A Discriminative Technique for

Multiple-Source Adaptation

Contents of Appendix

A Related and Previous Work on Multiple-Source Adaptation (MSA)

B

C

Rényi Divergences

DMSA Guarantees
C.1 General Guarantee . . . . ... ... .......
C.2 Conditional Maxent . . . . ... .. ... .....

C.3 Guarantees for bMsa with Conditional Maxent . . .

DMSA Optimization Algorithm

Guarantees for GMSA
E.1 Convergence Results for Kernel Density Estimation

E.2 Guarantees for GMsa with Kernel Density Estimation

Additional Experiments

14

15

16
16
16
17

22

25
25
25

28



A Discriminative Technique for Multiple-Source Adaptation

A. Related and Previous Work on Multiple-Source Adaptation (MSA)

The general theoretical problem of adaptation from a single domain to a target domain has been studied in a series of
publications in the last two decades or so (Kifer et al., 2004; Ben-David et al., 2007; Blitzer et al., 2008; Mansour et al.,
2009b; Cortes and Mohri, 2011; 2014; Cortes et al., 2015; 2019). There are many distinct instances of adaptation problems.

Multiple-source adaptation extends the single-source single-target scenario, and has been extensively studied from various
aspects. (Yang et al., 2007) proposed to learn a linear combination of pre-trained auxiliary classifiers using SVMs on labeled
target data. (Duan et al., 2009; 2012) further assumed plenty of unlabeled target data to form a meaningful regularizer,
and a small set of labeled target data for training. (Khosla et al., 2012; Blanchard et al., 2011) combined all the source
data to jointly train a single predictor. (Pei et al., 2018; Zhao et al., 2018) extended single domain adversarial learning
techniques to the multiple-source setting to extract domain-invariant features. (Ghifary et al., 2015) extended auto-encoders
to the multi-task setting and minimized the sum of reconstruction errors across domains. (Peng et al., 2019) proposed to
align moments of feature distribution across source and target domains. (Muandet et al., 2013) proposed Domain-Invariant
Component Analysis to transform features onto a low dimensional subspace that minimizes the dissimilarity across domains.

(Zhang et al., 2015) adopted a causal view of MSA where label Y is the cause for features X, estimated the weights
for combining source conditional probabilities (Pxy), and proposed various ways to construct target predictor based on
estimated weights. (Crammer et al., 2008) considered learning accurate models for each source domain, using “nearby”
data of other domains. (Gong et al., 2012) ranked multiple source domains by how good can they adapt to a target domain.
(Gong et al., 2013a) learned domain-invariant features by constructing multiple auxiliary tasks, and learning new feature
representations from each auxiliary task. (Gong et al., 2013b) proposed to discover multiple latent domains by maximizing
distinctiveness and learnability between latent domains. (Jhuo et al., 2012) transfered source samples into an intermediate
representation such that each transformed source sample can be linearly reconstructed by target samples. Wen et al. (2019)
adjusted the weight of each source domain during training based on discrepancy minimization theory. Fernando et al.
(2013) considered aligning subspaces for visual domain adaptation. Liu et al. (2016) proposed to preserve the structure
information from source domains via clustering. Gan et al. (2016) tackled the multiple-source adaptation problem via
attributes possessing. Sun et al. (2011) considered a two-stage adaptation where in the first stage one combines weighted
source data based on marginal probability, and in the second stage based conditional probability as well.

More recently, Mansour, Mohri, Ro, Suresh, and Wu (2021) presented a theoretical and algorithmic study of the multiple-
source domain adaptation problem in the common scenario where the learner has access only to a limited amount of labeled
target data, but where they have at their disposal a large amount of labeled data from multiple source domains. They showed
that a new family of algorithms based on model selection ideas benefits from very favorable guarantees in this scenario and
discussed some theoretical obstacles affecting some alternative techniques.
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B. Rényi Divergences

The Rényi Divergence is parameterized by « € [0, +00] and denoted by D,,. The «-Rényi Divergence of two distributions
D and D is defined by

Du(D || D) = D(”E’y)} -

1 D

1 o8 Z (l‘,y) [‘D(x,y)
(z,y)€XXY

where, for a € {0, 1,400}, the expression is defined by taking the limit. For o = 1, the Rényi divergence coincides with

the relative entropy. For oo = 400, it coincides with log sup, ¢ gg g It can be shown that the Rényi Divergence is always

non-negative and that for any a > 0, Do (D || D) = 0iff D = D (Arndt, 2004). We will denote by d, (D || D) the

exponential:
1

do(D || D) = ePa(DID) — [ Z D“(x,y)] m.

@a—l
(s a)eXxy (z,y)

The following lemma from (Van Erven and Harremos, 2014) summarizes some useful properties of the Rényi divergence.

Lemma 1. The Rényi divergence admits the following properties:

1. Do(D || D) is a non-decreasing function of

2. Do(D || D) is jointly convex in (D, D) for a € [0, 1]

3. Da(D || D) is convex in D for o € [0, 0]

4. Do (D || D) is jointly quasi-convex in (D, D) for o € [0, 0]

The following general triangle inequality for Rényi divergences is due to Hoffman et al. (2021). Here, we give the full proof
for completeness.

Proposition 2. Let P, Q, R be three distributions on X x Y. Then, for any v € (0,1) and any o > =, the following
inequality holds:

@1 9] < [d2@ B [de (® ] )

Proof. Fix 7 € (0, 1). By Holder’s inequality, we can write:

oy PMay) g PMay) ROTV(y)
|:da(fP || Q)} = ; Q‘X—l(a:,y) ; j{a—'y(%y) Qa—l(l‘,y)

e | [EE=e ]
Iy PR [ 2wy 1
- Zjﬁl(l”y)] {;le(:&y)}
a= (@ | %] dom @ Q]

1—v

IN

This concludes the proof. O



A Discriminative Technique for Multiple-Source Adaptation

C. DMSA Guarantees
C.1. General Guarantee

Theorem 1 gives a guarantee in terms of a Rényi divergence of ‘D7 and D. Using the triangle inequality result of Proposition 2,
we can derive an upper bound in terms of a Rényi divergence of D1 and D instead and only Rényi divergences between the
distributions D}, and their estimate Dy,.

Theorem 3. For any § > 0, there exists z € A such that the following inequality holds for any o > 1 and arbitrary target
distribution Dp:

a—1 2a—1

L(Dr,G.) < [(€+40)d*F [doa(Dyr || D)) 55 M=,

where € = (ea)%Mi, d= maxpe[p] da(@k Il Di), andd' = maxe(p] d2a—1(Dy || @k) with Dy, = %.

Proof. For a > 1, by Proposition 2, choosing 7 = %, the following holds for any A € A:

[da(Dr || DA < [daa(Dr || D)) 2 [daa—1(Ds || D)
= [dga(gT H @A)]O‘*%[eDQQ*l(DA”@A)]afl

< [doa(Dr || D)) > F ke (P2ams (PellDi)]a—1
(quasi-convexity of Rényi divergence (Lemma 1))

= [daa(Dr || CDA)]O‘_%[%%dQQ,l(Dk I @k)]o‘_l. (monotonicity of exp)

a—1

Thus, by Theorem 1, for € = MaXge|p] [6 da(@k H Dk)} TMé, for any A € A, we have:

L(Dr,5.) < €+ 8)da(Dr | Da)| © MF = @+06)"F [da(Dr | D)| ©

a—1 2a—1 a—1

< (@+0)" [daa(Dr | D)) 5 [maxdaa— (Di | D))" M.
P

M=

Taking the infimum of the right-hand side over A € A completes the proof. O

C.2. Conditional Maxent

Here, we prove a general pointwise guarantee for conditional Maxent that will be later used in the analysis of DMSA, when
used with this algorithm (Appendix C.3).

Theorem 4. Ler w be the solution of problem (7) and w* the population solution of the conditional Maxent optimization
problem:

w* = argmin plw|* — E [log py[k|z]].
weRN (z,k)~Q

Then, for any § > 0, with probability at least 1 — 6, for any (x, k) € X x [p], the following inequality holds:

08 polHa] g pu- 2] < 255 [1 4 Viog(173].

Proof. By Theorem 2 of (McDonald et al., 2009), for any § > 0, with probability at least 1 — J, the following inequality
holds:

H@—w*lléﬁ[H\/W]-
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Next, for any (z, k) € X x [p], observe that

() L ez, j)
Vo [log pu[kla]] = Vi |w- @(x,k) —log | Y e @) | | =V, |0(x,k) - STt
j=1 Jj=1

= E [®(z,k) - (x,5)].

J~pw[|x]

Thus, the following upper bound holds: ||V, log pu [k|z]|| < [ Ejp, (2] [® (2, k) = P(2, j)]|| < 2r forany (z, k) € X x [p].
Therefore, by the 2r-Lipschitzness of w +— log p,,[k|z] for any (x, k) € X X [p], with probability at least 1 — ¢, the following
inequality holds:

2\/?7“2
py/m

log pg [k|x] — log pu- [k|x]| < 2r||w — w*| <

|1+ Viog(179)],

which completes the proof. O

C.3. Guarantees for pMsa with Conditional Maxent

Theorem 5 (DMSR). There exists z € A such that for any 6 > 0, with probability at least 1 — § the following inequality
holds pMsA used with conditional Maxent, for an arbitrary target mixture Drp:

L(Dr,7.) < epeﬁﬁ%2 [H log(l/é)] d*d",
with  d* = sup deo (Q*[-|2] || Q(-|2))
zeX

d” = sup di, (Q(-|z) || Q°[]a]),
zeX

where Q*(-|x) = poy+ |-

x| is the population solution of conditional Maxent problem (statement of Theorem 4).

We give the proof for the following more general result.

Theorem 7. There exists z € A such that the following inequality holds for any « > 1 and arbitrary target mixture Dp:

(a—1)2 2a—1 (2&-1)5»*-2)

L(Dr,G.) < T M pHEE

(1202 —11a+2)
s

er**@Hdl(a)dQ(a)dS(a)

with di(a) = | E [di§:3(9(~|w> I Q*('”f))]rla

| z~D

o) = | B [z (oC) | Q*Hx])H;a

_l‘ND

a—1

aafe) = | B, [ (0°Cko)  21)]|

T~

Proof. The proof relies on the auxiliary Lemmas 2 and 3 proven below. In Theorem 3, the bound depends on
maxgerp] do(Dr || Di) and maxyepy do(Dy || Di), for some Rényi parameter o > 1. We will analyze these terms
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here for the DMsA solution, for which Dy (z) = Q(k[z)D(z) Using this expression, for any o > 1, we can write:

A(k)
) . - Di(2) Di(yle)|
~ 1 D k k
max [da(Dy || D)) :maxl > M] kel [ -
~elp) el | (o yexxy Di(4:9) I 4 yyerxy [Dk(m)Dk(?Ax)

]
i [Dk(x)]:l]

= max Z D(ylz)—
il L (z,y)eXxY [Dk(x)]
" Q(kl2)D()/(1/p)]
= max > Dlyl)— — J”]
L [Q(k|a:)D(x)/Q(k)]
i agat QK]
= max D(y|lz)D(x)p*Q k)——
ke(p] L y)XG;CX‘;} wle)Diw)p ( )Qa—l[km]]

= max Z'D p*Qe-! k)W}

kel | &, Qo—1[k|z]

Next, upper-bounding the maximum by a sum yields:

max |dq (D || @k)} - < Z

ke[p] kep]

(x Na—1 Qa[km
D(z Q k) =——
g;c k%;] | )Q"“l[kx]l
Q‘“[kIOC}
D(x v 7

—" B [dz*1<9<~|o:> u qu))] :

ZD aQa 1 ) kill‘
Qa—1k|x]

zeX

Thus, by Lemma 2, we have

L EN R G

20—2

3
™ < p2o—1,(4a=3)r||lw* - 4a—3 . *[
and therefore ?é?ﬁ [dga_l(Dk I @k)} <p e LHNED {dm 2( (-|z) || Q[ |m])H ,

an expression needed later. As for the previous analysis of the Rényi divergence, we can write for any o > 1:

max da(@k | Di) T~ max
kelp] kelp]

Z@W’y)]m_ S D) (B 2a/80) ]

S D@ ] Sy (e n@)/am)

—max| Y D)D) — QW)]

a—1
-(w y)EXXY po1Q (k) L ()

- 1 E()
 kelp] Zﬂ pe 16&(15)9;‘—1(:6)]'

LzeX
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Using the upper bound on =~ of Lemma 3 yields:

O(k)

s [6a D1 20) 7 <05 B [0 @0 101)] T 2 P o 35)]
<p®2 B [ (@0 [ 80| T Y [Z @(%‘f}i‘%]
k

<P E[da0C2) | 9C1e)|TT E |47 (9) |l o))

Thus, by Lemma 2, we have

e [do(Di | D))"

2a—1

<pEt Al gt (90 | 9°lla])]| i

kelp] LzeX

o

z~D

e(zammw*l[i«:ﬂ) [dgg %( (o) | Q('”“"))Hé

2a—1

=p a1 e%r\lw —ol| LLED [dgg_l (Q(\x) I Q*HJJ“DH Sacz

LB, [ (2] Q<-|x>)]r

Plugging these inequalities into the bound of Theorem 3 yields:

. (e=12  2a-1
LDrg) e @ M|

ke(p]

max dog_1(Dy | @k)] ¢ [maxda(@k I @k)] o2
k€(p]

a—1 (a=1)2

a—1)2 a— a— a— * S ﬁ
< F M [pzmle“zu“'w ~al [ E, [diaz3(2Cl2) | Q*<~x>)H ]
I

S [ [ (2 | 0" (1)) || [E a3a (0"l 1 k)]

(a—1)2 2&51 (20— 1)(a+2)

(1202 —110+2)

=¢ o2 M T p 202 e

with  dq(a) =

d2(0¢) =

d3(a) =

which completes the proof.

Lemma 2. Forany o > 1 and k € [p), the following inequalities hold for the expected Rényi divergences between Q and Q:

z~D

€T

where Q* (+|x) = pu+[-
respectively.

2z I =2l (@) dy(a)ds(a)

1

E, a3 (2cio) [ 20i)] |

E, [ (2010 197111 | -

a—1

B [ (e 1)) |7

E, [¢7(@Ck) | 8] < a0l -a | 5 [ (a1o) | Q*“”C])Hé

E [da™ (QCla) I Cl))] ge@awl@w*l[w% (B2 (2l | Q<-|x>)}]é7

O

x], and Q(-|2) = pa[-|z], the population and empirical solution of conditional Maxent problem (7),
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Proof. By Proposition 2, we can write for any v € (0,1), v < a:

E_|ds™'(Q(le) || 9(|x) ] > D) daHQ(|x) || O([))

z~D
zeX

207 [kla] ]
> |

=12," [klz

<Y D)

zeX

IA
M
B
E
8,
-
2
]
=
&
]
1o
S
| 2
P
5

(Holder’s inequality)

Ll o] 5 S]]

oy NP e 7
=2)2r||lw wl] LLED {d% (Q(|x) | Q[ x])H . (Theorem 4)

INA
m
Py
Z

Choosing v = % gives

Nl

x~D T

B, [d277(9010) 18¢4a)] < ettt | 5 [ (1) | ) )

Similarly, we can write:

5, o (@0 i) = 5 ot 3 0] o - S ]

z~D zEeX ke(p] Ql*j (z el Q7 (x
=
9, (z)

< {Z D(z) Y 5; ] {Z D(x) Y Ml}l_v (Holder’s ineq.)
)

€lp] qu zeD ke(p] lef'y (x

zeD k
Q(k| ) %_1 ! 1 1—y
r %_ * 0 .
= ehond HQ*(W) ] Li‘f:@ [df (2"l I |:c))H
~ o=y 1—y
< {e(a—v)ww—w I] LLED {dg 1(9*(.@ | Q(.|@)H ) (Theorem 4)

Choosing v = % gives

[NIE

E, (373 (2" (o) 2t1))] |

T xrr~

E [da 1( (l=) I QC Ix))} < |:e(2a—1)rlﬁ—W*|:| [

which completes the proof.

Lemma 3. For any o > 1 and k € [p), the following inequality holds:

1

a—1

5 <P LB [ (90 180
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Proof. Observe that, for any k € [p], we have:

=Y O(kz)D(x) = > l A ('kfx)@é(x)

zeX zeX

m T ’ Q(k|z)D(x older’s ine
< [Z St (hia) >1 Le Q(klz)D(x) (Holder’s ineq.)

zeX

[y~ 2o ] e
- [Z @a_l(km@( )] Q= (k).

zeX

Thus, for any k € [p], we can write:

T B L e A SIS .
6(@49(1@} E@al(kml’( ﬂ P [Z S >] @) = 1)

xeX

ﬁmaux 7Qa(k|x) x -
<p [Z 5am 1(k|x)D( )]

o Q«(k|x) a
< pa-t ——D(x
<p k%;)] lgc 1 (ko) ( )]

o (k) \ p|
=p {Z (k%;)] @al(kx)) D( )]

1
1

—p=T E_|d57 (901) 11 QC12)] "

which completes the proof. O
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D. DMSA Optimization Algorithm
Here we give a DC-decomposition for the DMSA optimization problem both in the regression model with the squared loss
and the probability model with the cross-entropy loss. We then describe the DC algorithm based on these decompositions.

Proposition 3 (Regression model). Ler ¢ be the squared loss. Then, for any k € [p], E(@k, gz) — AC(@Z7 gr) =
ug(2) — vi(z), where uy, and vy, are convex functions defined for all z by

up(2) = L(Dy, g2) — 2M | Y Die(w) log Qz(x)] :
zeX

Uk(z) = E(@zygz’) —2M Z @k(x) logaz(w)] )
zeX

where z}, = %, D, = S, 21Dy, and Q. (z) = Py zjﬁ(ﬂx)

Proof. First, notice that g, (z) = gz, where Zj, = zj,/ @(k) since in the expression of g,/ (x) we can divide the numerator
and the denominator by Z§:1 zi/9(j).

Next, observe that (g=(z) — y)? = Fx(x,y) — G=(x), where, for all (z,y) € X x Y, F, and G, are functions defined for
all z € A by

F.(z,y) = (g-(z) —y)* —2M1og Q. (z) and G.(z)=—2MlogQ.(z).
We will show that F,(z,y) and G, () are convex functions of z. Since composition with an affine function preserves
convexity, this will show that Fz(z,y) and Gz(x) are also convex functions of z. The convexity of F,(x,y) and G, (z)
holds since their Hessians with respect to z are positive semi-definite:

2 T

HFz(x,y) = QT(Q;) [hd,Z(x)hd,z(m) + (M - (y - gz(x))Q) D(x)DT(x)] )
Ho. 0 = gy D@D

where hg () is the p-dimensional vector defined as [hq, ]k (z) = ﬁ(k|x) (hi(z) +y — 2g,(z)) for k € [p], and D(z) =
(Q(1]z),...,Q(p|z)) ". Using the fact that M > (y — g.(z,y))?, Hr. (s,y) and Hg_ (s, are positive semi-definite matrices,
and thus F, and G, are convex functions of z for all (z,y) € X x Y.

ug(z) is a convex function of z, since it can be expressed as an expectation of Fz:

w(z)= > Dule,y)|(y-g=(2))? — 2MlogO=(a)| = > Dulw,y)Fx(x.y).
(z,y)eXxY (z,y)EXXY

Next, denote by j.(z) = S2P_, 2.0(k|z)hx(z) and k.(z) = O.(z) = S-°_, 2Q(k|z). By definition of §,, we have
g=(x) = j=(x) /k=(x).

Similarly, we can write the second term of vy, (z) as } o Dx(2)G=(x), which is a convex function of z as an expectation
of Gz. Using the notation previously introduced, to analyze the vy (z), notice that we can write

> Dy 22

(z,y)€X XY kz(l‘)

P ﬁk:z:Dx, i=(x) 72
- Y Yo (k[z)D( y)[y_é()]

(z,y)eXxY k=1

— j=(x)
= X D )

(z,y)€XxY
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The Hessian matrix of j,(x)?/k.(z) with respect to z is

v (Z9) = L1 (0) — 0.@)D(@)) (o () — 02(2) Dla))T

k(@) ™ ko) T DAL = 9
where hp(z) = (h1(2)Q(1|z), ..., hy(z)Q(plz))T and D(z) = (Q(1]x),...,Q(p|z))T. Thus, j.(x)2/k.(z) is convex
and so is jz(7)?/k=(x), by composition with an affine function. —2yjz(x) + y?k=(x) is an affine function of z and is
therefore convex. Thus, the first term of vy (z) is also a convex function of z, which completes the proof. O

Proposition 4 (Probability model). Let ¢ be the cross-entropy loss. Then, for k € [p], E(@k, gzr) — E(@Z, gx) =
ug(2) — vi(z), where uy, and v, are convex functions defined for all z by

P
ug(z) = Z —@k (z,y)log Z Q(k|y)hi(x y)]
(z,y)€YxY k=1
Uk(z) = ‘C(@zagz/) - Z Qk(zvy) log Qz’(‘r);

(z,y)€XxY

2/ 5 S s Y
where z}, = % D, =3 %=y 2Dy, and Q. () = 378, 2;9(j2).

Proof. Let j. and k, be defined for all (z,y) € X X Y and z € A by j.(z,y) = > r_; zkﬁ(k|x)hk(x,y), and k,(x) =
Q. (x). By definition, gz(z,y) = jz(x,y)/kz(x). We can write

L(Dy,g) — L(D, g2)
= Y (Beley) - Dl >)log”x’y)}

(z,y)€XXY (3[:)
kg X =~
=| Y D@y logiz(z,y) D.(x,y)log [7.7 (z) ] — Di(x, y) log k=z(x)
( Jz(z,y)
z,y)EX XY :v,y) cXxY

= ug(z) — vi(2).

uy, is convex since — log jz is convex as the composition of the convex function — log with an affine function. Similarly,
— log kz is convex, which shows that the second term in the expression of vy, is a convex function.
Observe that we can write:

ka(z) _ ho1 ZKQ(Ke) ro1 20Kk D(@y) YR aDi(ry) K.(wy)
jz=(z,y) —1 26 Q(K[x)hy.(,y) 1 ZkQ(K|z)hy (2, y) D(z, )  aDi(z yhe(z,y)  J=(:y)

where Jz(z,y) = > 1_; Ek@k(x, y)hi(z,y), and K, (z,y) = @Z(x, y). Thus, the first term of vy, can be written in terms
of the unnormalized relative entropy B(- || -) as follows:

> @(xy)log[k<()>} 2 Kz@vyﬂog[m}

(z,y)€X XY (z,y)EXXY

=B(E. | )+ Y, (K.—J.)(y).

(z,y)€XxY

The rest of the proof follows from (Hoffman et al., 2018): The unnormalized relative entropy B(- || -) is jointly convex, thus
B(K || J.) is convex; (K, — J,) is an affine function of z and is therefore convex too. O



A Discriminative Technique for Multiple-Source Adaptation

Given the DC decompositions from Proposition 3 and 4, one can cast the min-max optimization problem (6) into the
following variational form of a DC-programming problem (Tao and An, 1997; 1998; Sriperumbudur and Lanckriet, 2012):

i 8
cenner | ©

st (ur(2) —vp(2) <) A (=2 <0), Vk € [p],
Zﬁ:l 2k — 1=0.

The DC-programming algorithm works by repeatedly solving the following convex optimization problem:

Zi41 € argmin vy 9
z,yER
st ug(2) —vg(ze) — (2 — 20) Vog(z) <y
— 2z <0, Zzzlzk—lzo, VkE[p},

where zp € A is an arbitrary starting value, and (z;); denotes the sequence of solutions. Then, (z;); is guaranteed to
converge to a local minimum of problem (6) (Sriperumbudur and Lanckriet, 2012). This leads to an efficient DC algorithm
that guarantees convergence to a stationary point. Furthermore, since the minimal objective value of (6) is zero, it is
straightforward to check the global optimality of a solution z. In our experiments, we have found the result of the DC
algorithm to be almost always optimal.
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E. Guarantees for GMSA
E.1. Convergence Results for Kernel Density Estimation

In this section, we show that the true marginal distribution D can be closely approximated via kernel density estimation
(KDE), where the quality of approximation depends on the choice of the kernel function K, (-, -).

Kernel density estimation (KDE) is a widely used nonparametric method for estimating densities. Let K,(-,-) > Obe a
normalized kernel function that satisfies fm e Koz, x')dx = 1 for all 2’ € X, where o is the bandwidth parameter. A

d !
) exp{ Nz }, where d is the dimension of

202

the input space X C RY. Let S,, = {z1,...,z,} be a sample of size n drawn from the true distribution D. Then, the kernel

well-known kernel function is the Gaussian kernel: K, (x,2’) = ( —

density estimation based on the sample .S, is defined by @Sn () =13" | Ko(-,z;). With a slight abuse of notation, we
adopt the shorthand Ds__(-) = E,p[Ks (-, 2)], the kernel density estimation based on the entire population.

Consider two samples S,, and S/, that only differ by one point: S,, = S,—1 U {x}, S}, = Sn—1 U {z,}, where z,, # ..
Assume that for all such pairs of samples S,,, 5;,, we have doo (D3, || Ds: ) < By, for some positive constant 5,,. Then,

the following result holds, which depends on B,, and the choice of the kernel function (Hoffman et al., 2021)[Theorem 10].
Observe that we can choose B,, = k,,.

Theorem 8. For any § > 0, with probability at least 1 — §, each of the following two inequalities holds:

da(Ds, | D) < E_ [da(KU(-,x) I D)}Bﬁm, foralla € [1,2],
4a(D [ Ds,) < B [do(D || Ko(,2))] BY" 532, foralla > 1.
T

Theorem 8 shows that the Rényi divergence between D s,, and D is upper bounded by the product of two terms: the first
term is the expected pointwise divergence, or, more precisely, the expected Rényi divergence between the kernel function
centered at x, K, (-, x), and the true distribution D, with the expectation taken over = ~ D. Thus, the first term is purely

determined by the choice of the kernel function K, (-,-). The second term is a polynomial function of B;L/E . As shown

by Hoffman et al. (2021)[Theorem 12], we have B,, = 1 + O(%) under mild conditions, which implies B,‘L/ﬁ — lasn
increases, and thus the second term converges to 1. Therefore, as the sample size n goes to infinity, we have

da(Ds, D) < E_ [da(Ka(~,x) I @)} forall1 < a <2, (10)
da(D | Ds,) < E_ [da(ﬂ [ K(,(-,x))} for all a > 1. (11)

Thus, the kernel density estimation is accurate, provided that the expected pointwise Rényi divergence is small with a
suitably chosen kernel function K, (-, -).

E.2. Guarantees for GMsaA with Kernel Density Estimation

The following is an analogue of Theorem 3 for GMSA.

Theorem 9. For any § > 0, there exists z € A such that the following inequality holds for any o > 1 and arbitrary target
distribution Dr:

a—1

L(Dr,hy) < [(€+6)d]F [doa(Dr || D)5 M,

a—1

where € = (ed) = M=, d = maxpe[p] do(Dy, || D), and &’ = maxe(p] d2a—1(Dy || Di).

Proof. By Theorem 1, there exists z € A such that the following inequality holds for any « > 1 and arbitrary target mixture
Dr € D:
L(Dr,h.) < &5 M+ [gaﬁdga_l(m I Dw)],
€lp

a—1
o

where € = maxj¢[,) |€da (Di || D k)} M. The rest of the proof is identical to that of Theorem 3. O
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Using this theorem and the previous results for KDE, we can show the following.

Theorem 6 (GMSA). There exists z € A such that, for any § > 0, with probability at least 1 — ¢ the following inequality
holds for GMsA used KDE, for an arbitrary target mixture D:

L(DrFa) < a7 Vs o) g g

KO‘(£7®")

With k = maXy o/ 4rex Koo’ and
d* = E [dio (K,(-, D),
max B [d, (Ko (-, ) || Di)]
d* = E [dioo (D || Ks(-, )
max B [dyeo(Di || Kol 2))]

We will prove in fact the more general result below. Setting o = 2 in the following theorem and upper bounding the a-Rényi
divergences by the +00-Rényi divergences yields immediately the result of Theorem 6. The result assumes that the number
of samples used in each domain for density estimation is (m/p).

Theorem 10 (GMS2). There exists z € A such that, for any § > 0, with probability at least 1 — § the following inequality
holds for any o € (1, 2] and arbitrary target mixture Drp:

log %

~ a—1)2 a—1 95, _1
LD o) < 7 a2 2PV 30 g+ () d'* (o),

Ko (z,2")

With k = Maxy 4 grex Roloa?)’ and

@) = s B [da(Ko(.2) | D))

/% . .
d*(@) = max B [das (D || Kol,)].

Proof. By Theorem 8, for any 6 > 0, with probability at least 1 — d, each of the following two inequalities holds for all
domains:

da(Dr | Di) < E
x~Diy

do(Dp || De) € B [da (D || Ko () [ 75572, forall a > 1
z~Dy,

[da(Kg(-,a:) I Dk)}m;; (m/p)log §/2 forall 1 < o < 2

with K, = 1 4 ﬁ [maxzi,mj,zex fg:gii;] It follows that, forall 1 < a < 2,

maXda(@k | Dk) <max E {%(K,(gx) I Dk)}ﬁﬁ\/m,

ke|(p] ke[p] z~Dy

max do (D || ﬁk) <max E [da(@k I Ka(vx))}n}n/m.

ke[p] ke[p] z~Dy

Plugging in these inequalities into the bound of Theorem 9, for 1 < o < 2, we obtain the following:

-~ ((1—1)2 2a—1 o~ (()(‘;;2)2 ~ QT_l
L(Dr ) < e a2 MT[maxda(Dk I Dk)} [maxdm,l(ﬂ)k I Dk)}
ke[p] ke(p]
(a=1)2 2a—1 ~ ~
< T M do(Dy || D doa_1(Dy | D
s € [ggg (D | ’“)H?éa[ﬁ 20-1(Ds | k)}

(since do (Dg || Di) > 1 and do(Dy || Dy) > 1)
< S R CTFOVIDIERR ey (),

a
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with

* _ . IE3 — .
d*(@) =max B [da(Ko(,0) [ De)], o (0) = max B [das (D || Kol 2) .

The bound can be further simplified as follows:

a

e et )V Tog 572 os(14 w275 ) d* () d'* (a)

~ a— 2 a—1 _1_ m 0 b
L(Drh) < e prt (FrEOVImE R g ) g )

log %

< oy 2ROV T g (0) 0 (),

which completes the proof.
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F. Additional Experiments

In this section, we report experimental results for the scenario where the target domain is close to being a mixture of the
source domains but where it may not necessarily be such a mixture, a scenario not covered by (Hoffman et al., 2018).

We begin with the three datasets used in Section 5: Google Street View House Numbers (SVHN), MNIST, and USPS. For
these experiments, the learner is only given access to feature vectors and base predictors for two of the three domains, and is
asked to predict on all three domains combined. Thus, the target domain is not a mixture of the source domains, but is not
too far away from that. Table 5 presents the accuracy on all test data combined, for various baselines: the base predictors,
the uniform combination of two base predictors, and DMSA trained on two domains. DMSA outperforms unif in two of the
three cases, and is very close to uni f in the other case.

To further evaluate the performance of DMSA, we also increased the number of source domains by introducing two additional
digit datasets: MNIST-M (MNIST digits superimposed on patches randomly extracted from color photos), and a synthetic
dataset (for details for these two additional datasets, see http://yaroslav.ganin.net/). Again, we left out one domain
and trained on the other four, and then tested on all domains combined. The results are given in Table 6. With more source
domains, DMSA significantly outperforms other baselines in all cases. This robust performance of the algorithm on domains
that are poorly represented or even unrepresented during training makes the algorithm a strong candidate for tackling fairness
questions.

Table 5. Train on two domains and test on all domains combined. Column name glem means that the learner is given features and base
predictors from all domains except from domain dom.

Train data svhr maist  wsps

CNN-svhn - 84.2 84.2
CNN-mnist 41.0 - 41.0
CNN-usps 32.9 32.9 -
CNN-unif 43.8 85.1 90.9
DMSA 434 854 93.3

Table 6. Train on four domains and test on all domains combined. Column name €lom means that the learner is given features and base
predictors from all domains except from domain dom.

Train data svha moist usps moistm  synth
CNN-svhn - 78.0 78.0 78.0 78.0
CNN-mnist 43.5 - 43.5 43.5 43.5
CNN-usps 28.4 28.4 28.4 28.4

CNN-mnistm 59.4 59.4 59.4 -
CNN-synth 83.8 83.8 83.8 83.8 -
CNN-unif 77.0 91.7 90.3 87.7 77.2
DMSA 91.1 93.5 94.0 89.8 92.4

59.4
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