Supplementary for Accelerated Alternating Minimization,
Accelerated Sinkhorn’s Algorithm and Accelerated Iterative
Bregman Projections

A. Omitted proofs in Section [2t Accelerated Alternating Minimization

Proof of Lemma[d. Let us introduce an auxiliary sequence of functions defined as

Yo(x) = Sllz —2°%, (@) = ¥r(@) + apn {F(6°) + (VM) ="}

It is easy to see that v* = argmin,cp~ 15 (7).
Now, we prove inequality by induction over k. For k = 0, the inequality holds.
Assume that

Arf(a*) < min gy (x) = ve(0b).
z€R
Then
Vet (04 = min {Un(@) + ara {FOF) + (VAW 2 =)} } >
> min {zm )+ glle = I+ axn {64 + (V1680 - ) | >
2
> k(") + ap f(4F) — %I!Vf(y’“)\@ + a1 (V") 0" =) >

2
> Af (@) + avna f6F) = SV + aen (TF5), 0" — o)
2
> At 0F) = EEIVI QB + ansn (V£ ), 0" = o).

Here we used that v, is a strongly convex function with minimum at v* and that
f(y*) < f(z*). By the optimality conditions for the problem Bm[in] f (:ck + B(vF — :ck)),
€[0,1

there are three possibilities

(1) Br =1, (VF(y*), 2" — o) >0,y = o™,
(2) By € (0,1) and (VF(y"), a* — vF)
(3) Br =0 and (Vf(y*), 2" — o) <0,y

In all three cases, (V f(y*),v* — y*) > 0.

Using the rule for choosing agq in the method, we finish the proof of the induction



step:
Ve (VT > Agyy f(aPT).

It remains to show that the equation

2
S0 = g IV IR = £, M

has a solution agxy1 > 0. By the L-smoothness of the objective, we have, for all ¢ > 0,

£ — o IVefGMIE > Fab ),

k+1

where z;"" = argmin, g f(x). Since Ay = Ag + ap41, we can rewrite as

a2
IV @B + ana () = FM) + Ak(f@H) = £(*) = 0.

Since f(z*1) — f(y*) < 0 (otherwise ||V f(y*)|| = 0 and y is a solution to the
problem), there exists solution ag1 > 0.
Let us estimate the rate of the growth for Ay. Since i), = argmax; |V, f(y*)||3,

1
Vi FOIE > V(D)3

As a consequence, we have

1 1
k k\ (12 k ky(12 k+1
- > _ ) > )
FW") = 57 IVFWOIR = F7) = 57 IV (Rl = f@™)
This in combination with our rule for choosing a1 implies 222“:1 > ﬁ Since

2
Al =a1 > ﬁ, we prove by induction that ap > % and A > (IZFZIL) > %. Indeed,

1+\/1+4AkL7’L 1 1 Ak
A1 2 = + 55+
2Ln 2Ln 41L4n Ln

1 Ak> 1 1 k+1 _k—l—?

Z — T2 oyt — = .
2Ln ILn = 2Ln + VL 2/Ln 2Ln

Hence,

2 2
(k1) k2 (kt2)?

kt1 kT Gl 4In 2Ln 4In

B. Omitted proofs in Section [3; Primal-Dual Extension

To prove Theorem [3| we first prove a slightly more general result.



Theorem B.1. Let the objective ¢ in the problem (Py) be L-smooth w.r.t. ||-||2 and the
solution of this problem be bounded, i.e. ||[\*||2 < R. Then, for the sequences Tp11, Mk+1,
k >0, generated by Algorithm [,

. 8nLR SnLR? | . 4 |2nLR?
143" —blls < =5= lo") + F@N)] < = I8 —a%lle <y [

Proof. Applying Lemma [2| to problem (P,), we obtain

k—1
Ayo(r) < min 4 S {1 (000) + (VOO A= XD+ MBS, (2)
j=0

Let us introduce the set Agp = {\ : ||A]|2 < 2R} where R is such that |\ || < R
Then, from (2)), we obtain for h(\) = Zf Coaji (p(N) + (Vp(N), A = M) + Z|Al13

k—1

Axp() < minh(A) < min h(X) < 2R+ min Zoaj+1<¢<v>+<V¢<Aj>,A—AJ’>
J:
(3)

On the other hand, from the definition (P2) of ¢()), we have

S(N) = (N, b) + max (—f(2) = (ATN ) = (X', b) — f(z(X)) — (ATA, z(\)).

Combining this equality with , we obtain
$(A) = (V(X), X)
= (AL b) — fz(\) = (AT 2(N)) = (b — Az(A), \') = —f(z(X')).

Summing these equalities from i = 0 to i = k — 1 with the weights {a;11}i=0, k-1, we
get, using the convexity of f

Zam +(Vo(X'), A = X)) =
k—1
= - Z a1 f((A)) + ) aipa{(b— Az(N), N) < —Apf(@*) + Ap(b — AZ*,N).
] =0

Substituting this inequality into , we obtain

Ad(n*) < —Apf (@) + min {Axlb — ATF, )} + 212

AEAR

Finally, since Imax {(-=b+ Az* X\)} = 2R||AZ* — b||2, we obtain
EAR

Ap(d(n®) + f(&5)) + 2RAL| AZ* — b]|y < 2R2. (4)



Since A* is an optimal solution of Problem (D;), we have, for any = € Q
Opt[P1] < f(z) + (\", Az —b).
Using the assumption that [|\*||s < R , we get

f(&%) > Opt[P1] — R|| A" — b2 (5)

o) + f(*) = ¢(n™) — Opt[Po] + Opt[P2] + Opt[P] — Opt[P1] + f(i%) =

kY _ NN K _ N
= ¢(n") — Opt[P2] — Opt[P1] + f(2") = —Opt[P1] + f(2°) > —R|[AZ" - bll2. (6)

This and give R||Ax(AzF —b)|2 < 2R%. Hence, from (6] we obtain Ay (¢(n*) +
f(2%)) = —2R2. On the other hand, from we have Ag(o(n®) + f(2%)) < 2R2
Combining all of these results, we conclude

Agl|AZ% —blla 2R, Aglo(n®) + f(37)| < 2R (7)

From [2 for any k > 0, Ay > %. Combining this and , we obtain the first two
inequalities of the statement:

8nLR

8nLR?
2 < —.

Az — by < lo(®) + F@5] < =3

It remains to prove the third inequality. By the optimality condition for Problem (P;),
we have

(V") + ATN 2 — %) >0, Az* =b.
Then

(Vf(x*), 2 —2*) = —(ATX @y — %) = —(\*, A2y, — b)

8nLR?

P —RHAjk - b”2 = _Tv (8>

where we used the same reasoning as while deriving . Using this inequality and the
~v-strong convexity of f, we obtain

%Hﬂ?k —2*|[ < f(@x) — Opt[P1] — (Vf(a*), & — ¥)

. o~ . _ 8nLR?> 8nLR?> 16nLR?
< f($k) + ¢(77k) + <Vf<.1‘ )7xk - > < k2 + k2 = k2 ’

. . 4 |2nLR?
[ AR :
Y

or




Proof of Theorem [

Proof. The result follows from the previous theorem and the bound L < ”A”%HH,

which is shown in [7]. O

C. Fixed-Step Accelerated Alternating Minimization

In this section we introduce another variant of accelerated alternating minimization
method. Algorithm 2 in the main text uses full relaxation on a segment to find the
next iterate y*. On the contrary, the method which we introduce in this section tries to
adaptively find an approximation for the constant L — Lipschitz constant of the gradient.
Based on this approximation, a fixed stepsize is used to find y*. Thus, compared to
the AAM algorithm presented in Section [2] of the main paper, this algorithm does
not require solving any one-dimensional minimization problems during each iteration,
but instead requires adapting to the smoothness parameter of the problem. This
typically results in repeating each iteration twice. In our experience, which of the
two method turns out to be more efficient significantly depends on the problem being
solved (generally, the more difficult the function is to compute, the more taxing the
line-search becomes) and the implementation of the line-search procedure. We also
point out that we can not guarantee the convergence of Algorithm [I| to a stationary
point for non-convex objectives. In the experiments for the OT problem we use this
algorithm and the result is denoted by AAM-A.

Algorithm 1 Fixed-Step Accelerated Alternating Minimization

Input: starting point xg, initial estimate of the Lipschitz constant Lg.
Output: z*
1: 1‘0 = yO = ’UO.
2: for k> 0 do
3: Set Lii1 = Lk/Q
while True do

4:
. — 1 1 2 _Lg : . 2 _ 2
5: Set agy1 = 5T A /4Li+1 +a T Find agq1 8.t Apyr := aj L1 = aiLg+ags1.

. _ 1
6: Set T = @rrilist
7: Set y* = mv* + (1 — 7)2*  {Extrapolation step}
8: Choose i = argmax ||V, f(y*)||3
i€l n}
9: Set 2%+ = argmin f()
€8, (y*)
10: Set v+l = oF —ap  Vf(yF)
: k+1 ky _ IVS@MIE
12: break
13: end if
14: Set Lit1 = 2Lk41.
15:  end while
16: k=k+1
17: end for

The convergence rate of Algorithm [I]is given by the following theorem



Theorem C.1. Let the objective f be convex and L-smooth. If Loy < 4nL, then after
k steps of Algorithm[1] it holds that

0 *|2
fh) - oty < HE =T ©

Unlike the AM algorithm, this method requires computing the whole gradient of the
objective, which makes the iterations of this algorithm considerably more expensive.
Also, even when the number of blocks is 2, the convergence rate of Algorithm [1] depends
on the smoothness parameter L of the whole objective, and not on the Lipschitz
constants of each block on its own, which is the case for the AM algorithm [2]. On the
other hand, if we compare the Algorithm [I]algorithm to an adaptive accelerated gradient
method, we will see that the theoretical worst-case time complexity of Algorithm
method is only y/n times worse, while in practice block-wise minimization steps may
perform much better than gradient descent steps simply because they directly use some
specific structure of the objective.

This convergence rate is n times worse than that of an adaptive accelerated gradient
method [4], or, equivalently, this means that in the worst case it may take /n times
more iterations to guarantee accuracy € compared to an adaptive accelerated gradient
method. To prove the convergence rate of the method, we will need a technical result.

Lemma C.2. For any u € RY
1 1
s (VI ()0 —u) < a L (£ = F@) + 3 108 —alld = 5 1o~ ul
Proof.

a1 (VF ("), 0" —u) = a1 (VF ("), 0" = o) + a1 (VF(5F), 0" = w)
= i IV FOIE + (8 — o* R — )

1 1 1
= a2 IV + 50" — wlld = SoH =l — Skt — ok
1 1
< it (F65) = F@) + S0k = ally = 50 = ul.
Here the last inequality follows from line 11 of Algorithm [T} O

Lemma C.3. For any u € RY and any k>0

a1 Lo f(@ ) = (a1 Lyt — agg) f(2")

Lo g Lo
+ §||U —u3 - §||’U U — )3 < aggr f(u).



Proof.

are1(f(YF) = f(w) < ap (VFWF), 5" — u)
= ar1 (VW) 0" = o) + arn (VF(F), 0" —w)

© Lm0, — ) + g (V). o =)

Tk
QT (k) — 1) 4 L (F0) - S5
5 lk — a2 o+l
D (@1 Liss = apn) f(a) = 0 L @) + a F )
+ 5l — w3 = o~ (10)

Here, (1) uses the fact that our choice of y* satisfies 73, (y* — v¥) = (1 — 1) (2 — ). @
is by convexity of f(-) and Lemma , while (3) uses the choice of 7, =

ap+1Llpq1”

Proof of Theorem [C.1l. Note that

S U 7
Apr1 = a
T 2L ALZ . FLpp

satisfies the equation aiHLkH = a%Lk + ap41. We also have a; = ﬁ“ With that in

mind, we sum up the inequality in the statement of Lemma [C.3|for k =0,...,T — 1
and set u = x*:

T—
1 * 1 * * *
Lrapf') + 50" =23 = Sl —2™[5 < 3 axf(2") = Lya7 f(a").
k=0

[y

0 0

Denote Ay, = aiLk. Since v” = z", we now have that for any 7' > 1

e — a3
24r

It remains to estimate Ar from below. We will now show by induction that Ay > nk?

8L
From the L-smoothness of the objective we have

F) = argmin f(2) < S0P~ Vi f6M) < F6H) — 5190 FGHIE
2€50, (4") L 2L

Also, since iy, is chosen by the Gauss—Southwell rule, it is true that

1
Vi F M5 = IV DI



As a result,

FE < F6M) - 5 IV AR

This implies that the condition in line 11 of Algorithm [I|is automatically satisfied if
Ly11 = nL. Combined with the fact that we multiply L1 by 2 if this condition is not
met, this means that if Ly11 < 2Ln at the beginning of the while loop during iteration
k, then it is sure to hold at the end of the iteration too. This is guaranteed by our
assumption that Ly < 4Ln.

We have just shown that Ly < 2Ln for k£ > 1.The base case k = 0 is trivial. Now

assume that Ay > ;:L% for some k. Note that Ax1q = Lkai + ag+1 = A + aps1 and

A
L — k+1
k+1 ai+1

1+ 1+2Lk>1+\/1+2Lk>
a — a = a =
M 9L AL, FLyy 7 4nk 16n2L2 " “kopL
1 k+1
> (1+/1+84 L))—.
4nL( TVLIF8Am Anl,

Finally,

k2 +2(k+1) N (k+1)?

k+1 kT Gkl 8L 8L

By induction, we have Vk > 1

A 2 o (11)

and

o _ AnL]a® — 2|3
fla¥)  flay < THE TR
O

We also note that the assumption Ly < 4nL is not really crucial. In fact, if Ly > 4nL,
then after O(log, L—E) iterations Ly is surely lesser than 4L, so overestimating L only

results in a logarithmic in % amount of additional iterations needed to converge.

C.1. Primal-Dual Extension for Fized Step Accelerated Alternating
Minimization

Our primal-dual algorithm based on Algorithm [1| for Problem (P;) is listed below as

Algorithm



Algorithm 2 Primal-Dual Accelerated Alternating Minimization
Input: initial estimate of the Lipschitz constant L.
1: A():CLQ:O, 7}0:C0:)\020.
2: for k£ > 0 do
3: Set Ly = Lk/2
4:  while True do
5

—-_1 _1 2 Ly
Set api1 = 57, + i, T %Iy
1

6: Set 7, = il
Set AF = 7,k + (1 — 7)n*
Choose i, = argmax HVM(A’“)H%

i€{1,...,n}
9: Set n**+1 = argmin ¢(n)
10: Set C]H_l = Ck - ak+1Vf()\k)
k 2
e if () < p(AF) — GFAJE then
12: ZACk—i_l = ak+1a£()\k)—|;Lkaiik .
k41041
13: break
14: end if
15: Set Lypt1 =2Lgy1.
16: end while
17: end for
k+1_

Output: The points 2¥t1, p

The key result for this method is that it guarantees convergence in terms of the
constraints and the duality gap for the primal problem, provided that it is strongly
convex.

Theorem C.4. Let the objective v in the problem (P2) be L-smooth and the solution
of this problem be bounded, i.e. ||\*||2 < R. Then, for the sequences Tp41,Mk+1, k = 0,
generated by Algorithm [9,

16nLR

16nL R2
k2 :

o) + (@5 <

Proof. Once again, denote Ay = aiLk and note that Axy1 = Ax + apy1. From the
proof of Lemma we have for all A € H

aj41(Vp(N), N = \)

. . P 1. .
< AjoliP) = A0 + azeV) + I — Al = SIIc - A

We take a sum of these inequalities for j = 0,...,k — 1 and rearrange the terms:

e
fa

App(n™) < . {aj (W()\j) + (Vo(N), A — >\j>)} + %HCO - Al - %HCk - All3

<
I
=)

If we drop the last negative term and notice that this inequality holds for all A € H,



we arrive at
; 1
Axp(n") < min Z{%H + (VW) A= 3)) + S ¢

From this point onwards, the proof mimics the proof of Theorem [B.1] word-for-
word. The only difference is the different bound on Aj, which is Ay > kT as in
Theorem [C 1l O

D. Details for Section [5; Application to Optimal Transport and
Wasserstein Barycenter
D.1. Derivation of the dual entropy-regularized OT problem

The dual problem is constructed as follows.
i C,X)+~v(X,InX
xedin (G X) + (X, In X)
= min max {(C’, Xy +v(X,InX)+ (y, X1 —7r) + <Z,XT1 —c) }

XeQ y,zeRN

= —{y, X (CY 4 yIn XY J}
max { — ()~ (= >+mm]2_ + 7 XY+ 4 27)

Since the derivative of the entropy grows exponentially as X% — 0, the objective under
minxeq grows as X% — 0. This means that at the minimum point all the components
X% > 0. Our next goal is to find minx¢g. Using Lagrange multipliers for the constraint
17 X1 = 1, we obtain the problem

N N
min max{ Z [Xij (C’ij+71nXij+yi+zj)} —1/[ Z X 1} }7

S =1
we obtain that the solution to this problem is

exp <—% (y' + 27 + Cij))

XV =
S exp (—% (yi + 29 + Cij))

This allows us to write the dual problem as

N
Jmin ¢(y,2) =yl dexp (- + 2 +C ) |+ +(z0. (12)
ij=1

By performing a change of variables v = —y/v,v = —z/7v in we arrive at an
equivalent, but possibly more well-known formulation

urzflel]{{}N o(u,v) = vy(In (1TB(u v)1) = (u,r) — (v,¢)), (13)

10



[B(u,v)]" = exp <u + ) — Cj) . (14)

Note that to distinguish between the dual problem in terms of variables (y, z) and its
reformulation in terms of variables (u,v) we use ¢(y, z) in the first case and ¢(u,v) in
the second. This also means that ¢(y, z) = ¢(—y/v, —z/7) by definition.

D.2. Deriving Sinkhorn’s algorithm as AM for the dual problem

Lemma D.1. The iterations

uF Tt € argmin o(u, %), ¥ € argmin p(uF L, v),

u€ERN vERN

can be written explicitly as

uFl =¥ +Inr —1In (B (uk,vk> 1) ,

T
VP =0 4+ lnc—1In (B (uk+1,vk> 1) .

Proof. From optimality conditions, for u to be optimal, it is sufficient to have
Vup(u,v) =0, or

r— (17 B(u,v*)1) "1 B(u,v*)1 = 0. (15)

Now we check that it is, indeed, the case for v = uF*! from the statement of this
lemma. We manually check that

B(uF ! o)1 = diag(e(“kJrl_“k))B(uk, vf)1 = diag(elnr_ln(B(“kmk)l))B(uk,vk)l =
= diag(r) diag(B(u*, v*)1) "1 B(u*, v*)1 = diag(r)1 = r

and the conclusion then follows from the fact that
17BWr o1 =1Tr = 1.

k+1

The optimality of v can be proven in the same way. O

D.3. Complexity bound for the non-regularized optimal transport

Next we describe how to apply our Algorithm [2 and Theorem (3] to find the non-
reqularized OT distance with accuracy ¢, i.e. find X € U(r,c) s.t. (C, X) — (C, X*) < e.
Algorithm [3] is the pseudocode of our new algorithm for approximating the mon-
reqularized OT distance.

Taking the bounds in (6]) instead of bounds in [4][Theorem 3] and repeating the
proof steps in [4][Theorem 4] together with [4][Theorem 2|, we obtain the final bound
of the complexity to find an e-approximation for the non-regularized OT problem to

11



Algorithm 3 Accelerated Sinkhorn for OT
Input: Accuracy e.
1 Set vy = gy, € = 8”6‘3”00.

2: Set (7,6) = (1— %) ((r,0) + & (1,1))

3: for k=1,2,... do

4:  Perform an iteration of Algorithm [2| for the OT problem with marginals 7, ¢ and
calculate X}, and 7. R

5. Find X as the projection of X} on U(r,c) by Algorithm 2 of [IJ.

6 if (C, X — Xp) < § and f(x) + o(m) < §

7 then Return X.

8: end for

be O (1\75/2— maN”CH”) To show this, we equip the primal space F with 1-norm and

the dual space H with 2-norm. We define A : RVXN — R2N a5 the linear operator
defining the linear constraints of the problem , which is in this case defined as
Avec X = ((X1)T,(XT1))T. Then, ||A||2_, = 2. Besides the Lipschitz constant, we
need to bound the norm of the solution to the dual problem since that norm
enters the convergence rate in Theorem [3| To obtain the bound we need two following
lemmas.

g ~ICllse
Lemma D.2. Denote v =min K” = e+ . Any solution (u*,v*) of the dual prob-

17]
lem satisfies

maxu; —miny; < —Inrvminr;, maxv; —minv; < —Inrming;.
K3 3

Proof. Taking the derivative of the dual objective with respect to v and denoting
¥ = 17 B(u*,v*)1, we obtain that

Vap(u*,v*) =r — S B(u*, v")1.

From the first order optimality conditions we have V,p(u*,v*) = 0. Then we have
1>7r =Y Bu*v)1); = S e u(1,e").
From this for all ¢ we get an upper bound
uf <InY —Inv(l,e’).
On the other hand, since C% > 0, we have K% < 1 and
ri =X B(ut, 01 < X7 (1,eY), wi>InY +Inr —In(l,e’).

Combining the two above results, we obtain

max u; — minu; < — lnymiinrl-.

The result for v} holds by the same exact argument. O

12



Lemma D.3. There exists a solution (y*,z*) of such that

* * 7 :
1057, < = VAT2 (Il — F minrsoci} )

Proof. We begin by deriving an upper bound on |[|(u*,v*)||2. Using the results of
the previous lemma, it remains to notice that the objective ¢(u,v) is invariant under
transformations u — u + t,1, u — u + t, 1, with t,,t, € R, so there must exist some
solution with max; v} = —min; v} = ||u*||oc, max; v; = — min; v; = ||v*||, so

1 1
| |loo < —§lnvmjnrz~, [0 ]|co < —ilnyminci.
7 7

As a consequence,

1™, v5)]l2 < V2N|(u"; 0")]loo < =/ N/21nvrgijn{7“i,0j}

C 1
</ N/2 (HHOO - lnmin{ri,cj}) .
¥ 2 i,
By definition, u = —%y — %1, v = —%z — %1, so we have the inverse transformation
y=—yu— 31, z=—yv — 31. Finally,
R= ® k) 0o _0 :H_ *_11_ *_11__11_11“
(™, 2%) = 7 202 = || (=yu” = 51, =90" = 51) = (=51, =5 1))

* * * * ’}/ 3
== 200" =20 ) < VT2 (Il — 3 mminrs,ci)

O]

Next, consider the non-regularized OT problem

in (O, X). 16
XECI?I%WILI}(T,C)< > ( )

Let X* be the solution of the problem and X7 be the solution of the regularized
problem

i C, X X,In X). 17
xGé?wlﬁf(m)< , X) + (X, In X) (17)

Then, we have
(C,X) =(C,X™) +(C, X2 = X*) + (C, X = X3) + (C, X = Xi).  (18)

Now we estimate the second and third term in the r.h.s.

13



(€5 = X) = (C.X5) = yH(X) +yH(X) — min (C.X)

= min {(C.X) ~yH(X)} +yH(X]) ~ min (C.X) (19)

Furthermore, since our algorithm solves problem (P;) with f(z) = (C, X) — vH(X)
and X7 is the solution, we have

(O, Xk = X5) = (C, Xy) = vH(Xy)) = (C, X3) = yH(X3)) ++(H(Xy) - H(XS)

where (1) follows from the duality gap bound f(&) — f* < f(2x) + (k).
Then by and we have

(C, X — X"+ (C, X), — X2)
< C, X X H(X)— min (C,X
xoin U X) =y HX)} +yH(XG) - min (C,X)
+ (k) + @(m) + Y (H(Xy) — H(X})).
Next we use that —H (X) € [-21nn, 0] for any X € U(r, ¢), which implies

X H(X)} — mi X) <0. 21
nglll(r;c{@ ) —YH(X)} x?&lﬁ,@w’ ) <0 (21)

and finally implies
(C, X2 — X"+ (C, Xy, — X2) < f(in) + () + 2y Inn. (22)
Combining and , we obtain
(C,X) < (C,X*) +(C, X — Xp) + f(@r) + @) + 2yInn. (23)
We immediately see that, when the stopping criterion in step 6 of Algorithm [3] is
fulfilled, the output X € Z/{(r ¢) satisfies (C, X) — (C, X*) <
It remains to obtain_the complexity bound. First we estimate the number of

iterations in Algorithm (3| to guarantee (C, X-X k) ¢ and, after that, estimate the
number of iterations to guarantee f(Zx) + ¢(nx) < §. By Holder’s 1nequahty, we have

(C, X = X1) <||Clooll X = Xi|1. By Lemma 7 in [1],
1% = Rl <2 (IRt = rlly + 1K1 = ). (24)

Next, we obtain two estimates for the r.h.s of this inequality. First, by the definition of

14



the operator A and the vector b,

1X6L = rlls + [ X71 - el < V2N Avee(X) — bl

- 16R|| A%, V2N - 32R\/2N'
h vk? T k2

(25)

Where we used Theorem [3] and the bound for R defined in Lemma Note that the
statement of Theorem [3] involves n, the number of blocks, which in this case is simply
equal to 2. Here we used the choice of the norm || - ||; in £ =R"™ and the norm | - ||
in H = R?". Indeed, in this setting ||A||g_ g is equal to the maximum Euclidean norm
of a column of A. By definition, each column of A contains only two non-zero elements,
which are equal to one. Hence, ||A|p_xm = V2.

Combining and we obtain

32RV2N

C.X - X1) <20l
(<, K <2/ e

Setting v = s1-, we have that, to obtain (C, X - )?k> < §, it is sufficient to choose

o <N1/4\/RHCHoolnN> | 26)

e

At the same time, since ||A||g_ g = v/2, by Theorem

32R?
vk2

f(@r) + o(me) <
Since we set v = g7, we conclude that in order to obtain f(2x) + ¢(m) < §, it is
sufficient to choose

o (N, o)

To estimate the number of iterations required to reach the desired accuracy, we should
take maximum of and . We return to the bound established in Lemma

R < VT2 (IClle — Jnminrs,ci}).
Z7]

In Algorithm 3 of the main part of the paper we modify the marginals r, ¢ to have

min{r;, c;} > W. As it was shown in the proof of Theorem 1 of [I], the optimal
1/7] >
value of this problem differs from the optimal value of the original problem by no more

than 2In Ny + § = %5. For the modified problem we hence have the bound

& g
</ - =0(V .
R< VN2 (”C”°0 SN o 64NHC\OO) 0 (VNICll)
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The ratio of the bounds and is equal to ﬁ, so from our estimate of

R we can see that these bounds are of the same order. Hence, we finally obtain the
estimate on the number of iterations

o (NI/Z\/lnNHC’Hoo)
- .

Since each iteration requires O(N?) arithmetic operations, which is the same as in
the Sinkhorn’s algorithm, we get the total complexity

o (N5/2\/1HNIIC!\OO>
5 |

We would also like to note that the additional factor N'/2 compared to the complexity
of the Sinkhorn’s algorithm seems to be the result of the very rough estimate of
| Avec(Xy) — b||2 in (25)), and in our experiments our method scales approximately in
the same way as the Sinkhorn’s algorithm when increasing the size of the problem N.
Figure [] should illustrate it.

— AAM-LS
—— Greenkhorn
10§ — AAM-A
% { —— APDAGD
b —— AAR-BCD
g’ ) Sinkhorn
T 1071
£ ]
—
©
g
> 10°
v 3
1071 4

103
N (log scale)

Figure 1. Experiments for OT with € = 0.04 and varying dimension N

We also add to comparison the rate of decay of the dual objective in Figure
Numerical experiments in [5] were performed with an instance of Mirror-prox algo-
rithm. Authors shared their code, and now the python implementation of the method
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times, s

Figure 2. Decrease of the dual objective for e = 0.004, N = 1568

is available at https://github.com/kumarak93/numpy_ot. We compared the rate of
decay of primal non-regularized function from a transportation plan, which is projected
on the feasible set with Algorithm 2 from [I]. The results is presented in Figure |3| For
AAM-LS algorithm € = 4e — 4.

E. Accelerating IBP

E.1. Derivation of the dual entropy-regularized WB problem

The Iterative Bregman Projections algorithm for solving the regularized Wasserstein
Barycenter problem is also an instance of an alternating minimizations procedure [3| [].
Hence, our accelerated alternating minimizations method may also be used for this
problem. Denote by AN the N-dimensional probability simplex. Given two probability
measures p, q and a cost matrix C' € Rf *N we define optimal transportation distance
between them as

Wel(p,q) = ﬂe%li(ﬂq)<”’ C).

For a given set of probability measures p; and cost matrices C; we define their weighted
barycenter with weights w € A™ as a solution of the following convex optimization

17
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Figure 3. Decrease of the primal non-regularized objective for € = 0.00004, N = 1568
problem:
m
i We (i, q).
Jnin, ; wiWe, (pi, q)
We use ¢ to denote max |Cilloo- We will also be using the notation p = [p1,...,pm].
1= m

=1l,...,

Using the entropic regularization we define the regularized OT-distance for « > 0:

Wen(p,q) = Werggq)m C) +~vH(m),

where H(m) := ZZNFI mijInm;; = (m,In7). One may also consider the regularized
barycenter which is the solution to the following problem:

min Z wWe, ~ (01, q) (28)
=1

qEAN

The following lemma is referring to Lemma 1 from [6].

Lemma E.1. The dual (minimization) problem of 18

i 29
ZZIBZIE:O o(u,v), (29)

18



where
m
. T
min ’wal {ln (1 By (ug,vp) 1) — (ul,pl>} (30)
2211 u}l’U[:O l:1
U= (U1, .. U], v = [V1,. .., U], u, v € RY, and

By(uy, vp) = diag(e") K diag(e™)

Ky =exp (—Cl>
v

Moreover, the solution 7, to is given by the formula

[Tl':,]l = By (uj,v])/ (1TBl(u}k,vl*)1) ,

where (u*,v*) is a solution to the problem (29).

Proof. Set Q ={X € ]RfXN :17X1 = 1}. In its expanded form, the primal problem
takes the following form:

m
meuql? sz{<7rz,cl>+7<ﬂlvlnﬂl>} (31)
WT;i:pl l:l
177 =..=1Tm,=¢q

The above problem is equivalent to the problem

m m—1
71?1161]% max (wy {(m, Cp) + ~(m, Inm) } + (N, m1 —pl>)+z (i, 17m—1"7,), (32)
R = 1=1

m
min TEZXZ“’Z {(m1, C1) +~(m, Inm)} + (N, mL = pr) + (g, 17m)
l Lyl =1

where fm = — S5 .

We introduce new variables u; = _7)\71 v = e , Il =1,...,m We can now
manipulate each term in the sum above exactly as we dld for the optlmal transportation
problem. This way we arrive at the following problem.

min ng {In (1" By (w,v) 1) — (w, p) } - (33)

1 m—1 =1
wyv
Wim =1 [

Um=—

The constraints v, = —w hy Ly is equivalent to Yoty wp = 0, that leads to
final dual minimization problem:

19



13151 ’wal {ln (1TBZ (ug, vy) 1) — (ul,pl>} ) (34)
Z;il wlvl:O l:1

E.2. Deriving IBP algorithm as AM for the dual problem

The next result is well-known, but we include its proof in here for the sake of complete-
ness: the objective can also be minimized exactly over the variables u, v.

Lemma E.2. Iterations

kL — argmin o(u, %), v* ! = argmin p(u*, v),

u v

U

may be written explicitly as

m
vt = ) wiIn(Bj(uf, o)1) — In By(uy, v) 1.
=1

Proof. Since each term in the sum in the objective only depends on one pair of vectors
(ug, v;), minimizing over u equivalent to minimizing over each u;. We now have to find
a solution of

rrbilnln(le(uz,Uzk)l) — (ut, p1)-

This is the same problem as in Lemma with p; instead of r, so the solution has
the same form.
To minimize over v we will use Lagrange multipliers:

L{u,v,7) = > _w {In (17 By (wy,0) 1) = (wg, p)) } + (7, > wpwy)
= =1

= mw n T up, v — (U — lT
—7; l{l (1" By (u, ) 1) = (u, pr) <z,,y >}-

Again, we can minimize this Lagrangian independently over each v;. By the results
from Lemma we have

1
vlkH = vlk +1n =7 — In By(ug, ;)T 1.
Y

m
This iterate needs to satisfy the constraint wwlkH = 0. Assuming that the previous

=1
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iterate satisfies this constraint, we have an equation for 7:
m 1 m
Z wy In—7 = Z wq In Bl(ul, ’Ul)Tl.
=1 v I=1

Since Y ;" w; = 1, we have

1 m
In—7= g wy In By (ug, v) T 1.
Y
=1

By plugging this into the formula for vlk'H we obtain the explicit form of the alternating
minimization iteration from the statement of the lemma. O

This result allows us to immediately apply our acceleration scheme to this problem.
The resulting method is presented as Algorithm [d We also adopt problem-specific
notation: here ¢(-) denotes the dual objective , the first mN coordinates of the dual
points 7%, ¢¥, A¥ correspond to the coordinate block u, the other coordinates — to the
block v. For example, nf denotes the vector of variables u; corresponding to the point
nk, nfn 1o denotes the vector of variables vy corresponding to the point n*. The map
x()\) defined previously also takes the explicit form z;(u,v) = (17 B;(u,v)1) "' B;(u,v)
fori=1,...,m.
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Algorithm 4 Accelerated Iterative Bregman Projection (Line Search)
1: Aozagzo, T]Ozgoz)\():o.
2: for k£ > 0 do

3:  Set fr = argmin ¢ (77’“ + B(¢k — Uk))
Bel0,1]
k

4 Set AP =B¢F+ (1- B)n
5. Choose i = argmax || V;p(\*) |2
ie{1,2}
6: if i, =1 then
7: for/=1,...,m do
s it = A+ Inp —In (B (M, A5) 1)
k
9 nmt—ll = )\frwrl
10: end for
11:  else
12: for/=1,...,m do
13: nl:Jri =\
14: nm—:_l = )\fn-i-l + Z‘;TLZI wj hl(Bj (u;“, Uf)Tl) —1In Bl(ul, Ul)Tl
15: end for

16:  end if
17: Find A1, Ak+1 = Ak + ag4+1 from

2
a
)\k‘ o k+1 v )\k 2: k+1
PO = 3 [TV = ()

18 Set (P = ¢F — a1 Vp(AF)
Set ‘,%k’-i-l _ ak+1w(>\k)+Ak§7k.

19: Arir

20: end for

Output: Transportation matrices xf“, dual point nF*1t.

Note that on each iteration of this method we take a block-wise minimization step
over mIN variables out of the whole 2m N variables, i.e. we are applying our accelerated
Alternating Minimization scheme with the number of blocks n = 2. Since in this case
our method has the exact same primal-dual properties as the accelerated method used
in [6], while the complexity of our method only differs by a value dependent only on n,
which in this case is simply equal to 2, the same complexity analysis applies and our

method has the same complexity O (mN5/2 : lnji_max’ ”C’”"“) as the PDAGD method in
[6].

E.3. Complexity bound for the non-regularized WB problem

Next we describe how to apply our Algorithm [2] and Theorem [3] to find the non-
reqularized WB distance with accuracy ¢, i.e. find X € U(r,¢) s.t. (C, X) —(C, X*) < e.
Algorithm [5] is the pseudocode of our new algorithm for approximating the non-
reqularized WB distance.

Taking the bounds in (6]) instead of bounds in [4][Theorem 3] and repeating the
proof steps in [4][Theorem 4] together with [4][Theorem 2], we obtain the final bound
of the complexity to find an e-approximation for the non-regularized WB problem to

be O (%) We need to bound the norm of the solution to the dual problem
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Algorithm 5 Accelerated IBP
Input: Accuracy e.

1 Set T= 21r81N’ e = SmaXZEHC'lHOo :

2: Set p; = (1—*) (pl+4N1)

3: for k=1,2,... do

4:  Perform an iteration of Algorlthm 2| for the WB problem with marginals p and
calculate Xlk, l=1,---,m and n*.

5. Find ¢ = Zl 1 wl(Xl )Tl
6. Calculate X; as the projection of Xk on U(p,q) by Algorithm 2 of [IJ.
A 7w {(C K — (O X)) | < 5 and flae) + o(ne) < §

g8 then Return X.
9: end for

since that norm enters the convergence rate in Theorem [3| The bound is given by
the two following lemmas.

Lemma E.3. Any solution (u*,v*) of the problem (30)) satisfies

[Cil[oo

max[uf]; — minfuj]; < — Inminfp/s,

max|[v]|; — minfv;]; <

ICilloo | x~  [Ckllso
) w——,
e Sl

k=1

Proof. The proof of the first inequality is the same as in Lemma since the
derivatives of the objective in the problem with respect to u; have the same for as
in the problem ((10)).

For the dual iterates vFt!

we have the formula
’U;H_l_?) —i—Zlen j, ]) )—lnBl(ul,vl)le

= + ij Ine’s + ij ln(KJTe”k) —Ine” —In K/ e" =
j=1 j=1

m
.
= Z KTe“J —InK[e".

Since this was derived from the equality of the gradient to zero and holds for any

u*, which from now on we will denote as simply w, it must also hold for v;'. Denote
e, nx

vi=e . We then have

Inv;(1,e") < [ln(KjTe"f)]i < In(1,e").
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Then

m m
ij Inv;(1,e") —In(1,e" Zw] In(1 —Iny(1,e").
— =
Finally,
1C1]| - 1C5loo
max[v;]; — min[v] wjlny; —Iny, = + ) w; .
=il < = 3y ey 31

O]

Set (u’,v°). Once again, we know the exact value of the smoothness parameter of
the dual problem in terms of variables A, y, where i € {1,... ,m},l € {1,...,m — 1}.
Using the above Lemma we will now derive the bound on the distance to the dual
solution in these variables.

Lemma E.4. With (\°, u%) = (0,0) there exists a solution of the dual problem (32))in
the coordinate space (X, ) such that

2
R2:H@tﬂwﬁssw((mpwawm—gngmmo +H?MKWé)-

Proof. The coordinates (A, 1) and (u,v) are connected by the transformation A\, =
—ywpug, I < my g = —yw;vg, 1 < m.

As a function of (u,v) the dual objective ¢(u,v) is invariant under transformations
of the form u; — w; + t;1 with arbitrary ¢; € R, and v; — v; + 1 with s; such that
>, wisp = 0. Hence, there exists a solution (u*,v*) such that for € 1,...,m

max[u;]; = —min[u;]; = [[u7][oo,
and forje1l,....m—1
max[v;] mm[v]]Z = HU] | co-

Using the result of the previous Lemma, we have now guaranteed the existence of a
solution (u*,v*) such that

G :
foilloe < 202 = Zming,

C u“ C
< I zHoo+ZwkH klloo.

v/ oo <
2 P 2

24



* * C .
17 e = b e < (11 = F mminip ) <
Y.
< wy <max IC1 |0 — mm[pl]i) ,
l 2 i
I oo = o7 < i mx [ Cullo, 1€ {1, m — 1}

Finally,

m m—1 m m—1
IO )5 =Y INl5+ D s l3 < NI + D i1l
=1 j=1 =1 j=1

2
<N ((mlax Gl = J i)+ ucmé)

O]

Next, consider the non-regularized WB problem

i ), X 35
Inin sz< 1 X1), (35)
Avec(X)=b =1

where Avec(X) = (X11,---,X,,1,(X{1 — xT1), (x71 — xL1),..- (X |1 —
Xrﬂl))T and b = (pla e 7pm70a e 70)T

Let X* be the solution of the problem and X7 be the solution of the regularized
problem

i C1, X X, In X;). 36
min Zwl< 1, X1) + (X7, In X;) (36)
Avec(X)=b =1

Then, we have

> wi(Cr, X))
=1
=S w {(CZ,XZ*> (L X = X7+ (C, X = Xi) + (O, Xy — )?{f>} . (37)
=1

Now we estimate the second and third term in the r.h.s.
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m
> wi(Cr, Xk - XT)
=1

= Z {(Cr, X03) — yH(X03) +vH(X5) } Zwl (C1, Xu)
=1 Avec( ) =p =1
= &nln Zwl{ CZ7XZ> ’)/H(Xl)} — Zwl Cl,Xl —i—’waIH le)
Avec(X ) p1=1 Avec(X) b 1=1 =1
(38)
Furthermore, since our algorithm solves problem (P;) with f(x) =
Yoty wi {(Cy, Xp) —vH(X)} and X} is the solution, we have
Zwl<Cla)?lk_Xl»y Zwl{ CZ7XZ ")/H()?lk)}
=1 =1
= w {{C, X)) = yH (X))} +9) {H()A(zk) - H(le;)}
=1 =1
A = vk *
< f@n) +elm) +7 Y w {HXE) - HCG) |, (39)
=1

where (1) follows from the duality gap bound f(#1) — f* < f(Zx) + ©(x)-
Then by and we have

Zwl {(Clel:ky - Xl*> + <Cl7)?lk - Xﬁy)}

=1

m
< IIllIl Zwl{ (C, X)) —~vH(X))} +’walH(Xl§) - mln Zwl (Cr, X1)
Avec(X) =p (=1 =1 Avec(X) p1=1

(@) + o)+ > w {H(XE) - H(X) |

=1

Next we use that —H (X;) € [-21nn, 0] for any X; € ), which implies

X H(X)) X)) . 4
mln Zwl{ Cl, l> vy ( l glelg Zwl Cla l ( O)
Avec(X) b 1=1 Avec(X)=b I=1

and finally implies

> {{C Xy = X7) + (G K = Xi3) < S(@) + p(m) + 29In. (41)
=1
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Combining and , we obtain

m

§ w(Cy, X;) < E wi(Cy, X[°) + E wi(Cr, Xy — X[) + f(@x) + @) + 2y Inn.
=1 =1 =1
(42)

We immediately see that, when the stopping criterion in step 6 of Algorithm [3]is fulfilled,
the output X; € {X € Q|Avec( ) = b} satisfies ;" w;(C, X)) — Yo wi(C, X)) <e.
It remains to obtain the complexity bound. First, we estlmate the number of iterations

in Algorithm [5| to guarantee )", wl<Cl,Xl Xk> ST ¢ and, after that, estimate the
number of iterations to guarantee f(Zy)+ ¢(m) < §-

Denote ¢ = ()A(lk)Tl From the scheme of [6] and since || A vec(X)—b|1 = > 2, [|la—
qi+1]]1 after an update of u variables we have

sz i, Xy — Xf) < maXHClHoonlHXl Xt
=1

m
< 2max | Cilloo > wi (I — pill + 1 (X)T1 -l
=1
< 2mlax ICi]loo” + QmZaX I1C1 ] oo mlaxleAvec(X) —bll1. (43)

It remains to show that 2 max; ||C}|cc max; wy||A vec(X) — b1 < e/4.
By Theorem

A vee(x) b, < AL VN
Y

Setting

16RLV2N _ 16R| A%, V2N _ e
k2 vk?2 = 8max; ||C)| oo max; wy’

(44)

together with the choice of v = 5155 and since || Al gz = V2, we have that, to
obtain (C,X; — XF) < £, it is sufficient to choose

(45)

k=0 (N”WHCzHoomaxz szchoolnN>
- |

At the same time, by Theorem

32R2

() +00m) <

Since we set v = 575, we conclude that in order to obtain f(2x) + ¢(m) < §, it is
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sufficient to choose
vin N
k=0 <R:> . (46)

To estimate the number of iterations required to reach the desired accuracy, we should
take maximum of and . We return to the bound established in Lemma

\V]

)

2
R = (0, 1) 3 < N ((mlax [Ctlle ~ § minfl: )+ nupx ||clu?,o)

or one can write

R=0 (\/NHCHOO) .

. . NG .
The ratio of the bounds and is equal to N7 e O so from our estimate

of R we can see that these bounds are of the same order. Hence, we finally obtain the
estimate on the number of iterations

o (N”QVIHNiicuoo)
5 |

Since each iteration requires O(mN?) arithmetic operations, which is the same as in
the IBP algorithm, we get the total complexity

o (mN5/2\/lnN||C|oo>
: .

F. Implementation Details

Looking through the proof of convergence for Algorithm [IJone can notice that line search
subroutine need to fulfill two conditions: (V f(y*),v¥ —y*) > 0 and f(y*) < f(z¥). We
got significant increase of performance, when were using these condition as a stopping
criteria for line search subroutine. Another increase of performance came from the
observation that the value of 8 satisfying the condition is often close to ]lz—jr;, the value
appearing in Nesterov’s type accelerated methods [§]. The other observation is that
the value of 3 satisfying the conditions frequently does not change from iteration to
iteration with the same parity. So we use the value 5;_o as a starting point for the line
search subroutine to find 5; on ¢-th iteration. These and other implementation details
are available on https://github.com/nazya/AAM
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