A\S on a real-world highway traffic dataset. This dataset consists of a
highway traffic network G = (V, E) in Los Angeles County, CA with |V| = 1868 vertices and |E| = 1993 edges. The
vertices V' are sensors that record the speed of cars passing and the edges E connect adjacent sensors. The observations
X = (X, )vev are p-values (where sensors that record higher average speeds have lower p-values) that are transformed to
Gaussians using the method in|Reyna et al.[(2020).

For the edge-dense family £¢ s with edge density § = 0.7, we find that our GMM-based estimator EGMM is much smaller

than the MLE ﬁga 5 (\EGMM| = 10 versus ‘A\gcy s| = 600) but with higher average score (4.4 for our estimator versus

0.4 for the MLE). While there is no ground-truth anomaly in this dgtaset, our results show that our estimator EGMM yields
a smaller anomaly but with higher average values than the MLE Ag,, ;, which also suggests that the MLE Ag, ; for the
edge-dense family £g s is biased.

B.5. Additional Details for NYC Breast Cancer

In the NYC breast cancer incidence data (Boscoe et al.|[2016), we are given observed disease counts C = {C,...,Cy,}
and expected disease counts B = {By, ..., B,} for each census block i € [n]. As is standard in the disease surveillance
and spatial scan statistic literature, (Kulldorff}, {1997} |Glaz & Naus, 2010; Neill,|2009; [2012)), we model the observed counts
C as being distributed as

Pois(qinB;), ifi € A,
w{ (qinBi) 0

Pois(B;), otherwise,

where A € S is the anomaly, S is the anomaly family, and g;, is the relative risk of census blocks ¢ € A in the anomaly A.

The MLE Eg for the anomaly A given the observed counts C and the expected counts B — also known as the expectation-
based Poisson scan statistic in the spatial scan statistic literature (Neill, [2009) — is given by

> () + (Z Oi> : <1+logZCi logZBi)

1€A i€A i€A i€A

As = argmax
AeS

: )

We adapt our estimator to the disease count model in Equation (I)) by using the EM algorithm to fit the observed counts C
to the Poisson mixture C; ~ « - Pois(ginB;) + (1 — &) - Pois(B;). The other components of our estimator are unchanged:
we use this fit to compute the responsibilities 7; = P(i € A | C;, B;) for each census block ¢ € [n], and then estimate the
anomaly using Equation (6) in the main text.

C. Wasserstein Distance between GMM and Unstructured ASD

Let X = (Xq,...,X,) with X; S GMM(u, o) distributed according to the GMM and let Y = (Y3,...,Y,) ~
ASDp, (A, ) be distributed according to the unstructured ASD, with a = |A|/n. We empirically observe that
dw (30 1x, 23" 1y,) = O(n™°%), where dyy is the 1-Wasserstein distance, also known as the earth mover’s
distance (Figure[S3). We note that our empirical observation matches the result that the Wasserstein distance between the
normal distribution N (p1, o) and the empirical distribution of n samples from N (y, o) is also O(n =) (Rippl et al.l 2016}
Weed & Bachl [2019)).

D. Regularized MLE for Submatrix ASD

For the submatrix family My, [Liu & Arias-Castro| (2019) show that a regularized version of the MLE is asymptotically
unbiased. Specifically, for a submatrix M € RP*? of a matrix N € R"™*"™, they define the regularized scan statistic

function T'r(M) = T'(M) — \/2 log (m2 (7;) (Z‘)) and the regularized MLE Ay = argmax I'g(M). LLiu & Arias-Castro
MeMn

(2019) then show that A\R is asymptotically unbiased.

However, our proof of Theorem |l| shows that the MLE A My for the submatrix ASD, which does not use the above
regularization, is also asymptotically unbiased. Thus, the regularization is not required. Empirically, we find that that the
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Figure S3: 1-Wasserstein distance between the GMM distribution and the unstructured ASD distribution. X =
(X1,...,Xn) Sy GMM(p, o) is distributed according to the GMM and Y = (Y1,...,Y,) ~ ASDp (A, p) is dis-
tributed according to the unstructured ASD, with o = [A|/n. Left: dw (=31, 1x,, = > " 1y,), the 1-Wasserstein
distance between the empirical distributions of the GMM and unstructured ASD, versus the number n of observations for
various values of i and | A|/n. Right: 1-Wasserstein distance on log-log scale. We observe that the 1-Wasserstein distance

dw (% S 1x,, % S 1y1.) is O(n=0%), as each line is parallel to n=-5 in the log-log plot.

MLE A M, and the regularized MLE ER have similar bias and similar F-measure to the anomaly (Figure , suggesting
that the regularization proposed by (Liu & Arias-Castrol |2019) is not necessary to reduce bias or increase performance in
anomaly estimation.

E. Approximating the GMM Estimator for the Submatrix Family and the Connected Family

For the submatrix family S = My and the connected family S = C¢, our GMM estimator

A\GMM = argmax <Z ?z> (3)

Ses i€S

||S|*aGMM|§\/ logn

can be inefficient to compute because of the constraint on the size |.S| of the subset S. In our experiments, we relax this
constraint by computing the following approximation Agym of our GMM estimator:

Agmm = argmax =) €]
e ) (7 = 7)

Here, 7 > 0 is a positive number that we use to “shift” the estimated responsibilities 7; to 7; — 7. We select 7 > 0 so that

logn
e

the number 7" of positive “shifted” responsibilities 7; — 7 satisfies ’T — &GMM’ < That is, 7 is chosen so that

{i:7; —7 >0} =T, where T satisfies |T — aGMMn| < @%. Because the number of positive shifted responsibilities

is T, we expect our approximate estimator Agmwm to have size |Agmm| = T &~ Qgmmn.

F. Proof of Theorem 1]

F.1. Preliminary Lemmas

We first prove the following technical lemmas.

Lemma 1. Let {A,},=1,2,.. and {B,}n=12,.. be two sequences of events in the same probability space. Suppose
lim P(A,)=1and lim P(B,)=1. Then lim P(A,NDB,) =1
n— 00 n— o0

n—oo
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Figure S4: X ~ ASD a4, (A, p) is distributed according to the submatrix ASD, where N € R30*30 is a 30 x 30 matrix.
Left: Bias(|Aaq,|/n) and Bias(|Ag|/n) versus p for means g > figerecr- Right: F-measure of A, and Ag versus p
for means pt > figetect-

Proof. Letp, = P(A,) and q,, = P(B;,). Then
P(Antn) :P(An)+P(Bn) 7P(AnUBn) =Pn +qn 7P(AnUBn) > Pn+Gqn—1, (5)

where in the last inequality we use that P(A,, U B;,) < 1. Thus,

lim P(A,NBy,) > lim (p,+¢,—1) = ( lim pn) + ( lim qn) —1=1.
n— oo n— oo

n—oQ n—oQ
Since lim P(A,, N B,,) < 1 by definition, it follows that lim P(4,NB,) =1 O
n— o0 n—0o0
Lemma 2. Let X1, Xs, ... be a sequence of random variables with X,, < 1 for all n. If lim P(X,, > C) = 0 for some
n—oo

C > 0, then E[X,,] < 2C for sufficiently large n.

Proof. We have two cases depending on the value of C. First, suppose C > 1. Then X,, < 1 < C for all n, and it follows
that E[X,,] < C < 2C.
c

Next, suppose C' € (0, 1). Let n be sufficiently large so that P(X,, > C') < 1=5. Then

E[Xn]<0.P(Xn<c)+1-P(Xn>C)<c.(1—1fc)+10 = 20C. O

Lemma 3. Let X,, ~ N(un,0p), with ji,, 0, — 00 as n — oc. Then

lim P (un — V20, 10gn < X, < pin + /20 log n) —1. (6)

n—oo

Proof. We have

P(X,, > pin + v/ 20,1logn) = P(Z > \/2logn), where Z ~ N(0,1),
7
S 1y g
V2 2logn n n
where in the last inequality we use the standard bound P(Z > ) < —— Le=2%/2 By symmetry, we have

P(X,, < pin —/20,1logn) <O <le) 8)
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Thus,
1
P (un — v 20,logn < X, < pup + \/QJnlogn) >1-0 <) .
n
Taking the limit as n — oo proves the result. O

Lemma 4. Suppose X, Hid N(0,1) forv=1,...,n. Let S C P, be a family of subsets of [n] with size |S| = Q(n). For

any k € [n] define S, = {B € S:|B| =k} and Y} = max (;Xv . Then,

n— oo

lim P(Yk < /2nlog|S] forall k = 1%) -1 9)

Proof. Lett = y/2nlog|S| and let ® be the CDF of the standard normal distribution. Fix k € {1,..., 2 }. We have

PY,>t)=P (lrgne%)::C EBXU > t)

P (Z X, > t> (10)

BES veEB
Skl - (1 = ®(t/Vk))
<[S]- (1 = ®(t/VF)).

IN

where the first inequality uses a union bound and the second equality uses that ) . X, ~ N(0,k). Plugging in the

standard bound 1 — ®(z) < %ﬂ%e‘xz/g gives us:

P (?ﬁ@i X, > t> <IS|- (1 — d(t/VE))

vEB

< ISl = @e‘tz/%
™
1 k n-log | S|
—=|S|- . B
151 Vor \[2n-logls] ¢ (v

- 1/i .;.‘SP*%
dmn | /log S|

< )y since k <
S \Var ) s Vieers T T 2
Taking a union bound over all k = 1,..., 5 gives us
n n/2
P(glEEgiZXv>t for any k:17...,2><z:]3<j§n€zg<c Xv>t>
veB k=1 veEB
1
< , by Equation (TIJ),
( W) S| /log S| (12)

Il
QS —/ I3
ﬁ
| =
r—\-ﬁ‘
N——
E .
| 3
@]
°
]
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It follows that for sufficiently large n, there exists a constant C' > 0 such that

n C
= <
P(glezg](cZX >t forany k=1,. 2) S o’ (13)
so that
lim P(Yk < \/2nlog|S] forall k=1,... f) =1- lim P (Yk > /2nlog|S] forany &k =1,. ,ﬁ)
n—00 2 n—o0 2
C
>1— 1 —— ], by Equation (13), (14)
> nl_}H;()( Tgn) y Eq (13)
= 1’
proving the result. O

Lemma 5. Let X ~ ASDg(A, 1) where |A| = an for 0 < a < 0.5. Then lim P(|As| < 0.5n) = 1.
n—oo

Proof. Let S € S be a set with size |S| > 0.5n. To prove the claim, it suffices to show that

\/IT ;‘ \/I? Ze; (15)
with high probability.
\/le Ton and f . Thus, to prove (135) it is sufficient to prove that
ZX — 3 x, >(@)ZXU. (16)
vEA veES
with high probability.

By independence of the X, we have that 3°,_ , X, ~ N(pan, an), so by Lemma(3]it follows that }°, _ , X, > pan —
v2anTog n with high probability. Similarly, we have that ) ¢ X, ~ N(M, Bn) where M < pan (as there are at most
|A] = an terms in the sum EUE g X, with mean p, and the other terms have mean 0). Thus, by Lemma we also have

X, < pan + 1/2|S|logn with high probability. Putting together the lower bound on XU and the upper
ves iz ghp y g tog vEA pp
bound on ) o X,, (I6) can be reduced to

pan — +/2anlogn > (\/ﬁ) (nan + +/2|S|logn) <~ (1 — \/ﬁ) pan > +/nlogn (\/ % + \/ﬁ) .an

Because o < 0.5, the LHS is ©(n). Since the RHS is o(n), then holds with high probability. Thus, also holds
with high probability, and the result follows. O
F.2. Main Lemmas

Lemma 6. Let X ~ ASDg(A, p) where |S| = Q(n) and |A| = an with 0 < a < 0.5. Suppose li_}In P(A C Ag) =
n—oo

Then for sufficiently large n, we have

[ As] pan +/2nlog |S(A)| + V2anTogn
Bias n < 20 — 1] +o(1). (18)

pan — +/2anlogn

Proof. We will first derive the o(1) term in Equation (I8). Let Xg = > _o X, and define the following events:

veS

Dy, = [‘A\S| < g}
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En = [A g A\SL

F, = [uom— \/Wg X4 < poan + \/20znlogn} ,

G, max Xp\a < 1/2nlog IS(A)|
BES(A)

|BI<%

Let H, = D, N E,, N F,, N G,,. We claim that lim P(H,) = 1.

n—oo
To prove this claim, first note that lim P(D,,) = 1 by Lemmaand lim P(FE,) = 1 by assumption. Moreover, because
n— oo n— oo
X4 ~ N(pan,an), it follows from Lemma [3| that lim P(F,) = 1. Finally, by applying Lemma with the anomaly
n— oo

family S(A), we have that lim P(G,) = 1. Thus, by a repeated application of Lemma we have lim P(H,) =
n—oo n—oo

lim P(D,NE,NF,NG,) =
) (1 —py) - Bias ('A‘s'
n

n—oo

Now define p,, = P(H,,). Then, we have

o <|25|>_ (ﬁ
ias o = p, - Bias | ——

|As|
< Bias (5 n> +(1—pn) (19)
n
A
= Bias ('S Hn> +o(1),
n
where in the second line we use that p,, < 1 and Bias (Izis\ ’ Hfl) < 1, and in the third line we use that lim P(H,) = 1.
n— oo

To complete the proof, we will bound Bias (I%sl ’ Hn) Since the bias term conditions on H,, = D,, N E, N F,, N G,
for the rest of the proof we will assume that the events D,,, E,,, F,,, and G,, hold.

Since F,, holds, we have that

)= T S v
~ 1 1

= S Xy = (X4 + X1, ),
S \/|AA751,€Z,ZS \/@( A+ AS\A>

We will find lower and upper bounds for X As\A in terms of |ﬁ5|, and use those bounds to derive (18)).

We start by finding a lower bound for X As\A° Since F;, holds, we have:

pan —/2anlogn < X4 < pan + 1/ 2anlogn. (20)

Combining and the fact that I'(A) < T'(As) yields

-~ 1
(nan — y/2anlogn) < T(A) <T(As) < \/m (uom + v 2anlogn + XES\A) . 21
S

By assumption, ;1\5 \ A # &. Thus, solving for X As\A gives us a lower bound on X As\A°

1
van

-~

A
Xﬁs\A 2 M (ﬂOm - \/W) — pom — \/m. (22)

an
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Next, we find an upper bound for X As\A- Since D,, holds, we have |25| < % Since G,, also holds, we have

Xigoa S max XB\AS\/2nlog|§(A)\. (23)

BcS(A)
|B|<%

Combining the lower bound from (22)) and the upper bound from (23) yields

A .
[4s] (ucm — \/2omlogn) — pan — /2anlogn < Xz, 4, < \/2nlog |S(A)] (24)
an

Thus, the LHS of is less than the RHS of (24), i.e.

A, .
[4s| (uom — \/20mlogn> — pan — v/ 2anlogn < 1/2nlog |S(A)]. (25)

an

Rearranging (23)) yields

2
|As| pan + 1/2nlog|S(A)| + v2anlogn
— —a<a -171. (26)
n pan — +/2anlogn

So by Lemma 2] we have

2

A A pan + 1/2nlog |S(A)| + 2anlogn
Bias M H,|=F M704 H, | <2« S(4)] —-1]. 27
n n pan — +/2anlogn
The result follows by combining Equations (T9) and 7). O
Lemma 7. Ler X ~ ASDs(A, 1) where |S| = Q(n) and |A| = an with 0 < a < 0.5. Assume lim P(A C A\s) =11
n— oo
Bias(|As|/n) >, then
[S(A)] = (Cuya)" - emOVmoEm (28)

for sufficiently large n, where Cy, o = exp ( sp20? (/1+ & — 1)2> )

Proof. By Lemmal[f] we have

2
Bias(| 4 ) pan 4 1/2nlog |S(A)| + v2anlogn . . -0

< Bi < — .
7 < Bias(|4sl/n) < 2a pan — +/2anlogn +oll) 29)

Thus, the LHS of (29) is less than the RHS of (29), i.e.

2
<y pom + 1/2nlog |S(A)| + v2anlogn . . 20
—1|+
7= pan — +/2anlogn o(1) (30)

Let n be sufficiently large so that the o(1) term in is less than Z. Then, solving for |S(A)| in (30):

2
pom + 1/ 2nlog |S(A)| + v2anlogn v
v < 2a -1+

pan —/2anlogn 2
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pan 4+ 1/2nlog |S(A)| + v2anlogn
<

g
=4/—+1
4o - pan — +/2anlogn

= pan (1/474—1—1) —O(y/nlogn) < 1/2nlog|S(A)]
e
1 / Al
exp <2M2042 ( 47 +1-— 1) >‘| _6—6(\/n10gn)

completing the proof. O

= |5(4)] >

F.3. Proof of Theorem

Using the above lemmas, we are now ready to prove Theorem [I]from the main text.

Theoreml Let X = (Xq,...,X,) ~ ASDS(A ) where S = Q(n )and |A| = an with 0 < o < 0.5. Suppose |S(A)|
is sub-exponential in n and hm P(A C As) = 1. Then hm Bias(|As|/n) = 0.

Proof. Lety > 0andlet C,, o ~ be as defined in Lemmal Note that because C, o4 > 1, we have 1+Cé‘ RN

Because |S(A)| is sub-exponential, there exists sufficiently large n so that

< 2C, "
S(A)| < | — &%) | 31
)| (1+Cu,rm) Gh
We also note that because C'y o, > 1, then - 02 = < 1. For sufficiently large n, e ~©(V1°87/7) will get arbitrarily close

to 1. Thus, we have

7@(\/10gn/n) >~ 32
> 1+CM - (32)
Combining both (1) and (32) gives us
n —O(v/nlogn -6 ogn/n)\" 2 " S
Cr oo e O(vnlogn) _ (Cu,a,7~e O(y/logn/ )) > (C“7a7’)’ . HC’W> > |S(4)], (33)

for sufficiently large n, where the first inequality follows by (32) and the second inequality follows by (31I).

Thus, by the contrapositive of Lemma [7} it follows that BiaS(|A\3| /m) < ~ for sufficiently large n. Taking the limit as
n — oo yields R
lim Bias(|]As|/n) < 7. 34)
n—oo

Because (34) holds for all v > 0, it follows that hm Bias(|As|/n) < 0. Furthermore, because lim P(A C AS)

n—oo

we also have lim Bias(|As|/n) > 0. Thus, hm B1as(|A3|/n) = 0, as desired. O
n—o00 n—o00

G. Proof of Theorem

In the following proof, we slightly abuse notation and assume that all statements of the form lim R,, =Y, where R,, and
n— oo

Y are random variables, hold almost surely.
Theorem Let X ~ ASDp_ (A, j1) where |A| = an with0 < o < 0.5. Then lim Bias(|Ap, |/n) > 0
n—oo

Proof. From PropositionE] in the main text, we have

273 = argmax 35)

" sCn] \/FZ

veS
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Because the maximum is taken over all subsets of [n], an equivalent formulation of the above is A\pn ={v: X, > fg},
where

~ 1
Ts = argmax Xo | - (36)
ree \ V#{ven: X, >T} ve[n]:ZX7,>T

We start by showing that hm TS is finite. To do so, we will find an expression for the RHS as n — oco. Let My = {v €

Xy, >T,ve A and NT =V E : X, > T,v ¢ A}. Additionally, let v,, 7 be the mean of a IV (u, 1) distribution
y K
that is truncated to be above T'. Then

. Xy X
z : Xv _ (ZUEJWT 1 ) . |MT| + <ZvENT U> . ‘NT‘ (37)
: | M| [Nz
vEN]: X, >T
Xv Xv
By the strong law of large numbers, lim % = v,r and lim % = vor. Similarly,
n—00 | M| n—00 |Mr|

lim | Mr] = land lim |V = 1, where ® is the CDF of a standard normal. Plug-
s am - (1— (T — ) o (T—ajn - (1= &(T))

ging these limits into (37) gives us

lim Z:UE[n]:XU>T X,
n—o0 vy - (an(l — (T — p)) +vor - (1 — a)n(l — (7))

A similar calculation yields

=1. (38)

lim V#{vEnl: X, > T) — 1. (39)
n— oo \/an 1— (I)(T — M)) + (1 — a)n(l — (I)(T))

Plugging in Equations (38) and (39) into Equation (36) yields
~ . 1—-®(T - (1= 1—®(T
lim 7s = lim |argmax Vur - (an( ( w) +vor - (( a)n( (T))
n—00 n—oo | TeR Van(l —@®(T — p)) + (1 — a)n(l — (7))

: vt - (@1 =T —p) +vor - (1 = a)(1 = ©(T))
= lim |argmax -Vn
m[ Fen ( Vall — 0T — ) + (L)1 - o)) fﬂ o

. <T (a1 = (T — ) + vor - (1 - a)(1 - @(T»)
= argmax .
TeR Val =T —p) + (1 —a)(1-2(T))

Thus lim T is finite.
n—roo

s . . A
Next, define 7% = lim Ts. To complete the proof, we use 7 to derive an expression for lim |47, | , and then use that
n

n—roo n—oo

n— oo

A
expression to bound lim Bias <|P”|>
n

Since the fraction of observations X; such thati € A and X; > T is asymptotically % (1 —®(Ts — p)), it follows that

n— oo n n— 00

i AAR ("2' (1 - ®(Ts u))) =a-(1- (T — p)). 4D

Similarly, the fraction of observations X; such that i & A and X; > Ts is asymptotically (1 — %) -(1- @(fs)), so we
have

lim 14° = lim ((1 - |nA|) (11— @(Tg))> =(1—a)-(1—®(T"). (42)

n— oo n n— 00
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Combining Equations (1)) and #2)) gives us

im APl _ (1— (T — )+ (1 —a)-(1—d(TY)) 43)

n—oo n
Thus, the asymptotic bias of the MLE gg is
lim Bias(|Ap, [/n) = lim Ef[Ap,|/n] —a
=a-(1=9(T" —p)+(1-a)-1-0(T7)) -

Since the above expression is always positive for o < 0.5, so it follows that lim Bias(|Ap, |/n) > 0. O
n— oo

H. Proof of Theorem 3 and Corollaries [T}, 2]

To prove Theorem 3] we require the following Lemma.

Lemma 8. Let X4,...,X, s N(p,0?). Then

1
P(maxX <u+20\/logn) >1——. 44)
n

1€[n]
Proof. For fixed i € [n] we have

P(X; > p+20+/logn) = P(Z > 2y/logn), where Z ~ N(0,1)
1 1 1 (45)

1
[— ¢ — < R—
\/27r PN ogn n?> n?

where in the second line we use the standard bound P(Z > z) < \/% %6—12/2. Thus, P(X; < pu+20+/logn) > 1— #
By a union bound, it follows that
1
P(X; < p+204/logn forallie€ [n])>1——, (46)
n
which implies the desired result. O

Theorem [3| Let X = (X1,...,X,) ~ ASDs(A, y1), where |A| = an for 0 < a < 0.5 and u > Cy/logn for a
sufficiently large constant C' > 0. For sufficiently large n, we have that

~ logn =N logn
|Qomm — af <4/ Tgl and  |figum — 1| <3 i

with probability at least 1 — %

Proof. For a € (0,1) and o > 0, let L 5(x) = log (a exp (—7 (x — 1) 2) (1—a)-exp (— T )) be the (scaled)
log-likelihood function for the mixture distribution &- N (,1) 4+ (1 —a)-N(0,1), and define Lg ;(X) =[], La z(X;).
Then

agmM, flgmm = argmax L 5(X) 47)
ae(0,1)
RE(0,00)

To prove the claim, it suffices to show that if [agum — @] > 1/ &% or |figmm — 1| > 31/ &%, then Lq,,(X) > La 7(X)

n

with probability at least 1 — 1

We will prove the following equivalent formulation: if , 7 are real numbers such that x| > 4/ log “or|r| > 3 m%,
then
Loy (X) > Layr,ptr(X) (48)
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with probability at least 1 — %

We proceed by a case analysis based on whether « and 7 also satisfy the following additional conditions:

1

S <ata<lo o (49)
2
%>100. (50)

Briefly, the intuition for the above conditions is that if x and 7 satisfy and (50), then we can derive a simplified formula
for the likelihood Lq 4,4+ (X).

In all cases, we assume that . — 2y/logn < X; < p+ 2y/logn fori € A and —2/logn < X; < 2y/logn fori & A, as
these events hold with probability at least 1 — % by Lemma

Case 1: & satisfies (49) and 7 satisfies (50). The log-likelihood Lq . ;+-(X) can be written as

n

Lorpsr(X) = log (1:[1 ((a + k) - exp <—;(Xi o T)2> +(1—a—k)-exp (—?)))
B DR )

i=1

Let Ty = (a+ k) - exp (—(X; — p — 7)?) be the first term in the logarithm and let T = (1 — o — k) - exp (— Xiz) be
the second term. We claim that if i € A, then T} + Ty = (1 + o(n~1))Ty, while if i ¢ A then Ty +T5 = (1 + o(n™1))T.
To show that 7} + T5 = (1 + o(n™1))T; fori € A, we compute 22

2

T, (1—a—n)~exp(—);’3)

T (a+k)- eXp( (Xi 7#77’)2)

(1 I > - exp (X,;(,u+7')+ ;(,LL+T)2)

a4+ kK

(1an> - exp ((MQ 1ogn)(‘u+7—)+;(u+7_)2>

a4+ kK

IN

(52)

l1—a- 1 1
= (M> - exp <2u2 + 57'2 + 2p4/logn + 27'\/10gn)

a+ K
<n?-exp (—;,u + - L <100> +2u\/logn+2< ) \/logn>

=n?. ex fﬁ JrE logn
= p 200# 5# g )

where the first inequality uses that X; > p — 2/logn and the second inequality uses that 7 < {5 (which follows from

G0)).

Now — 2%t + LLty/logn is a concave quadratlc Wlth a maximum at t = 22/logn. Since u > Cy/logn > 2/logn

(for sufﬁ01ently large C'), it follows that — 200'“ + 5 L,\/logn < —m(C\/log n)? 4 5 (Cy/logn) - \/logn. Plugging
this into the above equation yields

n? - exp <—29(i)u2 + %u logn) - exp <— (C+/logn)? 1(Cx/logn) : \/logn>

200
= OO 53)

= o(n™!) for sufficiently large C.
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Thus, % = o(n™1), which implies Ty + T5 = (1 + o(n~1))T} for i € A. By a similar derivation, we also have that

Ty +To=(1+o0(n )Ty fori & A.

Using these relationships between 717 and 75, we rewrite the log-likelihood in Equation as

Latrptr(X) =Y log (14+o(n™")) - 1) + Y log (1 +0(n™")) - T)

icA igA
= 0 on™H) - (e + k) ex lx - —7)? 0 on ™)) - (1 —a—k)ex 7X7i2
§1g<(1+ (n71) - (e + ) p( S (X — )>)+;1g<(1+ (1) (1 ) p< 2))
:Otn~10g(0[+l€)+(1—Oz)n~10g(1—0[—li)—%Z(X,’—,UJ—T)2—%ZX3+O(1).

i€A igA

(54)

Plugging in £ = 7 = 0 into (54) yields the following expression for the log-likelihood L, ,(X) with the true parameters
Q,

1 1
Lau(X) = an-loga + (1 —a)n-log(l —a) = 5 > (X; —p)* = 5 > X7 +o(1). (55)
icA igA

So after equating equations and (53) and simplifying, we have that L, ,,(X) > L+, .+-(X) is equivalent to

Lou(X) > Lagrpsr(X)
& alog (aiﬂ) +(1—a)log (H‘) + 2 (T - 226A(X_“)) +o(n™1) > o(nY),

l—-a—=k 2 an

To prove that L, ;,(X) > Loy, u+-(X) and complete the proof, it suffices to show that

alog (0‘) +(1—a)log (1io‘> + = (T - 226“()(_”)) —Q(n Y. (56)

a+ K a—K 2 an

To bound the above inequality, we first note that the first two terms « log (a%m) + (1 — «a)log ( l’fﬁ) are the KL-

11—«
divergence between a Bern(«) random variable and a Bern(« + ) random variable. By Pinsker’s inequality, we have

alog <ain> +(1—a)log <1:&fm) — Dy (Bern(a) || Bern(a + 1))

> 2 [drv (Bern(a), Bern(a + k)| ? o7

= 252

Second, we note that W ~ N(0, 1), soby Lemma we have that W < l‘fﬁ” with high probability.
Thus,

aog [~ £ (1 - aylog (=2} 4 70 [ _pZeaXiZW 5 Ta o2y B0 (s
a+ kK l—-a—k 2 an 2 n
To prove that the RHS of (38) is Q(n~1), we use casework depending on whether || > /2257 or |7| > 3,/&™

n n
Case 1, Sub-case 1: |x| > \/lo%.
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We bound the RHS of (58) as
1 1 1
o2 4 X 7oy [28I) 5008 T, [208T
2 n n 2 n
logn o logn
R R (59)
logn «
n ( 2
=Q(n™),

n

where the second inequality uses that &* (7’ — 24/ 105”) is a quadratic in 7 whose minimum is — 5 logn

Case 1, Sub-case 2: |7| > 3,/%&%,

n

logn

Note that the condition on 7 implies that either 7 > 3 107% orT < =34/ =

We also note that 7 (T -2 105") is a quadratic in 7 that is decreasing for 7 < 4/ 105 ™ and is increasing for 7 > 4/ 105 L

Depending on the value of 7, we lower bound =* (7’ -2 IOEL") as follows:
53 llogn:g o logn - 3\/logn 3\/logn_2 logn :3£1ogn
n 2 n n n n 2 n
;<3 /lognﬁﬂ 9 logn - 3 logn _3\/logn_2\/logn :K)ialogn.
n 2 n n n n 2 n

In either case, we have that T (T -2 10g"> 3alogn Thys the RHS of (58) is

[N e)

|9

n 2 n

I 301
267 + <72 °i”> > 2R =@, (60)

as desired.

Case 2: r does not satisfy [@9), 7 satisfies (50). This means that either @ + = < 5 ora + x > 1 — 5. We will treat
each of these sub-cases separately.

Before doing so, we require the following lower bound on L, ,(X): for sufficiently large n, L ,(X) > —n. To prove
this lower bound, from (53)) we have

1 1
Loy (X) =n-log(14o0(n™Y) +an-loga+ (1 — a)n-log(l — a) — 3 > (X —p)? - 3 > OX?
i€A igA

)2 —a , 2
—n <log(1 +o(n71)) +H(Oz) . % (ZieA(Xz ,U) > B 1 (ZZQAX )) 1)

an 2 (1—-a)n

a (DiealXi—p)? l—a [ Yiga X7
ZTL(_Q( Aom >_ 2 ((1504)71))

where H () is the binary entropy function. By standard tail bounds on x? random variables (see e.g. Lemma 1 of (Laurent

—p)> i—p)? . .- .
& Massart,, |2000))), we have that El“i# < 2 and E"Q(fiiignl) < 2 with probability at least 1 — %, for sufficiently
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large n. Plugging these upper bounds into (61) yields

Lou(X) > n (‘3 (Z"EA(Xi M)Q) - (Zi“ Xiz)) >n(-a—(1-a))=-n (62)

an 2 (1—-a)n

Case 2, Sub-case 1: o + £ < ;.

Our strategy for this sub-case, as well as the subsequent ones, will be to upper bound Ly .4-(X) and show that
Lowprr(X) < —n < Ly 1 (X).

‘We have

" 1 X2
Lt ngr(0) = 3108 (a0 exp (<3 (3 == 72) (1= 2= ) enp (-
1=1

. X2 (63)
< Zlog ((a + K) - exp (—(XZ- —p— 7')2> +(1—a—k)-exp (—i>) .
; 2 2
i€A
We upper bound the first term (o + k) - exp (—3(X; — p — 7)?) in the logarithm by
1 ) 1
(v + k) - exp —g(XZ-—,u—T) §a+n<ﬁ. (64)
We upper bound the second term (1 — o — k) - exp (— );2> in the logarithm as
X2 X2
(1—a—k)-exp (—;) < exp (—2‘>
1 2
< exp fi(u —2y/logn)
(65)

1
< exp <—2(C\/10gn -2 logn)2) ,
_ p(0=2)/2

< n~ 2 for sufficiently large C,

where the first inequality follows from the assumption that, X; > p — 2+/logn and the second inequality follows the fact
that > Cy/logn > 2v/logn and —% (u — 2+/logn)? is decreasing for p > 2+/logn.

Combining the upper bounds in (64) and (63) gives us the following upper bound on Lq . 4+ (X):

Latwputr(X) £ _log(n™ +n~%) = an(log(2n™?)) = —O(nlogn). (66)
i€EA
Thus, for sufficiently large n, we have that L 4+ (X) < an(log(2n™2)) < —n = L, (X)), as desired.

Case 2, Sub-case 2: o + £ > 1 — 5.

As in the previous sub-case, we will prove that La . ;4+(X) < —n < Lq 4 (X).
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Since (50) holds, we have that ﬁ—z > 100, or equivalently %u <p+T< %,u. We upper bound Ly, ;4 (X) as

Lotnper(X) <) log ((a + K) - exp <_;(Xi o T)2> +(l—a—k)-exp (‘?))

igA

< Zlog (exp <—;(Xi —(n+ T))2> + nlg)
( <_;(2 logn — 19()0\/@)2) + nlz)

(67)

igA
= (1 —a)nlog(2n=?),

where the second inequality follows from the assumption that 1 — % < a+ k < 1, and the third inequality follows from
the fact that X; < 2y/logn < Cv/logn < $u < p + 7 for sufficiently large C.

For sufficiently large n, we have that Ly ;4 (X) < (1 —a)nlog(2n=?) = —O(nlogn) < —n < L, ,(X), as desired.
Case 3: 7 does not satisfy (50).

Since 7 does not satisfy (30), we have that either y+7 > % porpu+1 < %u. We treat each of these sub-cases separately.
In each sub-case, we use the bound L, ,(X) > —n derived in Case 2.

Case 3, Sub-case 1: pu+ 7 > 1L u.
As before, we will show that L, 1+ (X) < —n < Lg ,(X). We upper bound Ly 4+ (X) as
2

Lot psr(X) = ilog <(a + K) - exp (;(Xl — - 7')2> +(1—a—k)- exp ( X: )>

, 2
=1

< S tog (o0 (505 77 o ()

€A
2

< Zlog <exp (—; (u—i— 24/logn — 1(1]/1) ) + exp (—(u — 2\/10gn)2>>

icA

1/1 ? 1 2 (68)

:Zlog exp | —3 1—0u72\/logn + exp 75(;172 logn)

€A

2

< Zlog (exp (—; (1100\/10gn + 2\/1ogn) > + exp (—;(C’\/logn — 2\/logn)2>>

€A

The first inequality uses that a4+ < 1 and 1—a—k < 1. The second inequality uses that X; < pu+2+/logn < %u < p+T
(where 11+ 2+/logn < % < p > 204/logn holds for sufficiently large C'), and X; > p — 2+/log n. The third inequality
uses that %u > Tl()C\/logn > 24/logn and p > Cy/logn > 2+/log n (for sufficiently large C').

Thus, for sufficiently large n we have Loty 4+ (X) < —anlog(2n™2) < —n = L, ,(X), as desired.

Case 3, Sub-case 2: ;1 + 7 < 5.
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As before, we will show that L, 1+ (X) < —n < Lg ,(X). We upper bound Ly 4+ (X) as

€A
2
< Zlog <exp< % ( (1 —2+/logn) — u) > + exp (—;(u—2 logn)2)>
€A
2
= Zlog <exp (—; (110H — 2\/logn) ) + exp (—;(u -2 logn)2>> (69)
icA
< Zlog <exp< % <1OC’\/logn2 logn) ) + exp (; Cy/logn — 2+/logn >>
€A

The first inequality uses that Oé—l—ﬁl < land 1—a—k < 1. The second inequality uses that p+7 < 10“ < p—2+/logn < X;
(where the middle inequality -2 1 n< ,u 2v/logn < p > 20+/logn holds for sufficiently large C) and X; > p—2+/logn.
The third inequality uses that 51 > 15 LCylogn > 2y/logn and u > C+/logn > 2+/log n for sufficiently large C.

So as before, for sufficiently large n we have Loy 4+ (X) < —anlog(2n=2) < —n = L, ,(X), as desired. O

H.1. Proofs of Corollaries

Corollary Let X = (X3,...,X,) ~ ASDs(A, ), where |A] = an for 0 < a < 0.5 and p > C+/logn for a
sufficiently large constant C' > 0. Then lim Bias(|As|/n) = 0.
n—oo

Proof. Let B,, be the event that ‘@T‘S‘ - \A|‘ < 1/10%. By Theorem P(B,) > 1— 1. Note that when B,, does not

hold, then 14s| _ |A\‘ < 1. So we have
Bias(( sl < £ || A2 | 3, | + ||l | 5
< (W) -P(B,)+1-P(BS) (70)
< logn n l
n n

~ 1 1
It follows that lim Bias(|As|/n) = lim (\/ osn + ) =0. O

Corollary Let X = (X1,...,Xpn) ~ ASDp, (A, 1), where |A] = an for 0 < a < 0.5 and pn > C+/logn for a

sufficiently large constant C' > 0. Then w < %1 / loﬁ—” = o(1) with probability at least 1 — %
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Proof. By Lemma with probability at least 1 — % we have that X; < 2v/logn fori ¢ A and X; > (C + 2)/logn for
j € A. Thus X; < 2y/logn < (C +2)y/logn < X foralli ¢ Aand j € A, which means A consists of the an largest
observations X;.

Moreover, because the responsibilities 7; are sorted in the same order as the observations X;, we have that Agym consists
of the |Agmm| largest observations X;. Thus, by Theorem we have

| A AA| = || Agum| — an‘ < ’|A\GMM‘ - aGMMn‘ + [@omm — af < 2v/nlogn. (71)
with probability at least 1 — 1, for sufficiently large n. Since |A| = an, it follows that @0“‘4+‘AA‘ <2 105 " = o(1) as
desired. O
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