Online Learning with Optimism and Delay

A. Extended Literature Review

We review here additional prior work not detailed in the main paper.

A.1. General online learning

We recommend the monographs of Shalev-Shwartz (2012); Orabona (2019) and the textbook of Cesa-Bianchi & Lugosi
(2006) for surveys of the field of online learning and Joulani et al. (2017); McMahan (2017) for widely applicable and
modular analyses of online learning algorithms.

A.2. Online learning with optimism but without delay

Syrgkanis et al. (2015) analyzed optimistic FTRL and two-step variant of optimistic MD without delay. The work focuses
on a particular form of optimism (using the last observed subgradient as a hint) and shows improved rates of convergence to
correlated equilibria in multiplayer games. In the absence of delay, Steinhardt & Liang (2014) combined optimism and
adaptivity to obtain improvements over standard optimistic regret bounds.

A.3. Online learning with delay but without optimism

Overview Joulani et al. (2013; 2016); McMahan & Streeter (2014) provide broad reviews of progress on delayed online
learning.

Delayed stochastic optimization Recht et al. (2011); Agarwal & Duchi (2011); Nesterov (2012); Liu et al. (2014); Liu &
Wright (2015); Sra et al. (2016) studied the effects of delay on stochastic optimization but do not treat the adversarial setting
studied here.

FTRL-Prox vs. FTRL Joulani et al. (2016) analyzed the delayed feedback regret of the FTRL-Prox algorithm, which
regularizes toward the last played iterate as in online mirror descent, but did not study the standard FTRL algorithms
(sometimes called FTRL-Centered) analyzed in this work.

A 4. Self-tuned online learning without delay or optimism

In the absence of optimism and delay, de Rooij et al. (2014); Orabona & Pal (2015); Koolen et al. (2014) developed
alternative variants of FTRL algorithms that self-tune their learning rates.

A.5. Online learning without delay for climate forecasting

Monteleoni et al. (2011) applied the Learn-« online learning algorithm of Monteleoni & Jaakkola (2004) to the task of
ensembling climate models. The authors considered historical temperature data from 20 climate models and tracked the
changing sequence of which model predicts best at any given time. In this context, the algorithm used was based on a
set of generalized Hidden Markov Models, in which the identity of the current best model is the hidden variable and the
updates are derived as Bayesian updates. This work was extended to take into account the influence of regional neighboring
locations when performing updates (McQuade & Monteleoni, 2012). These initial results demonstrated the promise of
applying online learning to climate model ensembling, but both methods rely on receiving feedback without delay.

B. Proof of Thm. 3: OFTRL regret
We will prove the following more general result for optimistic adaptive FTRL (OAFTRL)

W1 = argming cw (81:¢ + 8e+1, W) + A1 (w), (OAFTRL)

from which Thm. 3 will follow with the choice A\; = A forall ¢t > 1.

Theorem 14 (OAFTRL regret). If v is nonnegative and (\¢)i>1 is non-decreasing, then, Vu € W, the OAFTRL iterates
w satisfy,

Regrety (u) < Arp(u) + 32, 6
< Arop(w) + 27 min (-huber(llg — &, llgl.), diam(W) min(|lg; — &|l.. &)
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for
& = min(Fyp1 (Wi, A) — Frpn (Wi, Ar), (@, Wi — W),
Fiy1 (Wi, A) = Frypn(We, M) + (e, Wy — Wy)) 4 with
Wy £ argming ew Fro1(W, ), Fipr(w, A) 2 No(w) + (g1, W), and
W 2 argming, cw A (W) + (g1 + min(%7 1)(8: —gt),w).
Proof. Consider a sequence of arbitrary auxiliary subgradient hints g7,..., g1 € R? and the auxiliary OAFTRL sequence

Wi = argming. cw (81 + 871, W) + Aep10(w*) for 0<t<T with g5, 20 and Apy1=Ar. (3)

Generalizing the forward regret decomposition of Joulani et al. (2017) and the prediction drift decomposition of Joulani et al.

(2016), we will decompose the regret of our original (w;)7_, sequence into the regret of the auxiliary sequence (w;)7_;

and the drift between (w;)7_; and (w})ZL_;.

For each time ¢, define the auxiliary optimistic objective function F}*(w) = F,(w) + (g, w). Fixing any u € W, we have
the regret bound

Regret.(u) = 23:1 Ly(wy) — Ly(u) < ZtT:l<gt, w; —u) (since each ¢, is convex with g; € 00¢(wy))
T * T *
=21 (8 We = Wi+, (g, Wi —u).

drift auxiliary regret

To control the drift term we employ the following lemma, proved in App. B.1, which bounds the difference between two
OAFTRL optimizers with different losses but common regularizers.

Lemma 15 (OAFTRL difference bound). The OAFTRL and auxiliary OAFTRL iterates (3), w: and w}, satisfy
[w; — wi| < min(s:[I& — & |+, diam(W)).

Letting a = diam(W) € R U {oo}, we now bound each drift term summand using the Fenchel-Young inequality for dual
norms and Lem. 15:

(g we = wi) < llgellllwe — will < min (5 llgelll|&ge — &F [l allge]l.)-

To control the auxiliary regret, we begin by invoking the OAFTRL regret bound of Orabona (2019, proof of Thm. 7.28), the
nonnegativity of ¢, and the assumption that (\;);>1 is non-decreasing:

(g wi —u) < Appap(u) — Mp(wWh) + S0 Fran (Wi Ae) — Frpn (We, Ae) + (A — A1) (wiyy)
< A (u) = Mp(wh) + 30y Fraa (Wi, M) = Figa (Wi, Ay).

We next bound the summands in this expression in two ways. Since wj is the minimizer of F*, we may apply the
Fenchel-Young inequality for dual norms to conclude that

Frp1 (Wi, N) — Frpn (We, \e) = Ff(wi) + (Wi, g — &) — (Fy (W) + (Wi, 8 — &)
< (wp —wy, g — &) < [[wi — willllge — &7« < allg: — &7+

Moreover, by Orabona (2019, proof of Thm. 7.28) and the fact that w; minimizes Fj11 (-, A¢) over W,

_a*12
Fioa(Wi ) = Frpr(We, M) < W-

Our collective bounds establish that
5:(87) = Fip1 (Wi, Ar) — Fron (Wi, M) + (g, Wi — W)
< min(5x- g — & 112, allg: — &7 [l) + min(5; |8l 18 — &7 [+, allgell+)
< i llge — 8712 + S lleell«llg: — &1l
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To obtain an interpretable bound on regret, we will minimize the final expression over all convex combinations g; of g; and
g:. The optimal choice is given by
& =g+ (8 — &) for

co & min( L8l 1) = i ol — & 12 + Lllell- g — &1l
=45t —

. 2 ~ — ~
= argmin < 55, (/8 — gl + 1)\tc||gt||*||gt — 8tl|«

For this choice, we obtain the bound

(0e(8e)+ < ax; g — &ellZ + 5 el ge — &l
2
= QCT*t”gt — gt“i + lgf* llgell« gt — &ell«
= Q%\tmin(Hgt — &l llgell)* + ,\%Hng*(Hgt — &l — llgell)+
= o (lge — &2 — (lge — &l — llgell)?)
= 3 huber([|g: — &, et ]+)
and therefore
0y = min(0; (&), 0:(8¢), 6:(8:))+ < min(/\%huber(Hgt — &tll«, lIgtll«), amin(||ge — &ll«, ||t ll«))- 4)

Since g is arbitrary, the advertised regret bounds follow as

= Ari1to(u) + 30, infgr cpa 0 (&])
< Arpap(u) + 3, min(0y (&), 0¢(8e), ¢ (&¢))+-

B.1. Proof of Lem. 15: OAFTRL difference bound

Fix any time ¢, and define the optimistic objective function F}(w) = \1h(w) + Zf;} (gi, W) + (&, w) and the auxiliary
optimistic objective function F;(w) = A\h(w) + ZE;Rg“ w) + (g7, w) so that w, € argming,cw Fi(w) and w; €

argming, cw F; (w). We have

Ft*(wt) — Fy(wy)

Y

At|lw, — wi||? by the strong convexity of F* and

Fi(wi) — Fy(wy) > 2t|lw, — wy||> by the strong convexity of Fy.
Summing the above inequalities and applying the Fenchel-Young inequality for dual norms, we obtain

Mllwe = will* < (&7 — &, we — wi) < |18 — &7 [l [lwe — wy]l,

which yields the first half of our target bound after rearrangement. The second half follows from the definition of diameter,
as ||w; — wi|| < diam(W).
C. Proof of Thm. 4: SOOMD regret
We will prove the following more general result for adaptive SOOMD (ASOOMD)

W1 = argmin (g, + 8,41 — &, W) + M1 B8y (W, wy)  with arbitrary wy and gy =gy =0 (ASOOMD)

we

from which Thm. 4 will follow with the choice \; = A forall ¢ > 1.
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Theorem 16 (ASOOMD regret). Fix any Ar1 > 0. If each (Aiy1 — N )V is proper and differentiable, Ny = 0, and
gr41 £ 0, then, for allu € W, the ASOOMD iterates w; satisfy

Regrety () < 37,70 (Ary1 — Ar)By (u, wy)+
Yoy min (diam(W)l|g: — 8., xohuber([lg: — &+, llge + &er1 — &ells))-

Proof. Fix any u € W, instantiate the notation of Joulani et al. (2017, Sec. 7.2), and consider the choices

r = )\2’(/1, ry = (>\t+1 — )\t)Qﬁ for ¢ > 2, so that r1.t = )\t+1¢ for ¢ > 1,

qt = q + <gt+1 — 8, > fort > 0,

Go(w) = M By(w,wp)and §; =0 forallt > 1,
o p1 =7 —qo="71—Go— (& — 8o,) = Ao — MBy (-, wo) — (&1 — 8o, "),
® Pt =Tt~ qo1 =1t — Q-1 — (& — Br-1,7) = (Ne1 — MY — (8 — &1, ) forall t > 2.

Since, for each ¢, §; = 0 and ¢, is convex, the ADA-MD regret inequality of Joulani et al. (2017, Eq. (24)) and the choice
gr+1 = 0 imply that

T
Regret(u Z Ly (wy) Z £y (u)

t=1
T T T

< - ZB@ (u7 Wt) + th(u) - Qt<Wt+1) + ZBPt (u’ Wt)
1 t=0 t=1
T

T T
- ZBTU Wip1, W) + Z 8, Wi — Wip1) +Z5t
t=1

t=1

T
< M(By(u,wo) = By(wi,wo)) + > (841 — &, — Wip1)
=0

T T
+ Z()\Hl At) By (u, wy) + Z (&, Wi — Wip1) — M1 By (Weg1, wy)
t t=1

il
_

T T
Z At41 — /\t Bw u, Wt + Z — 8, Wi — Wt+1> - >\t+16¢(wt+hwt)~ )
t=0 t=0

To obtain our advertised bound, we begin with the expression (5) and invoke the 1-strong convexity of ¢/ and the nonnegativity
of By (w1, wo) to find

Regret,(u) < Z;O(}\t-ﬂ — A)By(u, wy) + Z?:o<gt — 8, Wi — Wip1) — A1 By (Wip1, wy)
< ZtT:O()\tH — At)By(u, wy) + Z;’F:l<gt — &, Wy — Wep1) — %Hwt —wip % 6)

We will bound the final sum in this expression using two lemmas. The first is a bound on the difference between subsequent
ASOOMD iterates distilled from Joulani et al. (2016, proof of Prop. 2).

Lemma 17 (ASOOMD iterate bound (Joulani et al., 2016, proof of Prop. 2)). If ¢ is differentiable and 1-strongly convex

[we = weri]l < 55 llge + 8ern — &l

The second, proved in App. C.1, is a general bound on (g, v) — 5||v||* under a norm constraint on v.
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Lemma 18 (Norm-constrained conjugate). For any g € R? and \,c,b > 0,

sup (g,v) = 3[Ivl* = § min(|[g]l+, ¢, bA) (lgl« — 5 min(||g]l., c, bX))
vERd:||v]| <min(£,b)

< min(b|g|l, ; min(||g[l., ¢)(lgll — 5 min([|g]l+, c)))
= min(b|g|, 55 (gl — (gl — min(lig]+, ))*))

= min(bllglls, 75 (Il — (llglls — )}))

< min(55 [lglZ, tellglls, oligll-)-

By Lems. 17 and 18 and the definition of ¢ = diam(W), each summand in our regret bound (6) satisfies

(g — 8 Wi — Wip1) — 25 lwy — wig |2 < sup (g — & v) — 252 |v|
VvER:||v||<min( llgt+&e+1—8t¢llx,a)

At41
s

= min (afg; — &/l ﬁ(\\gt — &2 — (llge — &ell- — llge + &es1 — 8:1l5)3))

yielding the advertised result. O

C.1. Proof of Lem. 18: Norm-constrained conjugate

By the definition of the dual norm,

sup (g, v)—gllv[* = sup sup (g, v) — ga” = sup afgll. -
veR:||v]|<min($,b) a<min(%,b) veR4:||lv]|<a a<min(£,b)

5 min([[g]l, ¢, bA) ([l — 5 min(llg]ls, ¢, bA)) < min(5cllglls, bllgll)-

g2

We compare to the values of less constrained optimization problems to obtain the final inequalities:

sup  allg|. — 5a° < sup allg|l. — 30 = 5 min(||g[., ¢)([lg]l. — 3 min([g], )
a<min($,b) ass

A
2

<supalgl. — 5a* = 1|l
a>0

D. Proof of Lem. 8: DORM is ODAFTRL and DORM + is DOOMD

Our derivations will make use of several facts about E” norms, summarized in the next lemma.

Lemma 19 (¢? norm facts). Forp € (1,00), ¥(w) =

and any vectors w,v € R% and W € R+,

Vi(w) = V3wl = sign(w)lw]"~! /w2 ™
(w, Vip(w)) = [[wl[; = 20 (w)
v(v) = sup (w,v) —h(w) = gIvllg for 1/g=1-1/p )
weR?

VY (v) = sign(v)[v|*"!/||v[7
Yi(v) = sup (w,v) —9(w) = sup (w, (v)1) — (w) = 3] (v)+ ]

we]R‘jr weRe

VL(v) = argmax(w, v) — ¢ (w) = argming(w) — (w,v) = (VI /I(v)+ 572 )

wERi WGRi

min By, (W, Wo) — (v, W) = A((Wo, Vip(Wo)) — (Wo) — sup (W, Vih(Wg) + v/A) — )(W))

WE]Rd V"VGRdJr

((Wo, Vo (wo)) — ¢ (Wo) — 9% (Vi (Wo) + v/A))
(1h(Wo) — 3 (Vip(Wo) +v/A))
(¥(Wo) — 3l1(Ve (o) +v/N)+[17)
(

sIWoll3 = 1w /Iwolls = + v/A)41I7)-

([ T
> > > >
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Proof. The fact (7) follows from the chain rule as

_ — d
Vizlwlly = 3V (Iwl)*? = S(Iwl5) D= l[wllh = S lIwl3 =7V 525 [we

= w3 Ppsign(w;)w; [P~ = sign(w;)|w; [P~ /[ w52
The fact (8) follows from Lem. 18 as |||, is the dual norm of ||-||,. O

We now prove each claim in turn.

D.1. DORM is ODAFTRL

Fix p € (1,2], A > 0, and ¢ > 0. The ODAFTRL iterate with hint —h; 41, W £ R%, (W) = ||w||2, loss subgradients

2
gOPAFIRL — _r, 4 p, and regularization parameter \ takes the form

argmin \)(W) — (W, hy41 +11.4-p)
weRS

= argmin(w) — (W, (hy41 +r14-p)/N)

weRd
= ((rre—p + ey 1) /NI ((rre—p +heg1) /A) |27 by (9)
= ((rre—p + 1) /N H((rr—p + he) /N B2 since (p—1)(g— 1) =1

= Wit [ Wea|[h2

proving the claim.

D.2. DORM+ is DOOMD

Fixp € (1,2] and A > 0, and let (W;);>( denote the unnormalized iterates generated by DORM+ with hints h;, instantaneous
regrets ry, regularization parameter \, and hyperparameter q. For p = ¢/(¢ — 1), let (W;);>0 denote the sequence generated
by DOOMD with wo = 0, hints —h;, W £ R{, /(W) = 5|[w||2, loss subgradients gP?°MP = —r,, and regularization
parameter A\. We proceed by induction to show that, for each ¢, w; = W¢|| W, ||§_2.

Base case By assumption, Wo = 0 = Wo||Wol[5~2, confirming the base case.

Inductive step Fix any ¢ > 0 and assume that for each s < ¢, w, = Wg||W; ||§’2. Then, by the definition of DOOMD
and our ¢P norm facts,

Wt—',—l = argmin <_ht+1 + ht —Iy_p, W> + wa(w, Wt)

weR?

= argmin \(¢(W) — (W) — (W — Wy, Voo (W) + (—hyy 1 + hy — vy p, W)
v’ve]Ri

= argmin (W) — (W, Vip(W) + (re—p — he + hey1)/A)
v’ve]Ri

= argmin (W) — (W, W}~ /|[W¢[57% + (r-p — hy + hyp1)/A) by (7)

weRY

= argmin (W) — (W, W’ ' + (r,_p —hy + h;1)/\) by the inductive hypothesis
weRY

= (W' + (rimp — hy + hyy) /N /(WP 4 (rmp — by +hyg) /N[22 by (9)
= (WP 4 (rip =Dy + 1y ) /N THW T+ (rp = hy + ) N[BT since (p—1)(g—1) =1

= Wi [ Wi lh2

completing the inductive step.
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E. Proof of Lem. 7: DORM and DORM+ are independent of \

We will prove the following more general result, from which the stated result follows immediately.

Lemma 20 (DORM and DORM+ are independent of \). Consider either DORM or DORM+ plays w, as a function of
A > 0, and suppose that for all time points t, the observed subgradient gy and chosen hint hy 11 only depend on )\ through
(Ws, N7 IW g, o1, hy)s<t and (W, N7 Wy, g5, hy)s<; respectively. Then if N9~ Wy is independent of the choice of
A > 0, then so is N~ "W, for all time points t. As a result, w, oc N9~ W, is also independent of the choice of X > 0 at all
time points.

Proof. We prove each result by induction on .

E.1. Scaled DORM iterates A\?~'w, are independent of \

Base case By assumption, h; is independent of the choice of A > 0. Hence A\~ 'w; = (hl)ff1 is independent of A > 0,
confirming the base case.

Inductive step Fix any ¢ > 0, suppose A1, is independent of the choice of A > 0 for all s < ¢, and consider

e q
AN Wi = (rrg—p +hyp1)%

Since r1.;— p depends on A only through w, and g for s < ¢ — D, our X dependence assumptions for (g, hsy1)s<;; the
fact that, for each s, w, oc AX?~ 1w ; and our inductive hypothesis together imply that A9~ 1w, is independent of A > 0.

E.2. Scaled DORM+ iterates \Y~!w; are independent of \

Base case By assumption, A9~ 1wy is independent of the choice of A\ > 0, confirming the base case.

Inductive step Fix any ¢ > 0 and suppose A9~ !'w, is independent of the choice of A > 0 for all s < t. Since
p-D-1)=1,

>\q71V~VH_1 = ()\\X/tpil +r;_p—h; + ht+1)3_71 = (()\qilwt)pil +r;_p—h;+ ht+1)3_71.
Since r;_ p depends on A only through w;_p and g;_ p, our A dependence assumptions for (g, hs11)s<¢; the fact that, for
each s < t, w, oc A~ w,; and our inductive hypothesis together imply that A\?~ ', | is independent of A > 0. O
F. Proof of Cor. 9: DORM and DORM+ regret

Fix any A > 0 and u € A4_1, consider the unnormalized DORM or DORM+ iterates w;, and define w; = w||w, ||§_2 for
each t. For either algorithm, we will bound our regret in terms of the surrogate losses

ft(\x/) £ *<I‘t,V~V> = <gtvw> - <W7 1><gt7Wt>

defined for w € R%. Since ly(u) = (g, u — w;), £;(W,;) = 0, and each £, is convex, we have

Regrety (1) = Yo, (W) — £(w) < Yo, (g, Wi — 1) = 32/, £4(W1) — Ly(u).

For DORM, Lem. 8 implies that (W, );>1 are ODFTRL iterates, so the ODFTRL regret bound (Thm. 5) and the fact that 1 is
1-strongly convex with respect to ||-|| = v/p — 1||-||,, (see Shalev-Shwartz, 2007, Lemma 17) with ||-||. = ﬁ |||l imply

T
Regret,(u) < %||u||12, + ﬁ > i—1 big-

Similarly, for DORM+, Lem. 8 implies that (W;);>o are DOOMD iterates with Wy = 0, so the DOOMD regret bound
(Thm. 6) and the strong convexity of v yield

T A T
Regrety(u) < By 2 (0,0) + 55555 2421 brg = 3 lull} + 5550 221 bra-
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Since, by Lem. 7, the choice of A does not impact the iterate sequences played by DORM and DORM+, we may take the
infimum over A > 0 in these regret bounds. The second advertised inequality comes from the identity pil = q — 1 and the

norm equivalence relations ||v||, < d/9||v|| s and ||v|, < ||v]}1 = 1 for v € R?, as shown in Lem. 21 below. The final
claim follows as

inf o d?/9 (¢ — 1) = infy sy 221082(D/0 (¢ — 1) < 221082(d)/(2log2(d)) (2 ]0g, (d) — 1) = 2(2logy(d) — 1)
since d > 1.
Lemma 21 (Equivalence of p-norms). Ifx € R" and q > ¢ > 1, then ||x||, < ||x|y < n1/7 =19 |x],.
Proof. To show |x||; < [[x[| for ¢ > ¢’ > 1, suppose without loss of generality that [x||,, = 1. Then, |[x[| =
S e < S0 fale” = x4 = 1. Hence [[x[|, < 1 =[xl
For the inequality ||x||,, < n'/ a~1/q |Ix|| 4, applying Holder’s inequality yields

a a’ 1_d
q

ellg =22z e ol < iy 1) 7 (2iny |l )« = o [l

0 [[x[ly < n'/4 9| -

G. Proof of Thm. 10: ODAFTRL regret

Since ODAFTRL is an instance of OAFTRL with g; 11 = h;41 — Zi:t_ D41 8ss the ODAFTRL result follows immediately
from the OAFTRL regret bound, Thm. 14.

H. Proof of Thm. 11: DUB Regret
Fix any u € W. By Thm. 10, ODAFTRL admits the regret bound

Regret,(u) < Ary)(u) + Zthl min(/\%btp, a,p).

To control the second term in this bound, we apply the following lemma proved in App. H.1.

Lemma 22 (DUB-style tuning bound). Fix any a > 0 and any non-negative sequences (a;)L_q, (b))_. If

[—~t—D
Aj £ 2maxj<¢t—p—1Gj—pD+1:5 + 22:1 a? +2ab; < adpp1  foreach t

Z?:l min(bg/)‘ta at) < A;"—&-D-i-l < a/\T+D+1-

then

Since Ay < Ar4p41, the result now follows by setting a; = a; 7 and b, = by r, so that

Regrety(u) < Aryp(u) + adripy1 < (Y(u) + a)Aripya-

H.1. Proof of Lem. 22: DUB-style tuning bound

We prove the claim
At é Z:zl mln(bl/A“ ai) S A:+D+1 S a)\t+D+1

by induction on .
Base case Fort € [D + 1],

T ¢
>z min(bi/Ai, a;) < ar—1 +ap < 2maxj<i—1 aj-py1 + /Dm0 +2ab; = Af by < @Dt

confirming the base case.
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Inductive step Now fix any ¢t + 1 > D + 2 and suppose that
A < A7 py S adizpi
for all 1 <+ < ¢. We apply this inductive hypothesis to deduce that, for each 0 < ¢ <,

ALy = AF = (A + min(biy1 /Air1,ai41))° = A7 = 28, min(big1 /Aig1, ais1) + min(big /Nig, i)’

=2A;_pmin(bip1/Nit1, ait1) + 2(A; — Ai_p) min(bi1/Nig1, aiv1) + min(bip1 /N1, air1)?
=2A;,_p min(bi+1/)\i+1, ai+1) + 2 Z min(bj/)\j, aj) min(bi+1/)\i+1, aiy1) + min(bi+1/)\i+1, ai+1)2
j=i—D+1

. . 2
< 2aXipymin(bi 1/ N1, @iv1) + 20— pyrgmin(bip1/Aig1, aip1) + ajyy
< 2abi1 + ai iy + 2ai—prs min(big1/Niv1, @i

Now, we sum this inequality over 7 = 0, ..., ¢, to obtain

A7, < Zz o(2abiy1 +af ) +2 Zz 0 @i—D1: min(biy1/Niv1, aip1)
Hl(20zb +a2)+23 i paa mln(b-/)\i, a;)

1(af

1 (af

IN

a2 + 20b;) + 2maxj<i aj—p41:j Z 0 tmin(b; /X, a;)
t+1

>
die
Yo (af + 2ab;) + 2811 maxj<y a5 pi1y-

Solving this quadratic inequality and applying the triangle inequality, we have

1 t+1
A1 < max;<¢dj—p+1:5 + §\/<2 max; <t (lj7D+1;j)2 + 421 1 a2 + 2ab;

[~—~t+1
< 2man<t Aj—D+1:5 + Z a + 20éb = At+D+2 < Oé)\t+D+2

L. Proof of Thm. 12: AdaHedgeD Regret

Fix any u € W. Since the AdaHedgeD regularization sequence ();)¢>1 is non-decreasing, Thm. 14 gives the regret bound

Regret; () < Aptp(u) + 31y 6 = AMrep() + adrypi1 < (V(w) + @) Aripia,

and the proof of Thm. 14 gives the upper estimate (4):

6 < min (%2 a,p) forall e [T], (10)
Hence, it remains to bound Ay py1. Since Ay = -+ = Apy1 = 0and a(Ayp1 — \) = 0—p fort > D + 1,
T+D T+D
aA%—&-D—‘,—l = t:+1 Ck()\%+1 — )\?) = t;D—O—l(a()\iH’l — )\t)2 + 2&()\t+1 - )\t)>\t)

= Zthl
= Zthl
<Y
= ZtT:1

< Zthl (aiF/a + 2by p) + 2Ar4 D41 Maxee(r] ai—pi—1,7 by (10).

62 /o + 26t)\t+D) by the definition of A\; 1
5?/0& + 26t>\t + 26t(At+D - At))
(StZ/Oé + 25t)\t + 2(5,5 maxte[T]()\tJrD — )\t))

07 Ja+ 20¢At) + 2A7 4 p 1 Maxee (1) Ot Die—1

Solving the above quadratic inequality for A4 p1 and applying the triangle inequality, we find

T
aAripy1 < MaXee(r) &—p:—1,F + é\/ll(maxtem ar-pi-1,7)? +4) 8} p +2aby p

<2 max¢e[r) at—D:t—1,F + \/ZtTZI atz,F + 2aby .
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J. Proof of Thm. 13: Learning to hint regret
We begin by bounding the hinting problem regret. Since DORM+ is used for the hinting problem, the following result is an
immediate corollary of Cor. 9.

Corollary 23 (DORM+ hinting problem regret). With convex losses l;(w) = f;(Hyw) and no meta-hints, the DORM+
hinting problem iterates w; satisfy, for eachv € A\,,_1,

HintRegret, (v) 2 337 I (we) — S, i(v) < \/ =) ST By for

B oo = hUber(HZZ=t—D Pslloos |pt-Dlloc), fort <T
oo = t
%”Zs:t_D Ps||go, fort =T

where p; = 1{y;,w;) — ¢ for 7 € Oly(wy) is the instantaneous hinting problem regret.

If, in addition, ¢ = argmin,,~, m 2/4' (¢ — 1), then HintRegret(v) < \/(210g2( -1 Zle Bt 00

Our next lemma, proved in App. J.1, provides an interpretable bound for each f; o, term in terms of the hinting problem
subgradients (y;);>1.

Lemma 24 (Hinting problem subgradient regret bound). Under the notation and assumptions of Cor. 23,

B < {huber(ft,(t) ift < T’ for

3& ft=T
§E2AD+ )Y, plsli and
G 2 4-plloo Zims—p [slloo-

Now fix any u € W. We invoke Assump. 1, Cor. 23, and Lem. 24 in turn to bound the base problem regret

Regret(u) = Zthl l(wy) — £y (u)
< Co(u) + Cy()y /31, fi(hy(wy)) by Assump. |

< Cp(u) + Cl(u)\/mfvev Zt 1 fe(he(v)) + \/ (2logy(m) — 1) Zthl Bt.co by Cor. 23

< Co(u) + Cl(u)\/lnfvev Zt 1 fe(he(v)) + \/ (2logy(m) — 1)(3&r + Zz:ll huber(&, (;)) by Lem. 24.
The advertised bound now follows from the triangle inequality.

J.1. Proof of Lem. 24: Hinting problem subgradient regret bound
Fix any ¢ € [T]. The triangle inequality implies that
[l = ll7e = Lwr, ve)lloo < vello + Kt v)| < 2|72 lloo

since w; € A,,—1. We repeatedly apply this finding in conjunction with Jensen’s inequality to conclude

t
I e ppsllie <@+ D X0, pllesli <4D+1DX0, plvsl% and
Hpt D||oo||zs t— Dps||<>0< ||pt D”oozs t— D”pSHOO S4||7t D||OOES t— D”rYSHOC

K. Examples: Learning to Hint with DORM+ and AdaHedgeD

By Thm. 12, AdaHedgeD satisfies Assump. 1 with f;(h;) = ||r¢|[«|h: — ZS i pTslx > % Ci(u) =
diam(W)?2 + 2a, and Cp(u) = 2 diam(W) max,¢p Zs:th llgs |l
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By Cor. 9, DORM+ satisfies Assump. 1 with f;(h) = ||ri—p +hy11 — hy||¢|lh — ZZ:t—D rsllg, Co(u) =0, and Cy(u) =

/ lull
2(p—1)°

These choices give rise to the hinting losses

ltDORM+(w) = ||I‘t—D =+ ht+1 - ht“q”HtW - Zi:t—D rS”q and an

AdaHedgeD t
D () = lgelly || Hiw = X5y p&slls when [l =1l for g€ [L,00].

The following lemma, proved in App. K.1, identifies subgradients of these hinting losses.

Lemma 25 (Hinting loss subgradient). Ifl;(w) = ||g:||¢|| Hiw — vi||q for some g1, v € R? and Hy € RYX™, then

|Hew—v |21 € (’)lt(w) (12)

) {'g’"“mﬂtw vl sign(Huw — vi) - ifq < oo
t = _ R i
8¢l oe sign (1) H; ex ifq=oo

for k = argmax;¢(q (Hiw — vi)j and p = maxe(q)(Hiw — Vi) ;.

Our next lemma, proved in App. K.2, bounds the co-norm of this hinting loss subgradient in terms of the base problem
subgradients.

Lemma 26 (Hinting loss subgradient bound). Under the assumptions and notation of Lem. 25, the subgradient ~y; satisfies
7Velloo < dM )& |lg|| Hell o for || Hy || oo the maximum absolute entry of Hsy.
K.1. Proof of Lem. 25: Hinting loss subgradient

The result follows immediately from the chain rule and the following lemma.

Lemma 27 (Subgradients of p-norms). Suppose w € R% and k € argmax;¢q) |[w;|. Then

p—1 . .
=T sign(w) - if [wllp # 0.p € [1,00)
Awllp > 1 ey sign(wy) if |lwl, #0,p=occ
0 i Wl = 0

Proof. Since 0 is a minimizer of |-

»» we have |[uf|, > ||0]|, + (0, u — 0) for any u € R¢ and hence 0 € 9||0],.
For p € [1, 00), by the chain rule, if ||w]||, # O,

BilIwlly = 0 (S, Iwel?) " = L (00, wil?) 7™ plwy [P sign(w;)
—(p—1
= (S we)”)

= ( [w; | )pil sign(w;)
= UIwll, gniw; ).

) )
|w[P~ ! sign(w;)

For p = 0o, we have that ||w||o, = max;c[, |[w;|. By the Danskin-Bertsekas Theorem (Danskin, 2012) for subdifferentials,
O|Wlloe = conv{Ud|w;| st |w;| = ||[W|} = conv{Usign(w;)e; s.t. |w;| = ||w||}, where conv is the
convex hull operation. O

K.2. Proof of Lem. 26: Hinting loss subgradient bound

If ¢ € [1,00), we have

t -1
s=t—D gsld

Il = | st B Vo = T p 117 s = )

’OC
llgellq max;ea) [[Heejllq
= Hw-X,_peslld

< dY g,/ Hilloo by Lem. 21.

|Huw -, gs[lZ~! by Holder’s inequality for (g, p)
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If ¢ = oo, we have

1elloo = [[18¢lloo sign(u) Hy ex| . =Tl # 0]l18¢lloo | Helloo < d* 9l gellool| Helco-

L. Experiment Details
L.1. Subseasonal Forecasting Application

We apply the online learning techniques developed in this paper to the problem of adaptive ensembling for subseasonal
weather forecasting. Subseasonal forecasting is the problem predicting meteorological variables, often temperature and
precipitation, 2-6 weeks in advance. These mid-range forecasts are critical for managing water resources and mitigating
wildfires, droughts, floods, and other extreme weather events (Hwang et al., 2019). However, the subseasonal forecasting
task is notoriously difficult due to the joint influences of short-term initial conditions and long-term boundary conditions
(White et al., 2017).

To improve subseasonal weather forecasting capabilities, the US Department of Reclamation launched the Sub-Seasonal
Climate Forecast Rodeo competition (Nowak et al., 2020), a yearlong real-time forecasting competition for the Western
United States. Our experiments are based on Flaspohler et al. (2021), a snapshot of public subseasonal model forecasts
including both physics-based and machine learning models. These models were developed for the subseasonal forecasting
challenge and make semimonthly forecasts for the contest period (19 October 2019 — 29 September 2020).

To expand our evaluation beyond the subseasonal forecasting competition, we used the forecasts in Flaspohler et al. (2021)
for analogous yearlong periods (26 semi-monthly dates starting from the last Wednesday in October) beginning in Oct. 2010
and ending in Sep. 2020. Throughout, we refer to the yearlong period beginning in Oct. 2010 — Sep. 2011 as the 2011 year
and so on for each subsequent year. For each forecast date ¢, the models in Flaspohler et al. (2021) were trained only on data
available at time ¢ and model hyper-parameters were tuned to optimize average RMSE loss on the 3-year period preceding
the forecast date t. For a few of the forecast dates, one or more models had missing forecasts; only dates for which all
models have forecasts were used in evaluation.

L.2. Problem Definition

Denote the set of d = 6 input models {Mj,... My} with labels: 11r (Modell), multillr (Model2),
tuned_catboost (Model3), tuned_cfsv2 (Model4), tuned_doy (Model5) and tuned_salient_fri (Model6).
On each semimonthly forecast date, each model M; makes a prediction for each of two meteorological variables (cumulative
precipitation and average temperature over 14 days) and two forecasting horizons (3-4 weeks and 5-6 weeks). For the 3-4
week and 5-6 horizons respectively, the forecaster experiences a delay of D = 2 and D = 3 forecasts. Each model makes a
total of 7' = 26 semimonthly forecasts for these four tasks.

At each time ¢, each input model M; produces a prediction at G = 514 gridpoints in the Western United States: x;; €
R = M, (t) for task c at time ¢. Let X§ € RE*? be the matrix containing each input model’s predictions as columns. The
true meterological outcome for task c is y§ € RY. As online learning is performed for each task separately, we drop the task
superscript c¢ in the following.

At each timestep, the online learner makes a forecast prediction y, by playing w, € W = A,_4, corresponding to a convex
combination of the individual models: y; = X;w;. The learner then incurs a loss for the play w; according to the root
mean squared (RMSE) error over the geography of interest:

1
ﬁn}’t — Xywy o,

X[ (Xewe—ye) :

ot ot if Xywy — 0
ly(wy) > g = {fmxtwtytu WY 7
0

ét (Wt) =

if tht — Yt = 0

Our objective for the subseasonal forecasting application is to produce an adaptive ensemble forecast that competes with the
best input model over the yearlong period. Hence, in our evaluation, we take the competitor set to be the set of individual
models U = {e; : i € [d]}.
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M. Extended Experimental Results

We present complete experimental results for the four experiments presented in the main paper (see Sec. 7).

M.1. Competing with the Best Input Model

Results for our three delayed online learning algorithms — DORM, DORM+, and AdaHedgeD— on the four subseasonal
prediction tasks for the four optimism strategies described in Sec. 7 (recent _g, prev_g, mean_g, none) are presented
below. Each table and figure shows the average RMSE loss and the annual regret versus the best input model in any given
year respectively for each algorithm and task.

DORM+ is a competitive model for all three hinting strategies and under the recent _g hinting strategy achieves negative
regret on all tasks except Temp. 5-6w. For the Temp. 5-6w task, no online learning model outperforms the best input model
for any hinting strategy. For the precipitation tasks, the online learning algorithms presented achieve negative regret using
all three hinting strategies for all four tasks. Within the subseasonal forecasting domain, precipitation is often considered a
more challenging forecasting task than temperature (White et al., 2017). The gap between the best model and the worst
model tends to be larger for precipitation than for temperature, and this could in part explain the strength of the online
learning algorithms for these tasks.

Table 2: Hint recent _g: Average RMSE of the 2011-2020 semimonthly forecasts for online learning algorithms (left) and input models
(right) over a 10-year evaluation period with the top-performing learners and input models bolded and blue. In each task, the online
learners compare favorably with the best input model and learn to downweight the lower-performing candidates, like the worst models
italicized in red.

RECENT_G ADAHEDGED DORM DORM+ MODELI MODEL2 MODEL3 MODEL4 MODELS MODEL6

PRECIP. 3-4w 21.726  21.731 21.675 21.973 22.431 22.357 21.978 21.986 23.344

PRECIP. 5-6W 21.868 21.957 21.838 22.030 22.570 22.383 22.004 21.993 23.257

TEMP. 3-4w 2.273 2.259 2.247 2.253 2.352 2.394 2.277 2.319 2.508

TEMP. 5-6W 2.316 2.316 2.303 2.270 2.368 2.459 2.278 2.317 2.569
Cumulative regret (RMSE loss) Cumulative regret (RMSE loss)

W

—10

_90 AdaHedgeD (RMSE: 21.726)  —— DORM-+ (RMSE: 21.675) XF AdaHedgeD (RMSE: 2.273)  —— DORM+ (RMSE: 2.247)
------- DORM (RMSE: 21.731) 4 f - DORM (RMSE: 2.250)
I . . I I I I . I I . . . .
2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021
Precipitation Weeks 3-4 Temperature Weeks 3-4
Cumulative regret (RMSE loss) Cumulative regret (RMSE loss)

—2 : AdaHedgeD (RMSE: 21.868) ~—— DORM-+ (RMSE: 21.838) .

wwws DORM (RMSE: 21.957)
-30 L L L L
2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021

Precipitation Weeks 5-6 Temperature Weeks 5-6
Figure 6: Hint recent_g: Yearly cumulative regret under RMSE loss for the three delayed online learning algorithms presented, over
the 10-year evaluation period. The zero line corresponds to the performance of the best input model in a given year.

Y

vy

AdaHedgeD (RMSE: 2.316) ~—— DORM-+ (RMSE: 2.303)
-------- DORM (RMSE: 2.316)
L L
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Table 3: Hint prev_g: Average RMSE of the 2010-2020 semimonthly forecasts for all four tasks over over a 10-year evaluation period.

PREV_G ADAHEDGED DORM DORM+ MoODEL] MODEL2 MODEL3 MODEL4 MODEL5S MODEL6
PRECIP. 3-4wW 21.760  21.777 21.729 21.973 22.431 22.357 21.978 21.986 23.344
PRECIP. 5-6W 21.943  21.964 21.911 22.030 22.570 22.383 22.004 21.993 23.257
TEMP. 3-4w 2.266 2.269 2.250 2.253 2.352 2.394 2.277 2.319 2.508
TEMP. 5-6W 2.306 2.307 2.305 2.270 2.368 2.459 2.278 2.317 2.569

Cumulative regret (RMSE loss) Cumulative regret (RMSE loss)
10 VN E .. A
Wy ] \j Wi ! . | | R
'= t el
~10 ! Vi\'\ . “v«/\

AdaHedgeD (RMSE: 21.760)
DORM (RMSE: 21.777)
L L

—— DORM-+ (RMSE: 21.729)

AdaHedgeD (RMSE: 2.266) ~ —— DORM-- (RMSE: 2.250)
DORM (RMSE: 2.269)
| |

2011 2012 2013 2014 2015 2016 2017

Precipitation Weeks 3-4

2018 2019 2020 2021

2013

2014 2015 2016 2017 2018 2019 2020
Temperature Weeks 3-4
Cumulative regret (RMSE loss)

2021

Cumulative regret (RMSE loss)

V [

AdaHedgeD (RMSE: 21"943)

—— DORM+ (RMSE: 21.911)

nkl}v'

TV V'\J

AdaHedgeD (RMSE: 2.306)
=+ DORM (RMSE: 2.307)
L L

—— DORM-+ (RMSE: 2.305)

!

E wee. DORM (RMSE: 21.964)
L L L

9

2012 2013 2014 2015 2016 2017

Precipitation Weeks 5-6

2018 2019 2020 2021

2013

014 2015 2016 2017
Temperature Weeks 5-6

2018 2019 2020 2021

Figure 7: Hint prev_g: Yearly cumulative regret under RMSE loss for the three delayed online learning algorithms presented.

Table 4: Hint mean_g: Average RMSE of the 2010-2020 semimonthly forecasts for all four tasks over over a 10-year evaluation period.

MEAN_G ADAHEDGED DORM DORM+ MODELlI MODEL2 MODEL3 MODEL4 MODELS MODEL6
PRECIP. 3-4W 21.864  21.945 21.830 21.973 22.431 22.357 21.978 21.986 23.344
PRECIP. 5-6W 21.993 22.054 21.946 22.030 22.570 22.383 22.004 21.993 23.257
TEMP. 3-4W 2.273 2.2717 2.257 2.253 2.352 2.394 2.277 2.319 2.508
TEMP. 5-6W 2.311 2.320 2.314 2.270 2.368 2.459 2.278 2.317 2.569
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Cumulative regret (RMSE loss) Cumulative regret (RMSE loss)
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Figure 8: Hint mean_g: Yearly cumulative regret under RMSE loss for the three delayed online learning algorithms presented.

Table 5: Hint none: Average RMSE of the 2010-2020 semimonthly forecasts for all four tasks over over a 10-year evaluation period.

NONE ADAHEDGED DORM DORM+ MODELl MODEL2 MODEL3 MODEL4 MODEL5 MODEL6
PRECIP. 3-4wW 21.760 21.835 21.796 21.973 22.431 22.357 21.978 21.986 23.344
PRECIP. 5-6W 21.860 21.967 21.916 22.030 22.570 22.383 22.004 21.993 23.257
TEMP. 3-4w 2.266 2.272 2.258 2.253 2.352 2.394 2.277 2.319 2.508
TEMP. 5-6W 2.296 2.311 2.308 2.270 2.368 2.459 2.278 2.317 2.569

Cumulative regret (RMSE loss) Cumulative regret (RMSE loss)
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| b e DORM (RMSE: 21.835) 4 Voo e DORM (RMSE: 2.272)
. . . . . . . . , . . . . .
2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021
Precipitation Weeks 3-4 Temperature Weeks 3-4
Cumulative regret (RMSE loss) Cumulative regret (RMSE loss)
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Figure 9: Hint none: Yearly cumulative regret under RMSE loss for the three delayed online learning algorithms presented.
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M.2. Impact of Regularization

Results for three regularization strategies—AdaHedgeD, DORM+, and DUB—on all four subseasonal prediction as
described in Sec. 7. Fig. 10 shows the annual regret versus the best input model in any given year for each algorithm and
task, and Fig. 11 presents an example of the weights played by each algorithm in the final evaluation year, as well as the
regularization weight used by each algorithm.

The under- and over-regularization of AdaHedgeD and DUB respectively compared with DORM+ is evident in all four
tasks, both in the regret and weight plots. Due to the looseness of the regularization settings used in DUB, its plays can
be seen to be very close to the uniform ensemble in all four tasks. For this subseasonal prediction problem, the uniform
ensemble is competitive, especially for the 5-6 week horizons. However, in problems where the uniform ensemble has
higher regret, this over-regularization property of DUB would be undesirable. The more adaptive plays of DORM+ and
AdaHedgeD have the potential to better exploit heterogeneous performance among different input models.

Cumulative regret (RMSE loss)

Cumulative regret (RMSE loss)
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| i 4
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Figure 10: Overall regret: Yearly cumulative regret under the RMSE loss for the three regularization algorithms presented.
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Figure 11: Impact of regularization: The plays w; of online learning algorithms used to combine the input models for all four tasks in
the 2020 evaluation year. The weights of DUB and AdaHedgeD appear respectively over and under regularized compared to DORM+ due
to their selection of regularization strength \; (right).
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M.3. To Replicate or Not to Replicate

We compare the performance of replicated and non-replicated variants of our DORM+ algorithm as in Sec. 7. Both
algorithms perform well, but in all tasks, DORM+ outperforms replicated DORM+ (in which D + 1 independent copies of
DORM+ make staggered predictions). Fig. 12 provides an example of the weight plots produced by the replication strategy
for all for tasks.

The replicated algorithms only have the opportunity to learn from 7'/(D + 1) plays. For the 3-4 week horizons tasks D = 2
and for the 5-6 week horizons tasks D = 3. Because our forecasting horizons are short (1" = 26), further limiting the
feedback available to each online learner via replication could be detrimental to practical model performance.

Table 6: Replication RMSE: Average RMSE of the 2010-2020 semimonthly forecasts for four tasks over over a 10-year evaluation

period for replicated versus standard DORM+.

DORM+ REPLICATED DORM+ MODELI MODEL2 MODEL3 MODEL4 MODELS MODEL6
PRECIP. 3-4W 21.675 21.720 21.973 22.431 22.357 21.978 21.986 23.344
PRECIP. 5-6W 21.838 21.851 22.030 22.570 22.383 22.004 21.993 23.257
TEMP. 3-4w 2.247 2.249 2.253 2.352 2.394 2.277 2.319 2.508
TEMP. 5-6W 2.303 2.315 2.270 2.368 2.459 2.278 2.317 2.569

DORM+ weights w; Replicated DORM+ weights w;,

DORM+ weights w Replicated DORM+ weights w,

Modell Modell
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Figure 12: Replication weights: The plays w; of DORM+ and replicated DORM+ for all four tasks in the final evaluation year.
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M.4. Learning to Hint

We examine the effect of optimism on the DORM+ algorithms and the ability of our “learning to hint” strategy to recover
the performance of the best optimism strategy in retrospect as described in Sec. 7. We use DORM+ as the meta-algorithm
for hint learning to produce the 1earned optimism strategy that plays a convex combination of the three constant hinters.

As reported in the main text, the regret of the base algorithm using the learned hinting strategy generally falls between the
worst and the best hinting strategy for any given year. Because the best hinting strategy for any given year is unknown a
priori, the adaptivity of the hint learner is useful practically. Currently, the hint learner is only optimizing a loose upper
bound on base problem regret. Deriving loss functions for hint learning that more accurately quantify the effect of the hinter
on base model regret is an important next step in achieving negative regret for online hinting algorithms.

Cumulative regret (RMSE loss) Cumulative regret (RMSE loss)
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Figure 13: Overall regret: Yearly cumulative regret under the RMSE loss for DORM+ using the three constant hinting strategies
presented and the learned hinter, over the 10-year evaluation period.

M.5. Impact of Different Forms of Optimism

The regret analysis presented in this work suggest that optimistic strategies under delay can benefit from hinting at both the
“past” g;_ p.t—1 missing losses and the “future” unobserved loss g;. To study the impact of different forms of optimism on
DORM+, we provide a recent _g hint for either only the missing future loss g;, only the missing past losses g;—p.;—1,
or both past and future losses (the strategy used in this paper) g;_ p.;. Inspired by the recommendation of an anonymous
reviewer, we also test two hint settings that only hint at the future unobserved loss but multiply the weight of that hint by
2D+1 or 3D+1, effectively increasing the importance of the future hint in the online learning optimization. Fig. 14 presents
the experimental results.

In this experiment, all settings of optimism improve upon the non-optimistic algorithm, and, for all tasks, providing hints for
missing future losses outperforms hinting at missing past losses. For all tasks save Temp. 5-6w, hinting at both missing past
and future losses yields a further improvement. The 2D+1 and 3D+1 settings demonstrate that, for some tasks, increasing
the magnitude of the optimistic hint can further improve performance in line with the online gradient descent predictions of
Hsieh et al. (2020, Thm. 13).

N. Algorithmic Details
N.1. ODAFTRL with AdaHedgeD and DUB tuning

The AdaHedgeD and DUB algorithms presented in the experiments are implementations of ODAFTRL with a negative
entropy regularizer ¢(w) = Z?Zl w; Inw; + Ind, which is 1-strongly convex with respect to the norm ||-||; (Shalev-
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Figure 14: DORM+ average RMSE as in Table 1 as a function of optimism strategy; see App. M..5 for details.

Shwartz, 2007, Lemma 16) with dual norm ||-||~. Each algorithm optimizes over the simplex and competes with the simplex:
W =U = Ay_1. We choose @ = sup,cy ¥(u) = In(d). In the following, define ¢y = Ayt for A; > 0. Our derivations
of the update equations for AdaHedgeD and DUB make use of the following properties of the negative entropy regularizer,
proved in App. N.4.

Lemma 28 (Negative entropy properties). The negative entropy regularizer (w) = 2?21 w;lnw; +Indwith ¢, = A\pp
for My > 0 satisfies the following properties on the simplex W = Ag_1.

Wiy (0) 2 supy vy (W, 0) — 1h(w) = In (Z;L exp(oj)) ~Ind,

5 = AIn(Y% ex ; —Aln i
wmv(e)ésupwew<w,e>—w<w>={M’WW”‘“ (g Py A) = Ad, A0

max;e|q) 9, ifA=0
exp(6/2) -
% ‘?71 exp(6; /A lf/\ >0 . *
w*(0, ) & Z’*ﬂ[gzﬁfagﬁ 91] o € argming, cyw A (W) — (W, 0) C d(M))% (6).

> ke(a) 10k=max; 6;]

Our next corollary concerning optimal ODAFTRL objectives follows directly from Lem. 28.
Corollary 29 (Optimal ODAFTRL objectives). Instantiate the notation of Lem. 28, and define the functions Fy(w, \) =
M)(w) + (g1.4—1, W) forw € W. Then

— (M) (—(81:4—1 + h)) = infyew Fr (W, A) + (h,w) and

w*(—(81:t—1 + h), \) = argming cyw Fr(w, A) + (h, w).
Using Lem. 28 and Cor. 29, we can derive an expression, proved in App. N.5, for the AdaHedgeD §; updates.

Proposition 30 (AdaHedgeD 6;). Instantiate the notation of Thm. 12, and define the auxiliary hint vector

llge Il « 1)

The—gt—pitll’ (13)

h; 2 gi_pit +or(hy — g_pw) for oy 2 min(
along with the scalars

Cx = MaXjow, ;20 N j — Gt—putj and G = maxXjw, ;20 Wt j — Gi—Dutj

Wy = argming ew Fip1(w, A) = exp(—g1:t/At) and

T XY exp(—g1it,5/ M)

— eXP(*(glzthflJrflt){)\t)
Z?Zl exp(—(g1:t—p—1,j+h¢ j)/ )

Wt = argminwew Ft+1(W, )\t) + <l:lt — gt_D;t,W>
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by Cor. 29. If Ay > 0,

5 = min((St(l)7 5t(2)v 5§3))+ for
5151) = Fip1(We, At) — Frp1 (Wi, At)
=AM} e We,j exp((hej — 8i—pit,j)/At)) + (8Dt — hy, Wy)
= A e Weg exp((hej — 8-puj — ¢)/Ar)) + (&—pit =y, wi) + ¢,
8% = (g, wy — W), and
5 = Frp1(We, Ae) — Frn (We, M) + (g0, We — W)
=AM} eq Wt exp((he; — 8e—petj)/M)) + (8-t — iy, W) + (81, Wi — Wy)

=AM} cq Wi GXP((flt,j — 8t-Dit,j — &)/ Ae)) + (8—D:t — hy, W) + ¢+ (g, Wy — Wy).
I,f)\t = 07

0 = min(5£1), 5,52), 5§3))+ Sor
529) = (g1:t, W¢) — minje[d] 81:t,55
5t(2) = (g, Wy — W), and

5153) = <g1;t7‘?vt> - minje[d] gi:t,j + <gt,Wt - vAVt>-

Leveraging these results, we present the pseudocode for the AdaHedgeD and DUB instantiations of ODAFTRL in Algo-
rithm 1.

N.2. DORM and DORM+

The DORM and DORM+ algorithms presented in the experiments are implementations of ODAFTRL and DOOMD
respectively that play iterates in W £ A,_; using the default value A = 1. Both algorithms use a p-norm regularizer
¥ = 3|2, which is 1-strongly convex with respect to ||-|| = v/p — 1||||,, (see Shalev-Shwartz, 2007, Lemma 17) with
I« = \/% |||l4- For the paper experiments, we choose the optimal value ¢ = inf,>2 d*/9 (¢’ — 1) to obtain In(d) scaling
in the algorithm regret; for d = 6, p = ¢ = 2. The update equations for each algorithm are given in the main text by DORM
and DORM+ respectively. The optimistic hinters provide delayed gradient hints g;, which are then used to compute regret
gradient hints ¥;, where T = (g, w;) — g andh, = S\ 7} | Fo + (&, Wi_1) — &

N.3. Adaptive Hinting

For the adaptive hinting experiments, we use the DORM+ as both the base and hint learner. For the hint learner with DORM
base algorithm, the hint loss function is given by (11) with ¢ = 2. The plays of the online hinter w, are used to generate the
hints h; for the base algorithm using the hint matrix H; € R?*™_ The j-th column of H; contains hinter j’s predictions for
the cumulative missing regret subgradients r;_ p.;. The final hint for the base learner is h; = Hyw,. Psuedo-code for the
adaptive hinter is given in Algorithm 2.

N.4. Proof of Lem. 28: Negative entropy properties

The expression of the Fenchel conjugate for A > 0 is derived by solving an appropriate constrained convex optimization
problem for w = Ag_1, as shown in Orabona (2019, Section 6.6). The value of w* (6, A) € O(Ay)3y (6) uses the properties
of the Fenchel conjugate (Rockafellar, 1970; Orabona, 2019, Theorem 5.5) and is shown in Orabona (2019, Theorem 6.6).
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d

Algorithm 1 ODAFTRL with W = Ag_y, ¢(w) =35, w; Inw; + In(d), delay D > 0, and tuning strategy tuning

1: Parameter a = sup,ea,_, ¥(u) = In(d)
2: Initial regularization weight: Ay =0
3: if tuning is DUB then
4:  Initial regularization sum: Ag = 0
5:  Initial maximum: a™®* = (
6: end if
7: Initial subgradient sum: g;.1 = 0 € R4
8: Dummy losses and iterates: g_p = ---=gg =0 R4, w_p =--- = wg =0 € R?
9. fort=1,...,Tdo
10:  Receive hint h, € R¢
11:  Output w; = argmin,w Fi—p(w, \¢) + (hy, w) as in Cor. 29
12:  Receive g;_p € R% and pay (g;_p,w:_p)
13:  Update subgradient sum g1.4—p = g1.+—-p—1 + &t—D
14:  if tuning is AdaHedgeD then
15: Compute the auxiliary play w;_p = argming cw Fi—p+1(W, Ar—p) as in Cor. 29
16: Compute the auxiliary regret term 59,3 =F;_py1(Wi_p,\i—p) — Fi_p+1(Wi_p, \r—p) as in Prop. 30
17: Compute the drift term (5753)[) = (gt—p,Wit—p — Wi_D)
18: Compute the auxiliary hint (]3) lflth £ gt—o2D:t—D + mm( Hht—D”*gét_—Dz'/‘::t—DH* s 1)(1’1th — gt72D:t7D)
19: Compute the auxiliary play W;_p = argming cw Fr—p4+1(W, \—p) + <flt_D — gt—2p:t—p, W) as in Cor. 29
20: Compute the regret term 5@,3 =F_py1(Wiep,M—p) — Fi_pr1(Wi—p, \e—p) + (8t—D, Wi—p — Wy_p) as
in Prop. 30
21: Update A1 = A + émin(ét(i)D, 69,3, 6£i)D)+ as in (2)
22:  elseif tuning is DUB then
23: Compute a;—p,p = 2min (||gi—p|leo, [[he—p — ZZ;tD_2D gsllo) asin (1)
2 Compute by pr = Shup - X2y gl — S(hen = 302 o gl — e ) asin (1)
25: Update A;11 = Ay + af_D7F +2abi_p.F
26: Update maximum a™® = max(a™*, a;_2p.+—p—1,F)
27: Update A1 = £ (2a™ + /A, ;1) as in DUB
28:  end if
29: end for

N.5. Proof of Prop. 30: AdaHedgeD §;

First suppose A; > 0. The first term in the min of AdaHedgeD’s d; setting is derived as follows:

5t(1) 2 Fii1(wi, A) — Frp1(We, M) by definition (2)

= P;g_D(Wt7 )\t) + <hta Wt> + <gt—D:t — hta Wt> — infwew Ft+1(W, At) by definition of Wy
=F,_p(we, Ae) + (hy, we) + (81— pu — hy, wi) + M3y (—g1:4/ M) by Cor. 29
= MU (—81:¢/ M) — My ((—he — g1:e-p—1)/Ae) + (8t—D:t — hy, Wy)

because w; € argmin v Fr—p (W, M) + (hy, wy)

= )\t(ln(zgd exp(—81:t,j/At)) — )‘t(ln(Z?:l exp((—814—p-1,; — hej)/A)) + (8 —p:t —he, wy) by Lem. 28

_ d exp(—g1:t,5/At)
=\ 1n (Zj_l ST, exp((—gl;tlDJ1,j_ht,j)/>\t)> + (gi—p:t — hy, wy)

J=1 >4, exp((—g1:t—p—1,5—ht ;) /A¢)

— )\ <Zd eXP((glztDl,jht,j)/)\t)exp((ht,jgtD:t,j)//\t)) + (- — hy, wy)

=M\lIn (Z?Zl wy;exp((hy; — gt,D;t’j)/)\t)) + (gt—p:t — hy, w;) by the expression for w; in Cor. 29.

The expression for the third term in the min of AdaHedgeD’s d; setting follows from identical reasoning.
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Algorithm 2 Learning to hint with DORM+ (¢=2) hint learner, DORM+ base learner, and delay D > 0

1: Subgradient vector: g_p,---go = 0 € R?

2: Meta-subgradient vector: y_p,---v =0 € R™

3: Initial instantaneous regret: r_p = 0 € R?

4: Initial instantaneous meta-regret: p_p = 0 € R™

5: Initial hint hy = 0 € R?¢

6: Initial orthant meta-vector: wy = 0 € R™

7. fort=1,...,T do

8: //Update online hinter using DORM+ with g =2

9:  Find optimal unnormalized hint combination vector @; = max(0,0;—1 + pr—p—1)
10:  Normalize: wy =

w¢/(1,0:) otherwise

11:  Receive hint matrix: H; € R%*™ in which each column is a hint for Zi: +—pTs
12:  Output hint hy = Hywy

13:  //Update DORM+ base learner and get next play

14:  Output w; = DORM+(g;—p_1, hy)

15:  Receive g;_p € R% and pay (g;_p, w:_p)

16:  Compute instantaneous regretry_p = 1(g;_p, Wi_p) — 8t—p

17:  Compute hint meta-subgradient v;_p € 9l;—p(wi—p) € R™ asin (12)

18:  Compute instantaneous hint regret p,—p = 1{(v—p,wi—p) — Yt—D

19: end for

Now suppose A; = 0. We have

5t(1) 2 Fro (Wi, M) — Fyy1(Wye, M) by definition (2)
= (1.4, W) — infwew Firp1(w, \;) by definition of w,
= (81:¢, W¢) — minje(q g1:¢,; by Cor. 29.

Identical reasoning yields the advertised expression for the third term.

O. Extension to Variable and Unbounded Delays

In this section we detail how our main results generalize to the case of variable and potentially unbounded delays. For each
time ¢, we define last(t) as the largest index s for which g1 ., is observable at time ¢ (that is, available for constructing w;)
and first(¢) as the first time s at which g;.; is observable at time s (that is, available for constructing w).

0.1. Regret of DOOMD with variable delays

Consider the DOOMD variable-delay generalization

Wip1 = argn‘}\i/n (last(t)+1:tast(t+1) T D1 — hy, W) + By (w,wy)  with g £ 0 and arbitrary wy.
we

(DOOMD with variable delays)

We first note that DOOMD with variable delays is an instance of SOOMD respectively with a “bad” choice of optimistic
hint g; 1 that deletes the unobserved loss subgradients gjas(s4-1)41:¢-

Lemma 31 (DOOMD with variable delays is SOOMD with a bad hint). DOOMD with variable delays is SOOMD with
~ - t

&1 = &t + Slast(t)+1tast(t41) — 8¢ i1 —hy = + 37 ) Blast(s)+1tast(s+1) — 8s- = Mgl — Slast(t4+1)+1:¢-

The following result now follows immediately from Thm. 4 and Lem. 31.

Theorem 32 (Regret of DOOMD with variable delays). If 1 is differentiable and hr,, = Blast((T+1)+1:T> then, for all
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u € W, the DOOMD with variable delays iterates w; satisfy

Regret,(u) < Byy(u, wo) + 3 Zt 1 bio. for
b? o 2 huber(|[hy = 324y 1 86l |8y 1) + hasn = belL).

0.2. Regret of ODAFTRL with variable delays
Consider the ODAFTRL variable-delay generalization

Wil = argmin (g1 (¢+1) + g1, W) + App19(w). (ODAFTRL with variable delays)
w

we

Since ODAFTRL with variable delays is an instance of OAFTRL with g;,1 = hy41 — Zzzlasl(t +1)41 8s> the following
result follows immediately from the OAFTRL regret bound, Thm. 14.

Theorem 33 (Regret of ODAFTRL with variable delays). If v is nonnegative and )\, is non-decreasing in t, then, Vu € W,
the ODAFTRL with variable delays iterates w; satisfy

Regret,(u) < Apy)(u) + Zt 1 mm(b)\ ,app)  with
by, £ huber([hy — 320111 8l llgell)  and (14)
ar,p £ diam(W) min (|[hy — 325111 8l lleell).

0.3. Regret of DUB with variable delays

Consider the DUB variable-delay generalization

QN1 =2 MaX  Apg(ji1)+1gF T \/ZlaSt t+1) aZ. +2ab; p. (DUB with variable delays)
j<last(t+1)—1

Theorem 34 (Regret of DUB with variable delays). Fix o > 0, and, for a; p, by r as in (14), consider the DUB with
variable delays sequence. If 1 is nonnegative, then, for all u € W, the ODAFTRL with variable delays iterates w; satisfy

Regret,.(u) < (@ +1)

(2 MaX¢e[T] Aast(t)+1:t—1,F T \/Zf:1 a?,F + 2abt,F)
Proof. Fix any u € W. By Thm. 33, ODAFTRL with variable delays admits the regret bound
Regret(u) < Aryp(u) + 31, min(y-by, r, ar,r).

To control the second term in this bound, we apply the following lemma proved in App. H.1.

Lemma 35 (DUB with variable delays-style tuning bound). Fix any o > 0 and any non-negative sequences (a;)i_;,
(b)E_1. If (A\t)¢>1 is non-decreasing and

last(t+1) a? +2ab; < aXpy1  foreach t

Af 1 £ 2max; Cas(r41)—1 Uast(j+1)+1:5 + \/Z
then
Yoy min(be /A, ar) < Afis(r) < Ofirsy(1)
O

Since T' < first(T), A < Agrgi(7)> and last(first(7)) = T, the result now follows by setting a; = a; ¢ and b; = by r, so
that

Regret(u) < Arp(u) + @y < (¥(0) + @) Airse(1) -
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0.4. Proof of Lem. 35: DUB with variable delays-style tuning bound

We prove the claim

Ap 2300 min(bi/ A, ai) < Afy < Wese)
by induction on ¢.
Base case For t = 1, since last(first(¢)) > ¢, we have

Zl ymin(b; /A, ;) < a1 < 2maxj<i_q Alast(j+1)+1:5 T \/ ZZ 1 a; 2 1 2ab;

last(firs *
< 2 max; <lasi(first(t)) - 1 Uast(j+1)+1:5 T \/Zi:tl( 1) a2 + 2ab; = Aﬁm[(t) < Afirgy(t)

confirming the base case.

Inductive step Now fix any ¢ + 1 > 2 and suppose that
A; < Agrst(i) < a)\ﬁrsl(i)

forall 1 < < ¢. Since first(last(i + 1)) < ¢+ 1 and A4 is non-decreasing in s, we apply this inductive hypothesis to deduce
that, foreach 0 < i <'¢,

AZ = A7 = (A; +min(bip1/Aig1, ai41))° — AZ = 28 min(bi1/Nis1, air1) +min(bir1 /i1, aie1)?

= 2 (1) M (Dig1/Nig1, @i1) + 2(A; — Apg(ir)) min(bis1 /A1, aig1) + min(biyr /A1, aig1)?
= 2Alast(i+1) min(bi+1/)\i+1, ai+1) + 2 Z min(bj/)\j, aj) min(bi+1/)\i+17 CLi+1) + mil’l(bi+1/)\i+1, G,7;+1)2
j=last(i+1)+1

< 20 A rse(tast(i+1)) TN (Di1 /Xit 15 Qig1) 4 20na(i+1)+1: Min(bir1/Nig1, aip1) + aiyy
< 20 min(big1/Ait1, @ig1) + 2aas(is 1)1 MIN(bip1 /N1, 1) + ayy

< 2abjy1 + af_H + 2alast(i+1)+1:i min(bi+1/>\i+1a ai+1)-

Now, we sum this inequality over ¢ = 0, .. ., ¢, to obtain

A%J,-l < Zz 0(2abz+1 + a; +1) + 2 Zz 0 alast(z+1)+1 zmln( z+1/>\1+1a az+1)
t+1(2ab +a?) +2 Zz 1 Qlast(i41):i—1 min(b; /)\Z, a;)

 (af

 (af

IN

i+ a; + 2ab;) + 2Max;j<¢ Qlag(j4+1)+1:5 El 1 mln(b /iy aq)
t+1

>
Pyl
Yo (ai 4 2ab;) + 20¢ 1 MAX <t Qlage(j41) 4155+

We now solve this quadratic inequality, apply the triangle inequality, and invoke the relation last(first(t + 1)) > t 4+ 1 to
conclude that

1 t+1
Appy < Max;<t Qrag(j4+1)+1:5 + 5\/(2 MAX; <t Qlagi(j41)41:5) + 4 D50 a7 + 2ab;

< 2maxj<t alm(jﬂ)ﬂ j + \/ Zt+1 a2 + 204()

last(first(t+1))

< 2 max; <last(first(t+1))— 1 Mast(j+1)+1:5 T \/Z a? 4 2ab; = Afrstis1) S O first(t4+1) -

0.5. Regret of AdaHedgeD with variable delays

Consider the AdaHedgeD variable-delay generalization

Aep1 = 28D 60 for 6, defined in (2). (AdaHedgeD with variable delays)
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Theorem 36 (Regret of AdaHedgeD with variable delays). Fix o > 0, and consider the AdaHedgeD with variable delays
sequence. If 1 is nonnegative, then, for all u € W, the ODAFTRL with variable delays iterates satisfy

Regret,(u) < (£ 4 1)

T
(2 MaX¢e[7] Aast(t+1)+1:¢,F 1 \/Zt:l a%,F + ZO‘btvF)'

Proof. Fix any u € W, and for each ¢, define A}, = 1 S, 85 so that o {41 — At) = 0. Since the AdaHedgeD with
variable delays regularization sequence (\;);>1 is non-decreasing, last(7") < 7', and hence Ay < A7, ;, Thm. 14 gives the
regret bound

Regret(u) < Aryp(u) + Z?:l O < Aryp(u) + ol < (Y(u) + ) \py

and the proof of Thm. 14 gives the upper estimate (4):
§, < min (*’;—’j,at,p> forall e [T]. (15)
Hence, it remains to bound A7, ;. We have

ANy = Yl ol = M) = i (e = )P+ 20N — AN
=37 (62 /a+25,);) by the definition of X,
= S0 (82 + 280 + 26,(N, — )
< Zthl (5?/0[ +20: A\ + 20 max ey (A — )\t))
= 31 (03 /o + 28, M) + 20Ny maxery (A — Ar)
= S0 (82 o+ 260 0\) + 2N MaXse 7] Srast(e 1)1+t
<> (af p/a+ 2by p) + 2N, MaXe(7) Apasy(t41)+1:6,7 DY (15).

Solving the above quadratic inequality for A\7-, ; and applying the triangle inequality, we find

1 T
QA7 < MAXye[7) Alast(t4+1)+1:¢,F + 5\/4(maxte[T] Auase(t41)+1:6,7) 2 4D 4 a?,p + 2aby

T
< 2maXye[7) Alast(t+1)+1:4,F + \/thl aj o+ 2ab; r.



