Scaling properties of deep residual networks

A. Hyperparameters

We provide in Table 2 the training hyperparameters used in our numerical experiments. In Table 3, we give a short description
of each hyperparameter. For the convolutional architecture, we also use a momentum of 0.9, a weight decay of 0.0005 and a
cosine annealing learning rate scheduler (Loshchilov & Hutter, 2017).

Table 2: Training hyperparameters.

Dataset Layers N B n Lyin | Lmax Trnax Nepochs €
Synthetic | Fully-connected | 1,024 32 | 0.01 3 10,321 160 5 0.01
MNIST Fully-connected | 60,000 | 50 | 0.01 3 942 12,000 10 0.01
CIFAR-10 | Convolutional | 60,000 | 128 | 0.1 8 121 93,800 200 None

Table 3: Description of the values in Table 2. Note that Tnax = [ % | Nepochs-

Parameter | Description
N number of training samples
B minibatch size
n learning rate
Lin smallest network depth
Loax largest network depth
Tinax max number of SGD updates
Nepochs max number of epochs
€ early stopping value

We report in Table 4 below results for tanh and trainable § on the synthetic data with different batch sizes and learning rates
(5 different seeds). We observe that the learning rate does affect o and 3, but their sum always stays around 1. The batch
size has no effect on the exponents.

Table 4: Average value of « (left) and S (right) for the trained weights, over 5 random initializations, 7 is the learning rate,
and B the batch size.

o} B =38 B=32 | B=128 Ié] B =3 B=32 | B=128
n=.01 | .69£.02 | .73£.02 | .67+.02 n=.01 | .24+.02 | .29+£.05 | .22 £.02
n=.003 | .59 £.05 | .60£.01 | .58 .01 n=.003 | .33+.01 | .41+£.06 | .40 £.02
n=.0011| .58+ .01 | .55£.01 | .b3 £ .01 n=.0011] .39+£.02 | 43£.02 | 41£.01

B. Scaling Analysis of the Biases (") in the Fully-Connected Case

We mention in the main text that the behaviour of the trained values of () with the depth L is similar to that of A(%), in the
fully-connected case of Section 3.1. We verify these claims here. To do so, we follow the same methodology outlined in
Section 2.3 for (%), and we show the results for the tanh case in Figure 9 and for the ReLU case in Figure 10. We observe
that the maximum norm, the scaled norm of the increments and the root sum of squares of b(%) scales in the same way
as A(L) as the depth L increases. In particular, the scaling exponent /3 for b is equal to the scaling exponent of A%,
justifying the setup considered in Section 4.1.
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Figure 9: Scaling and hypothesis verification for tanh activation and § (L) ¢ R. Left: Maximum norm of b©) with respect to L, in
log-log scale. Middle: we plot in log-log scale the root sum of squares of b~ in pink and the S—scaled norm of increments of b in
orange. The dashed lines are for the synthetic data and the solid lines are for MNIST. Right: Decomposition of the trained weights b,(ng

with the trend part b and the noise part W for L = 10321, as defined in (6), for the synthetic dataset.
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Figure 10: Scaling and hypothesis verification for ReL'U activation and 5,(€L) € R. Left: Maximum norm of |§ ) |b(L ) with respect to L,
in log-log scale. Middle: we plot in log-log scale the root sum of squares of |(5(L) |b(L) in pink and the S—scaled norm of increments
of |6 () |b(L) in orange. The dashed lines are for the synthetic data and the solid lines for MNIST. Right: Decomposition of the trained
weights |§ &) | b](cljﬁ) with the trend part b and the noise part 1W° for L = 10321, as defined in (6), for the synthetic dataset.

C. Convolutional Network Results on CIFAR-10

We give in Table 5 the final test accuracy of our convolutional residual networks trained on an NVIDIA GeForce RTX 2080
GPU. The results are in line with those of traditional ResNet architectures (He et al., 2016), even though our networks do
not have batch normalization layers (Ioffe & Szegedy, 2015). It is also noteworthy to add that our concept of depth is not
that of traditional ResNets. We define the number of layers L as the number of skip connections in the network, that is the
number of Ay, kernels in (9).

We also note that the test error in Table 5 does not decrease with network depth. This is due to the fact, already mentioned in
Section 3.3, that smaller depths usually suffice to get a good accuracy. In our case, we focus on a simple setting that still
approaches the results obtained in practice. Rather than trying to find a setup that maximizes the accuracy, for instance with
batch normalization or the Adam optimizer (Kingma & Ba, 2014), we aim to understand the scaling of residual networks in
practical cases.

Table 5: Test error in % on CIFAR-10 for each network depth L.

L 8 11 12 14 16 20 24 28
Test error | 6.64 | 637 | 6.32 | 598 | 6.25 | 598 | 6.24 | 7.03

L 33 42 50 65 80 100 | 121
Testerror | 6.13 | 6.21 | 6.32 | 6.19 | 6.30 | 6.20 | 6.37

D. Residual Network Architecture
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Figure 11: Residual architecture. There are 4 blocks that are respectively repeated n1, n2, ns and n4 times. The network depth is
L = n1 4+ n2 + n3 + n4. The Basic Block architecture is detailed in Figure 12.
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Figure 12: Basic Block from Figure 11. See (9) for details.

E. Proofs of Technical Results in Section 4
This appendix outlines the main arguments in the proofs of results stated in Section 4. Further mathematical details are
provided in (Cohen et al., 2021).

E.1. Setup
As specified in Section 4.1, we model the cumulative sum of weights (resp. bias) as Itd processes (W);>¢ (resp. (W})i>0)
on some filtered probability space (Q, F,F = (F;)¢>0, P). This means W4, W satisfy

d

(@W),, = (U, dt+ D (a) 0 (B, fordyj=1,....d,
k=1

dWwp = Ubdt 4 ¢2dB?,

7)

where (BtA)tzo, resp. (Bf)tzo are d X d-dimensional, resp. d-dimensional, Brownian motions, and th e R%®4 gpd
q? € R¥*d fort € [0,1]. We set W' = 0, W} = 0. Denote the quadratic variation processes as:

d
(E?)hjlizjz = Z (q?)’hjlkl (q?)izjzkl’ for i17j17i2aj2 = la .. 'ada
k=1 (18)

.
=gl (qf) .

We assume (U);>0, (U2)i>0, (371)i>0 and (X2)¢>0 are progressively measurable processes satisfying:
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Assumption E.1 (Regularity assumptions). We assume

(i) There exists a constant Cy > 0 such that almost surely

sup HUtAHJr sup ||UfH sup HEfHJr sup ||Zf|| < (. (19)
0<t<1 0<t< 0<t<1 0<t<1

(ii) There exist M > 0 and k > 0 such that Vs, t € [0, 1] almost surely
U2 = U2 +||Up = Ut |7 + |28 = 27 + |0 - 27 < Mt — s (20)
|4 = Ag|)* + |[Be = bs||* < Mt — s|". 1)

Lemma E.2 (Uniform integrability). Under Assumption E.1-(i), we have, for any py > 1

]E{sup ||wA||p°} E[sup ;|W:|;”°} < 0. @)
0<s< 0<s<1

Lemma E.2 is proven by first applying Minkowski inequality to E [SUPogsg ||W;4 ||p0} and then applying Burkholder-

Po
iJ ‘ ]

(J i (@) 0 (@B),, )

Assumption E.3 (Uniform integrability). There exist p1 > 4 and a constant Cy such that for all L,

Davis-Gundy inequality to E [SuPogsg

(L) P1
E| sup Hhk H < Co. (23)
0<k<L

E.2. Proof of Theorem 4.3
We now provide a sketch of the proof for Theorem 4.3 under Assumption 4.2, Assumption E.I with W4 = 0 and
W5 = 0, and Assumption E.3. The detailed proof can be found in a companion paper (Cohen et al., 2021). Under

Assumption E.3, there exists Co > 0 such that sup; ¢y maxy—12, Hh( )H < C'. Denoting AhY := hE, | — h and
MéL) (h) := Ay, h + by, , from (13) we have

L (L (L - L)/ (L
ARY =l = = La (L ().
For any vector z € R%, denote (z); as the i-th component of z. Further denote Ah,(f)’i and M, ,EL)’i the i-th element of
Ahff) and M, ,iL), respectively. Applying a third-order Taylor expansion of ¢ around 0 using Assumption 4.2 we get
. ; 1 ; 2 1 R ; 3

Ahi‘ﬂ _ Lfle(:L)a (h(L)) + 20. (O)Lfﬁfl (Mk(,L), (h]E;L))> + 60'/”(7/]2)[/ 28—1 (MIEL)7 (h;fl))) (24)
with |[vi| < L7 ’(A hy, (L) 4 btk) ‘ under the condition « + 8 = 1. Denote {t;, = k/L, k =0,1,..., L} as the uniform
partition of the interval [0, 1]. For t € [tx, tx1], define

~ i 1 o i 2 1 i og i 3
HY = b + (¢ = ) M (0 + 50" L7 (M (1)) + 2o ) L7277 (M (1))

Then we have H(L) = h(L) forallk=0,1,---, L.
Recall H; the solution to the ODE (14). Denote the differences déL)’l(t) = ﬁt(L) - h,(gL) and d;f)’z(t) =H; — ﬁt(L) for

t € [tk, tk+1]. Similarly denote the errors e,(CL)’1 = SUPy, <t<tyys d(L)’1 H and e(L)’2 = SUDy, <¢<tyyy d(L)’z(t) ‘ The

)

proof reduces to showing sup; <<, e,i — 0 and sup; <<y, 62 )2 5 0 when L — occ.

We first bound e,gL)’l. Denote ¢y := sup,cg |0”(2)| < co. By definition and direct calculation, we have e,iL)’l <Dy L7 !
with constant Deg := AmaxCoo + bmax + 30”(0)(AmaxCoo + bmax)? + §€0(AmaxCoo + bmax)?. Therefore it holds that

; (L),1 _
limyz, e SUP1 << € =0.
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We next bound e,i )2 Fort e [tk, tet1],

t
A2 = dPP () = () M (R + / (AH, +by)ds
k+1
_3_ 1 3
oL (M 0EE)) — 2o han) L2 (M () (25)

From (24) and (25) we have

o(E):2 < o2 4 /t ((ZSHS N 55) B (Ztk+1h](<7l<‘;’)1 4 6tk+1)) ds

Cr+1 k sup
tp1 <t<tpi2 tht1
3
L L L L
21O L0 M )|+ Seor 2 M )|

As 3 > 0, the last two terms are o(L~1). Also, direct calculation yields, for L big enough and A,y := SUPg<i<1 ||Zt || <

>

¢
sup / ((ZSHS + bs) — (Ztk+1h1(£—)1 + btk+1)) ds|| < 2Amax L™ el(j_)f +o(L™ 1).
ter1<t<tpto |[Jtrs1
Finally, e = O(L™"), so by Gronwall’s lemma, we also have sup, <<, e,(C )2 =0(L™).

O

E.3. Proof of Theorem 4.4

We provide a sketch of the proof for Theorem 4.4 under Assumptions (4.2), (E.1) and (E.3) for the case « = 0 and 3 = 1.
Other cases follow similarly. The detailed proof can be found in a companion paper (Cohen et al., 2021).

When o« = 0 and 3 = 1, we define the targeted SDE limit for the discrete scheme (10) as follows:

dH, = p(t, H)dt + dVA H, +dVP, 0<t<1, with Hy=z, (26)
in which
1 d
plt:h) = U bt U + Aht b+ 50" (0)Q(ER), - Vit = D7 (a'), (ABY) . AV =gt dBy, @7
k=1

with V;* = 0 and Vi = 0. Here the quadratic variation process 3¢” (0)Q(t, h) is the 116 correction term for the drift.

Euler-Maruyama scheme of the limiting SDE. Denote A = Z’ {tx =k/L,k=0,1,...,L} and AV;A = Vt‘:ﬂ —
Vidand AVY =V — V. The Euler-Maruyama discretization of the SDE (26) is defined as:

trt1
R =B = () A+ AVARE £ AVE =B 4 ) (R (28)

where
FEk,h) = p(te, h) AL + AVA b+ AVE. (29)

Define the continuous-time extension of the hidden state dynamics

HEL) = h’(i)L) ltk5t<tk+17 k=0,...,L -1 30)
and denote
MéL)(h) = ( (tg, h) — 70 "(0)Q(tk, h)) Ap + AVkAh + Aka
= (U h+ U) +A,h+by,) AL+ AVA h+ AV

=: tk,h)AL—f—AVk h—‘rAVk,
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From (13) we thus have
L L L L), (L
AR = nE = 1P = o (P (1))

For any vector x € RY, denote (z); as the i-th component of z (i = 1,2, ..., d). Further denote Ah,(cL)’i and M ,gL)"i the

i-th element of Ah,(f) and M ,SL), respectively. Applying a third-order Taylor expansion of o around 0 with the help of
Assumption 4.2, fori =1,2,...,d, we get

L), )i, (L )i, (L 1 L), (D2, 1 L)y (L) \°
AR = o (M (0P ) = M) 4+ 507(0) (M () + 2o ) (M ()

1 i 2 1 i 3
= i (1B ) AL+ AV R + (AV)i+ 507(0) ((M,i“’ ()" = Qiltr, hfP)) 50" () (M ()

ff“(k,h,(f)) N,EL)‘i(héL))
L L )iy (L 1 L)is g (DN °
= 1Pk B + NP ) + <o ) (M (E))

with v < | M ,gL)’i(h,(cL)) . The increment of the hidden state Ah,(CL)’i has two parts: the increment of the Euler-Maruyama

, . 3 ,
scheme fi(L)(k, h,(f)) and the residual DIEL)’T’(h;L)) = 0" (v;) (MIEL)’Z(h;L))) + NéL)’Z(héL)). It is clear from here
that the Euler-Maruyama scheme of the limiting SDE is different from the ResNet dynamics. Hence classical results on the

convergence of discrete SDE schemes cannot be applied directly.
In our analysis it will be more natural to work with the following continuous-time approximation:

FO D /tu (10, TP s + / t (avAEP +av?) + 3 D (n?), (31)
0 0 k<Lt

(L) 1y (D)1 (L)d/pn ) | . . . .
where D,/ (h) = (D, (h),...,D, " (h)) and k; is the integer for which s € [t;_, 1, +1) for a given s € [0,1).

From the above definitions we have H\") = HE = p{").
Lemma E.4 (Local Lipschitz condition and uniform integrability). Under the assumptions of Theorem 4.4,

1. For each R > 0, there exists a constant Cr, depending only on R, such that almost surely we have
it ) = u(t,y)lI* < Crlle—yl*,  Va,y € R with ||z V |ly|| < R, and Vt € [0,1], (32)
where L1 is defined in (27).

2. There exist constants p > 2 and C' > 0 such that

E [ sup HE[,SL)HP] VE [ sup ||Ht||p:| <C. (33)
0<t<1

0<t<1

Remark E.5. Note that (Higham et al., 2002) assumes the uniform integrability condition for ﬁt(L), which is difficult to
verify in practice. Here we relax this condition by only assuming the uniform integrability condition for the ResNet dynamics
{h;f) :k=0,...,L}, see Assumption E.3. We can then prove (33) under Assumption E.3 and some properties of the Itd
processes.

Lemma E.4 is proved by first showing Q(¢,z) is locally Lipschiz and then by applying Minkowski inequality to
— ~ p
HHgL) i H with p = 1p; > 2, where p; is defined in (23).

We are now ready to prove Theorem 4.4.

Proof. Let us define two stopping times to utilize the local Lipschitz property of u:

- inf{t >0 Hfft‘L)H > R}, pri=inf{t>0:||H| >R}, Or:=7rApr 34)
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and define the approximation errors

er(t) = H*™ — H,, and ey(t) = H" — T, 35)
The proof contains two steps. The first step is to show limy,_, . E [SUPogtg lle1(£)]|>| = 0 and the second step is to show
lim e B [supo<yc [lea(t)|] =

Step 1: H and H are uniformly close to each other. Following the idea in (Higham et al., 2002), we first show that for
any 6 > 0 (to be determined later), by Young’s inequality,

+1 _
2}+2p 5C (p—2)2C 6)

E[sup ler ()] ] <E[bup | B85, = Hinon PR T

where C' and p are defined in (33). Now, we bound the first term on the right-hand side of (36). Using the definition of the
targeted SDE limit in (26), the continuous-time approximation (31), and the Cauchy-Schwarz inequality, we get

2 tAOR . 2 tAOR 2
|E5, ~ Hunoa| < 4 / (5, HB) ds = pu(s, 1) ds| +4 / p(te HD) ds — o (5, D) | ds]
0 0
9 2
tAOR .
+4 / awd (P —m,)| +4| Y o (n)
0 k<L(tAOR)

Therefore, from the local Lipschitz condition (32) and Doob’s martingale inequality (Revuz & Yor, 2013), we have for any
T<1,

2
E [ sup Ht(NgR Hipnop ]
0<t<T
- L 9 TNOR o - 2
< 32 (CR+012)/0 E{Oiligs H) — Hongy|| | ds+32 (CR+012)E/0 HgL>—H§L>H ds
)
p 2
tAOR . . 2
Y4 E / u(tks,Hg“) —M(S,Hg“)H ds| +4E | swp || S D (hﬁ)) RNEY)
0 OStST |l k< L(tn0R)
@ 3

Upper bound for 2). By the Cauchy—Schwarz inequality, the following holds for almost all & € R%:
lratt h) = s WI® < Car = 1™ (14 111> + 1)) (38)
Under Assumption E.3, there exists a constant 50 > 0 such that

. 4 . 2 ~
E [ sup (HHﬁL)H +HH§L>H )} < Co. (39)

0<t<1

Hence by Tonelli’s theorem,

/WR p (b, ) —u(s,HéL))Hst] < /1E {H“(“@HEL)) ‘“<S’H§L)>m @
. 0

~ 1/L ~
< @0t 1)CuL ( / d) _ (Gt 1Oy o)
0

E

1+k
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Upper bound for ). Define the following discrete filtration G, := o (USA, UA

S

. Qs ,qé,BA Bb 5 < tk+1). Note that

h,(CL) is G —1-measurable but not §x-measurable. Define fork =0,...,L —landfori=1,...,d:
, 2
xp o= ((aaP) +(@a1p)) -E {((AV,C h<L>) (AV}), ‘ Sk 1]
K]
, 2
Vi = E {((AV,{‘ h,(f)>i+ (an),) ’9“} — Qi (b b)) A,
Jio= Tt h)2(AL)? + 2t h)AL ((AVE R, + (AVY),) .
We can then deduce the following bound on 3 by Cauchy-Schwarz.
E | sup Z D,(CL)’i (h,(gL))
OSEST i< L(tn0R)
- ,
< " 2 X + 2 Y
S TORE s 1 2 Xl en | TN O R ] 0 Vil
L-1 ) meoo\y2 L=l . 6
+0"(0°L ) E {|J,§|2 11HhI<CL>H§R] + %L > E “M,EL“ (hﬁ)) ‘ ﬂHhi“ ’SR} (41)
k=0 k=0

We provide an upper bound for each of the four terms in (41). For the first term, denote X P=Xi1 (thf) || < R) and

S = Z & —0 X 4 so that (SZ) L_isa (Gx)-martingale. Hence, by Doob’s martingale inequality, we have

=-10,...,
2
> i S| | < 4B ||Sten|
E | sup X1 :E[sup }<4EU [ ] (42)
o<t<t |7, o [ B3 o<t<r | Y Lo
Fixk=0,...,L —1.Foreveryi=1,...,d, we compute the following conditional expectation.

E[(51)"| 51| =E

L R N L e [CO N
k'=0

The cross-term disappear as E [)?}C ’ Sk_l} =E[X} | Se-1]1 (Hh,(f) | < R) = 0 by definition of X}. Furthermore,

conditionally on G;_; and on { ||h,(€L) || < R}, observe that X }C is the centered square of a normal random variable whose

variance is O(L 1) uniformly in k by (19), so there exist Cr 1 > 0 depending only on R such that
~\2
sup E |:(X]Z€> ‘ 9k—1] < CRJL*?.

Hence, plugging back into (42), we obtain
2

E | sup ZX,’i]l” <4Cr, L7t (44)

h(L)HSR
OSt=T e r

For the second term involving Y}, we explicitly compute the conditional expectation using the definition of V' in (27) and
the definition of () in (12).

) trt1 d
Ykl = /t E [Eg i tk i | Sk 1] Z h;fjj)hkLl)]E [Eé ijil Za,ijil | Sk—l] ds.
k 7,l=1
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Now, we compute directly the following bound by Cauchy-Schwarz, Tonelli and (20) in Assumption E.1-(ii):

2

2

) 1/L

E | sup > Y,j]th<L)||<R < M(1+ R?)? (L/ r“/2dr> = CroLl™", (45)
OSEST L e L(tA0R) R 0

where Cg 2 > 0 depends only on R. Moving to the third term of (41) involving J;, we get directly from the definition of
VA and V? that there exists Cr 3 > 0 depending only on R such that

12
sup E { Ty o } < CraL™>. (46)
e [ o <
Finally, we bound the fourth term of (41) using Cauchy-Schwarz, Assumption 4.2 and property (19) of the Itd processes:
" 2 (L), 6 2 -3
o (v;)* sup E (Mk ’ (h)) <m*CpraLl™7, 47)
k<R
for some constant C'r 4 > 0 depending only on R. Combining the results in (44), (45), (46) and (47), we have
2

. 2
Elsw | Y D (a)] | <4070 Chal ™ +0"(0)2Cral ™ + 0" (0)*CraL ™ + "5 CraLl ™
OSEST 1< L(tA0R) 9

Crys C
_ YR5p—w  UR

v " L=t (48)

Upper bound for M. Given s € [0,T A 0g), denote ks as the integer for which s € [ty, t,+1). Then

7w g = pb <h,§f>+ / p(s, HE))ds + / (dVSAHgL)erV;b))

i, trs
= (b ) s =) = (VA ) D = (V=) (49)
and by the Mean-value Theorem and the continuity of u. Hence
_ ~ 2 2 2 2 2
e I A ICREE U | +3) |

A A
VS - ‘/tks

b b
VS - ‘/tks

(50)
Now, from the local Lipschitz condition (32), for ||h|| < R we have almost surely

st I <2 (Il 1) = a5, 0) 1P + 1l 0)11%) < 2 (Cr 1Bl + s, 0)I)
1)

— 12 1
oo - H§L>H ds <4 (cR c2/r 41 +/ ||,u(s,0)|2ds> (A2 +4C1AL). (51)
0

Hence,

2 2
(50) < 4 (CR [+ s, 001 + 1) (A% + v v |+ e - v

Hence, using (33) and the Lyapunov inequality (Platen & Bruti-Liberati, 2010), we get

TNOR
/
0

Combining everything: From (40), (48) and (51), we have in (37) that

)

TNOR

2 1
] < 128(Cr +C3) (OR cr 1+ / (s, 0| ds) (L2 +4C,L7Y)
0

2
] ds.

]E[sup
0<t<r

- Ht/\GR

ﬁ(L) H’I“/\HR

rAOR -

Co+1)C '
0

{sup
0<r<s
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Applying the Gronwall inequality,

7 (L)
HT/\QR

E[sup

0<t<r

2 .
_ Ht/\eRH :| < CgLi min{1,x} (012% 4 CR,S 4 CR,G + 1) 632(CR+C12), (52)

where Cy is a universal constant independent of L, R and 6. Combining (52) with (36), we have

832(0R+cf) + 27H15C (p—2)2C
P p62/(P—2)RP'

E { sup ||el(t)||2] < Oy~ min{ls} (C’IZQ +Crs+Cre + 1) (53)
0<t<1

(p—2)2C

. +1
Given any € > 0, we can choose 6 > 0 so that QPT‘SC < 5, then choose R so that 552G fp

sufficiently large so that

< %, and finally choose L

Co L~ min{tr} (Oﬁ +Crs+ Cre + 1) 32ACRTCT) < g
Therefore in (53), we have,

E { sup ||el(t)||2] <e. (54)
0<t<1

Step 2: H and H are uniformly close to each other. Recall the relationship between H and H defined in (49): by (19)
we have almost surely that
)

— ~ 2 4 2 2 2
- mo <o e o) st () -t

A A
Ve = Vi,

b b
Vi = Vi,

Therefore

_ ~ 2
E [ sup HH&U — Hé(,L)H } < Cho (IE [ sup Hh,(CL)
0<s<1 0<s<1 °

4
‘ } +E [ sup Hh;f)

0<s<1

ﬂ T 1) (AL)?

4 47\ 1/2 r 2
+3 ((E{sup HhSCL)H]E{Sup VSA—V{: ”) +E | sup Vsb—V;i ”) (55)
0<s<1 s 0<s<1 s l0<s<1 s
By the Power Mean inequality and Doob’s martingale inequality,
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Using Holder’s inequality yields
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Combining (39), (56), and (57) in (55), we obtain

1 . - 2
E[sup lea(t)” E[sup | - 50| ] < CAl?,
0<t<1 ] 0<t<1

for some constant Cy5 > 0. By choosing L > (C12/¢€)?, we have
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Finally, combining (54) and (58) leads to the desired result.



