Appendix: Learning Bounds for Open-Set Learning

e Appendix A recalls some important definitions and concepts.
e Appendix B provides the proof for Theorem 1.

o Appendix C provides the proof for Theorem 2.

e Appendix D provides the proof for Theorem 3.

o Appendix E provides the proofs for Theorems 4, 5 and 6.

o Appendix F provides details on datasets and parameter analysis.
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1. Appendix A: Notations and Concepts
In this section, we introduce the definition of open-set learning and then introduce important concepts used in this paper.

Let X C R? be a feature space and )) := {yc}fill be the label space, where the label y.. is a one-hot vector whose c-th
coordinate is 1 and the other coordinate is 0.

Definition 1 (Domain, Known and Unknown Classes.). Given random variable X € X andY € ), a domain is a joint
distribution Px y. The classes from Y, 1= {yc}f:1 is called known class and yc+1 is called unknown classes.

The open set learning problem is defined as follows.

Problem 1 (Open-Set Learning). Given independent and identically distributed (i.i.d.) samples S = {(x*,y*)}"_, drawn
from Px y|ycy,. Aim of open-set learning is to train a classifier using S such that f can classify 1) the sample from known
classes into correct known classes; 2) the sample from unknown classes into unknown classes.

Table 1. Main notations and their descriptions.

Notation Description

X, Y = {yi}tcjl1 Vi = {yi}iC:1 feature space, label space, label space for known classes

X,Y random variables on the feature space X’ and )

Pxy, Qxy joint distributions

Px, Qx marginal distributions

Px viyey, @x,y|yey. conditional distributions when label belongs to known classes

Pxiy—yci1 @x|Y=ycis conditional distributions when label belongs to unknown classes
5, % a-risks corresponding to Pxy, Qx,y

Rp, Ro.k partial risks for known classes corresponding to Px vy, Qx y

Rpu, Rou partial risks for unknown classes corresponding to Px y, Q@ x,y

h hypothesis function from X — R¢+!

H hypothesis space, a subset of {h : X — RE*1}

Hi RKHS with kernel K

U auxiliary distribution defined over X
?]’5 Py x ideal auxiliary domain defined over X x Y

A[Tj the approximation of Q%"

w weights

S, T samples drawn from Py y and Q) x, respectively

n,m sizes of samples S and T’

dﬁ,w A disparity discrepancy, combined risk

Eggég[} auxiliary risk, proxy of auxiliary risk
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2. Appendix B: Proof of Theorem 1
Proof of Theorem. 1.

|RE(h) — RG(h)| = |(1 —@)Rpi(h) + aRpu(h) — (1 — a)Ror(h) — aRqu(h)|

|1 -a) / Uh(x),)dPy v 1y ey, (%.3) + aRpa(h) — (1 - a) / (h(x),y)AQx v vey, (%.y) — aRg(h)]
XXV XX Yr

<a| Xﬁ(h(X)vh'(X))dPXw:ycH(X)*/Xf(h(X),h’(X))dQX\Y:yCH(XH

+a/ (W (x),yo41)dPx |y =y oy, (X) +a/ (W' (x),y041)dQx|y—yc,, (x) the triangle inequality is used
x x

éadﬁb,?-[(‘P)<'|Y=}'(,'Jr1’C'QX\Y=yc+1) + a/ Z(h/(x)’ yc+1)dPX|Y=YC+1 (X) + a/ g(h/(X), YC+1)dQX|Y=yc+1 (X)
X X
Hence,

|Rp(h) — R (h)| = ’3161% |R%(h) — R$(h)| Note that we minimize b, but not h

: 4
< min (adp 3 (Pxjy=yc s Qxy=yc.,) + a/

[ 060, y01)APs vy, (9 / B (%), Yo )AQx v —yerss (%))

X
74
gadhﬂ (Px|y:yc+1 5 QX\Y:yc-H) + aA.
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3. Appendix C: Proof of Theorem 2
Proof of Theorem 2. Step 1. Note that

| o0 hx) o)y x (x)1AP(x) = .
X XY
hence, if we set P}Qy = I:’Py‘ x, then

/ U 0 h(x), 6(y))dPx iy ey, (x.y) = 0, / 060 h(x), (y 1)) APy —yer, (x) = 0.
X XY X

Note that £(y,y’) = 0 iff y = y’, hence, h(x) = yc1, for x € supp 15)(|y:yc+l ae. Pand h(x) # ycy1, for
x € supp Px|yey, ae. P.

Step 2. Because Px < Qx < P, then,

supp Px|yey, D supp Qx|yey, 2 supp Px|yey,

and
supp PX|Y:}'C+1 D supp QX|Y:}'C+1 D supp PX|Y:}'C+1'

Step 3. We need to check that minp ey Ry (h) = (1 — o) minpey Rpi(h). First, it is clear that minpey RS () >
(1 — o) minpey Rpi(h). If there exists hp € H such that minp ey RE(R) > (1 — ) minpey Rpi(hp).

Set
hp(x) =yci1, if h(X)=ycy1; otherwise, hp(x)=hp(x),

hence, using the results of Step 1 and Step 2, we know {x : h(x) = yc41} D supp Px|y—yc.,- Then,
(1=0) [ thr(o).9)dPxyiver, (x.¥)

XX YVi

~(1-a) | (hp(x),¥)APy v iyey, (x,)
{supp Px|yey, } xVk

=(1-a) / ((hp(x),y)dPx y|yey, (x,y) have used h(x) # yc 11, for x € supp Px|ycy, a.c. P
{supp Px|yvey, } Xk

~(1-a) | (hr(0.)APx v vex, (x.Y) +0
{supp Px|y ey, } XV

=(1-«a) / f(ilP(X)J)dPX,Y\Yeyk (x,y) + 04/ ((h(x), Yoi+1)dPxy—ye., (X)
{supp Px|vey, } XYk supp Px|y=yqq

=(1—-a) / U(hp(x),y)dPx y|yey, (X,y) + Oé/ U(hp(x),yoi1)dPx |y —ye,, (X)
{supp Px|vey, } XV supp Px|y=yq,,
_pa 7 > : a
Rp(hp) > min R (h),

hence, minpey Rp(h) = (1 — o) minpey Rpy(h). Similarly, we can prove that minpey RG(R) = (1 —
a) minpey Rq k(h). Because Qx|yey, = Px|yey,. hence, minpey R r(h) = minpey Rpj(h). Using the results of
Step 3, we obtain that

’rlnel?riRQ(h) = ;rfél%RP(h)' (1)

Step 4. Given any h* € arg miny,,, R$(h), then we construct h* such that

h*(x) = yoi1, if h(x) =yci1; otherwise, h*(x) = h*(x).
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It is clear that h* € H according to Assumption 1.
Then,
Rp(h7)

>(1-a) [ 060,y dPxyven, (x.y)
XX Yi

~(1-a) | ((h* (), ¥)dPy.y e, (%,Y)
{supp Px|vey, } XV

=(1- a)/ g(ﬁ*(x)v ¥)dPx y|yey, (x,y) have used ﬁ(x) # yc+1, for x € supp leYEyk a.e. P
{supp Px|vey, } XV

:(1 — a)/ E(FL*(X), y)dPX,Y|Y€yk (X, y) + 0
{supp Px|vey, } XV

~(1-a) / UR* (x), y)dPx.y 1y e, (%) + a / UR(x), Y1) APy y—yers (%)
{supp Px|yey, } XYk supp Px|yv=yo

=(1- 04)/ é(ﬁ*( ), y)dPx Y|Y€yk X,y) + 04/ (il*(x)aYC+1)dPX\Y:yc+1(X)
{supp Px|yey, }xVk upp Pxiy=yo,,

=R (h").
Hence, for any h* € argmin,, ¢y, R%(h),
/ E yC+1)dPX|Y =yc+1 (X) = / f(h* (X)7 yC+1)dPX|Y:}’C+1 (X) = 0.
supp Px|y=yc4

Similarly, we can prove that for any h* € arg miny, ¢4, ¢ (h),
/ g }’C+1)dQX\Y =yCc+1 (X) =0.

Step 5. Given any hq € argming ¢y Rg) (h), we can find that (using result of Step 3)
RG(hg) = (1 - a)Roi(hg) = (1 — a)Rpi(he),

and
/X Uho (%), Yor1)dQx |y —yess (X) = 0.

Because Px < Qx, we know
Pxjy=yci € Qx|y=ycir:
which implies that

/X f(hQ(X), y0+1)dPX|Y=yc+1 (X) =0.

Hence,
Ry (hg) = (1 —a)Rgr(hqg) = (1 —a)Rpi(hg) + a*0 = Rp(hg)-

Using the result (see Eq. (1)) of Step 3,
{LHG%RQ( ) = Inel%RP( ).
We obtain that
hg € argmin RE(h),
heH
this implies

argmin R (h) C argmin R (h).
heH heH
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4. Appendix D: Proof of Theorem 3
Lemma 1. Forany h € H,

RG(h) = (1 = a)Rpk(h) + max{Rq(h,yco11) — (1 —a)Rpi(h,yci1), 0},
where « = Q(Y = yoi1),

Ro(h.yesr) = /X Uh(x), yor1)dQx (),

and
RP,k(haYC+1):/ ((h(x),yc+1)dPx|yey, (%),
X

Proof. Step 1. We claim that R (h) = (1 — a)Rp(h) + aRq .(h).

First, it is clear that
R%(h) =(1—-a)Rgr(h)+ aRg.(h). 2)

Because Qx y|yvey, = Px,y|vey,. hence,
Roah)= [ U(h(x).¥)dQxyven, (x.y)
XX Yr
3
= [ b0 3Py ver (x.y) 3
XXV
=Rpy(h).
Combining Eq. (2) with Eq. (3), we have that
R(h) = (1 —a)Rpi(h) + aRqu(h).

Step 2. We claim that aRg (h) = max{Rg(h,yc+1) — (1 — a)Rpr(h,yc+1),0}.

First, it is clear that

Ro(h.yes) =(1—a) /

L(h(x),yc+1)dQx |y ey, JFOé/ ((h(x),yc+1)dQx |y =ycis
X X

~(1-a) / Uh(x), yo11)dPxjyey, + o / {R(x), ye11)dQx 1y —yer,
x X “4)

(1= @) Res(hyorn) +a | 6B Ye)IQxy—ye.,
X
=(1—-a)Rpi(h,yc+1) + aRgu(h).

Hence,
aRqu(h) = Ro(h,yot1) — (1 — a)Rpi(h,yoi1).

Because aRg (k) > 0, we obtain that

aRgu(h) = max{Rg(h,yct+1) — (1 —a)Rpi(h,yc+1),0}.

Step 3. Combining the results of Steps 1 and Steps 2, we have that

Ry (h) = (1 — a)Rpy(h) + max{Rq(h,yc+1) — (1 — a)Rpi(h,yc+1),0}
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Lemma 2. (Kanamori et al., 2009; 2012). Assume the feature space X is compact. Let the RKHS H - be the Hilbert space
with Gaussian kernel. Suppose that the real density p/q € H g and set the regularization parameter X = Xy, ., in KuLSIF
such that

im Apm =0, AL =O(min{n, m}lf‘s),

n,m
nm—)

where 0 < 0 < 1 is any constant, then

¢ / (@(x) — 7(x))2dU (x) = Op(Ad.m),
X

and
[@]l3¢5c = Op(1),
where W is the solution of KuLSIF.

Proof. The result

Sl

,m)a

¢ ] (@) = )20 = 0,0

can be found in Theorem 1 of (Kanamori et al., 2009) and Theorem 2 of (Kanamori et al., 2012).

The result
[0][#, = Op(1)

can be found in the proving process (pages 27-28) of Theorem 1 of (Kanamori et al., 2009) and the proving process (pages
354-365) of Theorem 2 of (Kanamori et al., 2012). O]

Then, we introduce the Rademacher Complexity.

Definition 2 (Rademacher Complexity). Let F be a class of real-valued functions defined in a space Z. Given a distribution
P over Z and sample S = {z1,...., za} € Z drawn i.i.d. from P, then the Empirical Rademacher Complexity of F with
respect to the sample S is

Rg(F) = Eq[sup = chf z)] 5)

ferm
where o = (01, ..., 04) are Rademacher variables, with o;s independent uniform random variables taking values in —1,+1.
Then the Rademacher complexity
Rip(F) = EgNPﬁgfg(f). (6)

With the Rademacher complexity, we have

Lemma 3. (Theorem 26.5 in (Shalev-Shwartz & Ben-David, 2014).) Given a space Z, a functionl : R x Z — R and a
hypothesis set H C {f : Z — R}, let

F=loH={l(f(2),2): feH}

where | < B. Then for a distribution P on space Z, data S = {z1, ...,z } ~ P i.i.d, we have with a probability of at least
1—=90>0, forall f € F:

~ ~ 2log(4/6
R() — R(P) < 2Rg(F) + 4By 2B, )
where R(f) = [ 1(f )dQ(z) and R(f) = %Z?:ll(f(zi),zi).
Using the same technique as in Lemma 3, we have with a probability of at least 1 — 29 > 0, for all f € F:
~ ~ 2log(4/6
R() - R(P)| < 2Ry () + 45y [ 2D, ®
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Definition 3 (Shattering (Shalev-Shwartz & Ben-David, 2014)). Given a feature space X, we say that a set U C X is
shattered by H if there exist two functions hg, hy : U — Y, such that

o For everyx € U, hyo(x) # h1(x).

o For every V. C U, there exists a function h € H such that Vx € V, h(x) = ho(x) and Vx € U\V, h(x) = h;(x).

Hence, we can define the Natarajan dimension as follows.

Definition 4 (Natarajan Dimension (Shalev-Shwartz & Ben-David, 2014)). The Natarajan dimension of ‘H, denoted
Ndim(H), is the maximal size of a shattered set U C X .

It is not difficult to see that in the case that there are exactly two classes, Ndim(#) = VCdim(#). Therefore, the Natarajan
dimension generalizes the VC dimension.

Lemma 4. Assume that H C {h : X — Y} has finite Natarajan dimension and the loss function £ has upper bound c, then
forany0 < § <1,

-4 ~ 1-5
sup [Rpi(h) — Rs(h)| = cO,(1/n" %), sup |Rpi(h,yoi1) — Rs(hyyoin)| = cOp(1/n 7 ),
heH heH

where )
Rs(h):= — > Uh(x),y), Rs(h,yci) Z ((h(x),yc+1)-
(x,y)€S (x,y)ES

Proof. Assume that the Natarajan dimension is d and the upper bound of ¢ is B.

Let F = {¢{(h(x),y) : h € H}. Then the Natarajan lemma (Lemma 29.4 of (Shalev-Shwartz & Ben-David, 2014)) tells us
that
[{h(x"), ... h(x")|h € H}| < n?(C +1)*

Denote A = {({(h(x!), b/ (x1)), ..., £(R(x"), b/ (x"))|h, h' € H}. This clearly implies that
Al < {Rh(x'), ... (x")|h € H}* < (n)*4(C + 1)*

Combining above inequality with Lemma 26.8 of (Shalev-Shwartz & Ben-David, 2014) and inequality (8), we obtain with a
probability of at least 1 — 2§ > 0,

-~ 4dlogn + 8dlog(C + 2lo
up [ () — Rs()] < 2R () + ey 2 o Mlon 4 BAIB(CH L) |, 2108
S

hence,
= 1=
sup |[Rpi(h) — Rs(h)| = cO,(1/n"2 ).
heH
Using the same technique, we can also prove that supy, 4 [Rpix(h, yot1) — Es(h, yo+1)| = cOp(l/n%d). O

Lemma 5. Assume the feature space X is compact and the loss function has an upper bound c. Let the RKHS H is
the Hilbert space with Gaussian kernel. Suppose that the real density p/q € Hy and set the regularization parameter
A = Ap,m in KuLSIF such that

lim Ap, =0, A, O(min{n,m}l_é),

’I’ng)

where 0 < 0 < 1 is any constant, then

sup [Rq(h,yci1) = vR7P (Ryycin)| < 48cU({x : 0 < r(x) < 27}) + ¢( max{1, f} + ) Op(A M),

where

here Qx = Q(L);ﬂ , and W is the solution of KuLSIF.
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(h,ye)| <7BcU({x: 0 <r(x) <27})

Proof. Step 1. We claim that
YRG (h

sup [Rq(h,yc+1) —

heH
where
R (h,yci) =/XLr,ﬁ(T(X))E(h(X),YC+1)dU(X)

here r(x) = p(x)/q(x).
First, we note that
L p(r(x))l(h(x), yc+1)dU (x)|

[ Eosletihn). veu)av o - [
<| [ LostrGo)hex). o060 - |

<c / | Los(r (r(x))|dU (x)

< / BAU(x) = BeU({x: 0 < r(x) < 27})
{x: 0<r(x)<27}

L. a(r (h(x),yc41)dU(x)|
9

Because Qx,y = Q" Py|x, then according to the definition of Q7;”, we know
Ro(h,yes) =7 [ Loa(rx)(h(x),yes)dU )
x

which implies
sup |[Re(h,yor) = YRE (hyyor)| < vBeU(fx: 0 <r(x) < 27})
€

3w\>-t

Step 2. We claim that
/ L:p(0(x))l(h(x),yc+1)dU (x)| < max{c, *}0 (Adm)-

sup | R’ (h,yci1) —
heH

First, the Lipschitz constant for L, s is smaller than max{1, 2}

Then,

sup |R2(h, yo1) / Lo 5 (B(2))0(h(x). yo11)AU (x)
heH X
—sup | [ Lop(r(x))(h(x), yes1)dU (x) - / Ly 5 (8(x))(R(x), yo1)dU ()

hecH X X
< sup / L 5(r(x)) — Lo (@) |(A(), yo)AU ()]

hcH J X

x))|12dU (x \// 2(h(x),yc+1)dU(x) Hoélder Inequality

< sup \/ /X L 5(r(x)) -
Sc’itelg \//X |Lr5(r(x)) —

Smax{c,cf}}sllelg\// r(x x)|2dU (x).

Lastly, using Lemma 2,
P(h.yos) /XLTB(@(X))K(h(X)vYC%l)dU( x)| < max{c, *}0 (A

s(0(x))PdU(x)

ﬁmh—-

sup |Ry;
heH
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Step 3. We claim that

sup |—ZLTB

heH M
First, we set Fg := {L, g(w)f(h,yc+1) : w € Hi, |w||xk < B,h € H}. We consider

p 1257560~ [ s

fers xeT

(h(x),y0+1) / Le s (B(3))0(h(x), yoi1)dU (x)] < e(max{1, 2} + B)0p(Aim)

Using Lemma 3 and inequality 8, it is easy to check that for 1 — 26 > 0, we have
= 21log(4/0)
sup lf > ) FR)AU )| < 2R (Fp) + 4(B + B)ey| ———, (10)
fE€FB xeT m
here we have used |f| < (B + )¢, forany f € Fp
Then, we consider R (Fp).
mRr(Fp)
=E,[ sup Lrp(wi)l(hi; yc+1)]
lwllx <B,heH ;5
=E,[ sup o1Lrg(wi)l(hi,yo41) + Z oiLr g(wi)l(hi,yc41)]
lwll x <B.heH Pt
1 m
=505 ol sup  Lyg(wi)l(hi,yor1) + > oiLr p(wi)l(hi, i)
|w||k <B,h€H i=2
m
+  sup L g(wi)l(h1,yo41) + Y 0iLy p(wi)l(Ri, yoia)]
|lw||k <B,h€H i=2
sup sup Ly g(wi)l(hy,yci1) + Y 0iLrp(wi)l(hi,yos)
i=2
wi)l(hi, yci1))

= E027'~~107n[
lwllx <B,heH v |k <B,h'€H
L‘fﬁ(wll)‘e(hllvycﬁLl)"'_ZO—i T8
=2

L: s w1)|€(h1,yc+1) + LT,g(w1)|£(h’1,yc+1) - e(h17YC+1)|

1
5Bl s sup [Lo(wn) -
lwllx<BheH |||k <B,h'€H
+ Z L7 g(wi)l(hi,yotr1) + Z oL g(w))l(hi, yci1)]
i=2 i=2
1
<5Eos o sUD sup  Lefwr —wi| + (B + B)[l(h], ycor1) — £(h1,yc11))|
lwllx<BheH |||k <Bh'€H
+Y il p(wi)l(hi,yo) + Z 0Ly s(W)l(h,, yci1)]
i=2 i=2
=Eo[ sup  Leoywi + (B + B)orl(hy,yoqn) + Z oiLrg(wi)l(hi, yot1)]
l|w||x <B,heH —
Repeat the process m — 1 times for i =2,...,m.
hi,yoi1)]

ZLcozwl—i—Z B+ pB)ot

<E,]
|\w||K<B heH ;=
<mLcRr(Hi,p) +m(B + ﬁ)ERT( )
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WMk s ={w:we Hy, |w|x < B}and F = {{(h,yc41) : h € H}

where w; = w(X;), h; = h(%X;), L = max{1, é
According to Theorem 5.5 of (Mohri et al., 2012), we obtain that

= /1
%T(HK,B) < By/—.
m

According to the proving process of Lemma 4, we obtain that

ﬁT(f) < C\/4dlogm+8d10g(C+ 1)7
m
where d is the Natarajan Dimension of #.
Hence,
=~ 1 4d 1 1 1
Ry (Fp) < BLey| — + (B + B)c\/ dlogm +8dlog(C+ 1)
m m
This implies that for 1 — 2§ > 0, we have
sup 7 2 Lealwb) bl 040) = [ Lra(wl)AA) )0 )
wEH K, H’UJHK<B heH m (11
4d 1 1 1 2log(4
<2Bmax{1, 2}ey/L £ 2B+ 5)0\/ dlogm +8dlog(C+1) |y | gy, [2108E/0)
T m m m
Because ||w||x = Op(1), then combining inequality 11, we know that
-3, — | L ((h(x), d
sup |- 3 Leal@0)(A00): you) | B0, e )0 )
4dlogm + 8dlog(C + 1 2log(4/6
D) 40,1) + )c0, (1 2B,

<20,(1) maX{l,T}cOp(\/;) +2(0,(1) —l—B)COp(\/ -

This implies that

sup ‘—ZLTﬂ

heH ™

(h(x).y041) / L s(w() (), Yo )JAU )] = e(max{1, 2} + 5)0, (A )

Step 4. Using the results of Steps 1, 2 and 3, we have
sup \RQ(haYCH) - ’Yﬁ;ﬁ(h,YCHN
heH
YRy (h,yot1)] + sup R (h,yci1) — W/X Ly 5(0(x))l(h(x),yc+1)dU (x)]
€

< sup ‘RQ h yc+1)

heH
+ sup |V/ Ly, p(@(x))£(h(x), yo11)dU (x) = YRE (R, yo11)]
rer Jx
<vBcU({x: 0 < r(x) < 27}) + ymax{c, ?}Op()\é?m) + ¢(max{1, } + B8)O0p(A

3w\»~
\_/

Sm\»—A

(A

Note that v < 1, we can write
”yﬁT' (h,yct+1)| <vBcU({x: 0 <r(x) < 27}) + c(max{l f} + B)

sup |[Ro(h,ycy1) —
heH
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Proof of Theorem 3. We separate the proof into three steps.

Step 1. We claim that

sup |(1 - a)AG7 (k) — max{Rq(h,yc41) — (1 — a)Rpy(h,yci1), 0}
c

<YBcU({x: 0 <r(x) <27})+ c(max{l, g} + B)Op()\é’m).

First, it is easy to check that
sup |(1 - @)AG7(h) — max{Rq(h.yc+1) = (1 - @)Rpx(h,yor), 0}

heH
<sup |(1 - a)ﬁ}”@(h,yxﬂ) —(1—a)Rs(h,yrs1) — Ro(h,yct1) + (1 —a)Rpi(h,yci1)l

heH

<sup (1 —a)R} (h,yx11) — Ro(h,yoi1)| + (1 — ) :ug |Rs(h,yx11) — Rex(h,yoi1)|
S

heH
<yBecU({x: 0 < r(x) < 27}) 4 ¢(max{1, g} + ﬂ)Op()\,%’m) Use Lemma 5
+(1—a) sup |Rs(h,yxi1) — Rpi(h,ycy1)|
heH
<vBcU({x: 0 <r(x) <27}) + c(max{l, g} + B)Op()\éym)

+(1 - oz)cOp()\é,m) Use Lemma 4.
Hence, we can write
sup |(1 = @)A7(R) — max{Ro(h,yos) = (1 = a)Rex(h,yos), O}
€
<yBeU({x: 0 <r(x) < 27}) + ¢(max{l, g} + 5)Op()\é’m).

Step 2.
sup (1 a)Rs(h) + (1 — a)AG5(h) — (1 — a)Rpi(h) — max{Rq(h,yc+1) — (1 — a)Rpy(h,yci1), 0}
S
< sup |(1 — a)Rs(h) — (1 — a)Rpy(h)| + sup |(1 - a)A§7(h) — max{Rg(h,yc11) — (1 — @)Rpi(h,yoi1), 0}
S

heH
1
<(1 — a)cOp(A3,m) Use Lemma 4

+BcU({x : 0 < r(x) < 27}) + ¢(max{1, é} + B) Op()\é,m) Use the result of Step 1.
T

Hence, we can write
Sup [(1—a)Rs(h) + (1 — a)AF5(h) — (1 — a)Rpk(h) — max{Rq(h,ycs1) — (1 — @) Rpi(h,yo41), 0}
€

<yBeU({x: 0 <r(x) < 27}) + ¢(max{l, g} + B)Op(A

1
2
n,m)-

Step 3. Note that
Rg(h) = (1 —a)Rpi(h) + max{Rq(h,yc+1) — (1 — @)Rpr(h,yc+1),0} Use Lemma 1.

Hence,
sup |(1— a)Rs(h) + (1 — @) A%7(h) — R (h)]
heH

<yBel({x: 0 < r(x) < 27}) + c( max{1, g} + B)0p( M)
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5. Appendix E: Proofs of Theorem 4, Theorem 5 and Theorem 6

5.1. Proof for Theorem

Proof of Theorem 4. According to Theorem 1, we know that for any h € H,
12)

|RE(R) = RE(h)| < adp 3/(Pxjy=ye.ns @x|y=yci,) + oA

According to Theorem 3, we know that for any h € H,
(1 - @)Rs(h) + (1 — a)AG7(R) — R (h)]
(13)

1
2
n,m)-

<yBeU({x: 0 <r(x) <27}) 4 ¢(max{1, g} + B8)O0p(A

Combining inequalities (12) and (13), we know that for any h € H,

(1= a)Rs(h) + (1 — a)AG7(h) — R%:(h)]

<VBeU({x: 0 < r(x) <27} + c(max{l, g} + 5)017(/\1%,171) + adﬁ,H(PX‘Y:yc+1’QX‘Yiyc+1) + aA.

5.2. Proof for Theorem 5

Proof of Theorem 5. Assume that
h € argmin ﬁgﬁT(h), hq € argmin R (h).
heH heH

Step 1. It is easy to check that
Ry (R) - R (ho) =Rg(R) — (1 - a)
<Rg(h) - (1—a)
<2sup |(1 - )R (h) — Ry(h)),

heH
and
Rg(h) — Ry (hq) =R%(h) — (1 — a)Rgh(hq) + (1 — a)Rg7(hq) — R (hq)
>R (h) — (1 — a)RG7(h) + (1 — a)RG7(hq) — RS (hq)
>~ 2sup |(1 - a)RY5(h) — RS (R)],

heH

which implies that
By (h) = Ry (ho)| < 2 5up (1= )R/ (h) -

Using the result of Theorem 3, we obtain that

|Rg§(ﬁ) — R} (hq)| < 2¢( max{1, g} + 5)0,,(/\,%7771) +27¢BU(0 < p/q < 27). (14)

Then, using the result of Step 3 in the proof of Theorem 2, we obtain that
~ 1
IR3(R) — R (ho)l < 2e(max{1, 2} +8)0, (V) + 2008010 < pfa < 27). (15)
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Ry.(h) = (1 - a)Rs(h) + (1 — a)AF(R)
< (1-a)Rs(hg) + (1 — a)AF7(hq)
< R§(hq) + ¢(max{1, g} + E)Op()\é’m) + v¢pU(0 < p/q < 27) Using Theorem 3

=(1-a) }1316171_1‘ Rq,k(h) + ¢(max{1, g} + ﬂ)Op()\é’m) +vcpU(0 < p/q < 27)

ing th 1t of St i f of Th 2 :min R (h) = (1 — i h
Using the result of Step 3 in proof of Theorem rrbnelngQ( )=(1-a) IILHGIERQ’]C( )

< (1 - a)Rox(h) + ¢(max{1, } + B)0p(Am) +7¢BU(0 < p/g < 27).

Hence,

=)

(1 - a)Ag(R)
<1~ 0)Ra(R) — (1~ ) Rs(R) + c(max{1, 2} + 5)0, (M) +7e8U(0 < pfa < 27)
=(1- a)Rp’k(ﬁ) —(1—a)Rg(h) + c(max{1, f} + ﬁ)Op()\é,m) +vefU(0 < p/q < 27)

<(1 —a)cOp(A :Im) + ¢( max{1, f} + B8)0p(A %m) +v¢pU(0 < p/q < 27) Using the result of Lemma 4

1
<2¢(max{1, ;} + B)Op(A2.m) +7cBU(0 < p/q < 27).
Then, combining above inequality with the result of Step 1 in the proof of Theorem 3, we obtain that
max{Rq(h,yc41) — (1 — @)Rpi(h,yci1), 0}
1
<3c(max{1, g} + B)Op(A2m) + 2vcBU(0 < p/q < 27).

Because maX{RQ(E, yo+1) — (1 — Oé)Rpk( ,ycH) 0} = aRy, u( ), we obtain that

aRg, u( ) < 3¢(max{1, }Jr ﬂ)Op()\é,m) + 2v¢BU(0 < p/q < 27).

Step 3.
|R%(h) — R%(hq)|
<|R3(h) — RS (h >|+|Ra< ) — R%(hq)|
=a|Rp.u(h) — RS, (h)| + |RS(h) — R$(ho)|

<aRqu(h)+ |R°‘( ) — Bp(hq)
<5¢(max{1, f} + B8) Op()é,m) + 4v¢pU(0 < p/q < 27) Using the results of Step 1 and Step 2.
T

Briefly, we can write (absorbing coefficient 5 into O,)

(RA(R) — R (ho)l < e(max{1, 2} + 5)0p(Mm) +49¢BU0 < p/g < 27).

Combining above inequality with Theorem 2, we obtain that

(R(R) — min R ()] < e(max(1, 0} + 8)0, (M) + 49¢8U(0 < pfg < 27).
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5.3. Proof for Theorem 6

Lemma 6. Assume the feature space X is compact and the loss function has an upper bound c. Let the RKHS H is
the Hilbert space with Gaussian kernel. Suppose that the real density p/q € Hx and set the regularization parameter
A = Ay, in KuLSIF such that

im Aym =0, A, = O(min{n,m}* %),

nm~>

where 0 < 0 < 1 is any constant, then

:1615 |Rg.u(h) — 7 RSTU( <A BeU(x: 0<r(x)<27})+ c(max{l, g} + B)Op()\é,m),

where ' = 1/(BU({x: r(x) =0})), and
Rq.ul / U(h(x), Yo 11)dQx |y =ye,, (%), RET,(R) = — > L s(@(x))l(h(x), yo11),

here Qxy = Q%BPY‘X, W is the solution of KuLSIF, and

x4+ f, r<T;
21 < z;

L, 4(x) = 0 (16)
, .
- T+ 271 + 20, T<x<2T
Proof. Step 1. We claim that
sup |Rg.u(h) — ' Ry5(R)| < +/BcU({x: 0 <r(x) < 27}),
heH
where
R = [ L)), ye) U ()
X
here 7(x) = p(x)/q(x).
First, we note that
| [ Lo 50 yor) AU /X Loy (D RR), YoV )
<| [ Lol G, yer)U ) = [ L, rGON(R(), yer)aU o)
o (17)
SC/X | Ly 5 (r(3)) — L 5 (r(3)|dU ()

Sc/ (T+B)dU(x) = (7 + B)cU({x: 0 < r(x) < 27}).
{x: 0<r(x)<27}
Because Qx,y = Q%ﬂ Py x, then according to the definition of Q?jﬁ , we know

Rou(h) =~ /X Ly 5 (r(x))E(R(x), yo11)dU (),

which implies

sup |Rgu(h) — W’R[T]’ﬁ(hﬂ <A (t+B)cU({x: 0<r(x) <27}).
heH

Step 2. We claim that

sup |REZ(h)—/Xng(@(X))f(h(X),YCH)dU( X)| < (e + D)0y (M m).

heH
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First, the Lipschitz constant for L 5 is smaller than 1 + 8

Then,

sup [R(0) = [ L2 (@) 6(hx), yo)U ()

heH X
=sup | [ L7 5(r(x))f(h(x),yot1)dU(x) —/ L7 s(w(x)){(h(x),yc41)dU(x)]

her Jx x
<sup [ L2, (060) = Ly (@), ye1)AU ()

heH Jx

< sup \// L. 5(r(x)) — x))|2dU (x \// 22(h(x),yc+1)dU(x) Holder Inequality

he '
<esup \// L7 5(r60) = L (#(60)) AU (9
heH
sup\//‘v )20 (x).
T heH
Lastly, using Lemma 2,
PN cp 3
sup IRE() = [ Lo y(@) ARG, you)dU ()] < (e LI0, 0 ).
Step 3. We claim that
N 3 f
— L - L {(h d <c(1 Aam).
gyszﬂ (k). ye) = | L7600, ye sV G| < el1 + 2 +5)0, (V)
First, we set Fp := {L_ g(w)l(h,yc+1) 1 w € H, |w|x < B,h € H}. We consider
sup |— flx / f(x)dU(x
s S f ey
Using Lemma 3 and inequality 8, it is easy to check that for 1 — 26 > 0, we have
21og(4/(5)7 (18)
m

/ F()AU )| < 2Re(Fi) + A(r + )

sup |3 £

fers xeT

here we have used |f| < (7 + fB)c, forany f € Fpg



Appendix: Learning Bounds for Open-Set Learning

Then, we consider iﬁT(}' B).
mﬂ?ﬁT (.7:3 )

=E,[ sup Zaz .8 (wi)l(hi,yc+1)]
HwIIK<B het =

=E,[ sup  o1L] s(wi)l(h1,yo1) + Y 0il] s(wi)l(hi,yoyn)]
llwll x <B,heH prs
1 _ —~
25E027...,o’m[ sup L s(wi)l(h1,yc+1) + Z oL g(wi)l(hiyyoi1)
llwllx <BheH =2
+ sup =L g(w1)l(hy,ycq1) + Z oil g(wi)l(hi,yci1)]
1 _ -
:i]EaQ,...,om[ sup sup L7 s(wi)l(h1,yot1) + ZUiLTﬁ(wi)é(hi,YCﬂ)
llwllx <B,heH ||w'||x <B,h'€H i—a
_L;,g(wl) h1aYC+1 Zaz Tﬁ m}’C—&-l)]
1 _ _ —
Si]EUg ..... om sup Sup |LT,,3(w1) - LT,B(wll)w(h/laycurl) + LT,B(wl)w(hllaYCH) —(h1,yc41)
llwllx <BheH [|w'||x <B,h'€H
m m
+Y oL g(wi)l(hi,yoi) + Y oL g(w))(hi, yoi1)]
i=2 i=2
1
§§Eaz ..... om | sup sup Lefwy —wy| + (B + B)|€(h1, yo+1) = L(h1, Y1)
llwllx <BheH [|w'||x <B,h'€H
+ Y oL g(wi)l(hi,yoir) + Y oLl g(w))(hi, yoi1)]
i=2 i=2
=E,[ sup  Leoywr + (B+ B)orl(hy,you) + Y oLy 5(wi)l(hi,yoyn)]
lwllx <B,heH i=2
Repeat the process m — 1 times for ¢ =2,...,m.
<E,[ sup Z Leojw; + Z(B + B)oil(hi,yc+1)]
il <B,heH =3 Pl

§mLC§§T(HK,B) +m(B + 5)§ET(}—)7

where w; = w(X;),h; = h(x;), L =1+ é Hrxp={w:we Hg,|w|xk <B}and F = {{(h,yc+1) : h € H}.
According to Theorem 5.5 of Mohri et al. (2012), we obtain that

= /1
?RT('HK’B) < By/—.
m

According to the proving process of Lemma 4, we obtain that

Rr(F) <

)

= C\/4dlogm+8dlog(0+1)
N m

where d is the Natarajan Dimension of #.

R 1 4d1 1 1
%T(.FB)SBLC\/;+(B+B)C\/ dlogm + 8dlog(C + )

m

Hence,
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This implies that for 1 — 2§ > 0, we have
L7 4(w(x)l(h(x),yor1)dU (%)
(19)

1
sup sup |— L s(w(x))l(h(x),y -
w%,uqugBheﬁmé SwENURE). yor) = |
4d 1 1 1 2log(4
dlogm + 8dlog(C + )+4(T—|—,6’)c / ogifl/é).

<2B(1+ 6)0\/2 +2(B+ B)C\/ -

- T

Because ||w||x = Op(1), then combining inequality 19, we know that

s |7711ersz;’ s(W(x))l(h(x),yct1) — /X L 5(w(x))l(h(x),yc41)dU (x)|
SQOp(l)(l + f)cop(\/g) 4 Q(Op(l) + B)COP(\/4dlogm + i(flOg(C + 1)) n 4(7_ n B)cop( 21%(4/5))

sup

This implies that
|l Z L7 5(@(x))0(h(x),yc41) — / L7 5(w(x))l(h(x),yor)dU(x)| < e(1+ = + 7+ B) Op( n%,m)
heH T T

m
x

Step 4. Using the results of Steps 1, 2 and 3, we have

sup [Ro,u(h) — v R, (h)|
hecH
< sup |Rq.u(h) — 7' R/a (h)| + sup | Ry (h) —+/ / Ly (%(x))¢(h(x))dU (x)|
heH heH X
+ sup |y / L7 5(@(x))U(h(x), yo11)dU (x) — ' RS (R y o))
2, +e(1+=+7+ 5)Op(A§,m)

heH

1+ g T4 ﬂ)Op()é,m).

We can write
sup |Ro.u(h) — 'y’]/%\g"/;u(hﬂ <YBeU({x: 0<r(x)<27}) 4+ y'(

heH
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Proof of Theorem 6. Assume that

E € arg min Rg’éi(h), hQ € arg min R% (h)
heH ' heH

Step 1. It is easy to check that

Rg(h) — R (hq) =Rg(h) — Ry
<RY(h) — R
<2 sup |§gg(

heH ’

and

>Ry (h) — R

> — 2 sup |[Rg (k) — RS(h)),
heH

Rg(h) — Ry (hq) =R%(h) — Ry (hq

which implies that
IR (R) — R&(hq)| < 2 sup |R57(h) — RS(h)].
heH
Using the result of Lemma 6 and Lemma 4, we obtain that

b + B)Op()\é,m) +2v'caBU(0 < p/q < 27).

IR (h) — R (hq)| < 267’(1—}—7’—1—; (20)

Then, using the result of Step 3 in the proof of Theorem 2, we obtain that

‘R%(’N‘L) — R3(hg)| < 207’(1 +T7+ é + B)Op(/\é,m) +29'caBU0 < p/q < 271). 1)

Rg%7(R) = (1 — a)Rs(h) + o' Rg 7, (h)

< (1-a)Rs(hg) + av'Rg5 ,(hq)

< R(hq) + oy (1+7+ g + ﬂ)Op(Aém) +~'capU(0 < p/q < 27) Using Lemma 6 and Lemma 4
=(1-a) }anelg Rgi(h)+ Y (1+7+ g + B8)O0p(Aim) +7'capU(0 < p/q < 27)

ing th 1t of St i f of Th 2 :min R3(h) = (1 - i h
Using the result of Step 3 in proof of Theorem ’rtnel%RQ( )=(1-«) ’rlnelquQ,k( )

<(1- a)RQ,k(fz) + cw/(l + 7+ g + B)Op()\é,m) +~'capU(0 < p/q < 27).

Hence,
oy Rg.,(h)
<(1—a)Rgi(h) — (1 —a)Rs(h) + ¢y (1 + 7+ g + ﬁ)op(xém) +7'caBU(0 < p/q < 27)

=(1 — a)Rpy(h) — (1 — @)Rs(h) + oy (1+7+ g + ﬁ)Op()\?1L7m) +~'caBU(0 < p/q < 27)

<(1- a)cOp()\,%m) +o(1+7+ s + B)Op()\é}m) +7'caBU(0 < p/q < 27) Using the result of Lemma 4
T

L2y (1474 g + B)Op()ém) +9'caBU(0 < p/q < 27).
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Then, combining the above inequality with the result of Lemma 6, we obtain that

_ 1
aRg.u(h) < 3c*y'(1 + 7+ g + ﬂ)Op()\,,%,m) + 27/ caBU(0 < p/q < 27).

Step 3.
R (h) — R (ho)
<|Rp(h) — Ry (R)| + | RS () — R (o)l
=a|Rp.u(h) = R, (h)| + R (h) - R (hq)
<aRqu(h) + Ry (h) - Ri(h)|
<5y (1+7+ g + B) Op()\é,m) +47'caBU(0 < p/q < 27) Using the results of Step 1 and Step 2.

Briefly, we can write (absorbing coefficient 5 into O,)

B

(B3 (R) = R(ha)| < ¢ (147 + 2 4+ B)0p(Mim) +47/caBU(0 < p/q < 27).

Combining the above inequality with Theorem 2, we obtain that

|R%(h) — min Rp(h) < o' (147 + g + B8)0p(Aim) +49/caBU(0 < p/q < 27).
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6. Appendix F: Details on Experiments
6.1. Datasets

e MNIST dataset (LeCun & Cortes, 2010). The MNIST' database of handwritten digits, has a training set of 60, 000
samples, and a testing set of 10,000 samples. The digits have been size-normalized and centered in a fixed-size image.
Following the set up in Yoshihashi et al. (2019), we use MNIST (LeCun & Cortes, 2010) as the training samples and use
Omniglot (Ager, 2008), MNIST-Noise, and Noise these datasets as unknown classes. Omniglot contains alphabet characters.
Noise is synthesized by sampling each pixel value from a uniform distribution on [0, 1] (i.i.d). MNIST-Noise is synthesized
by adding noise on MNIST testing samples. Each dataset has 10, 000 testing samples.

7.2 /101d]l]

Figure 1. MNIST.

Figure 3. Noise.

Figure 4. Omniglot.

Table 2. Introduction of MNIST Dataset in Open-set learning.

Dataset #Sample #Class Known/Unknown Train/Test
MNIST 60,000 10 Known Classes Train
MNIST 10,000 10 Known Classes Test
MNIST-Noise 10,000 10 Unknown Classes  Test
Omniglot 10,000 1,623 Unknown Classes Test
Noise 10,000 1 Unknown Classes  Test

'http://yann.lecun.com/exdb/mnist/
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Table 3. Introduction of CIFAR-10 Dataset in Open-set learning.

Dataset #Sample #Class Known/Unknown Train/Test
CIFAR-10 50,000 10 Known Classes Train
CIFAR-10 10,000 10 Known Classes Test

ImageNet-crop 10,000 1,000 Unknown Classes Test
ImageNet-resize 10,000 1,000 Unknown Classes Test
LSUN-crop 10,000 10 Unknown Classes  Test
LSUN-resize 10,000 10 Unknown Classes Test

o CIFAR-10 dataset. The CIFAR-10 dataset consists of 60,000 32 x 32 colour images in 10 classes, with 6, 000 images per
class. There are 50, 000 training images and 10, 000 testing images. Following the set up in Yoshihashi et al. (2019), we use
the training samples from CIFAR-10 (Krizhevsky & Hinton, 2009) as training samples in open-set learning problem. We
collect unknown samples from datasets ImageNet and LSUN. Similar to Yoshihashi et al. (2019), we resized or cropped
them so that they would have the same sizes with known samples. Hence, we generated four datasets ImageNet-crop,
ImageNet-resize, LSUN-crop and LSUN-resize as unknown classes.

Figure 5. CIFAR-10.

Figure 6. ImageNet-crop.

Figure 7. ImageNet-resize.

NER - TVE

Figure 8. LSUN-crop.

Figure 9. LSUN-resize.
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6.2. Network Architecture and Experimental Setup

All details can be found in github.com/Anjin-Liu/Openset_Learning_AOSR.

6.3. Parameter Analysis and Influence of Model Capacity

1.00 1.00
=== Double-moon
0981 0.951
0.95 0.901
0.93 1 o Omniglot 0.85

== = CROSR Omniglot
0.90 7" e MNIST-Noise
= = CROSR MNIST-Noise

Accuracy
o
[ee]
o

F1-Score

0.88 1 Noise
CROSR Noise 0.751
0.85 -
0.701
0.83 - e =
0.65
e S ——
| 0.60 : : ; . . |
i - o Tn 8 16 24 32 64 9 128 256
m Width of the Network
(a) Parameter Analysis for m (b) Influence of Model Capacity

Figure 10. Parameter Analysis and Influence of Model Capacity

Experiment results on parameter m are shown in Figure 10 (a). m is the size of generated samples T". We setm = 3n, 5n, 10n
and 15n. By changing m in the range of 3n, 5n, 10n, 15n, AOSR achieves consistent performance. This result can be
explained by our theory. Because when m > n, the increases of m does not influence the error bound in Theorem 6.

Experiment results on the width of the network are shown in Figure 10 (b). We generate 2, 000 training samples and adjust
the width for the second to the last layer from 8 to 256. For different width, we run 100 times and report the mean accuracy
and standard error. As increasing the network’s width from 8 to 256, the accuracy of double-moon increases. When the
width is larger than 64, the performance achieves a stable performance. This means the model capacity has a profound
impact on the performance of OSL. Generally, the larger the model capacity is, the better the model’s performance is. This is
because a larger hypothesis space H has a greater possibility to meet the conditions of Assumption 1 (realization assumption
for unknown classes).
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